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oY T Te
(Relations and Functions)

s¢There is no permanent place in the world for ugly mathematics ... . It may
be very hard to define mathematical beauty but that is just as true of
beauty of any kind, we may not know quite what we mean by a
beautiful poem, but that does not prevent us from recognising

one when we read it. — G. H. Hardy +

1.1 91;&!3'7[ (Introduction)

TO] hifee foh el X1, §ael TF %o, Uid, Fewid aefl
IRER 7S &1 Taunonst o1, fafa= y&R & aafas
T Bl 3R Sk el died e s S g
21 T ¥ veg ‘HaY (Relation) ' 1 WehedAT 1 IS
a0 H 39 v & AY ° fomn wn ?, Nees ogER 9
(Recognisable) el &l AH wiifeie foh A, fRdl Topat st

well X1 famnfefal &1 wg=a ¢ den B 5% Tpa &1

wal X1 o6 foenfedal w1 wq=m ) o wi=a A ¥ . h

HYw B T % Wl % §9 IAE 6 TR T SchR S
(i) {(a,b)e AxB:a, b=hl BIE %}, Lejeune Dirichlet

(i) {(a,b) e A xB:a, bl &1 B}, (1805-1859)

(i) {(a,b)e AxB:al Mg b Y W e B},

(iv) {(a,b) e AxB: fysell stfan qdien § a g1 9w qUilsh b g 9T quiiss §
+9 2},

(v) {(a,b) e AxB:q3H S Tl & S b @l 2.
oy A¥ B % o fordll Had R %l &9 (Abstracting) | &H iU #
A xB o T @5 (Arbitrary) STHE=E 1 T& YRWIMT Hid 2|



2 fora

& (a,b) € R, Tl BH Ed B foh Hael Reh Faid ¢, b ¥ Hefod & 3 &9 =9
aR b fo@d 2| wM=E:, 9 (a, b) € R, @ &9 39 &1 &1 T 7€ i € T
a T bk s IS AT HE 7 e T j1 9@ TR wen XIH 3@ Tk ?, Bol
T To¥Y SRR o HaY B B

0 1A, g 9= YR o dadl T9 %arl, ®erl o §asH (composition ),
e HuiE (Invertible) Wer! 3 fgened wismanedi 1 steqaq wi|

o0 ST=3% ¥ e fafg=1 YR o el o1 s1emae S B T 2 R e T A
H Ged, A x A I Th ST@H=Id el 21 o: o W{=Id ¢ < A x A el
Ax AT, T 3T Hay &) TREH ®q, R = {(a, b): a—b =10} §N Y0 H =4
A={1,2,3,4} W IRt ©h Hee R W fa=m w16y 98 & o e== 2, #is
oo &E o I (pair) qﬁ%ﬁ?ﬁlﬁﬁa—bleﬁWW%lsﬁW
R'={(a,b):1la-b120}, G0l =TT Ax A% qcd T, FifF Ax A I g™
(a,b),1a—b|>0h T Fd 81 Tg I 31T oh I g FreAferfiaa aReqronst
o forg 9 & 2l

TH=d A R IR Gee R Uk Rem Haier wean €, af A &g off
FoTd Ao TRl off ereea @ gefua 7E ?, sefd R=¢0 c A x A

T A T GRHIRG §e R, T Wk (universal) Haiel Hgerd 2, 44
AT Y e Ash Gl sreEEl 9 waEtud 2, $Fefq R = A x A.

o Heier Ao Witk o 1 Hei-Hd 9= (trivial) e o wed 2

o ST for A Forgit STkl o Shet o @it fernfelal =1 wgeem 21 <uifen
% R={(a,b):a, bhl &1 T} GRI YSd Geel Teh ok Heel & @ R’ = {(a, b) :
a T b I SARAl 1 W 3 eI § FH ¢ ) g USd §ay Tw W& d9d 2

AN, e Whet St 1 €, 3TqUd The 1 18 ot foenefl, @pe & fordh
off fereneff =1 w8 FE & Weha1 21 #1@: R = o, f5ed wsfifa e € for R fem way 21
g oft e 2 fof ot ot < foanfefal ) Samgal 1 of 3 Hiet @ %9 e & =few
Y Wehe Bl § Th R = A x A HEhe Hee 2|

en X1 H feenedtor di@ oo © o e gay &1 <1 webr o frefia famean st
bl €, ;e fafy qen wgeem fmior fafu) qenfy sga o orEel g e
{1,2,3,4) W aRaifd @a9 R = {(a,b) :b=a+ 1} &l a R b g N f&fa fman s
2, A S el A h=a + 1 &1l 5/a w9 Giorersies 8, g9 39 Hehdd (notation)
T TN A




9y TG wer 3

A& (0, b) e R, dl 89 F8J ¢ 1 o,b W Gafid 2’ 31X 39 o1 ! 89 a R b N
e HW T

T 3T Aoy e, forment ford & wek @efes (significant) et 8, qo

w4 (Equivalence Relation) Shgard] 2 qoddl Hal Rl I L o fau &9 9gdt

T YhR o Gal, AHa: w@ded (Reflexive), §HHA (Symmetric) T HshlHh
(Transitive) dae W fo=R & 2l

=T A R YRYMYT a9 R;
(i) e (reflexive) HEAM B, 9€ Y&H ae A U (a, a) € R,
(i) THMHA (symmetric) HEam 8, € qHE a,a,e€ A % T (a,a)e RH
(a,,a)e R 2l
(i) TR (transitive) HEaTl B, IS T, a, a, a,€ A< fou (a,a,) € RAA
(ay a)e R¥(a, a)e R« Bl
AR R Had R U qoddl Hael el €, T(€ R Tiged, THiHa qel
kT 2l
oM efifeg for T forell woaer o fro woa el &1 G 9= 2| W=
TH R=((T, T):T,T,5 Tetan 3} & au 2 fag #Iw &% R & e
Ga 2|

gdy R T@qed €, T yds Bys wa & gartgq gar g1 g
(T,,T)€ R=T,, T, Taiied 8 = T,, T, & waima® & = (T, T, € R. 37:
Ty R WA €1 g9 Sifafer (T, T,), (T, T,) € R=T,, T, % Walied g qen
T, T,% Waimad 8 = T,, T, % Telmad € = (T, T,) € R. 3T0: "l R b 2
TH YHR R GF qoadl Heel 2

M ofifee fop L foreh wmae o feom oo t@etl &1 T wg=ed 2 ad
R={(L,L,):L, L, ® @ ¥} 9= L ¥ qfenfom T Haor 2| fag #ife fF R
afa & fog 78 7 o Tiged © IR 7 Gk 2l

R Wged & &, Ffr FE W L, T oW R 9 T 7 TRt €, atef
(L,L)e R. R¥AMA 2, % (L,L,)e R
= L, LR @2
= L,,L ® @2
= (L,L)eR



4 fora

R W T 2| feem @, AR L, L, e 3 ae L, L,
LW @8, @ L, LR %H f @ 76 & wehdl 2| o
d uH e H L, L% "W=R BN e, (L, L) e R,
(L,L)e RWJ (L,L)e R L,

fiag IR for o= {1,2,3) 9 R={(1, 1), (2,2), P 1.1
(3,3), (1,2), (2,3)} R Y& Helel Toqed €, Wy 7 dl WAMHG & X T Ghrdeh 2|

R w=qed @ i (1, 1), (2, 2) 3R (3, 3), RoF 31699 €1 R wafta 72 €, s
(1,2) e RTHg (2, 1) ¢ R. 36 WK R Eehi9ah =&l €, it (1,2) e Rae (2,3)eR
wd (1,3)¢ R

g IS for quieRl o =" Z H R = {(q, b) : &A1 2, (a — b) &l
fgfa H<dt 7} 5N UST Heel Tk Joddl Sae 2

L,

R @qed B, Fifh 996 ae Z o T 2, (a—a) & fauifsa s 21 em:
(a, a) € R. Tz, A€ (a, b) e R, 2, a— b oh! TauISIq el & | 3q€d b—a &l o
2 fawifsa sear 21 31@: (b, a) € R, 59 foag e @ fo6 R 9ufia 21 st e, 4fg
(a,b) e RAM (b,c)e R, A a—baAM b—cE& 2 § WA 2| a4,
a—c=(a-b)+(b—c)TH (even) T (F?2)I 7d: (a—c) 2 ¥ 9 31 300 fag
el € fF R Wohweh 21 37d: eed Z W R U qoddl de 2

SR 5 H, Aie #ifae fr adt 9w qufe = @ "@efia € F@ifE (0, +2),
0, +4), .31 RE & 3k =i ff fgom quies 0 & gafum & 2, wifw (0, + 1),
0, +3), ..M R & F&¥ 21 g8 wehR Teft forom qurfer | @ Gaifera € iR ¥ off ww qoifen
| o Hefua =€ 21 orqud, WHEd 99 qUishl w1 WH=d E 9o Wued foow quie! o
= O U= Z o 39 Ugead §, W Frefated giasel o1 e s 2|

() E% 9% o999 Th g ¥ Fafd € 9o O & 99% o999 Th @ 9

Haifera €l
(i) Eo1 &1 o} stemra O % forell ff sraa 9 wafia 7t ¢ i foramd: O 1 18

ff se9a E o fordl ot o 9 gafa 7@l 2l
(i) Ede10 g € 3 Z=E U 0TI

SYEH="A E, [ %I AT (contain) LT ATl geddi-af1  (Equivalence Class)
FEald & 3R 5 wdier [0] 9 Frefia & €1 gl WhR 0, 1 &1 sfafdee & amen
dega-ant €, T [1] g fefaa w3 ®)1 Al sifse f (0] = [1], [0] = [2] 3R




9y TG wer 5

[1]=[2r+1],re Z. o7d ¥, Sl % &9 SN 3@ ¢, 98 fhdl 9 gy==d X ¥ T
wWe3 qoddl e R ok faq oo giar 21 fordlt wed w@ies wesd X ° YS9 TS W
(arbitrary) Joadl et R, X ol TR STHIH Sqaq=al A ¥ fawfom o 3w 2, fa
X 1 fa9sH (Partition) &d € IR S FrAfaiea gfaeel &l Gqe wd 2:

() w7 i fau A & @ s T g 9 e B 2

(i) A, FE F oEmE, A el of o @ wefia T e €, i i)
(i) VA =XTT ANA =0 i%]

STH= A, Jeddl-oF wead 8 36 feufd 1 Tue v 9w 2 fR e faada e
off FT T 21 SR F T Z F 39 SUAHSHl W ER S, 1 Z % 0@ dE
TR STHYE STTSE A, A, T A, BRI WST €, f 9fEeE (Union) Z 2,

A={xeZ:xT&M 3 F PN &} ={.,-6,-3,0,3,6,..)
A={xeZ:x— 19N 3 H P L} ={.,—5-2,1,4,7,..)
A={xeZ:x-2¥F@M 3 H PN T} ={.,-4-1,2,58,..)

Z ¥ Uh G99 R = {(a, b) : 3, a— b ! fauqifea ear &) 9Rwifa wifs) semeo
5 T Yot qeh oF ITTER B9 THg Y "ehd € T R U qoddl Geel 2| sEeh SAfaiie
A,, 7% 37 9 quife] & W=Id F IR €, S Y | HWatud ¥, A, Z & 37 9@
qUiiehT % TH=EE % IR 8, S 1 § Hafud & SR A, Z % 3 el Uil o weaa
TR T, S 2 W Hafud 21 31 A =[0], A, = [1] 3R A, = [2]. @ H A, = [3r],
A, =[3r+1] 3R A, =[3r+2], 5 re Z

M ofifaq foh 9= A=1{1,2,3,4,5,6,7} HR={(a, b) : a A 3 &
o 1 faom € =1 ww €) g0 Rt U Had 21 fag ity o6 R U qodar Hey 2
11 € fag SIS foF Soag==a (1,3,5,7) % 90t o999 U g § defd 7, @K
STEH=A (2,4, 6} % |l 3TeTe Uk SO 9 Heifd ®, Wy SYHge (1, 3,5,7) 1
g o rETe SUHHE {2, 4, 6} o fREl off steme @ wefua T2 2

A %1 YS9 HIE e o I ql Toom | 91 W9}, AU (4, a) € R. THeh AR
(@, b)e R= qaepaHl &, =1 af faom € o1 w9 € = (b, ) € R. TH &R
(a,b)e RAM (b, c)e R= 31659 a, b, c, W) =1 a1 faww & a1 &9 & = (a4, ¢) € R.
#d: R U qodd Gae 21 G:, {1,3,5,7) o 9 faae Tk R 9 Hefq ?, ife
T ST & 9t srema fod B1 6 YRR (2,4, 6,) o |t ofaTd Uh R U
gefea €, wbifer 4 wefi ww € Wy & Sus = {1,3,5,7) &1 &g f e
(2,4,6) o Tl oft srea o wafea T2 81 Wehar €, it {1,3,5,7) o 3fe@a faum
g, o TR (2,4, 6), % 3TeRE 99 B




fruifta &I fe o fafafea ¥a9a # 9 yds @qed, 9Hd adl
S 2
() == A={1,2,3, .., 13, 14} ¥ G4 R, 50 YR qR1fea g fo
R={(x,y):3x-y=0}
(i) 9TeRd WEsT o A= NHR = {(x,y) : y=x+ 5T x < 4}5R IR
Gee R.
(i) T9==1 A={1,2,3,4,5,6} HR={(x,y):y ¥ Sx )} R IRAIMG Gl RE|
(iv) HoEd quiien & S==a Z W R = {(x,y) : x— y T YUlleh &) GRT qRaiera
SECES
(v) sl faoiy oy W fedl TR & farfaal o 9q==a ¥ f=fatea
a4 R
(2) R={(x,y): x4y TF & H W HE *W 2}
(b) R={(x,y): x 1y T & HEed § @d &)
(©) R={(x,y):x,y ¥ Seh-dr 7 9t el &)
(d) R={(x,y):x,y® oefl 2)
(€) R={(x,y):x yo il €)
Tog =ifvT o arafas 9@st & 99=99 RE R = {(a, b) : a < b2}, G
ufwft Heie R, 1 d Toqed 8, 7 @AfEd & 31k 7 € W 2
St =ifery fom oo 9= {1,2,3,4,5,6} B R={(a,b): b=a+ 1} g0 aRefa
GaYl R Toiqed, WHHG A ek T
9 ST FFRER = {(a, b) : a < b}, 5} IRING Hae R TIed a1 HopHah
2 forg wwfha ==Y 21
St HIfSY 7 FMRER = {(a, b) : a < b*} 5 IR Heiel ToIgedr, @afda
A HehHE 27
o &INY & == {1,2,3} % R={(1,2), (2, 1)} 51 Y&d €a4 R wHHA
2 forg 71 @ e ® 3R T hme B
g &Gy for fordl hicsl oF JWRd & TF &Rl o 9=ad A H
R={(x,y):xﬂ%yﬁ’ﬁ3ﬁ’ﬁﬂ"@ﬂ@:|ﬂ%} BRI Yed "y R Teh ol
e 2|




TEY U Wed 7
fag #iNT 6 A=1{1,2,3,4,5} 9, R={(a, b): la— bl &9 B} §F &< Hael
R & qoadl Hee 21 gAiford ifse & (1,3, 5) & @t srema uw @ |
Gefud & 3R S=aa (2,4} % |l sege Uk g U Heifa § g {1,3,5)
HIE W ST (2,4) % fRe stage W Hatua 7T 2
Tog fopfeY fod 9 ==9a A={xe Z:0<x< 12}, ¥ fu v fr=fafeq d@&uf R
o 9 Y U qoddl Had B:

() R={(a, b):la—bl, 4% T& TN 2},

(i) R={(a, b):a=0b},
Yo <M H | § Hefod 37936l sl A1d il
TH HaY Rl ISBN SIS, Sl

() @ufd g wq 7 q =g 8 SR A e el

(i) WehTeh B W 71 O ToIqed €l SN F "HHa @l .

(iii) Ied a1 WA 2 fohg HWeRrme A I

(iv) qed a1 Herter @l fohg @HtHa 7 B

(v) TEfHa qen Wk 81 fhg @qed 7 3l
Tog *ife foh frelt wmae ¥ T fogetl o 99==a ¥, R = {(P, Q) : [9§ P=!
e fog o g, foig Q 1 7t fog @ g0 o @AM ?) N WeW Wed R T qoaiel
e 21 g fag ity fom fag P (0,0) 9 Geifera weft fagen =1 wq==a P
T g W oI Tk U8 g9 i Fefd s 2, fent ohg gafag w2l
fag wifow & wwea fqsit & wgsa@ A S, R=((T,T,): T, T, % @& 8}
ER1 YR Wy R U qoodl Hay g1 qSet 3, 4, 5 a1e WA B T
g 5, 12, 13 =Tl WHehIo S T, qe g3t 6, 8, 10 aed WA 59
T, W fo=R #:fW T, T, RT, ¥ & #F ¥ Hgs wem wefuq 22
g SIS foh T wgysil & "==d A®,R={(P,P,): P, a1 P ! 9=
! & g9 29’ ¥ aRita Feu R T qoddl §au 21 3, 4, 3K 5 warg
T SIS ATel FHRIU S | FafHd I=ad A o 9 3/EFdl sl 9= A
EAlE
T T fof XY-aa | feor e d@net &1 9q==a L2 e LH R={(L L)
(L, =R € L, %) 3N Ui Hey R 21 fag #ife 7 Rt qoaa wey
21 W@y =2x + 4 9 Haftrd qE Y@isl 1 Wsed [ iy




8 fora

A efifelg fo wg=e= (1, 2, 3,41 9, R ={(1, 2), (2, 2), (1, 1), (4,4),
(1,3), (3,3), (3,2)} g uftwf Haer R 21 Fefofeas & o & s gy
(A) R Tqed qe1 Tafa ® fohg Hepmeh & 21

(B) R e a1 Hehmeh & fohg wofia =&l 21

(C) R EHfHa aen Hepme ? fohg w@qed &l 2

(D) R U& ool Heel 2|

oM ofifeT o w=ea N®, R={(a,b):a=b—2,b>6} 5N Y0 Gse R 2|
frreiferfian & @ @E W T

(A) 2,4 eR  (B) 3,8YeR (C) (6,8)eR (D) 8,7)eR

Tl 1 TR, B fawie Her S8 qeaHe o, 3 e, 9gus hed, IRHd
T, A9 Herd, Fagd wad 3T o1 guiA 396k fTor@l wied el XIH fohram S
<1 21

T el ok AT, S, TON a4 9 1 f SeEEE fRA S gkl €1 it wer &
Hehedd1 TIOTG qe 3TE9 i 3T IRErsT] (Disciplines)ﬁwwm%,w
T el o a1 W AT eI o] W AN e =ed ©, Sl 59 g WHE TR ol
T %R H, &0 fafa= YR o worl ol SAEad wma
frafafea Arepimal g <MT T wem £, £, f, 39 f, W =R Fig

sTpfa 1.2 &9 3@ 8 & X, % 91 (distinct) 3ol o, e f % i,
vfafss «ft = &, frg £, % sfaria < fa= staeal 1 qen 2 o5 wfafee s € € Tma:
bEI TN X, H P UH 199 € S e A f S f T Awia X, & fwe off sea
o vfafaa 78t €, Sk £,% wia X, & @ stama X, & et 7 et stema &
yfafas 21

S uitert 9 & frefafea oo g g €)

Teh Sl f :X%YW (one-one) awm (injective) Tl hgedldl

2, A f & ofaita X o fa=1 srgmel o gfafdd o fu= gid ®, srafq waeds
x,x, € X, & fau fx)=f(x) 1 e © TR X, =Xx,, AL f Uh FgThH
(many-one) Hcid haadldl 2
ST 1.2 (i) § FT f, Theh! Hed & A1 MPMA 1.2 (i) ¥ f, Th 9g0F Fad B




W N

N

X, (iii) X, X, (iv) X,

TRt 1.2
ufT 9T 6 e £ X — Y S8 (onto) el ST (surjective) Hedw 2, A
£ o A Y 1 ek 3Teel, X ob Tt 7 frelt rea w1 wiates g 2, sl ucis
ye Y, % T, X # wh U9 e x 1 Al § 9 () = .

ST 1.2 (iii) ¥, BeM f, ST=1Gh & a0 SFH 1.2 (i) H, BoH f, ST
T 8, TR X, AT e, T £, f T sfaia X, % R ot srera & wfafEa
& 2
femuit £:X — Y U 3=sRe %o €, A 31 shae 9% £ 1 9 (range)=Y.

U 7 @ %o f: X - Y TR Tha! AU HBRH (one-one and onto) AT T
=Sl (bijective) He HEA €, A7 £ Theh! Al 3M=sKeh <l &1 el 2l

SFT 1.2 (iv) H, B f, TH Theh! 71 3T=01E! %o 2l
SEEI0T 7 0F it fm wmen X o welt 50 femnfear o wgeem A R1 WM ofifsg

f:ASN, fx) =Tameff x =1 Ja 7R, g7 Rafa wh wer 21 fag wifew e
f hsh ? T esIRe e 2

TA®R o < fa=-fa= Tl & da Fo g9m 72 8 Fhd g1 AU f T 2
ekl 1 TaT &ffd fre en oM Wehd € fop famnfelei o Jt Fa | 9 50 ah €1 39




10 e

aqd T g foh Nl afeel 51, henl o Tt off fomnefl &1 da For =1 2, erawa
f o Faa 51, Ak TRt ot stemE o1 gfafsd &1 B1 31@: £ S(=sEE Tl 2

sarETul § g ST & f£(x) = 2x 50 W& ®er £: N— N, Thah! € fohg s
& 2

Tl HO f Thah! €, FE f(x,) =f(x) = 2x, =2x, = x, =x, T, f TS5H Tl
2, i 1e N, o faq Nd U8 forelt x o1 atfqe 1 @ aifh £(x) = 2x = 1 &I
saEur 9 fag ST % £(x) = 2x 0 YS9 %o £: R — R, Toheh! qefl =35 2|
TA f THH B, FE fx) =f(x,) = 2x, =20, = x, =x,. W &, RH 7T FHeht

ff ot @ y o fau RY %WW%,Gﬁf(%):Z.(%):y%Im:f

s A 2|

Y
A
y=f(x)=2x
X'€ B
o X
A\ 4
Yl
TRt 1.3

ST 10 fag T fR f()=fQ)=1 M x>2 & faC f(x)=x- 15N 9&d
% f: N— N, $=ses dl 8 fohg When! &l 21

T f Wkl TE ®, HTE f(1)=fQ2) =1, Wq f A=SKS T, Hilh HE g
ye N,y#1, & fQ, e0x®l y+1 T od &, @ f(y+ D=y+1-1=y Y &
le N& faw £ (1) =12

saEor 11 fag ST 6 f(x) = 22 570 R ®ed £: R — R, 7 @ Theh! ® 31
T BEH T



9y TG ®or 11

» e
=<

FHifF f(—1)=1=f(1), WA f THent

& 21 g9: "ewid Re1 359 -2, 9ld R & f)=x
et off R x 1 widfeE @ 2 ()|
Iq: f ATBRSE L = fen=1 -1

forg I o ) O e =1 [Ox—1
£:N— N, Theh! 9 =R <M & 8

3 x+1,3%g x foom 2 ;;,
)= - Lok xmad f % 3f@ia 1 qur -1 @ ylataa 2
JMMFTA 1.4

M A f(x) = f(x,) B FISC o afg x fawm € qeon x99 8, @ x + 1
=x2—l,3Wf'ch2—xl=2Tfﬁ g %ISHW)CI&WHW)%&W@%T@ ot
TATEA T8 ¥ TN x, TR x, T T A @ fawm B A ww s we e 7
q x, TA A ¥, @ L) =f(x) =S, + L =x,+ 1 = x, =x, T TER AR x, 700
xS, R L) =f(x) = x, — 1 =x,— 1 = x, =x,. 3: f Theh! g T &
Tewrd N &1 g Ff fawm §em 2 + 1, 9id N1 9@ 2r + 2 %1 vfafed € 3K 9ew
Nl &g ot @0 @& 2, Nl 9@ 2r — | &1 Sidfed g1 37: f =31k 2|

g I o T=sEsd %o £: {1,2,3) — {1,2,3) 9 Teheh! Her el &l
M SIS T £ Teheh! &1 1 31: 3Heh Wid § 9 o 1 < 31e@g gH T fa
| o1 2 1 ATl © foer Wewid § wiafae §HM 1 WY € £ o 3favid 3 w1 gidfes
eheel Uk €1 31a9el 21 31, IRE o, Weuid {1,2,3) o, 3ifiendd < €1 31edd g "ehd
g, T yahe B ® T £ ersee TEI 2, S fR ue TRl 21 sta: £ ol Weheh!
g & =rfew
fag ®ifSe 6 T st ®wed £ {1,2,3) — (1,2, 3}ead 9 9
aresIee A B
4 f Tl 2, Tl (1,2,3) & A stEa £ % sia wewd (1,2,3) % 9N
AT e W HAY: Haa B ;[ s o 2

I/EX0T 13 TAT 14 H 9 9oy forelt off &= qRfa (finite) ¥9=a9 X, o
I W €, N9 Tk T Wer f: X — X ATard: SesRE e ¢ 9ol yow
g Teea X o fou U eses e f: X — X AferEd: Tehen! Bl 21 36



12 TfvE

ol 3Tl § Al 10 | T B @ fop et 31aRifHa (Infinite) == o foq =€
&l T oF 2 Hepen B arad | 78 gRiHa qen SR a6 o weh stfreerfore
(characteristic) 3id¥ 21

fﬂ@ﬁﬁ@fm“ﬂxﬁémtﬁwﬁﬁw f:R, — R _Tha! qo ST=slqeh

2, W& R, O HUR IRdfoeh @nsl & 9g==d 21 9% ud R, H N ¥ o_a
fean s, S/& f wewid qaad RE ®, @ | = 78 9Romy @ grm?

frfefaa ®erl %1 Toheh (Injective) AT =S (Surjective) TON w1 Si=
RIS

() f(x)=x* BT 9T f: N — N e 2l

(i) f(x)=x> S Y f: Z —> Z %o B

(i) f(x)=x* §/ 9S4 f: R > R ®e 2

(iv) f(x)=x* B/ W& f: N — N %o gl

V) f(x)=x* §N 9S4 f: Z — Z B 2|

fag HINT & () = [x] S} YS9 Hewd qulieh %o f: R — R, 7 @ Theh! &
SR 7 e8RS €, el [x], x § HH I IHk K HETH Uik Hl Fefaa
FT 2l
fag SIS & £(x) = x| 5 YS9 A9l %o f: R — R, 7 @ Thahi ® 3R
T AR €, SRl | x | SRR x, AR x 7 a1 A T 90 | x| ek — x, AR
xﬂ?TUT%I

ag siew & f: R >R,

l,qﬁ{ x O
f(x) 0,3k x 0
-1,k x 0,

SN 9S o ®or 7 d Uohen! & 3R 7 =9 2l

oE e fPA={1,2,3},B=1{4,5,6,7} @ f={(1,4),(2,5),(3,6)}A¥ B
T T Hor ¢ fag ey 6 £ et 2l



10.

11.

9y TG ®or 13

frefafaa & o yoie feufa & aqense & o KU gu v Tohe!, S=sks
T Teheh! MBI (bijective) 21 319 ST a1 e ot aqeEy

(i) f(x)=3— 4x g0 GRHIE ®eF £: R — R 2l
(i) £(x) =1+ x> g YR %o £: R — R 2l

A ofifse o A qen B <1 wgeaa €)1 fag SIfST & f: Ax B — B X A, 30 YR
% f(a, b) = (b, a) T Theh! A= (bijective) FeH 2

" 1,?1'&{111%@:[%
T olifee fof 99 ne N& faQ, f(n) =
g ,?Tﬁ{n@:f%

g UREIfE Tk we f: N — N 21 9qeEy {6 1 ®or f Teheh! SA=SE]
(bijective) &1 3194 3T 1 SAifaed ot wqezy

HFIFﬂﬁl@fm“A:R—{S}HWB:R—{1}%If(x):[%)W?ﬁﬂf@lﬁw
f:A— B W MR HISU &1 £ Toheh! qe1 =81 22 30 S 1 3hifaed
SR

M wifee fF £ R—> R, fix) =x* g GRHIE 21 W&l ST 1 =3 Sifsu)
(A) f Ucheh! =35 @ (B) f EUH N=BRH T

(C) f Uhan! B fohg sTresiesh &1 8 (D) £ 7 d Thah! € 3K 7 =215 ¢

. HH e TR £(x) = 3x 5 GRHfE wer f: R — R 21 W&l SW g

(A) f Wheh! I=3CH B (B) f EUH A=DTH &
(C) f UWeheh! B W 3T=o%sh &l © (D) f 7 d Wheb! © 3N 7 =0H ©

1.4 el T WIS q9T FRAUITY Wl (Composition of Functions and
Invertible Function)

TH AT=I8 H B9 < el o WANH o1 TREl wohe! esTEl (bijective) WA o
Yiaa™ (Inverse) 1 STEAF HAT 1 2006 T fhet a€ (IRU) i & X i o:qal
o &3 Tep wefl el o ay==g A W fomr ey o o) wden o 987 9l yels
ferameft =61 &€ 510 U ot AR o wiwan €, F9 foreneff when & wwa a1oht SR g
WW%IW@&W@@WM&WW@W@G&%) Heh,




14 T

Yo Ued Fel ] Teh -ehedl Hiehfdeh A& (Fake Code Number) H &€a1 2d1 &1 HH
ST o6 B < N 99 Ul el &1 9q==d €, a2 C ¢ N H9& Wiehide Al
= 21 TN B Ber f:A—> B WYl g:B o Cad € S HEW: f(a) = famef «
! & T TS AR q4T g (b) = VA A b ] F]A B A T Wiekfasw A, R
wRtefer €1 39 wiswan ® B £ gr yoksh femnedt & fog we o Haw feifa g @
U B g B Yok Uel Fe) o oIy ek Wiehfder e T =iar 81 ard: 9 <4
FHl oh FaeH o Yok formneft sl 3Tdd: Ueh Wiehideh Hel ¥ Hed Y fEar Sar 7|
3oq Frefaled oRam g gt 2

T 8 A AT o £: A —> B Al g: B — C < ®od 81 9 f 3N g T HASH,
gof SN Tiefua e B, ae Wl gof : A — C, gof (x) = g(f(x)), v x € A BN
gRfia giar 2|

A f B g c
(5 & o
gof
3TTRTT 1.5

SEETOT 15 0F ST 76 £:{2,3,4,5) — {3,4,5,9) 3 g: {3,4,5,9} = {7, 11, 15}
Y T W YER B T £(2)=3,f3) =4, f@d) = f(5)=5 3R g(3) = g(4) =7 a
g(5)= g(9) =11, gof ¥ HIfsTl

T W gof(2)= g(f2)=g(3)=7,80f(3)= g(f3) =g (@) =7, gof (4) = g(f(4))
=g(5) =113 gof(5) = g(5)=11.

FETEI0T 16 A€ f: R - RAAg : R — R Held shHT: f(x) = cos x T g (x) =3x% N
oRfia € gof ﬁ?fog%ﬂ'd Hifvul fag T gof # fog.

T TEl gof(x) = g(f(x)) = g(cos x) = 3 (cos x)? = 3 cos? x. TH U&FR, fog(x) =
F(g(x) = f(3x?) = cos (3x?) Bl A IS foF x =0k AT 3cos? x # cos 3x Bl 3M:
gof # fog.
3x+4
5x—7

g RHiea e f:R—{%}—)R—{%}H%ﬂ

FEmEor 17 95 f(x) =

Tx+4
5x-3

g = mwﬁwﬁﬂﬁw—r{g:R—{%}eR—{%} o £, 9 fag wif fe



oy Td ®ed 15
fog =17 gof =1, T I E] [ (x)=x, yxe A ¥R I[[(¥) =x, yxe€ B, S&l

3 7| & .
A=R- {—} ,B=R- {E} 1 1,9 1 I WeIT AT B TR G (Identity)

5
T HeEd B
e I@ W
7 (Bx+4) N
3x+4 Gx-7) 21x+28+20x—-28 4lx
sof (=g 7 |- - A,

S(Gxtd)) 5 15x+20-15x+21 4l
Gx-T7)

3[(7x+4)j+

L x=3) =21x+12+20x—12:41x:x
5[(7x+4)j_7 35x+20-35x+21 41
(5x-3)

7x+4j

T TR, fog(x)=f[5x_3

Ad: gof(x) =x, VX € B 3R fog(x) =x, ¥x € A, fSaes T @'’ 2 o
g0f=IB3ﬁT fog=1,.

samEtor 18 fag wifse o o 1 A > Baul ¢: B — C kel €, @ gof: A — C
off Wehen! 21

'l gof (x)) = gof (x,)

= g(f(x)) =g(f(x))

= f(x) =f(x,), FifF g THH! T
= X, =X, wa %
3A: gof ot W 2l

aTETor 19 fag HIfST 6 4 £: A > Bael g: B — C =85 &, ql gof : A =C
T eEH 2l

Tl TF AT T Tk Wew 999 ze C?1 g oh i@ ;% Tk qd gfafas
(Pre-image) y € B =1 31 50 Yo € T, g () =z, Il g 3T=0eeh 21 T6l YR
ye Bk foTq A o Uk 3@ x o1 ik 36 WK € T, f(x) =y, i [ =5
21 3 gof(x) = g (f(x)) = g (y) = z, FoI& ™ g1 Brenn g fo gof 3T=8I<h 2




16  TUE

£ a9l g UE T oMl W faEm #ifSe i gof witwifta ® aen whent 2
£ AU g 7l SATarEd: Teheh! 272

W £ {1,2,3,4) = {1,2,3,4,5,6} f(x) = x, v x 5 TREIE 3R g (x) =x,
x=1,2,3,47A g(5)=g(6)=58K IRAMNT g:{1,2,3,4,5,6} = {1,2,3,4,5,6) ®
TR It &1 gof: {1,2,3,4) — {1,2,3,4,5,6) 9l & 921 gof (x) =x, v x,
mﬁmm%%gofW%lﬁﬂgwwqﬁ%l

I gof A=BTH €, A FN £ AU g QAT A HEDEHR 22

f:{1,2,3,4} > {1,2,3,4} dA g:{1,2,3,4}%{1,2,3}m]%ﬁ|ﬂ3m"' S
SR f()=1,/2)=2, fG)=f(4)=3,8(1)=1,(2)=2TAg(3)=g((4)=3.5T
oRfia €1 =€l Serd ¥ <@l S Wkl ® T gof =R €, g £ s @l 7

e WA TR ST Wehel B foh =419 ®9 ¥ gof o Wehsh! € 1 alcqd @

o £ Wl B 21 THT WK gof M=ok e @l aicad € T g =se el 2
9 T 39 ITI=% o URY o S T wlten o g o afvlq wer £ sk g W Akt

Y R T =ed €1 SIS &1 e X &1 ghen § d98q ol Yol et i e f
o Siaqid b Aed Ao S Fonan Sl € SR Yeieh Ueh ek ol g ok Acviq Teh Hichiash
TR T foha ST §1 ST Yehiet o qodihd o =% ek Yd Hodifhd IRk
W Wichfdeh HoR oF THe Wdleh for@ X i€ o whEied § YA widl 2l o€ o
SRR, g o a9 skl 51, Ycieh HIchideh FaX 1 d&al o GA: Td el Aek &
FX 3 T N T8 YRR WKl Wichfash ok o oI=TC el AT ok & Heiferd &1 < 2
T:, f i a9 UihaT §R1, Yieh el Aek oh! 39 Ua Aok aret fommedt & s_a T
S 2| THY Ures | Hata forneff % A fuifta 8 S 21 8w SEd © T f aen
g, & TARH 5N gof, W<l id THA, U8l £ I fh g ol Yot hd €, & fob dgem
goﬁﬁﬁuﬂamﬁ,%ﬁgﬁﬁuﬂamaﬁtﬁnfﬁﬁuﬂamwﬁ%

M wifSe 5 £ {1,2,3) — {a, b, ¢} T Teheh! 991 3315 Hor 36
bR € T f(1)=a,f(2) = b AR £3) =, @ Tag I f&F Bl g: {a, b, c) — {1,2,3)
w1 tW wifeqca 2, AfF gof = L AN fog = 1, &1 X = {1, 2, 3} qen
Y = {a, b, ¢}

%ol g:{a, b, c} = {1,2,3} 2 &l g(a)=1, g(b) =2 3 g(c)=3, W femr
T 78 FAfgd T WA 8 o g S gof =1, X T TEHER Hed 8 3R
YK BT fog =1, Y R THHF Fod L
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g Tk U= e ® Fon sy S o afvla uftomy feel off w@es wehent
AT B B f: X — Y o Qo el 21 shoel =€t 7t 3iftg soeht faein
(converse) Hf ¥ Bl %, aﬂﬁ,qﬁ{f:X%Y@WW%fm"WW
g:Y - X 3 38 THR & & gof =1 TN fog =1, f Tha! q1 S8R
g 2
S ufterat, e 22 qun feuqoft Frefatea afta & fog 9fe w2

Wer f: X — Y SIehuuE (Invertible) ®ealidl B, 9% ThH e
g:Y =X R A 30 Hohl{%fmrgolex adq fog =1, 21 ®eH g Sl HeH f H
Yiae™ (Inverse) Hed @ 3R 30 Wdieh £ g Wehe Hid 2l
Iq:, A £ SqhHNE 7, @ fATTeEd: Toheh! AT =R Bl ® 3T fereim:,
IqfE £ Toheh! A1 eSS €, 1 fATardd: SIehHuig eial €1 98 94, f i Tehehl
A STesTesh TG Hich, SIEh AU THITE e § Hewyul ®9 ¥ W8re g €, fosiy
®Y W TG f H Y™ Iad § Fq A& S 2l

qF ARC fF £:N Y, f(x) = 4x + 3, 511 IR T ®eq 8, Sel
Y={ye N:y=4x+3TFd xe N & fau}| fag =ifse fr f eraoim 21 giaem
o f | il

Y o fhell ¥=s 1999 y W fo=R *ifsul Y, &1 9Ram1 g1, wid N & fohdt seaa

x o AU y = 4x + 321 30 Frend feheran @ T x:(y;3)%| I g(y):(y;3) g

gY%Nﬁﬁﬂmaﬂm'SHWgof(x)ngC(x))zg(étx_i_?)): (4X+43—3):x
_ 4(y—
e fog(y)=f<g(y>)=f[(y43)j= (y4 D 3oy 3432y ¥ THd wWe B

T 6 gof =1, T fog =1, w1 qreqdl = g1 R / ool @ IR o g wer
f 1 giaam 2

UM it 6 Y={n’:ne N} cN2I®eH f:N > Y& f(n) = n?
W femr wifvw fag FIfST 5 Foqepaoim 21 f &1 gfaam St wa st

Y 1 Tk W=D 316Fd y, n> % &Y H ¢ Seine N. 30 aed 78 & &6 n= [y
THE g(y) = \Jy BN IRwfow wE W@ g:Y - N yr@ glal g1 I
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gof () =g () = J? =n 3 fog () = £ (V) = (\y) = . Forrd wmnfors hven 2 fo
gof =1 4 fogzlY%l 3d: f HohHoia gad fl=g.

FEEIOT 25 HF i fof f: N = R, f(x) = 4x2 + 12x + 15 50 IRAIT Tk Fer
2| fog IS & £: N— S, 5@l S, £ o1 Ui 2, Schuoiig 21 o1 Sigem ot =
i)

ol | Sfee o £ o URER 1 y U W@es 3999 1 EaT y=4x2 + 12x + 15, S@l

(Vr=6)-3))

xe N. 38 arqd 78 & T y = (2x +3)> + 6. 3@ =

2
3, Th e g: SN, g(y) = ((Vy‘;)—3)) g 9Rerfia wifew)

3 T gof(x) =g(f(x)) = g(4x*>+ 12x + 15) = g((2x + 3)* + 6))

((Jx+37 +6-6)-3) Qx+3-3)

S fog (y) = f[((\/yi_;)%)}:{z(( y;6)_3)+3}2+6

= ((«/y—6)—3+3))2+6:( y—6)2+6 =y-6+6=y.
S gof =1 T fog =121 T9H1 AT g 2 TR fAGRIIIA & T f = g Bl
SAEIT 26 dH ®ed f: N> N, g: N> N 4 : N> RR =R sifSe s&l

f(x) =2x, g(y) =3y +4 T h(z) =sinz vx yad ze N. fag =ifew &
ho(gof) = (hog) of.

T Tl

ho(gof) (x) = h(gof (x)) = h(g(f(x))) = h(g(2x))
=h(B2x)+4)=h(bx+4)=sin (bx+4), VxeN

Yy &, ((hog)of) (x) = (hog) (f(x)) = (hog) (2x) = h(g(2x))
= h(3(2x) + 4) = h(6x + 4) = sin (6x + 4), vx e N
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M YHIE el © T ho(gof) = (hog) of
g uftomy sames feufa & ot we g 7
TN 19 £ X =Y, g: Y > ZFUM h:Z— SdF werd €, @

ho(gof) = (hog)of

suuft el &9 3Ed ¢ R
ho(gof) (x) = h(gof (x)) = h(g(f(x))), vx in X
= (hog) of (x) = hog(f (x)) = h(g(f(x))), vxin X
3d: ho(gof) = (hog)of

SaEu 27 f:{1,2,3} > {a,b,c}dA g:{a,b,c} — {@a, Tig, 1%|Q'_vﬁ} f(1) =a,
f2)=b,f(3)=c, g(a) =19, g(b) =TT g(c) = facett g TRt werl R faar
Hifve| fag e fm“f,gﬁ? gofwtrﬂ'q 2l £, g7 q;l (gof)! I whifew qen
T ST T (gof) ' = flog ! B
ol e wifsT fm 99 gR £ 3R g Wohshl TSl Wed €1 WM elitee TR
f{a,b,ct —(1,2,3) g (¥4, g, faeell} — {a, b, ¢} 3@ YR GRwIE € f&
fHay=1.f{b} =2, f{c} =3, g (T} =a, g (TR} =b iR g '{faesll) =c.
T wef w5 W 8 5 flof =1, . fof =1, .glog=1 @R
gog' =1, @ D = (¥4, e, faeett}l &/@, gof: {1, 2, 3} — (¥4, 7, facei)
gof (1) = W4, gof(2) = 1%, gof(3) = faeell g1 wew 21

79 (gop)! : {JF, T, fawel) — {1, 2, 3} &l (gof)! (Fd) = 1, (gof)! (i5) = 2
Al (gof) (faeedh) = 3 g0 URwIft ¢ Wehd €1 I8 Wl § waifvra feman <0 Hehen
2 T (gop'o(gop = I, T (gofHo(gofy’ = I B

TH YRR WHITUT el ® T £, g @2 gof Sgemuid €l
I flog™ (Fe) = f (g (@) =f(a) = 1 = (gof) (He)

flog™ (%) = £ (g (W) =f1(b) = 2 = (gof)! () e
[og™! (fareedl) = f (g !(faremdl)) = f~'(c) = 3 = (gof)™ (ferewedl)

o (gofy" =f "og™!

Syder aftomm eave fefa & off W g 2

U 2 HH AT TR f X > YA g Y — Z A FchHvg ®ed €, a gof i
IR BT a4l (gof) = flog™!

SUUT gof 1 FRHYE T (gof)' =flog™!, ! g & oF T I8 ywIfor e
I ¥ R (fog)o(gof) = I T (gof)o(flog™) = L, Bl
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CE| (fog ) o(gof) = ((f'og™") 0g) of, W 1 g
= (f'o(g'0g)) of, THA 1 BN
= (f"oly) of, ¢! YA TR
= IX

T YRR, TE T fRar S weRar € 7, (gof ) (Fog ) =1,

SEET0T 28 HH witee R S = ({1, 2, 321 Feifa wifs o s = aftafa e
f:S = S yfacm e 21 £, Td Sy afg goe e 2l

(@) f={(1,1,(2,2),3,3)}

() f=1{(1,2),(@2,1),3, D}

() f=1{(1,3).3,2),2, 1}

T

(a) TE eIl W 3@ ST GHAT & oF f Uohh! SA=BE] 8, THAU £ Sqeehmolid © ol
£ @ wfEm £ = {(1, 1), (2,2), (3,3)} =f g0 9w g 2

(b) iR f2)=f(3)=1, 3WA f Uehah! &l €, 31: f FHINT & 2|

(c) e WAl Yoleh S@ T Wehell B Teh £ Weheh! Q1 =01Geh §, 3TAQd £ SchHv
gaen f'={(3,1), (2 3), (1,22

ygATaet 1.3
1. AR ifee f&& £:{1,3,4} > {1,2,5} @ g: {1,2,5} = {1, 3},

F=1{(1,2),(3,5), (4, D} aam g={(1,3),(2,3),(5 1)} g0 W& &l gof T
EAEL

2. HA wifSe f f, g den h, RY R % KU wer 21 fag sifs fo
(f + g)oh = foh + goh
(f . g oh = (foh) . (goh)
3. gof A fog A HINY, Al
@ f)=lxlTA gx)=15x-21

1
(i) f(x) =8¢ T g(x) = X°
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Egij; , xi%,?ﬁ fag Hifeg fm g x;t% & AT fof (x) = x B
f 1 SiqeE wer @ 22
N0 Wigd Saesy foh & fefafea werl o giaad 8
Q) f:{1,2,3,4} — {10} S&I
f£=1{(1,10), (2, 10), (3, 10), (4, 10)}
(i) g:{5,6,7,8} — {1,2,3,4} &l
g=1{(5,4),(6,3),(7,4),(3,2)}
(i) £:{2,3,4,5} — {7,9,11, 13} S&l
h=1{2,7),(3,9), 4, 11), (5, 13)}

e fx) =

ag &ifsT f& f:[-1,1] >R, f(x) = ﬁsﬂr yed HAT Tehehl 81 Hor

fi[-1, 1] = (f &1 9RER), &1 Yda™ Hed Ad it

(HFT ye WER f, % T, (<1, 1] % B o my:f@):x—jz,am

2y
sy
f(x)=4x+3 BU 94 %A f: R > R W f9=r =ifvw fag sifve & 7
SHAUTT B £ 1 UdeH Hor Td i)
f()=x>+4 EN YW %o f: R, — [4, 00) W TR spifsy) fog wifsg f £

STV T T f BT We £, f () = [y—4, 5% 9IS B 2, SEl R,
gl HI Srfas erstl B a2

f(x)=9x>+ 6x— 5 EN YW e f: R — [ 5, 00) W fom@R whifsw) fog shifsig

S f kAo © a1 f(y) = L(—“wj)_l} 2l

M A T £ X — Y T Hehmviia wer 21 fag wifee fs £ w1 gfaem
wed SfEdE (unique) B (Fehd: HTTT HINT &6 £ & q Wl wed g,
qem g &1 T TR ye YF AU fog,(v) = 1,(y) = fog,(y) B 1 f o Ther! 0T
wﬁﬂﬁﬁ@
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£:11,2,3Y > {a, b, e}, f(1) =a, f(2) = b A £(3) = c. TN Y&< i f W fo=m
FIfY £ 9@ wifeg 3R fag Sy & (F)y ' =f 2

A ST 77 £ X — Y T Sehdoid %o € g ity b £ &1 giaem
£® @ () =f 7

1
I AR SR, f(x) = 3—x°)3, 80 W&« 7, @ fof(x) SR 2

(A) (B) x° ©) x D) G-x)

x3

WW%f(x):%mqﬁW@Wf:R—{—g} SRR S H

W e T (Map)g;tr&mfﬂz_{—g},ﬁvr%ﬁ@a £ o

BRI T BRI
_ 3y _ 4y
(A) g(y)—3_4y B) &) 13y
_ 4y _ 3y
(©) g(y)—3_4y (D) g(y)—4_3y

ST Wpd oF Al § € o9 IR §o WiRael, T 90, $aT, on a9 96 9 9itEaa
& gop 21 37 wiepme i uen fomivar 7w @ fe 9§ v wemsd g aw b, W '

. a . .
&l a+b3TAM a-bA ab ™A z,b;«tOﬁW (Associate) # 3W 2| TE 9@ A

FIfT f, T 999 ¥, Shaa < qed & SiE a1 o0 S S Ghdl €1 5" gy dF
e W Sigd 1 SAERTRdl Bl B, A B9 Ued q @S %l Sied € 3 9w
qhet i R et W o Sie < €1 erd: AN, 1O, SR qen T fgener wime
o S 2, e fgemerd’ @1 oted @ ‘) omuR Al Ak g9 U oAk gitaren
=ed 2, forem ore =R |l off o St €, 9 89 wemstl & ueed & T W T
e gy=Ed X Ol e SR a9 save w9 9 fgenard |l oo o e e,
X o < 3eEl @ qe1 bl X oh & Thdl e 9 Geag H 21 56y Fefated s
GRAT g e 2
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uftermr 10 fordt q=e A o U fgenurd Wima «, Uk ®er s Ax A — ARl B
% (a, b) 1 a * b g F&UT w 2l

SaEor 29 fag HISY f R¥ A, iR @R on fgenyr |t €, fhg 9 R
foanerdy wiwan & 21 Wy € fag Sifse ff 9 o s genst & qq=
R ¥ fgemamd) wfman 2

ES +:RxR >R, (a, b) > a+ b g aiefm 2
—:RxR >R, (a,b) > a— b5 9Rfm 2
x:RxR =R, (a, b) —> ab g wRwME &

FAfF 4+, = 3R ‘%’ T B, 3a: ¥ RY fgemardt wiewarnd 2

W +:R><R+R,(a,b)e%,®“%‘f‘l%°f%,aﬁ°m"b=0#1%ﬂi%
wftefim =Y 21

aafi + R xR >R, (a,b)%% gRI URHIfE T wer § iR gEfan
T2 R, ¥ U fgemurdt d@fwar 2
saetr 30 fag ST & i (smaser) @on um N o fgenerd @fear w2t 21
% —:NxN—>N, (a,b) > a-b, R U0 & TGemad wfpan 7 7, wifd

& afaild (3, 5) @1 U 3-5=-2¢ N, S@[W,+N><N+N,(a,b)%%

mmw%&wﬁﬁmﬂﬁ%,mw#m(3,5)@9%%@34:% N.
SR 31 T9g HINT &+ : RxR - R, (a, b) = a + 4> 50 Y84 Uk Tgemamy
Hiema 2

e ek + Y%k I (a, b) I R & Tk AfGdT 3T97d g + 4b> T o &I €, 374:
« RY Wk fgsmemdt dfwan 2

SETET0T 32 WM oS R P, fRE yen weEa X o 9WE SY 9=l i, 9e 2
fos #ie % U:PxP—>P (A,B) > AUBGER Wd @ Nn:PxP > P,
(A, B) > A N B g0 IR wer, P o fgenur w@fward €

T Hifeh Figed Gfsha (Union Operation ) u,PxP&WT’q(A,B)ﬁ P
T AfGAT ST A UB % o Wl €, SET U, 9Y=EE P U fgenyr) wiman
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2 TH YR oS (Intersection) Wﬁ,PxP&WT’q (A,B)ﬁ P U&h
el 3@ A N B o Sl €, 3aue M, =g PH U fgenur) w@imean 2

98 HINT & (q, b) — 3HFRAH (g, b} 5T IRATT v : RxR - R
(a, b) — TFaH {a, b} g0 9RAME A : R x R — R fganam diwmad 2

Fifh v, RxR & Y& gH (a, b) ! T R & THh Al 3TeFd, TWa:
a7 pH W AfHaE, WA Wl €, AU v U e wWiean € gHt yehR o aeh
SR U8 el S Wehdl € [ A O T fgenudt w@iwman 2

V4T =T, v @ =T =4, A4, T)=4TT A4, -7)=-T3
o el e AW Sfemdl w1 e %W el 2, qal 8W e AW U
TEanur |ishan + 1 Tk GRON g0 9ok Y Hehd €, TS Wiha + ! Witk |rof
wed 21 Seend A=(1,2,3) W foar SISy a9 Seer 33 o gt A S wfman
v Trefafiad aroft (\Roft 1.1) g0 o9 &1 ST Wehd! @1 F@1 Eiha ®Ref H v (1,
=3, v (2,3)=3, v (1,2)=2.
gt 1.1

% 2
1 2
2 2

W=
W W W | W

3 3
el dfepan Groft & 3wl qen 3 w@w B, faed (i, ) wfafe aq==a A
& qen jo srEEel § W eAfdehad Bial €1 SET SAIYIhul feRdl o W wima
*rAX A%A&WWWW%Iqﬁ{A:{al,az,...,an}%ﬁWWﬁ
n TR a9 n TR B a9 (i, j)dt el a, # a T foem: p dfemal qon o e
Eﬂﬁmew,wWWA={al,a2,...,an},WW?ﬂﬁl'qa%,
o fau g9 us fgenuar wima + 0 A x A — A TR Y W €, 39 YR fE
a,* a, = Wi Aof o dfem den & w1 wfafe €
WWW%%3HW4@W@W(OM&)ﬁGﬁg,WW(W)W
Tdl €, AU 3+4=4+3, T 3 991 4 %! WE F Tl wu o= ofom <@ 2,
AU 3 -4 %4 3.3 WHR 3 A1 4 TON HE F HAE FEqul & 7, W 3 a1 4
o 9T W Tt e fafi= oftom <@ &1 er: 3 qe 4 w1 9N qen Tqon s1efgf § fag
3 A1 4 1 S al A AL B SR qen 9 o fow vy fore ygar € 3 |
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T4 OeRET A 47 Y3 TR AYG '3 B 4§ 9N I A4 B3 H GRS
Tod Frefataa o o 2t

ftreT 11 9= X ¥ U fGener §iEa « Hufati (Commutative) el €,
IS Y&AH a,hbe X & T axb=>b* a7

FATET0T 34 fag #fw % +: Rx R = R A x : R x R — R swafafaa fgenum
Gfipad ®, Wy —: Rx R —» RTN +: R xR — R, wAfafwa 7@ 2

TAHINR a+b=b+adMaxb=>bxa, va,be R, 3IAdTT ‘+ dqA ‘)’ YA
ey wimard €1 qenfy — wufatmg 78§, i 3 -4 24 -3,
T YRR 3 + 4 2 4 + 3, 09 W= g1 ? foF - wufata =8 )

FaTE 0l 35 Tag ®INT fF a # b= a + 2b 5 IROIYA # : R x R —» R ®AfGHHA
T 2l
TAFNE 34=3+8=113N 4%3=4+6= 10, 3q: GeHa1 * HHETHT & 2
% T W= X o dF ¥l & X ° uRwifoa et fgenamt wfe & g
dag N ARd © A Tk @ae GEe 3@ ¢l SHSE a % b o+ ¢ A
(a*b) % c AU a* (b +c) 2l Ghdl © 3R U8 <] =osieh, ERAF 8l ¢, o THE
B SR (8 - 5) — 2 £ 8 — (5 —2). WA, I WeMet §, 5 37 3 w1 fgenar wiwan
‘sHgeRe | o g HeY 1€ § S qek T ®ise (Bracket) w1 WA 7T e S
W A Y WA H, 8+ 5 + 2 T WHM Bl €, TR TH TH (8 +5) + 2 el
8+ (5+2) YR U for@| sma: 9 =1 &1 9 ifus wemetl &1 A &1 9 g
Gate, 5 RSkl & v forw oft, srefqol @1 sot Frefafaa oftam g e 2:

Ufrarer 12 T fgemerd |ima +: A x A — A "= (Associative) Heard! 8, A
(axb)y*c=a=*(b=*c), Va, b, c, € A.

SETET0T 36 fag HifSe f R = qen on dr=rt fgemrd w@ipand 81 wq sraswer
aer 9 R ® e e R

ol AN qe o Wewd €, it (a+b)+c=a+(b+c) A (axb)x c=ax (b xc),

\V a, b, ce R quIfY 3faT qen 9 we=d 7l ®, it (8—5)—3#8—(5-3)qe

8+5)+3#8+(5+3).

SaTET0r 37 Tog T % 0% b — a+2b 80 Y84 * : R x R — R "E=d &1 21
(8#5)%3=(8+10)%3=(8+10) + 6 =24,

SR 8% (5%3)=8#(5+6)=8# 11 =8+ 22=230.
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fepdlt fgemurdy fran =1 de=d o 50 e1ef o a1 Heyol € ff &9 e
a, #ayx ... a @ wehd €, ifw 30 o % SR 9 Wi T ® S 8wy
TH UH o HA9E W, S g * a,* ... a | (Ambiguous) @l 7, 9@ q TR
IS &1 YA A foran S| TR0 IS fF qaadt wensti o, 19 et sTa a1 9/ &t
AT 212 Ueh § 31fueh WA =1 i TE off, a9 HIShi 1 YA R T el
R fgememd gfpan '+ o Hefea G@ 9= (zero) 1 Tk U=k fagivar o8 €
a+0=a=0+a, ¥ ac R,3q, e ff 9@ ¥ 3= &1 Sied W 98 d& sHfafia
Twdl 21 Wg o & feufa o 9' 9k (Role) W& | 5T &1 &1 W ®, Hifn
axXl=a=1xa, VY ae R%IW@W@HW&WWW%I
forelt yea fganerd §isha « : Ax A - A, o AU, Tk e/@@@ ec A, AR
gHeh] FAfkacl €, dcemeh (Identity) 8l €, AR a*e=a=e*a, V¥ ae AT

g ST for RH =7 (0) =T 1 dcddeh & 991 | 7O %1 dedHeh 81 T’y
Gipaei —: RxR—> RN +: R xR, — R & U ®FE acms sagd 78 2

4+0=0+a=a3N axl=a=1xa, yaec R a9d & fo 0 91 | H5U:
Y x’, o e e B Wy f RE UH HE Seqd o € oa—e=
e—a,vaeRﬁlﬁwﬁ&ﬁﬁﬁwmeﬁﬁﬁm%%
a+e=e+a, yae R, Bl ;= qeq ‘+* o T 3T e B T

R I (0) =7 Wiha1 &1 aqwsh ¢, fhg 98 NH o Withan 1 acqwess 72t

2, FfH 0 Narkds § NH o7 Giha 1 %I dedq9eh T8 8l 2l
B0 YH: @d € fh o WA +:RxR > R fau, fodl ws9ae R¥
Hafd RE — a o1 A& 39 HOhI{%fm“a+(—a)—0(‘+’wm)—(—a)+a

ﬁWRﬁwmém WWgeRa;ﬁOﬁWﬂﬁ%ﬂRﬁ Eal

wwwmé%ax——l(x wa—{qﬂ?ﬁ)——xa%‘n w@ﬁw%frﬁ@ﬁtrﬁrw
I Bl B

AT THHS 37T e alcl Th YR (Gl |ihal #: Ax A — A%k fag
fepell 3T a e A %1 Wil + o T § JepHuld wEd B, ARA W T W 3@gd
bkl S & fhasb=e=b*a® d b a Yaad (Inverse) Fed &, o™
TR ¢! g Tefia W 2
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fag #IT & R *F §fFa1 + & fau — g &1 sfaad™ o @ 3R R o

o G x’ & T g = 0 1 gy i 2l
FE a+(~a)=a-a=0TA (—a)+a=0,3TAAC — g ¥4 G & A€

1 e #1 T TR, 0% 0,3 F ax-= 1 = —xa, o A #
o WA % A o 1 w2
fag HIT fF NH oF @i '+ o fw g e N1 wfaadm —q 2 &

ﬁ?NﬁWW‘x’&WgeN,a;ﬁlwmﬂéﬁ%l

FF —a ¢ N, 3G N o9 Gehal o 0 ¢ &1 9T — g 781 8 9ol 8
T — g, WS a+ (—a)=0=(—a) +a H G L & TH YR, NH a# 1%

WéeN,W&ﬁ%%%léaﬁrﬁaﬂN&W%ﬂmwgﬁaﬁHN
o o wfea & forg el e R
3B 34, 36, 38 A1 39 § W Bl © o R = i swufafma aur ae=d

feamury i 8, S 0 T 37e@d 991 a € R, v a &1 Ydel 37e@d — g Bl
2l

fruffm =ifse & #n fafafes ver 9 WRafm vos a9fFx <9 @
feamur wisran wr =il © A1 el SW <90 H S + Uk Tgenyr w78 7,
Siferer Fff sdqas

(i) Z* ¥, a#*b=a-bgW aRkaftm wlema =

(i) Z* ¥, a*b=qabgq IROE Fhrar =

(i) RH, 96T *, g% b=qgb® N IRAMG

(iv) Z+*¥, | #, a * b=la— bl g IR

(v) Z* °, Gfd *, a * b = q 50 ARG
ffafea g gde feemad dfshan « o fou i wifse o =
fgenemd spafafme € aon =0 « = 2
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() Z ¥, a*b=a—bgW IR
(i) Q H, a*b=ab+1gN R

(i) Q T, a*b:a—zbmtrﬁrqua

(v) Z*H, a = b=2% gr qRwfia
(v) Z* B, a*b=qg" g IRAA

(vi) R—{—l}ﬁ,a*b=ﬁ SR wRe

A== {1,2,3,4,5) 9 a A b =709 {q, b} 511 9Refia fgenamrdt gferan w
foar sifsa wfshan Ao foae diwar aneft fafew)
== {1,2,3,4,5} ¥, fefafea @i wrofl (WReft 1.2) g/ 9Re,
fgemuard wiepar + W fa=m wifsw qen

(i) (2% 3)# 4T 2% (3 *4) < Yher hHifS

(i) = * HEfETTHE 272

(iii) (2 * 3) * (4 * 5) 1 YRehe iU
(Ferd: = 9relt &1 9= Sifeal)

|RUT 1.2
* 1 2 3| 4 5
1 1 1 1 1 1
2 1 21 1 2 1
3 1 1| 3 1 1
4 1 21 1 4 1
5 1 1 1 1 5

e iifee fo6 g {1,2,3,4,5) 9 U 5 w@iwan s+, q # b=a a2 b
%1 HCF gr wifoa 21 s dfepen + sdge e 4 o wfienfoa @far « &
A B2 3T S A A ff SqeEy
H e for NH Ta fgenamdt |fshan #, a * b=qq9 b1 LCM g IR
21 Frefafea T it

() 5%7, 2016 (i) =N diepa * wHfatm 2 2
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(iii) =+ Wre=d 27 (iv) N ¥ * ol qcdmeh 31a9d T HIeg
(v) N &M o 3fed + Sl o fou oqehaoiy 272
F T {1,2,3,4,5) " a*b=aqqMbH LCM FNI IRAITT * Th
fganemdy wfepan 22 o1 S o Sfifae off saemsy
A ST SE N ® g% b=qq b1 HCF SR YRHNNT T fgsmard dfshan
21 I+ AT B2 A+ WEwd 22 0 N 39 fgenerdt wishan o acade
o1 Ak 272
H alifeg foh 9ies Semst o w=ad Q § FHfafead JeR o R « Th
feamardt wferan 2

i) a*b=a->b (i) a * b =a*+ b?

(i) a*b=a+ab (iv) a * b = (a — b)?
4

(V)a*b=7 (vi) a * b = ab?

I@ ST R 39 9@ w9 @ i sttt € sl s w8
e 9 H &) T wiermet § fordl o1 acddes €, 9% adaEy

T AT fTFA=NxNT @ A (a4, b) * (c,d) = (a + ¢, b + d) G YA
& fgamard wferan 21 fag ST fof o« woafafma qon we=d 21 AH = &1
A e, A IS €, a1 [d RIS

Faeey, for s frafafea som 9 ® a1 e ) siifae ot aaemsu)
() 9= N ¥ fordll ft @=s fgemad dfhan «oh fl a*a=a, vae N
(i) I N ¥ + Tk spufarma e 9@ 2, @l a* b*c)=(c*b) *a
a*b=a*+b’ TBR ¥ IR NH U fgemad wferan « W o= &ifew) s
FHfafEd o 9 ¥81 IW 1 =8 HINY
(A) = |rE=d au1 st <A 8
(B) * sufee € forg wre=rl =i ?
(C) = wre=d € forg wufafma &t €
(D) 9 q wHHfaEE ¢ 3R A " g



30 T

fafaer 3ergvor

SEAEIUT41 AR TR, FH==T A H ol Heel g, i fag wife T R MR, 4 T
oIl a2

T i R T R, JO HaY 8 SWAT (a,a) € R, T (@,a) € R, yae A THH
T ¥ fF (@, a)e R,NR,va 588 fag @ 2 & R N R, &qF 31 T
(a,b)e RNR = (a,b) e R, T (a,b)e R, = (b,a) e R, A (b,a) € R, =
(b,a) € R, "R, 3: R, "R, ¥AMHA Bl TH ¥R (a,h) € R, "R, T (h,c)e R,NR,
= (a,¢)€ R, T (a,¢) € R, = (a,0)e R, "R, 3094 fag #a1 & & R "R, FFmeh
1 o R, AR, Th Joad Fael 2

SEEI0T 42 HH @ito foh Sz A o o7 qUiiehl o shHd g (ordered pairs )ehl
TF G R, (v, y) R (1, v), AR 3R Faa afk, o = yu R IR 21 fag HifSw
fF R T qogal §au 2

e WA (x, y) R (x4, y), v (x4, y) € A, iR xy = yx 81 360 W= B € fF R
'@@W%I 9i: (x, y) R(u,v) =>xv=yu = uy=vx ﬁ?%ﬂﬁﬂ{(u,v)R(x,y)%l Ezses|
W g g T R gfid 81 36 TR (x, Y R (u, v) A (u,v) R (a, b) = xv = yu

b a
Al ub =va = xvﬁzyuﬁ: XV —=yYu— = xb = ya 3R zEfan (x, y) R (a, b)%l
u u v u

AU R WehWeh 21 37d: R Wh qoal Heel 2l

TAETOT 43 AF eifST fF X = {1,2,3,4,5, 6,7, 8, 9)21 w1 «ifsw fm X o
RI:{(x,y):x—yH@T3@W%}WW@W%T Rl%?MTRZ:{(x,y):{x,y}
C{1,4,7) A {x,y} € {2,5,8) A {(x,y} < {3,6,9) G} Y4 X ¥ Th 31 Ha¥l R,
21 fag #IFT & R =R

ol Al ditee TR {1, 4,7}, {2,5,8) T {3,6,9) O=== H ¥ Y& @& A&
(characterstic) &€ ® Toh 7op fnell ot 91 efe@al &1 3@ 3 1 & 0N | gHiaQ
(x,y)€ R, = x—y®&M 3 & TN 8 = {x,y} {1,4, 7} {x,y} (2,5, 8}
T {x,y} ©{3,6,9} = (x,y) € R, 3: R, c R, T8 &R {x,y} € R, = {x,y}
(1,4,7} 3 {x,y} € {2,5,8} A {x,y} € {3,6,9) = x— y W& 3 § 959 B = {x, y}
€ R.394 ¥ 3@l ¢ 6 R, c R, #1@: R, =R 2|

SEAETUT 44 HF ST 6 £: X — Y @& %o 81 X H R = {(a, b): f (@) =f(b)} W
Yed U Ged R 9Refig sifsw) sifaw R = R U qouar Sed @)
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WWQGX&]%I’Q(CZ,LZ)G R,Wf(a):f(a),mﬁwm%f%RW
21 Sl YHR, (a, b) € R = f(a) = f(b) = f(b) =f(a) = (b, a) € R. THAT R Ffta
2l T (@, b) € RAA (b, ¢) € R = f(a) = f(b) A4 £(b) = f(c) = f(a) = f(c) =
(a, ¢) € R, t&eh1 ared @ foF R WshHer 21 31d: R U qoadl | 2l

SaTEun 45 Tt i for weem R wen Fefafaa el d@iwaet o 9 sF
o wE=E € 3R i | wuatmg €

(a+b)
2

(@ a*b=1,V a,be R (b) a*b= v a,be R

'Cl

(a) TITA URETSN SR a*b=b*a=1, va,be R AT & (a*b)*c =
(lxc¢)y=1aM ax(b*c)=a=*(1)=1, v a, b, c € R 3@: R Fg=d a«
T S B

a+b b+a
(b) axb=—==— =b#*a, Vabe R, TG0 o< g0l 2 T + st
%IT%
a+b
(a*b)*c=( j*c.
2
a+b N
L2 C_a+b+2c
2 4 ’
. b+c
EXs! a*(b*c):a*(zj
b+c
_ 9 :2a+b+c¢a+b+2c ()
2 4 4
3d: + "e=d el 2l

SEETUT46 == A = {1,2,3) ¥ @9 q% W9 Thsh! e &1 & F6 St
T {1,2,3) W T q%F Tehsh! Hod eherdl o YAkl 1, 2, 3 1 HEET Bl 3
(1,2,3)} 9 &4 % @k giaf==i (Maps) @1 el §@AT dF Ydiepl 1, 2 , 3 o ho=dl
1 ol W& & aUR 2, S R 31=62)
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oM e fm A= {1,2,3) 21 a9 fag Sifse o o0 daui =) gen =)
g, T8 (1, 2) e (2, 3) € @R S wqed qe1 hMe dl @ fohg wiHa @l 2

{(1,1),(2,2),(3,3),(1,2),(2,3), (1,3)},(1,2)qA(2, 3) AagEl are 98 o™ Bl
Ty R, T, S Toged 9o Wbk ¢ fong wmfd @l €1 ot Ak R, W W (2, 1) ¥
F, @ W Wy R, W Wged 91 Wk ¢ W WO T8 81 TH YN, ¥ R
¥ (3,2) @1 X R, U X Wehd &, o stefiee Torerd €1 wenfa w9 R, & Rl <1 g
(2,1),(3,2) TN TF TH (3, 1) & &l 5&1 Wehd €, Fifh T h T &H, HehTHehdl
TAIC WA o fAu, 99 T 1 @ o Ty S1e el S iR 59wk g g e
gufir off g srom, S erdiee 7?1 ot endie Waul w1 e wen b 2l

og &ifVT fod 99==3 {1,2,3} H(1,2) T (2, 1) I A<= B el
qoadl Geell 1 §ed 2 2

(1,2) (2, 1) %! Hdfee HE aren |96 sl goad 994 R, {(1, 1), (2, 2),
(3,3),(1,2), (2, 1)} Bl 31 ohelcd 4 I, 794: (2, 3), (3,2), (1,3) (3, 1) 99 == €
ok &9 T § fRe wh @, S (2, 3) R, W fafew ww €, @ s o fau
g9 (3, 2) &l ot o1 S, Wy & Wehmehdl 2 €9 (1, 3) 941 (3, 1) Hl TH F
few a1ea g1 o1a: R, § 991 goddl HeY e WEiE HaY €1 SeY T g € fh
(1,2) @1 (2, 1) & Iafee HH ol qoaa Haull &1 o e 1 2

g wifse for {1,2) § O fgenamd diemansti ) Sen shad U 8, foree
JodTe | © den Towes s 2 1 ufaem 2 2

(1,2} ¥ =g fgemad @fmar =, (1,2} x {1,2} 9 (1,2} & Th wor &, 31eiq
{((1,1),(1,2), (2, 1), (2,2)} §{1,2} T T Forl Fifh g fgenurd 9w « 5
AU qede sEFe 1 ®, gEie + (1, 1) =1, % (1,2) =2, % (2, 1) =2 3R 9 (2, 2)
o 1T &) eherel forehed 919 T8 ST 21 S4iTeR 2 o1 Iidelid 2 €, SHiT * (2, 2) TE9deh
®Y 9 | o SR 2 3d: i fgenadt wimaet % "en sed w2

e ®er 1N — N W R &ifse, st I (x) =x, vxe N5J
wftanfia 21 fag wifS 6, =@ 1 seere ¢ fag Fefafea yr 9 gfenfia s
I, + 1, : N — N sT=sesh T 2
G+ ) =1 (0) + I () =x+x=2x

T 1 SSRE 8 fhg I+ [ STesesd T8 21 HifE W Wewd N H
TF 999 3 o Ghd ¢ fower T wia N forefl @96 x &1 atfiqa =€) ® f
(I + 1) (x) =2x =3 Bl
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JATEIUT 51 f(x) = sin x T 9&d el f: [O,%}—)R Ul g(x) = cos x g1 Y& Tt

¢ {o,g}_)kqtﬁaﬂﬁﬁmfﬂ@ﬁﬁ@%f T o TWHET T, W [+ g THE

2l

ECIC [0, ]#a‘rfﬂﬁr—ﬁm errel x, Al x, % T sin x, % sin x, @@l

T
2

cos X, # cos x, AL f T g Ml & AEeIH &Y Y ksl Bl W (F+ g) (0) =

sin 0 + cos 0 = 1 TN Q‘+g)( j = sinngcosg:l 21 3Tq: f+ g Theh! &I B

S W

K
2
3T 1 Q¥ fafaer gyract
M ofifST 76 £: R = R, £(x) = 10x + 7 51 IRATE %o 21 Toh TH e
g:R%REﬂHWWWgOf:ng:IR?H
qF A 6 £ WS W, f()=n— 1,3 nfamm & @20 fn)=n+ 1,3 n

Tn 2, gy 21 fiag wifee ff £ oerduiia 21 F o1 wiae 9@ st
Tef W AT quiieh] kT = 2

. A fiR— RSE Ax) = x2— 3x + 2 0 GRANE 2 d@ £ (F(x)) Td it

X

fag ®iNT &% f:R > {xe R:—1<x<1}5|ﬁf(x)=1+|x|

,xe€ RgI

iAo Whed! al HAEEE B

fag HIT fF f(x) =x* g ¥&d %o f: R — R Tk (Injective) 2l
3w fN—Z T g:Z — 7% TR I S 39 YR & TR, gof
Theh ¢ W ¢ Tha 2 ¢

(FehTT: f(x) = x A1 g(x) = |x| W fa=ar HIW))

Y werl f:N—->NTM g:N— N& [0 A, st 39 go6R & fF,
g of = € fohg £ e e 2l

x 1,x 1

(Fehd: f(x)=x+ 1 741 g(x) L IWWWI
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e e S X G gen B1 P(X) S foR X oF O SUSTsEl sl qyee
2, W formmr ifsu) fefafad @@ ¥ P(X) § U Hay R oRrfyg sifs:
P(X) ¥ STSH=E A, B % fq, ARB, 3% 3R shaet 4 A < B 21 #01 R, P(X)
T Uk qoudl Hay 292 30 S T Aifae ot fafaw

TRl ved @1ftek w=aa X o fae w fgemamd |fswan « : P(X) x P(X) — P(X)
W =R HINT, S A*B=ANB, vA, Be P(X) g0 aiHifte g, S P(X)
= X 1 °d W= (Power set) €1 TG ®ifsw o 50 wfwan 1 qeawe
e X B a1 |isha + o faq P(X) ® eheaet X Sk s1Edd 2
== {1,2,3,...,n} ¥ @4 T oh I =S8R Horl sl G Ad i)
HE ST 5 S={a,b,c}a T={1,2,3} BISHT % & Fefafad wemi
Foh fou F' o sifee, afc See st @:

1) F={(a,3), (b,2), (c, )} (i) F={(a,2),(b,1),(c, D}
a*b=la-bl T aob=a, Va,be R G IR fgenat wfsraret
#: RxR—>RAIo0:RxR— RT =R wifsm fag Fifew & « waftafwa
2 Wq we=d T ®, o WEwd ? W Hmutatd e 21 ;g sty e wsdh
a,b,ce R&1%“1a*(boc)z(a*b)o(a*c)%l[qﬁ{Q’HT@'CIT%,?ﬁ%'qm
2 T dferan = =i o W faafia (Distributes) Bt 21 31 o |tk + X faafia
Tl 22 3T ST o Sifaed f Saes)

et yea e1fte T==a X & faw o1 oS f&F * : P(X) x P(X) — P(X), Sfel
A*B=(A-B)UB-A), v A,Be P(X) g0 it 21 fag i for o
= ¢, WlHa * 1 qeHeh € a1 P(X) o HHE ST A F[hHUE €, 39
TRR fF A=A (Thd :(A-P) U0 -A)=A. T (A-A) U (A-A)=
AxA=0).

Ffafad JR ¥ 9= (0, 1,2,3,4,5) ¥ T g wiean « qRefia ey

a b, IR a b 6

a
a b 6, A%a b 6

fag HIT foF I (0) 3@ GHAAT H1 dcqde € q91 = 1 YF 999
a#0 FHANT 7, T8 YHR % 6 — a, a H1 Ydam 2|
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A oifee fF A={-1,0,1,2},B={-4,-2,0,2} 3 f, g: A — B, o

1 i
fx)=x>—x,xe Ade g(x)=2 X_E‘_l’ x € AEN URWIG e g1 &

f AU g HHM €7 AT ST H] Sifac o Sacisy| (FHehd : Al Hify TR
%o f: A—> B A g: A — B ¥HM ®8al € AR f(a) = g(a) vae AT
T A={1,2,3) 8 df CH Sau T8 3@ (1,2) @e0 (1, 3) & 3R S w=qed
ae gufta & fhq Wk € €, 1 wen @

A) 1 (B) 2 ©) 3 (D) 4
e A={1,2,3} 8 @ @59 (1, 2) e qoadl Haeli =i GE&w 2l
(A) 1 (B) 2 © 3 (D) 4

M efifse 77 £ R — R 2 e ffafea wer o uftfia fogd wer (Signum
Function) 21
1, x>0
f(x)=40, x=0
-1, x<0

q g:R >R, g(x) = [x], 5K YS9 HewH YUlish Herd €, &l [x], x ¥ FH a1
x o IR T’ﬁ‘m“ g, @@ F fog A gof , SaTA [0, 1] H | (coincide) 29
U= {a, b} ¥ TGemar wfeast =1 wen 7

(A) 10 (B) 16 (C) 20 (D) 8

TH A, g9 Tafeel WerR o dai, wordi aeln Tgene wismansti =1 steaem fohen
21 39 1A H g favg-as Fefafea 2:
X #, R=¢pcXxX 5N Y4 Heav1 R, Faa Haigr 2 2
X #, R=XxX gN Yd Hsiel R, Wiefieh Hael 2|
X ¥, @@ ¥4 fF vae X, (4, a) € R, @I HalET 2l
X ¥, 39 YR 1 Hay R, S Gid6¥ (¢, b) e R 1 acqd © fF (b,a) e R
H1 G Il & WHiHa Haler 2l
X #®, i@ R, (a,b)e RAM (b,c)e R= (a,¢)e R v a, b, c€ X Pl TI<
T el Hee R Hehbeh Hael 2|
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X ¥, Gee R, S Tqed, qUfid qo1 Hehieh §, qoddr Heiel 2|
X #, frdll goa@ §9d R % faT ¢ € X o WIa qedal o [a], X &1 &8
Suge € foeer weft e o @ Heifia €

Th B f: X — Y Uehah! (IUe] Teheh) o €, 4
fx)=fx)=>x=x, Vv x,x,€ X

Th ®ed f: X o Y 3esiEdh (el AT ) %o 2, q(E fhel wew
yeY,dxe X, 30 TR T f(x)=y

Tk HeH f: X — Y Uchehl qT 3TTeSTEh ( 376l Uehehl 3TEBTET ) e
2, A £ Theh! a1 =S ST B
Wf:A%BH%Tg:B%CW'H’?ﬁW,Wgof:A%C%,Trﬁ gof (x)
=g(f(x)), Vx e AN W& 2l
@Wf:X%YW’UﬁT‘[%,qﬁ{EIg:Y%X,SHW]Qm"gof=1XHW
fog =1,.

T oM f: X — Y AU 7, A% R Shee I £ Then! a1 TR <
frel yeu uiifa =g X o fau wed f: X — X Tha! (T&HER
AEBRF) BN 8, ARG 3N ohadd AR £ Ar=SKH (ACHHN Thah!) Bl I8
el aRfHa wq== w1 atfenerioes U (Characterstic Property ) €1 98
AR gg== & fae @ =& 2

AT U fgemurd Giear« Ax AW ATh Th HoH * 2l

Th 999 e e X, fganemd diepan + : X x X — X, &I qcddeh 31979 8, Al
atre=a=e%*a, yae X

HE A e e X Teamard@ ®isha X x X - X, o foau Hermoita
BT 2, AR WH W be X o AAA 2 TR asxb=e=b*a? @
e feaur wfpa + o1 dcg"e 2| 3EHT b, a 1 YA HedE ©, 69
o' 9 frefta & 2

X o1 Tk GiRal *, AT € A a*b=b+*a, va, be X

XH, TF Hiwar = Wewd € AR (@ b)sc=axb*cLva b ce X
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e i Wehed , R. Descartes (8 1596-1650 %) ¥ 9RY & &% Th adl
el ® faenfia g8 21 Descartes 7 ¥ 1637 €. ® 319 Wigfeifd “Geometrie”
T v ‘B’ o1 YA, S o5, S sfaaEe™ (Hyperbola) , Iieerd
(Parabola) @I STefed (Ellipse), 31 3T&AA shid HHA, Th =X URT x oh ©F YUl
o x" ok 31 ¥ fRaA1 o1l James Gregory (87 1636-1675%.) = 3191 &hfd “ Vera
Circuliet Hyperbolae Quadratura” (8 1667 ‘sc.) T, %o i Teh UM U AT o,
S feRelt o1 ¥ WSSl ST 3= |ishanstl i ST YAN & o I gl
21 915 ® G, W. Leibnitz (1646-1716 $) ¥ 1673 % ® fafea st wigfafy
“Methodus tangentium inversa, seu de functionibus” T 9% ‘e i fordt U
Tfer ok a1ef § 9N fohan, i forslt =k oF Uen foig | WX foig o 6 erR ufafda
Bl @l 7, S ek W fug o e, ok w1 Welurl, sk w1 SRl e tfcis
uftefda g €1 a2y 19 fa “Historia” (1714 ) ® Leibnitz ¥ e i Th =R~
R ARG U1 oF €9 ° GAF fohdl o1l SRS “x &1 Herd AN § A ar °
Haye =afad €1 John Bernoulli (1667-1748 ‘sﬂ)e{ TEYey 1718 5. H Hepdd
(Notation) (])xﬁ I “x hT FAT hil Gehe i o fau feram em R el
%l F&Ya 3 o faQ i, a@f,F, O, ... %1 s YA Leonhard Euler
(1707-1783 %) 51 1734 5. ¥ 319 Higfatd “Analysis Infinitorium” & HeiH @US
¥ o 7o ol 91§ § Joeph Louis Lagrange (1736-1813%.) 7 1793 & H 3791
igfatt “Theorie des functions analytiques” Feh1fTd ohi, TS I=i fawerouncTe
(Analytic) Sa o R H 9= i off 91 dehad £(x), F(x), d(x) S a1 T
x o f9=-T9=1 weri o foi foheam o1 d_aUd Lejeunne Dirichlet (1805-1859 ) =
o 1 qRare 1 fSHeT YT 39 9HA q 21 1 S™ a9 IaH Hid § Fo
1 TeEd Ygifae R 1 Feer T8l g3, S Georg Cantor (1845-1918 %)
X1 Toenfaa TH=ad f9G1d o a8 g3l IdHM sl § Jdiad o i qHoad
gifa aRa Dirichlet SR ¥ad Hed &1 GREST &1 AE AR
( Abstraction) 2
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yfaemm Ferurfada weq

(Inverse Trigonometric Functions)

** Mathematics, in general, is fundamentally the science of
self-evident things— FELIX KLEIN <+

2.1 91;&!3'7[ (Introduction)

A | W, €H UG b ¢ Toh TREl oM £ 1 Wdlh  pe

- g0 & gfaa™ (Inverse) ®e @1 A ehdaal
asdt @ 9 £ Teheh! a1 =SS Bl 98T § Hor Ud @
Sl Teheh!, eSS A1 S B 8l §, TEielT 89 SHeh
Gl 1 Id e Y Tehd 2 el X1 W, §H UG qoh ©
for Breplvide wor 3R w@fas (W) Wid @R
T H Teheh! q91 SEBIES TE B B 3R sHfery Seh
it =1 1fded T B 21 59 1o | g ek rorfdi
ThetHl ob Widl e YRE R o arel 37 Wfdei (Restrictions)
1 3TAIA HAT, FE 3ok giaadl ol sifeae gHfe=a
T ® 3R i@l g Uiqelsl w1 3Telciieh vl THeh
SAfafiea 37 dfaami o % RS e (Properties) T
oft fa=m &

k
N S e

Arya Bhatta
(476-550 A. D.)

yfaem Sepifida e, Fed (Calculus) & T Heaqul et fom &, #ife
IRl WEF W 3HE THERA (Integrals) TRATR gid 21 wiaei Srepiorfidi= werl i
Hehed T 1 YAN fogM qen sIf9eitent (Engineering) H f Bl 2l

2.2 SMURYA Heheu=Td (Basic Concepts)

el X1, H, B9 Brenioiidia el i 31emee o g €, S Frefatad yeer 9 aitfia @

sine Wi, ?ﬂm sin: R—[-1, 1]
cosine e, ?ﬂﬂﬁ cos:R—[-1,1]
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T
tangent el ?ﬂﬂﬁ tan:R—{x:x=(2n+1)5,ne 7} - R
cotangent ®e, 31, cot: R—{x:x=nm,ne Z} > R

secant el 31%560:R—{x:x=(2n+1) g,ne Z}, - R-(-1,1)
cosecant el aﬂﬁ,cosec:R—{x:xznn, neZlZ} ->R-(-1,1)

B A | § 98 ot /i@ g ® o A £ XY 38 R ® 5 f(o) =y T
Ueheh! Q91 318 %o B dl 0 U SATgdd %o g : Y—X 36 FhR gRerfa o
W%fm“g(y)zx,ﬁlﬁxe X A y=f(x),ye Y 21 qﬁgﬁ?ﬂﬁ =f 1 YRER
3R g o1 UREL = f T Widl B g B f 1 Yaad wEd © SR W £ gN
e wed €1 Wy & g Ff Toheh! qe =S Bl € 3R g w1 WiAd™ e £ gl
g o gl=(f)'=/ THH WY &

FlofH@=f"1F)=f"0)=x
S FofHM=f(0) =fx) =y
SFifeh sine FeT h1 Id ST&iTereh WS 1 W= 8 A1 SHeh] T Hed Fiaial

1,131 % = 3% Wi [Lj,ﬂﬁaﬂﬁa(gﬁmﬁ)wé,aﬁww

[ 1, 1] 9T, Uk Ueheh! el 3Ar=0l€eh Ho 8 Sdl g1 a&dd H, sine WoM, 3iaqal
3 = [==] [“ 3“} v 1, & el o ot W @ ©, 9 1, 1]
2 2 22 2 2
ST, Ueh Weheh! 9l 3T=eeh Held 81 Sdl 21 31d: BH 99 § Yo 31a0dl §, sine
e o Wiael™ %ed i sin”! (arc sine function) g1 F&MUT & HIER Teh

wer B, fomes wid [— 1, 1] 2, iR fomenr ufar [ 3“,_75} [__W,E}n[fﬁ_n}
2 2 2 2 2 2

TAfe § 9 *iE ol aUa 8 "hdl 21 TH UHR & YH AU o G BH Held

sin"' =T Wk 9@l (Branch) W<l Bidl 21 8 o, foreeht after [— —}% & I

(Y& WA 9IRET) FEard €, 5 & IR oF ®9 § o1 Siael | sin' 1 fa=-fa=
ITET fHerd! 1 " 89 e sin”! Wl 3@ 3 ©, 99 B9 3§ Uid [—1, 1] 991 uRER

[_2 z}www%w@msml.[ L1 [?nﬂmﬁ%l
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Yfae® W 1 9RET g, I8 freRd feherar @ TR sin (sin! x) = x , AR

T T .
—1<x<laAsin"' (sin x) = x g —ESXSE 2 TR TR H, ARy =sin! x B A

siny:x@?ﬂ 2

feauit
(i) B9 A 19 7@ € TR, A y=f(x) T SerHvia ®wer ®, @ x=f1 (y) e
21 7d: qA W sin o 3@ | x a1 y el B WER 9 ma weh wod
sin™! T 3@ e e S Gehar 21 31e0fq, A1 (a, b), sin T o G
e fag 2, @ (b, a), sin Fo o GiAeAlH e 1 WG g g 21 3 e

Y
51 x o om
N 2n -7 Omrn =« 2n 5t
-1 2 -
Y/
y=sinx
3mRfa 2.1 (i)
Y Y
A N
2
2
in |3n st
- T 2 %
T T
- T
>0 2|
X’ 1 sx 2 TN 2 n oy
_lg o NS

\4
v
’
—_—— -1 . .
y=sm x y=sinx 3y =sin" x

JTTeRT 2.1 (ii) TSR 2.1 (iii)
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y = sin™! x 1 3MEE, He y=sinx o @ H x 91 y Al o RER ot
ik W fha ST Hehdl B1 ®e y = sin x T %o y = sin! x o 3@l
JMmeRta 2.1 (i), (i), ® = T 81 Wer y = sin”! x o i@ | Teq fafga 9w

g vl i frefua s gl

(i) =Ie @ =1 " @ o wiaei™ wer o1 e, 3@ y=x % 9Ra: (Along),
A A A % ofei@ I JYU Hidfad (Mirror Image), ?ﬂﬂﬁ T
(Reﬂecﬂon)&@ﬁmmmmélsﬂaﬁﬁm y = sin x qql
y =sin" x o I8 A (Same axes) W, UK STeR@ § I ST Fehdl 2

(3ATeRTd 2.1 (iii)) |

sine B o HHM cosine Fo 9l Tk Ul Fod ¢ oeh] Wid aredfass Hemsi
o1 T @ 3R FSreeh aReR == (-1, 1] 81 A€ 89 cosine %o o Wid @i SFaiel

[0, &) & EifHa T € d =8 GRER [1, 1] 916 Tk Ueheh! dell 3=sTeeh %ol & Sl
21 T, cosine W, @l [— 1w, 0], [0,7], [, 27 Seanfs | © fepeft o oft wifi
T W, ISR [1, 1] el Ush Weheh! 3M=aT4! (Bijective) el & Sl 1 37d: &9 34
T ¥ Y& AaUA § cosine FAT o Yidelld 1 IRATIG T Tehd 21 89 cosine Feld

o Gfdel™ % @i cos™ (arc cosine function) g1 & H
21 31: cos Uk o B TordshT Wi [—1, 1] 3R 9ReR [, 0],
[0, 7], [, 2n] SEfE & @ i off Sfewret &1 Gehal B1 T YRR
o Yoo STAUc o §d B ol cos! Wi U IM@l W Bl
21 98 v, fSeeht 9RER [0, 7] 7, §&F YR (e HHA 9E)
Fear 2 ¥R &0 faed ¥ &
cos!': [-1, 1] = [0, w]

y=cos~ | x BN U8 el @l 3Ter@ S UhR Wil ST dehall
2 S| fhy=sin' x % @ % 9] H vl R <1 g 2
y=cosx Tl y=cos x o 3Te@l @l R 2.2 (i) T (ii)
¥ fe@emr T 2 y

5t Il o Sn
2 -7 2 T R
XS w3 7o 1 73 2n X
2 2 -1 2
Yl
y=cosx

X<€—oo—9—o—>X

10
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3EU 379 Y cosec'x T sec'x W fomm =¥l

EIED Cosecx=— sHfT cosec et <kl Gid HH=T {x:x € R 3iX X # NT,

sSin x
ne Z})? 91 IR Wg=A {y:ye R, y21 3@ y< -1}, #id, 9=
R— (-1, 1) Bl 5@kt 31 & T y=cosecx, —1 <y< 1 Bg H 3= Gt arafees
ﬂﬁﬁmm%ﬂ%%n$w(Integral)W&WWﬁﬂTﬁqﬁﬁ%Iqﬁ{

%ﬂcoseoW&QﬁﬁW[—E—} {0}, ¥ ifird 3 <, df 7TE T Weheh! qe
AR Bl Bl €, e IE Tq==4 R - (— 1, 1). €la1 B =qq: cosec e,

. . 3t -7 T T T 31
?ﬂ?lTlFﬁ[z }{—}[22} {0}[22} {n} soonfs & @ fopelt & off

i € Q@ Toheh! =9l 81l € 3T 3Heh R T=ed R — (-1, 1) Bl 21 39 YK
cosec” sk UM el o ®9 H qRuiid 8 "ehdl @ foreert wid R— (=1, 1) § 3 9iE

ma{z 2} {}{ﬁﬂ {—n},B 3“} (e ¥ A W @ @

W%IWW[TE
e s FeEfafed we ¥ e B g v

} {0} = G e T cosec™! hi T I Fhed Tl TH THK

y = cosec x

»y = cosec x

TRt 2.3 (i) STTeRTA 2.3 (ii)



ufaem fFmmtadg wed 43

cosec! : R (11)%[2 2} {0}
y = cosec x T y = cosec” x o i@l 1 3epfa 2.3 (i), (i) & fe@em=n T 2l

1

COS X

. T
THl WE, secx = ,y=secxw1;n‘cr1:|§c—nmR—{x:x=(2n+1)§,ne VA

2 dur U ®g==d R - (-1, 1) 31 @1 &1 2 % sec (secant) werd
1<y< 1% BigH 34 G or«iees qH h U201 (Assumes) H € X T

g#ww&mvﬁwﬁﬁﬁélﬁw%mmt Fer & Wi Bl S

[0, 7t] - { g},ﬁ@ﬁﬁwﬁaﬁ%@ Tohdh! e STTe@TReh o Bidl & Toieeh] IRE
q==d R (-1, 1) B %IWﬁseeantWWﬁ[—n,O]—{_—n}, [O,n]—{E},
[, 2] —{—}Wﬁﬁ@fﬂﬂﬁ%ﬂlﬂﬁﬁ%ﬁﬁwaﬂmﬁ@m%aﬁ?w
trﬁmR—(l,l)%ﬁm%lm sec! T UQ o % ®9 H URWIG 8 Wehdl ©

et Wi (<1, 1) @ it foger aReR siawed [—n,()]—{_—zn}, [O,n]—{g

[n,2n]—{37n}wﬁ:ﬁﬁﬁ'§ ff 21 Hehdl 21 T 9 Y AU oF §d §H Hor

5,

sec”! 1 Fa=-fa= wmEd i w21 o wrEn fSEe 9 [o,n]—{g}%ﬁ'cn 2,
%o sec! I YA YA HEAM! 21 $HH B0 FrEfafEd ghR ° oI i @

sec!': R-(-1,1) = [0, ] — {g }
y=secx Tl y=sec! x o M@ i B 2.4 (i), (i) o Te@em=n w21 31
T, 31 B9 tan”' 91 cot! W fo=aR M|
B AW 2 f%, tan ®woA (tangent el) skl GTd HH=@{x : x € R dI

x¢(2n+1)g,ne 7} ? a1 UfER R 21 6T 31 ® R tan el gfmﬂ%rqﬂgﬂﬁﬁ



=
—>=
a
-

_______ 2l T : : :
z” et/ :
-------- i EEEERETEE R G
- T
o X' € X
X' &o—o—o—0o——0o—0—0—0>X 2! o ' '3
21 | 12 2,-11 2 )
"""" e 2 :
20 . . .
. : JONY
\ 4 1 ' '
YI
y=sec'x y=secx
THHT 2.4 (i) JTMERTA 2.4 (i)

&WﬁWW%IﬁWtangentW&%ﬁW(z jﬁjéﬁ'ﬁ:l'dw

<, d 98 U Uoheh! AT SM=a1SFH o €l <l @ Figeht 9RET =9 R 2l 21 S1&ds

3t —x T T T 3%
o, tangent %o, ?ﬂ?lTlFﬁ(z 2} (2 2} [2 zjmﬁ@f%—{ﬂﬁ‘lﬂ

Gifird €7 9 Than! AresIdl Bl @ @I 39T URER Wg=ed R & €1 3Tdud tan! TH

T ®or & &Y gt € Wl 7, f5r@ent v R &l iR afiter stawel (ﬁ _—;J

(%‘gj G?jw&ﬁ@ﬁ%ﬂ@m%sﬁmﬁthan—'ﬁ

fr=-fia=1 st fherdt 81 9 omen, foee ol (%ngj Bl §, Beld tan!

J

& Gl HEan! &1 36 Ui

(SRIP|

-7
tan': R — 7’
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y=tan'x

y=tanx
3T 2.5 (i) TR 2.5 (i)
y=tanx 9T y = tan"'x o TGl I MRl 2.5 (i), (i) ¥ fe@amr m 2

e T € T cot e (cotangent He) T Ui TH=A™ {x : x € R A x # nr,
ne Z) T 7o URER 9= R 21 381 319 2 fF cotangent W, nt ok quIfhTd U

y=cotx

3T 2.6 (i) JTMeRTa 2.6 (ii)



46 IO

o fore gftwrfia @1 €1 97 &9 cotangent ®eH o Wid @i AU (0, ©) W i T
<l 98 YRR R oTeT Ush Uoheh! 3T=9E] el il €1 Sqd: cotangent e Sfadrel
(-, 0), (0, ), (m, 2m) TeaTfe © § fopeht & off wfifta &9 © wobsh! SRl B © iR
THh] U H=eE R 81 €1 a&ad W cot! Uk UH o & ®9 § URwfid e Wehdr
2, fSterent wia R @1 3R 9ier, sfawe (-, 0), (0, 1), (%, 2m) ST o | whig off 8l &
Al | ®wer cot! w1 fr=-Ta= vt gt Bid ®1 a v, feee 9 (0, ©)
T 7, B cot ! HT G M@ FEAR &l 36 THR
cot!' : R — (0, m)

y=cot x AU y = cot'x o 3@l i Wﬁlﬁf 2.6(i),(ii)ﬁ9?ﬁ’f'€fmw%l

frafafaa aroh § yfaam Seeviada wenl (e e ImEnst) & S+ widl
e IREd o WY W TR T 2

sin™! : [-1, 1] - _E’E
’ | 2 2]
cos™! : [-1, 1] — [0, «]
S
-1 e — =
cosec : R-(-1,1) - 272 {0}
s
sec! : R-(-1,1) — [0, ] — {5}
tan™! : R — (—_TC,EJ
2 2
cot™! ; R — (0, m)

1. sin'x ¥ (sinx)! &1 Hifq 7 8 =w1f8W) a%aa ¥ (sinx)'= ,1 3R IE e

S1in x
3T Freprfde worl o foau o 9= g 2
2. 5 w4 Yfaam Feeoifida werl ot fed smar fa9m 1 Seera 7 ', @ g N
AT 39 Wel i qed IEl 9 gl 2

3. ol ufaet™ Brepvid e &1 98 7, < S9! T v | e g €,
yfae® BreproTfidia %o s J&I W (Principal value) HEardl 2
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319 BH D IRV W =R w3

1
IETEIT 1 sin™! [EJ %1 Y& HH 1A hifsU)

1 1
#ol °H difse foh sin! [Ej:y. 3d: siny = E

e 9 ? T sin! &1 gEF IR 1 URER

5 AR iR [Z} i

gHfT sin! (%}Wﬂ'@[tﬂ? %%I
S
IETETUT 2 cot (ﬁng@maﬁﬁﬁm

T A e T cot! [%jzy.?ﬂ?l'@

coty:%:—cot(gj = COt[W—g) = CO{%)%I

&0 a2 TR cot! T T&A Tl T URER (0, 7r) Bl 2 SN cot (?j: %%laﬁz

(—_lj 2y
cot \/gWE[@JIIH 3 |

Yot 2.1
fefafead & g 7 @ 9 #i

1 3
1. sin™! (_Ej 2. cos™! (7} 3. cosec™! (2)

1
4. tan! (—+/3) 5. cos™ [_EJ 6. tan™' (-1)
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3) rwe el
7. sec 5 8. cot! (V/3) 9. cos NG

10. cosec™! (_/2)
ffafad = 7 A Sife:

1 1 1
11. tan'(1) + cos™ 5 + sin™! 12. cos™! 5 + 2 sin™! )

13. A sin!x=y,ql

A O< < B _£< <E
W O=y=n B) 73=r=3

0 D _£< <E
(C) 0<y<m (D) ) y >

14. tan™ <3 —sec”'(~2) &1 AF UK B

T 1 2n
A B) = C) — D) —
(A) m ()3 ()3 ()3

2.3 WWW%W (Properties of Inverse Trigonometric
Functions)
39 IT=% H en wiaam Sehiofirdia ol & o qored! # fag w1 92 78 Soo@
Y 31 A foh A AROMH, |Iq Yiaa™ Beroiyda w1 §8d st o siad
& 99 (Valid) 2, STl el o uftifia 81 o ufom, gfeam Seivfida e o wial
o Wl gl o forg du el oft €1 Hend B a%qa: 4 S o "Hl o forg € a9 g,
fSren feru et Breproridta wor aftafid it €1 g9 9id o 57 7l o forqga faero
(Details) T fo=m &1 &1 Riifer Tl 9=l (Discussion) 36 9Igd I&Ie o &5 §
o 2

T HIWY foh, A€ y = sin'x & @ x =sin y T A x=sin y & @ y =sin"x
Bl 81 € 3H 91 o §Hqed (Equivalent) € T

sin (sin' x) =x, x € [- 1, 1] sin”! (sinx) =x, x € [—g, g}
= U giaem Bepoifide werl & fow off 9€ 9o e 21 o'W wiaed
rerrofidia werl & F TUEE B fag w
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1
1. (i) sin! P cosec'x,x>13a x<-1

(i) cos?! — =seclx,x>1a x<-1
x

1
(iii) tan™ P cot'x, x>0

Yged aRum wl fag we % fau wm cosec*1x=yﬂﬂﬁﬁ%,?ﬂﬂﬁ

X = cosec y
|
AU — =siny
X
o
37d: sin! —=y
X
) 1
q sin”! — = cosec™! x
X
Tl YR B9 99 I 9AT g Y HWehd
2. (@) sin?! (=x)= -sin'x,x e [-1,1]
(i) tan?! (x)=—tan'x,x € R
(iii) cosec! (—x) = - cosec! x, x| > 1
A @i foh sin! (—x) = y, S —x = sin y THAY x = — sin y, 1A
x = sin (-y).
3Ad: sin! x =—y=—sin"! (—x)
ESIEILS sin”' (—x) = — sin”'x

Tl YR 79 99 & 9 1 fag = g 2
3. (i) cos'(=x) =m—-cos'x,x € [-1,1]
(ii) sec! (=x) = —-sec'x, Ix1 =1
(iii) cot' (x) = w-cot'x, x € R
M @i fF cos™! (—x) =y 31U — x = cos y TAAY x = — cos y = cos (T — y)
3aud cos'x=mw—y=mn-cos"' (=x)

3d: cos”! (=x) = T —cos™!' x

Tl YRR B9 & 9l g Y Hehd 7
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4. (i) sin'x + cos!' x = 20 xe [-1,1]
(i) tan'x + cot'x = X xe R
(iii) cosec'x + sec'x = 2 IxI>1

T
A eifee 7 sin! x =y, @ x = sin y = cos [__yj

2
! T T sin”~!
EEeITGLe coslx= ——y = —— X
2 2
) T
Ad: sin! x + cos! x = 5

Tl YRR B9 & 9l g Y Hehd 7

ty

5. (i) tan'x + tan™' y = tan! X ,xy <1
1-xy
(ii) tan'x — tan™ y = tan™ X~y ,xy>-—-1
1+ xy
_ 4 2x
(iii) 2tan'x = tan " 2,IxI<1
-x

AH S T tan ! x =0 @M tan y = ¢ A x = tan 6 AT y = tan ¢

tan tan Xy
G| tan( )
1 tan tan 1 xy
xX+y
. _ ] —
3 0+ ¢ =tan 1—xy
xX+y
31 tan”' x + tan™' y = tan™! 1
—Xy

I9Yert 9RO | A% y Rl —y gRI gfaeenfud (Replace) 3 a1 9 SHU YRUTH Y
B ® 3N y ! x5 wiaeeitd w9 dfew giem g g 2
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6. (i) 2tan” x = sin! ——— IxI<1
1+x

2

-x
5, x20

(i) 2tan! x = cos!
1+x

T ofifee % tan'x=y, Wx=tany

- 2x . 2tany
A sin —1+x2 = sin 1+tan2y
=sin! (sin2y)=2y=2tan"' x
1—x2 1-tan’ y
1 — -1 - -1 — — -1

T Yo cos o2 - cos™ 1 n? y = cos™ (cos 2y) = 2y = 2tan”' x
e T BB SIEN W =R S|
FEETOT 3 TR0 Tk

1
(i) sin”! (2X\/l — ) =2sin" x, _—2 <x< —2

1
(i) sin™! (wa/l—xz) =2 cos!x, —233631

'
(i) A oY o x = sin O W sin! x = 6 3H THR
sin”! (2x« 11— x> ) = sin™ (2sine\/1 —sin’ 6)
= sin™! (2sin0 cosO) = sin™! (sin20) = 260

=2sin'x

(i) TH Q6 x=cos 8 39 fafyr o wam g &
sin”! (zxﬁll_)ﬁ): 2 cos™ x W EHT R

sargtor 4 Tag =ifslw f& tan! %-Hanl%: tanli
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o 5 (i), N
1+ 2
« 1 2 211 13 o
o] 9y = tan' —+tan' = :tan_l&: tan *IE = tan l—zw U3
11 1 2 20 4
[——x—
2 11
tan | 2% T 3T ) emm v § s i
1 sinx 2 2
7Y forg 9ehd ® TR
coszf—sinzf
tanl[ cosx j = tan” 2 2
1-sinx cos? > +sin? X —2sin Fcos >
2 2 2
I X . X X . X
CcOs—-+sin— || cos——sin—
s )
B X . X\
COs — —sin —
[cos5 -sn3)
I X . X X
COS— +S8in— 1+tan—
— tan” 2 = tan” 2
X . X X
COS ——S8In — 1-tan—
2 2 2
= tan”'| tan E+£ :E+£
L 4 2 4 2
faesheTa:

sin [725 — xj sin [ T _22xj
tan_l[ cosx j: tan™! = tan”!

1-sinx T T—2X
1-cos| ——x 1-cos
2 2




= tan™! cot(n_zxﬂ tan”' tan — 2x
4 2

tan~

S

5
7N
NS

_l’_
N | =
e S
| |
&~ |
N | =

ISR 6 Cotlﬂﬁ],lxblﬁ Wy ®9 ¥ fafau)
2

7ol W ST & x = sec 0, then \/x? —1= sec?0—1 = tan6

1
zafaw  cot™ = cot™! (cot @) = O = sec”! x W = WedH &Y 2

Jxr -1

o 1 tan-! 2x 1 3x—x° 1
fag =wifsu - an —tan”! | —— —
3qIgLuT 7 tan™' x + — tan 1—3.2 ,le<\/5

Tol AM ofST fF x=tan 0. O =tan! x 21 3@

4 3x X , 3tan tan’
tanT ——M—

tan
1 3x? 1 3tan?

T v

tan”' (tan30) =30 =3tan'x =tan' x + 2 tan™' x
2x
1-x*

FETEIOT 8§ cos (sec! x + cosec! x), Ix| =131 HH FE hifSq|

=tan™' x + tan™! = 9@ 98 (1)

T T
Tl &I T cos (sec™! x + cosec™ x) = cos [Ej: 0
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9Tl 2.2
freafafaa =t fag wifsw:

1 1
1. 3sin™ ='13—43,XE[——,—}
sin”! x = sin™ (3x — 4x°) )

1
2. 3costx=cos! (4x°—-3x), x€ [5, 1}

3. tan-lz tan ll tan ll
11 24 2

4. 2tanll tanll tanlﬂ
2 7

Tr=fafea v =1 oy w9 § fafeu:
-1 \j1+x2 _1 . tanfl 1

5. tan ———,x#0 6. > Jxl>1
X X —1
| [1—cosx _1[ cosx—sinx
7. tan ,X<T §. tan | —— | x<*®
1+cosx COS X+SIin x
1 X
9. ftan > Jxl<a
a —x
3a’x—x° —a a
10. tan'| =——=|,4>0, =<x<—
[a3— axz} \/§ \/§
frafafaa o 9 @& &1 91 @ S
-1 . 711 -1 —1
11. tan™ 2cos 2sin E 12. cot (tan"'a + cot'a)
1 1 _)’2
tan—| sin~ +cos”
13 > 1+ 12 1+y2 Lxl<1,y>0da xy< 1
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o1 _
14. A% sin Slnlg cos™ x L, at x =1 99 1 sifsu)

1 X 1

1 X
15. =fz tan™ — . @ x %1 AF @ HIfQ
x 2 x 2 4

Y9 & 16 9 18 | U yd&s A9 &1 UM A Hig:

. . 2=m
16. s1nl(sm—j 17. tan‘l[tan:;—ﬂJ
3 4
tan[sin1 §+COt71 ij
180 5 2

19. cos ! cos% WWW%

a = B) 2= o = D) —
(A) 5 (B) 6 ©) (D) 6
20. sin[ﬁ—sinl(—l)) hl HH %
3 2

A l% B l% C l% D) 1

A) 5 ®) 3 © 7% O
21. tan’' 3—cot’l(—\/§)wtﬂ'r[

(A) n¥ ®) ¥ (©o0F D) 2.3

fafasr 3qrgvor
3alglul 9 Sinl(Sin%)E},—[ HHE A aﬂﬁ'q'
Tol B9 9 © T sin ' (sinx) = x BT 21 EfaQ s,inl(sin%t):%c

3n T 7

forg ?9{ 2,2]Gﬁ sin”! x 1 g&I ImE 2l
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.2
gy sin (3?) sin( 3?) = sin— qu 25—756{—2,2}

5 22
) .3 o1, . 2
31q: ! Z ) =sin (sin—) —
sin (s1n5) ( 5) 5
, .43 . 48 , 84
m]()mﬁquﬁsml——sm —=cos —
5 17 85
. 13 . 18
Wﬂﬂéﬁ&fm“sm §=x3ﬁTsmﬁ y
. 3 2o s 8
gqfeTq sinx= — siny =—
5 T
) 9 4 .
3 cosx=+1 sin"x 1 5 3 (F1?)
64 15
3R cosy = 41 sin’ ] — —
Y Y \' 289 17
TH YR COS (X —y) =CcoS xCcos y + sin x sin y
415 3 8 84
517 5 17 85
LI x—y=cos ' 84
85
. 13 . 18 184
3{d: sin — Ssin — = CO0S —
5 17 85
FETETUT 11 SIMET 1°qv"sin12 cosli tanlﬁ
13 5 16
12 4 63
Tl OE difse f& sin ' == X, cos ' — ,tan  —
13 5 7 16
PEAES i 12 = tan z @
e sin x E’ cosy = 7> 16

5 .
ELIGI cosx . siny =
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123
) tan(x + y) = ltii:nzt?;nyy | 512 43 %
5 4

3 tan(x y) tan z
DI tan (x + y) = tan (—z) Al tan (x + y) = tan (X — 2)
ESIKI X+y=—-zZO0Or XxX+y=n—2
iR Lyﬂ%zﬂ%ﬁ%%f@ﬁmx+y¢—z(ﬁm)
ad: X+y+z=T aTsin*12 cosflﬁ tan*IQ

13 5 16

IEEITT 12 tan‘{w} W WA Hifee, g %tanx>—1

bcosx+asin x

acosx—bsinx )

. I E— ——tanx
_1| acosx—bsin x r -
tanm | ——— | = tan bcosx. = tan ' b
bcosx+asinx bcosx+asinx
—_——— 1+—tanx
bcosx

1 a _ s a
tan' = —tan 1(tan)c): tan lz—x

T
FETETOT 13 tan™! 2x + tan™! 3x = 2 T WA HifSU|

o T
TAFEl f§a 2 fF tan 2x + tan! 3x = —

4
_q.l. tan71 ﬂ _ E
1-2xx3x )~ 4

7 tan‘l[ szj:_
1-6x 4

a
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S5x o
gl:r%ng = tan— =1
1-6x° 4
Rl 6x2+5x—1 =03 (6x—1)(x+1)=0
1
99 M g © T x= o Wa=-1

FifR x=— 1, Y30 TR Bl Hqe T B 2, Ffeh x=— 1 F GHIHT T

. 1
T 98T BT B ST ¢l ST YEd SHeRIUl F B hedl X 8%'

IR 2 ¥ fafaer goaraet
frafafaa <5 7 I wifea:

_1( 137:} _1( 77:}
1. cos | cos— 7. tan | tan—
6 6
3. 2sin_1§:tam_lﬁ 4. sin_lﬁJrsin_lé:tan_l—
5 7 17 5 36
44 412 133 412 . 13 . 156
5. €OS —+coS — =cosS — 6. COS — +sinT —=sin —
5 13 65 5 65
7 tal’ll—:Sil’l_l—-i-COS_lg
,11 ,11 ,11 ,11 T
§. tan —+tan —+tan —+tan ———
5 7 3 8 4
g ifaa:
1 1 4 1 x
9. tan \/; ECOS — ,xe [0, 1]
X

10. cot

1 JI sinx /1 sinx f,xe(O,nj

J1 sinx /1 sinx 2

VI x 1 ox 1 1 .
11. tan! —=—— — —  —cos™ , ———<x<1 TxX = 20
\/ﬁ m 1 2 X \/5 X mﬁmx cos 26 aEy]



or 9 . ,1 9 22
——-Zsin —==sin ——
8 4 3 3
ffafaa e &1 e Hitad:
| 1 x 1 |
2tan™! (cos x) = tan™! (2 cosec x) tan T —tan x,(x 0)

sin (tan"' x), |x| < 1 9K B0 2

(A)

X 1 1
B C D
1-x ® V1-x? © 1+ x? () V14 x?

T
T sin' (1 —x) — 2 sin"' x = E,?ﬁxw M a0 2

1 1 1
(A) 0,5' (B) L'E <) 0 (D) )
tan ! [ﬁj—tanl X7y HT °HE %:
y xX+y
o i o -3
(A) E%W (B) E%I (C) Z%ﬂ (D) —

Yiqam BreRvida wedl (& IM@N) o id 991 IR Hefatad 9ol |

afvfa 2:
e i aRew
(=T orE)
g
y=sin'x [-1,1] 55
y=cos'x -1, 1] [0, m]
S
= cosec”! R-(-1,1 —.= |- {0
y = cosec™! x (-1,1) 22 {0}
T
y =sec! x R-(-1,1) [0, o] - {7}
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RG]
iy _rr
y=tan"' x R xS
y=cot!x R (0, m)
. . 1
sin"x ¥ (sinx)”! 1 9if=d &l EFT AR W aad | (sinx) = - AR TE
X
YR 98 qe 31 Feviiidia werl o foe oo g 2|
el faeim SeRvIHdE %ed &1 98 "M, Si 36! e wral | a2
2, ufaei feRofidia %o %1 q&F }H (Principal Value) el Tl
SYYF widl ok fag

y=sin'x=x=siny x=siny = y=sin'x
sin (sin™' x) = x sin™! (sin x) = x

_ 1
sin™! ;: cosec! x cos'(—x) =m —cos'x

1
cos™ ; = sec'x cot! (—=x) =1 —cot'x
tan™! ; =cot! x sec! (—x) =m —sec!x
sin”! (—x) = —sin'x tan”' (—x) = — tan™' x
s

tan”' x + cot' x = ) cosec™! (—x) = — cosec™! x

. i T
sin! x + costx= — cosec'x + sec'x = ¢

2 2
- -1 g X ) -1 L2
tan"'x + tan™'y = tan ,xy <1 2tan”'x = tan 2IxI<1
1 xy I x
tan~'x — tan”'y = tan™' , xy > -1
Xy
2x 1 x°

2tan”!' x = sin™!
X 1 x



uw fargerd fepan S € o Srepiomid 1 sreem welvem 9ra o 3w ga
ol 3TNV (476 5.), TR (598 3.) WEHT T&H (600 S.) T A& fgdi™
(1114 )7 yq@ aRoml w9 foman o 98 9ol 99 SR @ Teagd @i O
el | FhW T gAtE A ot ey @ semE oy fee Wy St s
fafer ot sTIuger off, foh R fafy o6 T 81 STH 9 98 9ol foreel gr 1o
T

WﬁWWWWﬁWWﬁW(Sme) 3R HeH
o 9= 1 g9 foerer fagia (F&pd 9w ¥ for@n T sAfadd wr) o fe
T 2 fSrent AreE Tt & sfier ® @ R

ATERT 9 (600 3.) 7 90° ¥ ek, hIUll h sine o A b @C §F g
off| HieTga Ydreal ol Herdier™ |10 ¥ sin (A + B) % YR &1 Teh 3U9rd 21 18°,
36°, 54°, 72°,34Tﬁ{¢ sine dl cosine #ﬁ'ﬂ@ﬂﬂ WWW%‘EW%I

sin”!' x, cos™! x, 3 @1 =T sin x, TM9 cos x, 3T b TIF W YT HE I
Waﬂﬁfﬁfﬁﬁ Sir John F.W. Hersehel (1813 3.) g1 f¥u 7T 91| 398 ﬁ?{ﬁ
Gafud gl o G19 Thales (600 2. qd) &1 19 7qer™ €9 T eI 31 21 52
s o weM fiRifie &1 9 & 9199 1 99 U ¢l 399 fou 3= Tk 9|
ST % e 38 qdl fRIHe & WAl ol TYH SToh STl ! T I
WA TR el A SO @

%:% = tan (§F T I~TA190)

Thales ! HUT SET 1 G ! TOET A 1 o 991 &0 ST @1 29k
AT S THEy s & ST HT WA fRar ol S SR g Herlt e
& GAREY Sl 1 HeEd W WA 9 S o e ©)
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|3113€|§ (Matrices)l

s The essence of mathematics lies in its freedom — CANTOR <+

3.1 91;&!3'7[ (Introduction)
T &t fafay wrEet § oegg % 9F Sl avEsdl Uedi @1 3TegE, M %k
Talfuss wiferemel @eHl & 9 U 21 o defi-wrd fafel & qomn § w9y e
T TR 1A Bl RGBT 8] qF W B <1 g fah T & e w1 5 s
% foru @ qen we fafeml o 1 & Yo o IROTHEEEY g HT Heheu ]
1 forehTa g1l Aeel &1 shaet fasw GHiwol & @ o ToHT H1 9he & &
fore € =1t wanT feman i 2, 31fg eTegel s SR 5@ WA | e atfuss ?1 3Tee
Heha el Wil 1 AR SAfRT Sl o AU soeeie Wiewiie gl
(Electronic Spreadsheet Programmes) o e < €, fSteent Wi, shw: anfors qen
fagqm & fafe= &= o e €, S, soe (Budgeting), fasa wfgdsH (Sales
Projection), @ 3Tehad (Cost Estimation), fhelt 9T <5 aRumi &1 foweivo s
ok i erieh Wifaes wferard S emefT (Magnification), $9f (Rotation) el
WWWW(Reﬂection)ﬁwaﬁfmﬁﬁ'ﬁﬁﬂ@ﬁﬁﬁmmwm
g1 @TegEl w1 AT TYEgAf@s®l (Cryptography) ® o glar 21 @ Tl
TEME H WA A Shed foeE w1 @ $ wmaEet ok difha €, wfig smer v
STIATerR!, S1efened, smyfeh AT qen SiEnfR eem o off fRar s 2

39 1™ H SAsgg e 3egE SIS (Matrix algebra) oh 3T&Rd fagral 9
STETd BT, B Sfeeh |

3.2 g (Matrix)

M T foh eq 78 G <Ie SO ed @ R T o 9 15 gRaed #) 59 'm
[15] ®9 ®, 30 W6 o WY o4k %L Gohd B, o [ | o e Toifaq Sea Ten & 99
gfqantell &1 9e& B 31 A% ¥H I% e w1 © b U1 % 9 15 Yfehd 9o 6
e §, 9 30 B9 [15 6] TR W, TH GHS o WY oK HT Ghd © 1% [ ] K
Tt g yfafte U o U wt gRaswed w1 9e, Sefe feda ufafte g o 99 wodt
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1 W <@t T o1 W oAfSe fR 7w qen qen sues & s wifsen qen fame o
UG F1 gt qen wodl s fEfafEd g B oge w3 TR €

Tl & I 15 gfErehTd e 6 %eH €,
wifsTn & I 10 gfdehTd qer 2 %o &,
e & I 13 qfeRTd qen 5 %o &,
19 TH B9 WRUeh ®9 ¥ FEfeiEd YR o oqarted H Hehd 8
gfert He™
T 15 6
i 10 2
fam 13 5
30 frAfafEd @7 9 =k L 9hd o
15 6 | «— ool e
10 2 |+ gl dfem
|13 5 |« ad df
t t
TR W9 T WY
e
Tre wifsEn o=
RIESED] 15 10 13
HeH 6 2 5
59 Frefafag g1 9 e o 9 o
15 10 13 | «— weeht wfm
6 2 5 | «— 3= dfea
t t t

Teel WY THU WY 0 &Y
e YR 1 oA W YW WH i Yiaredl el T, Bt qen T o
U QRIS 1 WEA Wehe hdl € ot Tyl Ty o) wfaftedt suer: e, wifsEn qen
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TR & U oWl I WS THS HI T TH TER, T YRR HY Faw § Hom
ufer w1 wfaftedl shawr: T, wifsn qen fae o q qideniel w1 GeA ehe i
g\ Todta dfer =) wiafteal smer: e, Bifsen e feee & 9e sodl o1 §EI Yhe
Fd! T SUHH YR h1 e A1 YSTH ! e Fhed ¢l A= €9 ¥ 79 A
! Frfeiad g o g s 2

e A3 A1 Herl HT Teh SMIAHR HH-T9=19 21 37 qemst a1 womi
% 3TE o Fgd 1eel yfafedl wed
e 1 §H ST ofaren & =S (Capital) 31eRl 511 e Hd &1 SRl o Fs
3IereL FefafEd 2

. 1
A=l 0 5].B=35 -1 2 S
5 COSX sinx+2 tanx
36 NC >

ST STl § Afas Y@t srege &1 dfrEl (Rows) 3R S d@d Sreqe o
WY (Columns) e &1 36 Gh A 3 Gferral qe 2 &9 € 3R B § 3 dferai aen
3 WY Safe C H 2 dfedl 9o 3 w9 2

m R qel n &4l 91l fREl S8 FI m x n I (order) 1 SHE U] hared
mxn AT FHES T | I ARl o ITI SN & w3 H A, Th 3 x 2 TR,
BTUH 3 x33e4E A1 C, TH2x 3 3MFE &1 A @I R fh A ¥ 3x2=631999 ¢
R BAen CH HA: 9 T 6 3Fad &

qrr:, TRl m x n STegE w1 FEffEd e R we-faer g R

a iy pzees dyyeee 4y,
a,, Uy Uyyeee Uyeee Qy,
ay @y e @y

aml amZ a 3°°° an‘"' a n

s A=la) . 1<i<m 1<j<nSE i jeN
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6 YER & U % FTE a.a,, ... a, 7, TE j WE F FFEa q,,
Ayjseens 4, %I

HHI: o, o e SR 8 W e S s g 81w T A H (i, )a
s ot w8 Whd Bl FRE m x 0 3T | sta@El w1 G@ mn B R

T A ),
1. &0 fHEl mx nFifE & STHE BT Fohe DT & fAq, Tohd A=[a,],  FT AT
N
2. €H had U8 MegEl W faer &, e sro@e ardfos d@nd € st
(s Tl ] YEUT i ared He 2l

BY Wk 99ad oF TRE a5 (x, y) 1 Tk S (W9 A¥ET GfK) R Ghe

A €, o {ﬂ (31270 [x, y]) |, 31@oned, f6g P(0, 1), 38 f&qor o P{ﬂ 1
[0 1] 5)1 Yehe e ST wepel 1

o ST fF 30 whR 70 fmd 5t e anepfa o ool & & ey & wv
¥ foam "ad T SR & foa w =gt ABCD W fo=R i, fower ot s
A(1,0), B (3,2),C(1,3),d D (-1,2) Rl

3/, 9g4st ABCD 3T=jg &9 H frfafaq wer o frefia far st wear 2:

AB CD Al 0
1 3 1 1 Bl 3 2

X a0 Y =
02 3 2,, Cl1 3
D|-1 2

4x2

31 SRl k1 YA fRdl Haa | feua saifidta stepfael ok sil vt frsftd e
% foru foran <1 wekar 2
3N 39 BH & 38 W =R &

< Shfergal 1, 11 aen IS gew den Afeen sidal @ defiq fefafaa gem
T faar S
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THY Hige
I 30 25
11 25 31
11 27 26

ST a1 R U 3 x 2 3T o Frefua Sy ol dfeq ok g @y areft
yfafte s gehe w22

TS YR 1 3 x 2 3P & &Y H FreAfafad wehR 9§ frefua fran s wehar 2

30 25
A=25 31
27 26

A e 3R g WY 1 gfafe Sed-111 srEm o Afear wEwdst a1 e
Wehe il 2
Ifs ot 3terg & 8 of9@d B, Al THS! Wed Sifedl o1 & Hehdl 872
8 FTeEl aret fRel e oF Weft Wya wifedl 9w o fore 79 Wk wemns o
37 Tt wfm g w1 9@ FI SR OEE 8 7
ara: wefi W9a wiHa = (1, 8), (8, 1), 4, 2), (2, 4)

37T g HIfedr 1x 8, 8x1,4x2,2x4%T

T UH 3 x 2 3= ! &A1 &S, fSeeh 1o al.j.:%li—3j|§m

ved 2
a;p Gy
TF 3 x 2 S8, WAIa: 36 ThR 81 8 A ay ay
as; ds
1 . oo .
I, aij:§|1_3‘]|’l=1’2’3am‘]=1’2
i
1 1 >

a11:§|1_3,1|:1 a12:§|1—3.2|=§
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anzélz—&ll:% a22:%|2—3.2|:2
a31:%I3—3.1I:0 a32:%I3—3.2I:%
P2
2
o S A A=| 2 2l
0o 2
L 2.

39 oTJ%e] § & fafy=1 TR ok STl &t 9ftaat &

(i)

(i)

(i)

WY 3MFE (Column matrix)
Th AeE, WW I el €, 975 SUH Shael Th &Y el 2| SIE0T oh

0

V3
faw A =| —1 |, 4x 1| Fife 1 Tk W AgE T TR €9 9, A=[a |

ij- mx1 -Q'EE
1/2

mx 1 HIfZ & W 8 2l
Yfe 3TE (Row matrix)

Tk I8, T 37q¢ Hheadl 2, 7% STH ohadl Th qfe il 21

W&WB:[—% J5 2 3} , Ix4 ife &1 Tk dfem T 21 ATH

1x4

®UW, B=[b] ThH | xnHie & dfem e 2l

7' 1xn

T 3MHE (Square matrix)
HEAM B : Th m x n L, 1 3 el B, ARG m = n AR Y Fif
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a

11°

3
‘n’waﬁaﬂaﬁ:mﬁ%’lmﬁm#m/hg W2 1 | w3 i e
4 3 -1

HATE 2| FF w9 HA=[q,], T mFe F = A= 2
AA=[a) T nFeH o Ao € A EEl (Fafe)

a, ..,a I AAE Ak famol & seEa wEd 2

1 3 1
d: Aafe A=[2 4 —1|2d A % fawol & o990 1, 4, 6 2
35 6

(iv) Taerut AEE (Diagonal matrix)

v)

T o AR B=(b,], w0 erE wEem 2, A fawmol % sifafem oo
=1 Wl e Y € e, OF AR B=(b,) ol eR weam
2, b, =059 i»j

-1.1 0 0
W%TUMA:M],B:{_OI g]cz 0 2 O|,®WI:@&Ifc1,27qM3
0 0 3
ferenof aeE 2
3TfaoT 3R (Scalar matrix)

s ol ategE, SRer aTeyE wEa €, A THe fawvl o Ed w9 e
g, a1efq, & o e B=(b,],,, SR g wEem 2, Ak

bU:O, SEREES

b,=k T i=j & kFE FH 2
SR,

NERN )

A=13], B{_1 0}, C=l0 3 0
0 0

N

ShHRT:
0 -1

FIME 1, 2 a1 3 & AR =R 2
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(vi) dcaHeh 3TE (Identity matrix)
T ot aTegg, ek fashul o weft stema | B § e 9 ot wedt sremd v
R T, T STTJE Feed ¢l T =l °, 9 A A=[a,], T THHE
AR =y
W%’q&ai"—{o afg i

TH, nFHife o qome STE 1 [ gR el d 21 9/d w1y § Fife v gt
2, d9 39 B9 had 19 THe HW B

1 00
1 0
s o (L3S

]W:ﬁ 1,271 33 TR SE |

A ST 6 afE k=12, T ke g, T STeE BT ©, W TS
TS SE T Uk AR S 2l 2
(vil) I Mg (Zero matrix)

Ush A8, YA A8 Nl R egg el 7, A% 58 gl srarae g
T 2

0 0’10 0 0
O gW Frefud @ 21 e9! ifed], e g o gt 71

EEizuIRE [0],[0 0},[0 0 0},[0,0]@4“{3@341%%@?@%@

A A A=[a,] T B = [b,] T FEA T, AR
(i) 9 W9 hifedt o B4 8, a0

(i) A 1 Y& 199, B o WA 37699 oh HHM B, AU i 991 joF 9 A ok
%I'Qaij:bijglf
2 3 2 3 .3 2 2 3
SR o o, [0 JHW[O Jwaﬂaﬁ’%fﬂ[o 1}?!%[0 1}@1’4

g TE F1 UdieiHe ®9 H, 4% q g A IW B WHNW €, @ 'W T
A =B foa@d 2
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Xy -15 0
Ak |z al=|2 Jo|.Wx=—-15y=0,z=2,a=.6.b=3,c=2
b ¢ 3 2
x+3 z+4 2y-7 0 6 3y-2
JERIT49K | -6 a-1 0 |=]|-6 -3 2c+2

b-3 =21 0 2b+4 =21 O
@ﬁa,b,c,x,yﬂ% z S HM 19 it

e < Y9 MegE WHM ®, SAfe gk Wd Sfede off THM el §d rede i
ol 3 W eq Fefafaa oo g g 8:

x+3=0, 7+4=06, 2y—-7=3y-2
a—1=-3, 0=2c+2 h—3=2b+4,
TR WA FE W EH Y Bl 7 T

a=-2,b=-T,c=-1,x=-3,y=-5,z=2

wn

{2a+b a—Zb}

4 -3
Sc—d 4c+3d { }ff?ﬁaab,c,w d <k 9 1 i

3 11 24

T R TR ! UMl i IR §RI, T STaal i WM W@ W EH U gl

2 fo
20+ b =4 S5c-d=11

a-2b=-3 de +3d =24
T TR B WA FH Wa=1,b=2,c=3qUd =49 3l 2

YoATaet 3.1

2 5 19 7
1. 38 A=|35 -2 S , % fau 9 s
Bo1o=5 17
(i) TR w1 Fife (i) TFdl & "

() 999 a.,a,,a.,a,, d

13> 77217 7733 240 23
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afe el eTeqe o 24 stame € gue! e Fifer @ 22 Ak g 13 s

el 1 =ifeal # gi?

afs forelt e | 18 stedd € W sWeh! Weya wifed @ 87 AR s6 5 e

el i = B

TH 2x 2 ATE A= a,) F1 T Hifa e st Frefafas vem § wed €
. 2 . . w2

O 4= e = iy a, =22

Th 3 x 4 A H1 T HifoQ foaer srege Frafafag R o W e 2:

1 . ..
@) al-j:§|—3l+j| (ii) alj:2z—]

fAfafaa THi®en | x, y 991 z o A TG hifeld:
4 3 27 [6 2 xryrz) |9
- |y z X+y B _
(l) L 5}{1 5} 1) {5+Z xy}{S 8}(1]1) e _3

y+z
a—-b 2a-+c -1 5
TR o 13 W q, b, cd doh HH J HifSQ

2a—b 3c+d
A=[a), T = =R T AR
(A) m<n (B) m>n (C) m=n (D) =9 | Fg &l

x Ay o Ysd o A & fau stegel & frefafaa g wmm €2
3x+7 5 0 y-2
y+1 2-3x|’|8 4

(A) x=— . y=T7 (B) T &1 G & B
) -1 )
<€) y=17, = (D) X== . Y=
3x 3 I o UH Megel i Fo fhat de grft et ok wfafie 0o 1 22
(A) 27 (B) 18 (C) 81 (D) 512

T 3TT% H B el W 9 Whhanell o1 wagd a1 S el o1 anT, fohdt sty
%I Ten SR | T[UN, STEl 1 sHAshal el o
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M AT foh ®Ifae &1 T A qe1 M B W 3 il 21 Yot el o g
U aeferal o faw, @d o S, 9 f9=1-19=1 7o =, e 1, 2 a1 3 o 9 d
g o el § o arel Sl 1 g AN Ry sreel g et 2

AT Fed B W theel
g A feRar ek AsfRAr
1 80 60 1 90 50
2 75 65 2 70 55
3 90 85 3 75 75

M SIfSY o wIfae g god o | a1 a1l @d o S[dl ol ohol 9@l Sl
&l &1 379 hel IR 36 YR €
Ted a1 1 : @i ok faw (80 + 90), wefhal = T (60 + 50)

Ted & 2 TEhl o T (75 + 70), ASfRaAl & AT (65 + 55)
Ted a1 3 : Akl oF TaT (90 + 75), weferdl & faw (85 + 75)

80+90 60 +50
e o Y H TH TH TR Yohe L Hhd & | 75470 65+55
90+75 85+75

IE 741 S8, S < SMeIE! 1 TNTRT 21 &F 3@d € Toh < ST el =1 anTtha,
TS I8! & WA 3199al i Sied | U1 g ol $ege &l g1 gHeh i, 7
o e SH ST=gEl ! WEE wife w1 BT AEu

ayy Gy 43

bl 1 bl 2 bl 3

39 YR, I A= {
_b21 b22 b23

}@2X3W%HWB: }@

Gy Ay Ay

ay+by ap+b, a;+by

BN R s )

m2x3a1aﬁ%,?ﬁ%ﬂA+B:{

Ay +Dy Ay +byy Ay +Dy |

Ww@,nﬂ?ﬂﬁq%A=[aij]amB=[bU]ﬁwmﬁﬁ,m><naﬁ3416&5::
2 AT B STeEl ®1 AR, S C = [c,],,,, S WA g ¥, Sl
c,=a,+b, T jT WA W WA B TR FA



agE 73

2 V501
V3 QI}HWB{ 2 A + B 9@ ®ifsq

IEEA6 A=
{2 0 23

Tl HifR AT BEAM HIfE 2 x 3 916t 3egE T, ST AT B T A qRefoa
2, ¥

r+ﬁ 145 11]
A+B=

2-2 343 0+l
2

{2+J§ 1+J§ 0

0 6 ﬂmw@m%

1. B9 3@ 91 R o 34 & % 9K Ade B 9HH S 9t eregE € Al

A+ B it &t 21 sreoned A:ﬁ ﬂ,B:E (2) ﬂ,aﬁAmvﬁwﬁm

&l 2|
2. &9 <&d € TR eregel 1 A, 9HE S o oegel o dgea H fgenemd
Tfha T Th ST 2

3.4.2 TUeh 3Tgg okl Uch arfasr ¥ MU (Multiplication of a matrix by a scalar)
o O Ao o wifam 3 A W feora SRt F @eft gow ot & Scaed i S T

fear & (W=t 3.4.1)
A R feord et o SoaRA &) " A= U aregg ¥ RaeR T R
[GELD agfmar
1] s0 60
20 75 65
3090 85 |

A R feoa el o Seqifen = (SRelt gE) wen fafafea yeR @
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Ash  AASfhaAl

1 2 8 2 60
22 75 2 65
32 90 2 85
160 120
e TUH, [150 130 | ¥HK ¥ & o Tehd 21 89 <@ ® fF 7w
180 170

T S UEA IR & o I ki 2 ¥ 0N HE W I gl 2

=9k &Y | 8H, TRl 3TTege o Teh AT | UM =i, fefafiEd Jer | 9R«ifea
FA AR A=[q,],  TH TE ¢ A0 kTH A T A ATH W0 oo ¢ Foml
AT Yolth eRel W1 A kW ON Hieh WiE fRAl Sl 2l

TR = H, kA=kla],  =lk(a)],,, FC KA (G, ) SFEE, 7
% T HI WA F A, ka, T 2

30115
e & faw, At A=|5 7 -3| ¥
2 0 5

3 115 9 3 45

3A=3[J5 7 3|=|3J5 21 -9
2 0 5 6 0 15

TR AT RUT TR (Negative of a matrix) fh&l 3TqE A 1 R0 3P -A
¥ f7efyd B 81 87 —A S —A=(—1) AZT IRl #:3d 2

1
X

A=(CDA=(1) 3 1] (-3 -1
I - -5 x| |5 -x

JTSTET T 3T (Difference of matrices) af% A = [a,], @2 B = [b,] T Hife
mxn e T A ¢ W TR AR A-B, T A=E D =[d,] 5l (7o j o WA

Wﬁ,mﬁﬁq%z&:{i ]?ﬁ _ A frfafgd v 9 9 g @
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"l % T d = a, b, ?, R 9RAINE € 21 TR e H, D=A-B=A+(-1)B,
UG AT A T ST — B 1 ARTHA|

1 23 3

SEEIOT7 AR A ) 1aaTB Lo Z%FﬁzA B @ sifsU

Tl BH UM ©

1 3 13
2 1 0 2

3

1
2 4 6] [-31 -3
146 2} { }
2-3 4+1 6-3] [-1 5 3
T 4+1 640 2—2}{5 6 o}

343 3—77%\37 &F GnT & V;‘I'UTSN-'Ic (Properties of matrix addition)
ST & A ) e FrefatEm e (PR @ dqe w S
() seu-fafme @@ (Commutative Law) 4% A = [a,], B = [b,] ¥4 i
mxn, A FTE B, A A+B=B+ATHI
3 A+B= [aij] + [bij] = [ag + b,-,-]
= [b, +a,] (FEmet 1 A FA-fafwe 2)
= (b, +[a) =B +A
(i1) el ram (Associative Law) THH &ifE m x n a1 Tl off 4 3413%3[
:[aU],B:[bU],C:[cU]ﬁ ft (A+B)+C=A+B+0)
3« (A+B)+C=(a,] + b)) + [c,]
={a, + b,] + [e,] = [(a, + b)) +c,]
=la, + (b, + ¢))] (T ?)
= [a,] + (b, + ¢l = [a) + (bl + [N =A+(B+O)

(iii) 'Cﬁ'lT oh dcdWes ol A (Existence of additive identity) T <fifee fo
[a @mxnw%ﬁ'{O@monW% aq A+O=0+A=A
%ﬁ'cﬂ%l{{qimm‘fﬁ Tegel & AN WA T qeHER I e O B

(iv) oW o Yfael® o TR (The existence of additive inverse) TH cifs@
fF A=[q] T PR 2, T T 1 A€ —A=[-a], 79 5FK T

l]an

2
2A-B=2
3
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F A+ (—A) =(—A)+A=0,3qET g — A, 3THE A I AN o HAd
T STegg 319 0l 3TE 2|

3.4.4 TUen 31gg & arfaer Nk & V;‘I'UTSN-'Ic (Properties of scalar multiplication of

a matrix)
A A = [a,) 32 B = [b,) T FIE m x n, A A HE § SR kAN [ €, A
() k(A +B) =k A + kB, (i) (k+DA=kA+1A
#@, A=[q),, .B=1[b,), . 3R k3 s 2, @

() k(A +B)=k(la,] + b
=k [a, + b = [k (a, + b)] = [(k a,) + (k b,)]
=[ka) + [k b]=k[a)+k[b]=kA +kB

i) (k+0)A=k+1DIa,)
=[k+Dal=ka)+[a)l=kla)+lla]=kA+IA

8 0 2 2
EEUI8AR A 4 2,B 4 2 T 2A+3X=5B 5w g @ gz X
36 51
Aa HIST)
7o fTm? 2A+3X=5B
Bl 2A +3X —2A =5B - 2A
Bl 2A -2A +3X=5B-2A (3Tege AT HwE-fafma ?)
gl O +3X=5B-2A (~ 2A, 3T=TE 2A %1 AN Y™ 2)
Pl 3X =5B-2A (O, FNT =T qeHTH 2)
1
Bl X =7 (5B-2A)
2 2 8 0 ([ 10 =10] [-16 0
2 X:%542—24—2 =|[20 10|+ -8 4

51 36 25 5 6 12



10-16 -10+0 -6 —10
=—| 20-8 10+4 =3 12 14
-25-6 5-12 =31 -7

5 2
X qen Y, J1d hife, afg X+Y{o 9} aqn

R

Yy &

6

X+Y)+(X-Y)= !

8 8
X+X)+(Y-Y)=
X+ X)+( ) L) 8}:2){
g8 8
0 8
5 2] [3
0 9] |0

s
o
i

1

2

X+Y)-(X-Y)=

X-X)+(Y+Y)= 91

—4
10

0

s

1

2

s

-2
5

-10]
-2 3
;1
3
317
3 3
{3
X-Y=
0
4
10

[5-3 2-6
}: 2Y

|

Tt ST ¥ x T y o6 HHl Sl Fd Hifeg:

X
7

fear 2

5
7 y 3

X

5
y 3

3
1

4
2

7 6

“|i
[ )=

3
1

4
2

2x 10

3
+
14 2y-6| |1

—4
2

H

7
15

6
14

|

71
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. {2x+3 10—4} 7 6 2x+3 6 7 6
= :> =
14+1 2y-6+2 15 14 15 2y-4| |15 14

3l 2x+3=7 q 2y—4=14 (FH)
a0 2x=7-3 qeq 2y =18
A )c:i qa y:B

2 2
afefiq x=2 L y=9

T ForE TEfRYH @R A ' hadt @9 YR o wed S8 SIEEdT,
WA T T FT WA FW | A HEE] 5N, FA6eR q STHER e |, 39 YRR 5
= i foehl (Tl ®) =i, Frafafag AT o1 B eerEl ® o fRan e 2
fadsr e &1 fot (Rs )
ST WA ST
A= |: 10,000 20,000 30,000:| R IEE]
50,000 30,000 10,000 | Te=T07 I5H

SFR TIE i fahl (Rs )

S| e B 21
A_B_ [ 5000 10,000 24,000] RLIERE
30,000 20,000 0 | T faE
(i) 9 fohEM 1 Y& YR o =Ecl &l FHdeR de STeREX i dinfea fosh!
M i)
(i) THdaX =1 31987 sTeer W g3 foskl H & 7@ IS
(i) = <A FFEEl  Fa Tkl ® 2% @ figerar 2, @ STk H Yish YHK ok
e i a9 W Jd% haq = e g o1y | sifs)

(i) 9 fohEM ! U YohR oF =Ea ol [Hdek qel STRER | Jcdsh YR o
a5 foesl A= 9w R
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A A EEL
B [ 15,000 30,000 36,000 } T
A+B= .
70,000 40,000 20,000 | TE= fHE
(i) TodeR 1 erden oraER o gf famt & et e & T R,

qEEAS THA 0 84

|: 5000 10,000 24,000:| WL

A-B= .
30,000 20,000 0o | TEE faE

2
(i) B 2% = —xB=0.02xB
100

sl A EER
R IEE]
=0.02|: 5000 10,000 6000 :|

20,000 10,000 10,000 | T 68
STHHAT qHA EEL
_ 100 200 120 | THEfREH
400 200 200 | RO fHE

37d: STREX W1 H, YUK, cieh YR oF @reel ohi folshl 9 ShHRT: Rs100,
Rs 200, @1 Rs 120 o9 9 &hidl € 3K A 168, Yodsh Wb o =eel i felsh]
T A Rs 400, Rs 200 G Rs 200 o9 31fSid sl 2

3.4.5 3—7739\3? okl U (Multiplication of matrices)
T wifee for Wi 3 €W < st ©1 T 2 e a9 5 el ol qEdeh S =edl
€, 5/ o W H1 8 FHem qU 10 FEA B TEh] H1 AERIHA 21 3 AH Tk gHMA
W (HHA) T A ok fou W €, S Fefafas R 2:

HOH - Y% Rs 5, HEM ! T&H - Y& Rs 50 2l

3T A B W Ye hl fRadt OO @d e qei? Tweadl, " @
Rs (5x2+50x5) 31efiq, Rs 260 ! A@gaehal 2, Sefeh <M 7 Rs (8 x 5 + 50 x 10)
1ol Rs 540 =1 3Ter@iehal 21 €9 SUda el ol 37ege Fequr § frfariad Wi 9 wehe
T TR B




80 o
AR fa 7 <m (FuE W) YT AT (B W)

2 5 5 5x2+5x507] [260
8 10 50 8x5+10x50| |540
A oy foh 3ok 511 foRell 31 g W A S W A FEfaiEd TR e

FHAH - Y Rs 4, el 1 G&Ih - Tdh Rs 40

379, Ui 991 W R WHRH i o T Sawaeh SR s Rs (4 x 2 + 40 X 5)
=Rs 208 T Rs (8 x 4 + 10 x 40) = Rs 432 21

T ST Gl i FrefofEa @1 o Frefa e ged 2
AR yfd 1 W (Fu ) METTH AT (Bl W)

2 5 4 4x2+40x5 7 [208
8 10 40 8x4 +10x40| | 432
319, 3T A <M | U FEAIST Sl T WYl S e gR Fefated

YR § U< L G o

AR yfd 07 W (FuA °) METTH AT (Bl W)

2 5 5 4 5x2+5x50 4x2+40x5
8 10 50 40 8x5 +10x50 8x4 +10x40

T 1540 432

ST faeR0T 3T=TEl o UM 1 Tk SSIEX0T B €9 <@ € foF oTegel Aden Bk
UM o fal, AH w9l i 9@ B § Yfokial sl W& oF SeR M1 Alfeq| S6eh STfaied
U 318 (Product matrix) o {Id] dl W A oF W, 89 Ah! Ul aen
B o w4l &l oY, 31agel & HHER (Element-wise) TOF &id € 3R qQiodid g
TOF%E HT ANTHR A0 F &1 SA=ier 9 9, g9 3Tegel o oM & frefafad aE
9 it & @

3 3TEl AT B &1 U TR e 7, Ak A™ Wil 1 wen, BH uiwa
ﬁw&w@?ﬁ%lﬂﬂﬁﬁqf%A [a,] 1T m x nHife H e & N

= [b ]@nquandwsuoega%laaaﬂa@AambW@mxpﬁ%
wwcm%lwcwakmmc I S o faw gH AT o dfeR
ﬁ?B&kﬁWﬂﬁéﬁ%aﬁtﬁﬂWWw%ng«l{ﬂm‘r{wd%l TR &
Tt UEEE 1 ATRA T R @ ¢ g Wl 7 Af,

{260 208}




a8l

A=1la,] B=1[b]

ij"mx n’ Jjkinxp

TA AW S URR [0, a,..a )T B H kA WA

n
3 _ _ a. b.
%, ad ¢, = a, blk+ a, b2k+ a, b3k+ —ta, bnk— JZ‘; ij Ok

bnk

AR C=1c,],, , ATNB F A €I
2 7

W&m,qﬁ:c{l -1 Z}HW D=|-1 1| &
0 3 4
5 -4
P12 2
UM% CD IR 3921 CD 0 34 ! 1 T 2x2 3TE & fSaat
5 4

Y& gfafte C &1 fodt ufoaa =+t wfafes &t D& fodl w9 &t ¥ wfafedl =
TUHHE o AR oSS Bl @1 W Sl H 98 =R Yieher Fefafed 7,

wmdE [poooa| [20 7] [1)(2)+(1)(1)+(2) (5) ‘1
GRZI AR —1 1=

Wy o eema L0 3 4] [ 5 -4 ? 9
v dfE [ [ 2 7] [3 (1)(7>+<1)(1>+2(4j
Tl W -1 1=

wWadkeEmm [0 3 4] LS5 =4 | ?

{H’ﬁ qﬁﬁ _1 -1 2_ B 2 7_ _13 ,2_
qdql 9¢H —1 1=

W aema |0 3 4] 5 4] [0@+3:DH+4) 7 ]
e dferd _1 1 2_ B 7 1 _13 _2_
qo TR -1 1=

wWaw e 0 3 4] L5 -4 _17 O(7)+3(1)+4(—4)_

13 =2
3Ad:; CD =
17 -13
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6 9 26 0
afe A =1 B 2 a1 AB 3@ sifsU)
2 3 7 9 8

AE AT 2 WY B Sl 3Tege B w1 ufermal & GHM 21 o1aud AB IRt 21 o

6(2) 9(7) 6(6) 90O9) 6(0) 9(8)
2(2) 3(7) 2(6) 39 20) 38

12+63 36+81 0+72 75 117 72
Tl 4421 12427 0+24| |25 39 24

T AB Rt € dl Te 3esdes 72 @ foh BA 9t 9iwifia el Sude
SR § AB uRtifia @ g BA uRwifta € € wFifer BH 3 w9 & Sk AH et
2 ol (3 dfemal &) &1 9% ATUTB HHA: mx n T k x [ Al & AT
g @ AB e BATH & URwifia ¥ afg ofR Shaet afg n=k o1 1= m N fowm
gg,qﬁAaﬁtBﬁﬁwﬁ#aﬁaﬂaﬁ%}aﬁABHmBAaﬁ'rﬁ’trF{ﬂTan
|
anqif o RIUE I TRy -fafmean (Non-Commutativity of multiplication of matrices)

S TY U S o gl <@ o, 9§ AB den BA uRfaa off &, @ a8 eAewas
T&f € T AB = BA &I

23
1 2 3
Ifc A 4 2 s IR B 45 ,d ABAUBA M hifeul €9zt &
21

AB # BA

ifeh F ATH 2 x 3 3eYE ® 3N B Wh 3 x 2 3178 €, SUfTC AB @1 BA S
& R € qen sEe: 2 x 299 3 x 3, wifAl & egg B A wifay fw

2
1 2 3 . 2-8+6 3-10+3 0 -4
AB: 4 5 = =
4 2 5

-8+8+10 —-12+10+5 10 3
21
23 212 46 6 15 10 2 21
1 2 3
3R BA= 45 4 o s 4 20 8 10 12 25 =|-16 2 37
21 24 42 65 2 2 11

AT AB # BA.
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ST 3IE0 H AB e BA fu=-fa=1 sifeal o st € 9k gfelg AB £ BA
21 HIE TH Hiw Fhal © % A AB A1 BA Al W9 I o e al §9ed: 3
T g fohg e oft 7 1 el 70 e Seerw 7w fimar & fou % ® © R Al
AB @ BA §°M &ifZ & & df 9t 78 savass 6 ¢ 5 9 wue

a A= L O B{O 1}%@ AB{O 1}
1 0 -1 0

1

o

0 1
3R BA= | 2| TT=aa AB # BA I

;Y8 oM wu-fafea & e 21

U 09 T T ? R AeNB 3Tl o A Weft gHi o forg, foen
fau AB e BA 9Rifid 2, AB # BA €Il S3E0 & fog

10 30 30
q&A{o 2}’13{0 4]?'3[AB=BA{0 8}

e e o gam i & fasol steggl &1 e we-fafma g R
T IR AR o UFHA & ®U T I 3THE: (Zero matrix as the product

of two non-zero matrices)

Y @ ¢ foF € arafas @emstl a du b e, A€ ab =07 @ A A q = 0 F1El

b =08 2| Tohg sreel & forg =8 erfrarea: Wt =2l el &1 59 o1 %1 W b S8
S 3@

0 -1 35
?Tﬁ{AZ{O Z}HWB:{O O}%?ﬁABWﬂHEﬁW

qﬁq_{AB_O—l 3 5] [oo0
o 2(lo o] |0 0

7 A% < 3Tel 1 TUMES Th I TeE € Al Aevas & @ fF 57 ot
ST ATERd: I 3R Bl

el o UM ok T %1 &9 A fo St Suufd U Seol@ W W R
1. wgwd frm: fR=l o 99 s=gel A, Bden C & fau
(AB) C = A (BC), Si& i |Hieht o < g1 gRwfia g 21
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2. faavur frem : forgl ot 919 stegel A, Baun C & fau

(1) AB+C)=AB + AC

(i) (A+B)C =AC + BC, 5@ i Gfist01 & <1 981 qRefia 8 2

3. UM o qeh AT TR : T a1 T8 A% foiu oM whife & T T8
[ 1 i 39 YR Bl €, T [A=Al=A

379 TH SR ok gRI SUHE Uil 1 WA |

I 1 1
I A 2 0
31 2

3,B

a1 (AB)C T &ifST 3R fe@eRzy 76 (AB)C = A(BC) =1

1 1 1 1
T’ AB= 2 0 3
3 1 2 14
2 1
(AB) (C)= 1 18
1 15
(4 4 4 -7
_ |35 2 -39 22
131 2 27 11
_131234
G| BC = 02{ B
2 0 -2
14
(7 2 -3 -1
_|4 04 2
7 2 -11 8

1 3

123
0 2 T C 21?ﬁA(BC)
14
013 2 4 2 1
0 36 0 12 118
0 29 2 8 115
22 40 6 2 8 1
1 36 2 0 3 3 4 18
1 30 20 330 4 15
I+6 2+0 3-6 443
0+4 0+0 0-4 0+2
~1+8 240 -3-8 4+4
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1 7 2 3
SIRIC] ABC= 2 0 3 4 0 4 2
3 1 7 2 11 8

74 7 202 3 411 1 2 8
=14 0 21 4 0 6 6 0 33 2 0 24
21 4 14 6 0 4 9 4 22 3 2 16

4 4 4 -7
35 -2 -39 22
31 2 27 11

el (AB) C = A (BO)
0 6 7 01 1 2
< A=|-6 0 8|,B=|/1 0 2|,C=|-2
7 -8 0 1 20 3

q AC, BC @21 (A + B)C &1 9o &ifowl 98 @t ganfua wifsw f&
(A+B)C=AC+BC

0 7 8
A+B 5 0 10
8 6 0

0 7 81[27] [0-14+247 [10
T, (A+B)C=|-5 0 10||2 |=|-10+0+30 |[=|20

8 -6 0 3 16+12+0 28

0 6 7 2 0 12 21 9
TR ST AC= 6 0 8 2 12 0 24 12
8 0

7 3 14 16 0 30
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01 1[2 0-2+3 1
e o= |1 0 2|2 |=|2+0+6|=| 8
1 2 0|3 2-4+0]| |-2
9 1 10
THfaq AC+BC=|[12|+]| 8 [=[20
30| |2 28
T (A+B)C=AC +BC
1 2 3
e A=[3 -2 1|2 d oy &% A>-23A—-40I=0
4 2 1
1 2 31 2 3] 19 4 38
T WMd B for A°=AA=3 2 1||3 =2 1|=|1 12 8
4 2 1|/4 2 1| |14 6 15
1 2 3 19 4 8 63 46 69
S ITgL A’=AA2= 3 2 1 1 12 8 69 6 23
4 2 1 14 6 15 92 46 63
63 46 69 1 2 3 1 00
AT AS_23A_40[= 69 6 23 —233 2 1 —400 1 0
92 46 63 4 2 1 0 01
63 46 69 23 46 69 40 0 0
- 69 6 23 69 46 23 0 40 0
92 46 63 92 46 23 0 0 40
63 23 40 46 46 0 69 69 0 0 00
— 69 69 0 6 46 40 23 23 0 - |0 0 O
92 92 0 46 46 0 63 23 40 0 0 0
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fepell ferel w1 =19 o SR b TSHideh S A 310 SHGER & WeER
3q Wk S HYeh WH % 3ok W STIATGd fohdll TER Bq o A=l g |ueh wenfud
e FHfyea gam 3 € SllRF gRI, SRR SRt a9 Tl il SR Yelsh Hueh o
ook (T #) = amegE A § o R,

Yid Haeh 7o
40 AR g
A= 100 TR SR
50 = gl

X ANY & R0 W, Gsh Yo oF WFIeh| | HEA TR

IAEH TR T 5

1000 500 5000 X gy o &) xqen y e § T w6 g7 o
3000 1000 10,000 Y

T el AU Fa Hifu)
TRl W

BA [ 40,000 + 50,000 + 250,000 } - X

| 120,000 + 100,000 +500,000 | —Y

—>Y

340,000 — X
720,000

I <o g Al IEY W o T TE el U HEW: 3,40,000 TH & 720,000
U9 srafq Rs 3400 @ Rs 7200 2|

3 2 25 3
(i) A+B i) A—B (i) 3A - C
(iv) AB (v) BA

mﬁﬁq%A{z 4]13{_1 3]c{‘2 ﬂ,?ﬁﬁﬂ%ﬁ@maﬁﬁm:
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freafafaa =1 wRefaa s
[a b] [a b a2 +p? b+ [2ab 2bc
@) + (i1) +
-b a b a at+ctr a4+ bt —2ac —2ab
b ° 1270 _coszx sin” x sinx cos’ x
Gi)y 8 5 16 8 0 5 (v) +

5 3 2 4 _sinzx cos’ x cos’x sin’x
TR UH%we aieRfad ifag:
1
[a bl[a -b ol 3 4 1 =271 2 3
O, allp a (”)3[ ] @ s 32 3 q
2 3 4|[1 -3 5 21
iv) |3 4 5 2 4 32 o
(iv) v) s
4 5 6|3 11
_ 2 -3
o 3 -1 3}1 0
V1 .
-1 0 2
- 3 01
2 3 31 2 4 1 2
g« A 5 0 2 .,B 4 2 5 dMC 0 3 2 ,d@ (A+B)a
1 1 1 2 0 3 1 2 3

(B — C) Uiehfard ifsal 1t & deatua sifeie 6 A+ (B-C)=(A+B)-C.

2,2 23

3 3 5 5

1 2 4 1 2 4
A — = — @AM B - = —  d 3A-5B uefaq sifem)
kS 3 3 3 5 55

7T, 2 7 6 2

3 3 5 55
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el FIRAT, cosd C?Se sin© T sind sin© —C(?SG
—sin® cosO cosO sin O
X T Y 91 Hifee Afg
) 7 0
1 X+Y s aaq X-Y
. 2 3
@) 2X+3Y 0 daeam 3X  2Y
3 2 1 0
X e Y 99 sifse A Y = L 4} g 2X +Y = {_3 2}

1 3] [y 0] [5 6
xwyquﬁz{o x}{l 2}{1 8}
ST WHIHIU hl x, y, z g 1 oh 1AW A hife@ AR

2 I IS P

ch;x_S

w21

| < W

1

ifTa)

COS X
¢ F(x)=| sinx
0

ENIFES

75 12
PR

‘2}{—1}@0} T XA yH HAH T@ B

x 6 }{ 4 x+y}%?ﬁx,y,zﬂ% weh HEl &I I
-1 2w z+w 3

—sinx O
2 @ fag ST % F(x) F(y) = F(x +y)

cosx O
0 1

]




8
- o =
—_ =N
S W
1

-1 1 O -1 1 01 2 3
0 -1 1|#] 0-1 1}]0 1 O
0j]2 3 4 2 3 4)1 10

2 0 1
I A=[2 1 3|%d A2—5A+ 6L 1 TF T ST
1 -1 0
1 0 2
IR A=|0 2 1|2 @ fag T fF AS—6A2+TA+2[=0
2.0 3

3 2 1 0 .
gz A . 5 awl:o | Td A2=kA 218 q kJE SHifsQ

oL
0 —tan—
% A = 2 | qon 1z 2 1 T qeEEE SR 21 A g FT
tang 0
2

coso. —sino
fm“I+A:(I—A){. }
S o CoSsaL

el SR F1 % 919 30,000 T9A 1 w9 € o < fg-fi yehR & et
¥ fafer & 81 wuH Wi W 5% it qen fgd a8 W 79 it = ww
T 1 eE OF o WA gRI e fAeifta i R 30,000 T9AT o I !
T YR ok Fiel § 991 i o fau fg yaR o fed SauR o9 i o< 5
Fiftier ==

(a) Rs1800 &l  (b)Rs2000 Bl

el Tohet 1 &Ikl 1 gHM § 10 Toi WA fo-M, 8 <o wifaes fam qen
10 TSt 1fITE h1 Gk &1 57 &l o1 forshd g H9T: Rs 80, Rs 60 el
Rs 40 Wi Q&ish 21 3Tegg seRTiord & 94T gRI A shiferg for @eft geaen! =l
SoH W M i Fal fhat AT 9 g

T whfee fF X, Y, Z, WA PSEST: 2xn, 3 xk, 2 X p, nx 3T p x k, HifeA
& oTege € 9 U we e 21 o 22 o wE s g
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21. PY + WY @ 9RHIA €H o AT n, k 921 p W &1 Jiaee gm?

(A) k=3,p=n B) kK@= & ,p=2
(C) p==3 8, k=3 D) k=2,p=3
22. AR n=p, @ A TX - 5ZFH Hife 2
(A) px2 (B) 2xn (C) nx3 (D) pxn

3.5. g <l yfiad (Transpose of a Matrix)

9 31=e% H &Y fRd eneyg & ufad qen e favi yeR & ererel, <9 gafha
A& (Symmetric Matrix ) Tl Tooq 9qHd g8 (Skew Symmetric Matrix ) =D
TR H S

TR 3 AR A=[a,] T mx nHE F1 ASE € AAFT dfermi qo Wl F TR

faf@ (Interchange) % | U<l BIH ATl 348 A &1 9Rad (Transpose) HEaldl
2 WA#W@A’WAT)@%&HW%@Wﬁ g

A=la], & A =[a], =W SE0, A
35 343 0
A= \/g 1 g A s _1 =
0 1 5 23
5 3 2

ama;ﬁ o Oftad o TJT%JI'& (Properties of transpose of matrices)

m%ﬂwaﬂaﬁ’#wﬁaﬁaﬂaﬁ#ﬁ?&ﬁ@awaﬁﬁmwﬁrmmw
g1 TTRT T SR SN SN R <1 Tehal €1 SUgS hife ok fohdi aregel
Ade Bk fag

() (A’ =A (i) (kAY = kA’ (Sl k2 3= Bl)
(i) (A+B)Y =A"+B’ (iv) (ABY =B’ A’
mzoa&;A3‘/§2mB212aﬁﬁw%rF@aﬁwﬁﬁ
4 2 0 1 2 4
AT
() (A =A (i) (A+B)Y=A"+B

(i) (kB) = kB’, ST&l k ®Ig =R 2|
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(i) =&l
3 4
A=’ V32 :>A':\/§2:>(A')':3 V3 2I_A
4 2 0 4 2 0
20
@ (A =A
(i) =&l
(2 -1 2 _
4 2 0 124 5 4 4
s
AU (A+BY=|/3-1 4
4 4
3 4 21
- Ao V32.B 12
20 2 4
5 5
FrauE AN+B =|/3-14
4 4
&Ad: (A+B)Y=A"+B
(iii) &
oo il2 2] [k Kk 2k
1 2 4] |k 2k 4k
2k k 21
GEl (kBY = | —k 2k |=k|-1 2 |=kB’
2k 4k 2 4

¥1a: (kBY = kB’
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2
SEEIOT 219 A 4 ,B 1 3 6 ® A " ®iS (AB)Y = B’A’ ©l
5
ol TRl
-2
A=| 4|-B=[1 3 -6]
5
2 2 -6 12
ESSiiGled AB= 4 1 3 6 =4 12 -24
5 5 15 =30
2 4 5
37d (ABY= 6 12 15
12 24 30
<Gl A=[245],B 3
1 2 4 5
ESIGLy BA'= 3 2 45 6 12 15 (AB)
6 12 24 30

ESREGR) (AB) =B’A’
3.6 wutha aer faww wufua AMFg (Symmetric and Skew Symmetric
Matrices)

TR A T oSSR A= [a,] TG FEA § AR A’ = A Fiq 9 % T
% T [a,] = [a,] B

V3203
SR & T, A=| 2 —1.5 —1 | T TR g 7, i A'=A
3 -1 1
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T T AT A= [a,] o T STE FHEAr €, ARA = - A, iy
i A j o W W HAl % fAC a, =—q B @, AW i=j W, @ a,=-a, T
#d: 2a, =0T a, =0 i e o
g1 31ef g gaNl T Tl fowm wmfa sregg o6 foskul 6 @+t ste@e 3= B
0 e f
HERGUCEE B{e 0 g]@ﬁwwﬁqﬂ Ae ¢, Fifk B =—B T
-f ¢ 0

319, B9 9ufHa e foun wufia o1egel & 39 o & g w3

Rt SAaFE]l ara TRt o ST ASh T A+ A’ T HHMHA SR aell
A-A’ T foun gufia aege e 2
M ifsie ff B=A+A’ @&
B'= (A+AY
= A+ (AY (FHifh (A +B)Y = (A’ + B)
= A"+ A (Ff® (A = A)
= A+A’ (FFA+B=B+A)

=B
THfeT B= A+A’U% quff 31eg 2|
19 7H witeg foh C=A-A’

C'= (A-AY =A"—(A)Y (FH?)
=A-A FD)
=_—(A-A)=-C

Td: C= A-A’'T& fquq gafiq e1egg 2

foRelt =1 3= ! Teh 9T a1 e fawd §oiHd el o AFT%d o &9
¥ e foRaT S weRdr 21

T ofifee fF AT ot eteg 21 B fag wehd €

1 1
A==(A+A)+=(A-A’
2( ) 2( )
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T | 5N eH 96 § TR (A +A") T qufid oo a9 (A-AY) T faum qufia
egE 21 s Rl off 3Tee A%k foTT (kAY = kA’ Bl 21 588 Frrepd freneran @ R

%(A+A')W%MHW%(A—A')WW&HW%I 31d: TRt =l sTrege =l
Uk GAMA q91 Ok fon Tnfhd SRl % AMTed o ®9 H e fRAT ST ekl

2 2 4
s B 1 3 4 = TH §AHd e a1 T foud qHfia
1 2 3
S o AR oF €9 H K iUl
2 1
TIB'= 2 3
4 3
| 14 33 i
M e R P=_(B+B) — 3 6 2 =7 3 1|2
3 2 6 _
S5
L 2 J
, 5 3
2 2
, |3
3 P=|— 3 1 |=P
2
Sy 3
L 2 J
1
s P=E(B+B')@wﬁqaaﬂa§::%|
]
I IR S
Y & 9 e Q:E(B—B')zal 0 6:5 0 3|32l
5 -6 0] |
= 3 0
L2 J
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o L 2
2
== 0 3]--q
2
_—530
L 2 i

Q:%(B—B')@WW&IHW%I

, 33 o 1 3
322 2 2 5 2 4
P+Q — 3 1 L o 3 1 4 B
2 2 | X
S0 3 2 3
2 2

37d: T8 B Tk THHA SR a1 T foun 9Hihd ST o ANHd oF €9 H

e Tehar T

frtfafad =Rl § @ T F1 R TR F

5 15 6
R L
M |7 (i) {2 3} (i) V3 5 6
) 2 3 -1
1 2 3 4 1 5
FGRA 5 7 9 M B 1 2 0 % g swifve iR
21 1 1 3 1
() (A+BY =A"+B’ i) (A—BY =A" - B’
3 4 1 21
gk A 1 2 du B lzséﬁwﬁaﬁﬁq%
01

() A+BY=A"+B’ (i) A-BY=A"-B’
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g A 12 ; e B i (2) 24l (A + 2B) I6@ w®ifsw
AT B 3Tl o fow wenfaa #ifsw f&F (AB) = B'A’, SRl

1 0
@A 4 ,B 1 21 G AH,B[l 5 7]
3 2

—sino.  cosd

(i)zr&;A{Cow Sina} 2 @ Teti wIT R A’ A =1

(ﬁ)a&;Az{Sina C?Sa}gﬁaﬁwﬁmﬁm%/xmﬂ
—COS SIn ¢
1 -15
() fag #IfSC fF eeg® A=|-1 2 1| & @Affd e 2
5 13

0 1 -1
(i) WW%WA{I 0 1]@%@@?&3&1&@%
1 -1 0

anagm{é ﬂ#%mwﬁﬁﬁﬁq%
() (A+A") Tk HHfi o8 2l
(i) (A—A") U T gufia eegg 2
0 a b
I A=|—-a 0 ¢
-b —c O
Frefafad sTegEl 1 Tk 99iHd ST a1 Tk faum gufid STegg oF ANwd
o &9 § e I
6 -2 2
i) -2 3 -1
2 -1 3

aq %(A+A') qe %(A—A') [ HifTa




98 T

3 3 1 1 s
gy 2 2 1 (v) {_1 2}

4 5 2

YT @A 11 91 12 ¥ 'Y IW g
11. af% AN B 9HH wife o || eqg € df AB - BAUH

(A) Torm wofir stege @ (B) WHfHd #1To8 ©

(C) I S=FE © (D) A e &
oAk A S M G A A LAk aF AE R

Sin COS

RO B =

(A) 6 (B) 3

C D) X

OF: ®)

3.7 g W URTAe wiehar (=g ®uiawor) [Elementary Operation

(Transformation) of a matrix]

fopdl 3o W : YR &1 diepard (Tqieror) fore < €, fomd o i wfeat qen €=

i W e ®, 5 uefires wfsramd @ wwioror wed )

() Tt g gl @1 5 @4l BT RER (G773 Gdiws w9 (symbolically) ¥,
ioff T joit dfeal o fafma 1 R« R qendden jo wor o fafma <

CHcmﬁKﬁqﬁmﬁ%lW&m

12 1

A=|-1 3 1[, TR, <R & T4 HH W EH 78 | |
5 6 7

I 2

NEE
2 1 |9
6 7

(i) Tl i a1 TY & S/a9al &1 T AR GE& T O HT: GdhlEd &9
#, off ofeq o Y® EEE FH k, SR k= 0¥ T FH B R — kR B

frefig w3 2

T T | B C, — kC, 5N Tl w1 sareone B:{

1 21
-1 31
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(ii)

1

-1

qgE 99

2

1
71 WS Bl 2
N

7

fordt ufem s1eran w9 oF etagal § fordt o1 ufea a1 Wy o 97q Ta9d] &l

ToRelt FRIR F@&A1 | U hieh SIeAl: dishlch &9 H, ol dfek oF ste@al d
JoT feRT o TG el Rl k¥ 0N ek ST 1 R, — R, + AR ¥ T w3

2l

T w9 HEA FC,— C +kC, W FEf| w1 2

W&WC:E _ﬂq'{RzeRz—ZRIWWWW{,%ﬁ e

Ll) _ﬂ I B 2

I A, HIE m, 1, T =l Tee ® IR A Wk o1=1 o airegg =1 il
39 YR 2, 7% AB=BA =11 B! =€ A% JehH 3JE Fed ¢ 3N 30
A1 Frefi w1 U S o SR A SIohuviig wEan ¢

ISEWONY, g ooy faw A=
a1 AB =
Y g BA =

2
1

2
|1

1

K

3
2

3
2

0
1

[4-3 —6+6
2-2 —3+4

am{
1

2 3
-1 2

2 -3

z}ﬁ?ﬂﬁ%%l

BHE

}I% afd: B STE, A1 kA 2l

TE A H, B=A"' q91 A eI B, 1 fchd ®, 3¢l A= B

1. fopdl STPAHR (Rectangular) 3TSIE 1 Sk 3T el eidl €, Fifeh Torhe
AB @ BA % WRIfd g 3R §9F BH o faw, 98 siferd @ fF Aqen B

UM hife o o AR B
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2. A B, e Al A T, T A, 3T B %1 FhA 2l 2

UTE 3 [FGhHH TR i AfGAAd (Uniqueness of inverse)] et avf sy &1 =hn
e, Afs ST a1 ® a1 aifgda g

Suafa A A A = [a ) Ffe m F], ©F o o 21 AR wa A, @ A e
B @ C 348 A 3 HohH Mg 8 o1 &7 k@i f B=C %
ifeh qe Al SqehH B &

3T: AB=BA=1 .. (1)
Hiifeh 3M=TE A 1 ek C ot € o

AC=CA=1 . (2)
& B=BI=B (AC)=(BA)C=IC=C
T 43 AN B HHA WHife oF kU 3TSE @ df (AB)! =B A
SUUTT Tk kAU S i GRereT

(AB) (AB)" =1

B A (AB) (AB)' = AT (AR A 9&l ¥ UM HH W)
Rl (A'A) B (AB)! = A/(A I=A"!, 7T =g U He=d el ¢)
Rl IB (AB)" = A~
Rl B (AB)! = A"!
Rl B B (AB)' =B~ A"
Rl 1 (AB)! =B A"
T (AB)! =B~ A"

3.8.1 URfeyar wierarsii gRT Tch 37gg ol GohH (Inverse of a matrix by
elementary operations)
M T 7R X, AT B WUF I & Tege € q91 X = AB B1 =g Wi X
= AB W URfueh qfe wispanaii =1 v s o fau, en 37 diea dfsranei &1 ond et
T X W q I U H YUH T8 AR, Th W YA |

Tl YRR A HHIRT X = AB W YRS WY Wishanstl &1 g4 & o fag,
Y 31 W Wihaned &1 9 Uy H X W aU1 I¢ Yy H OHRA AB H 9% o
S B W, T HiY TN |

39 Rt it e | T g e 9 e frekrer € 6, At At ww ey
2 fp A o s @ IRfaes oo wfmensti o AT g A T % @ g,
A = 1A faflau 3R dfsa wfmanet &1 990 A = JA W q9 a6 & {8 5" a6
1=BAE fict Sl 21 3@ WohR Wt 38 B, 38 A &1 IchH &I 6! WhK, AR
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T WY whEAeT % TN §N Al 9| S WRd §, a A = Al fafan &R
A=Al'R WY SR 1 TE0 06 q i T80 516 dF 895 1= AB U =8t 81 5l 2

U 9 H SFA = 1A (A=Al W TH A1 A IR dfea (W9) wfshanst
% I W AR 91T 9 o SE Al Tk A1 Ao feal o |t foae 3 &1 W
g @ Ao e @ g 2l

. . . [r 2
WWW&ﬁ&WWWA{Q _Jwa@c—waﬁﬁm|

R ufer diemansti oF 9Am S o fog 89 A = 1A foed ®, srefq

1 2 10 1 2 1 0
A, A (R, > R —2R & 93
2 1 01 0 5 2 1 R, 2 ! A
Lo
1 2 1
I =12 -1]A (R, » — —R, % TaN §W)
0 1 - — : 5 °
5 5]
SR
1 0 5 5
I - A (R, > R, - 2R & TN §N)
0 1] 2
15 5]
SIS
5 5
. -1 —
3T A =12 __1%|
5 5

forereua: wRfvs w9 wieet % wEm 2, 79 fomd € fF A = AL steriq

BN

C,— C,-2C,, ° Wi g

B Rt
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W C,-> —%Cz,éssﬁﬁﬂgm

e

#=d: C,— C,—-2C,, o WA g7

o —
U1|L | o

12
1O:A55
0 1] |2 o

5

12

5 5

-1 —

3dug A_g__1

5 5

R WiRarstl oF WM g frefafEad g o1 ohH 9I< hifad;

01 2
A=[1 2 3
31 1
01 2 1 00
e WA € fh A=IA &gl |1 2 3|=|0 1 0]A
31 1 0 0 1
1 2 3] [01 0
70 0 1 2/=|1 0 O|A (R, < R 3M)
31 1] (001
1 2 37 [0 1 0
Rl 0 1 2|=|1 0 O|A (R,—R,-3REN)
0-5 -8] [0-3 1
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e

s B :
~ N W
o #
5 e x &’
| + +
— gl 1_2 —
4 24 7 o
o I \ﬁ
— R _
3 = = o
< < < <
— T 1 o A
co —~ © o = <@°o ~=a _1Jdo —~la
—_— O o on
=) Q_J _ =) __2 1_A_20 Q_J_Z
N
nﬁ - < o Y = il — N - |
[ — |
Il Il Il Il
_ T 1 1
n ™ oA_U n AN N n N — S A —
S — O
o — S~ O S —~ O
| —_ O O
— O O — O O |
—_ 0 O L I I
L = =

—
Ao 3_21
| ov e e
1| |

Il 1

S — —

o o — A,n

oS — O

— O O

L= =

o o -
o — O

—_ O O

I
N N -
o —

S — oNn
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U 3 &) U U
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o o \an — o™
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— o o o — — o
@ Q Q @ Q @ Q
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| e mle g e
—
. T ~ 1T 1 —le T — | N n =l
1 Aol
o o — o T 9 ey sl - Tl e e
— o o o <
— o < — o < —— o 9 — o (=]
N =N+ e NS a
_O —_ O _O — 0_ _0 — O_ _O — 0_ | 0_ | | | |
< < < < < < <
1l 1] 1] 1 Il 1l Il
I I 1 I 1 1 1 1 1
o — on o — on o — on S — N o — o o — O
S — on
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T B
2 2 2

S Al=|-4 3 -
5 -3 1

L2 2 2]

DIE P:D; _ﬂ g @ P IM wifST, 9 THen A Bl

P =[P faflay srefq, D; —2}{1 O}P

1 0 1
TS B P 1
Rl 5 |=|10 PR — Engm)
-5 1] [0 1
— =0
70 5 | =10 P (R, —» R, + 5R §)
0 O l 1
h 2

el oI 987 & oTege &1 fgda dfed & weft seEe s w9 2, T P
A T2 2

TS W& 1 ¥ 17 dF ok el o fohH, A% Sk ifde ¢, df yRfes ®lawr &
TAN W A I

1 -1 2 1 1 37
2 3 11 2 7
2 37 2 1] 2 5]
5 7] 7 4 1 3
(3 1] (4 5] 3 10
5 2 13 4] 2 7




3 1 2 6 6 -3
4 2 1 2 2 1
2 -3 21 2 33
1 _2} 4 2} 2 23
- - 3 2 2
1 3 =2 2 0 -1
-3 0 -5 51 0
12 5 0 01 3
STE ATA BUH TR o Fohd T had AR
(A) AB = BA (B) AB=BA =0
(C) AB=0,BA=1 (D) AB=BA =1
cos® sinf
qfe A=| 2 @ fag st &
—sin® cosO
cosnb sinnd
A" = i , ne N
—sinn® cosnd
T 39! MU e o fagia g fag i
- P(n) - Af A = CO.SG sin© @ AT cc>.sn6 sin no neN
—sin® cosH —sinn® cosnd
- P(1): A- cgse sin© e Al = co‘s6 sin©
—sin® cosH —sin® cosH
@, 9o =19 fau 5 B
TF eifee o qfom g = k& faw 9= 71
cosO sinO cosk® sinkO

BRI

P(k) : A:{

—sin® cosO

},?ﬁA"{

—sink® coskO

|
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a9 79 fog & o6 9o n=k +1 % foau off 9= 2

—sink® coskO

o Akt = AAK = cosO sinO || cosk® sinkO
B | —sin® cosH

[ cosOcoskd — sinOsin kO cosOsin kO + sin© cos kO
- | —sin©cos kO +cosOsink® —sin©Osin kO + cosOcos kO

[ cos(0+kO) sin(®+ kG)} { cos(k+1)0  sin(k+ 1)6}

—sin(@+k0) cos(0+k0)| |—sin(k+1)0 cos(k+1)o

AT IR n=k + 1 ok Toru off e 21 &1a; fvrdr e o1 fagla 9 g

%ﬁﬂ%fm“ An_{cosn@ sinn O

. , TEE] WIehd &S n ok faw " 2
—sinn® cosn

IfE AT B M hife o TAiHq reqg € o <uisq fF AB wHfi €, afs
3R shaet AfG A A1 B hufar-me €, $7iq AB = BA ®I

e @ o Aden B ST wmibd omege €, sfeiq A’= A9 B’ =B €
T oifsT fF AB 99fHa ® a1 (AB) = AB

B (AB) =B’A’= BA (Fi?)

3d: BA =AB

fqeima:, i AB = BA® d g9 fag +371 f% AB @dfid 2|

3| (AB) =B’A’
=B A (i Aden B Eufid € )
=AB

4 AB wHHd 2

2 -1 52 25
M ST R A{3 4]13{7 J’C:L) 8}%!@1@13413%’

D F1d sifsiw fof CD — AB = O ®lI

Fifds A, B, C @t ®ife 2, % ot amege € @R CD - AB well-+ifa aftenfia 2,
TAfT. D Wife 2 1 Tk o1 3T &1 =feu|
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oM e R D:{a Z}%IWCD—AB:O@W@W%%“

B e

- 2a+5¢ 2b+5d| [3 0 0 0
13a+8c 3b+8d | |43 22| |0 0

B

2a+5¢-3  2b+5d 0 0
3a+8c—43 3b+8d-22| |0 0

el &1 uFa 9 & frefafad adisor o e

2a+5¢-3=0 .. (1)
3a+8c—43=0 o)
2b+5d=0 . (3)
qe 3b+84-22=0 . (4
(1) (2), h! WA FH W a=-191, c = 77 Y Bl 21
(3) qAT (4), ! WA HH W bh=— 110, d = 44 9= &1 21
a b [=191 -110
o
0 1
tﬂ‘f?ﬂﬁﬂifm“AZ{o O}%ﬁaﬁﬁ@m%mﬂneN&m
(al + bA)" = "1 + na"~' bA, &1 1 Hife 2 HT THTH 3T T
1 1 1 3n—1 3n—l 311—1
g A=|1 1 1|, @ fag &ifvw & A7 =| 3" 3»! 31| 1N
1 1 1 371*1 31’1*] 3?1*1
3 4 1 2n 4n o .
awA , Tt fag it for A" o, | STEl U & Uk B



qE 109

A TN B EHHT 3T ¥ df fag I fF AB - BA TS faum wmfim o1 2
g HIY o 3Toqe B’AB wwfia stean foum wnfia € = A wfia afere
foom gmfia 21

0 2y z
x,y,ﬂ%z&ﬂﬁﬁaﬁw,qﬁiw A{x y z]l:ltﬂw
X =y <

A’A =11 T & 2

1
x@h fo@ w1 ok fag [1 2 1]{2
1

S O N
N o= O
= N O

e

DIE A:ﬁ ﬂ%ﬁaﬁﬁq@ﬁﬁq% A2—5A+71=0%

1 0 2||x
g [x =5 -1]j0 2 1]|4
2 0 3|1

e Fmfar i YR T ST x, y, A1 2 T SR hial @ 5 1 98 < 9l
¥ forsha ot 21 ogedl &t aiffer faent 9= gfea (feffa) 2:

— 03T @ xF OF I FiT

ELSIES ERCICE]
I 10,000 2,000 18,000
II 6,000 20,000 8,000

(a) AR x, y AU 7 T Y&k TR o] Tohd o HAW: Rs 2.50, Rs 1.50 qeq
Rs 1.00 2 df Yk IR ¥ et 3714 (Revenue) , 3TIE SISO ki HeTl
9 0 i

(b) AT ITeR T TXG3T ST IAH THE d! ard (Cost) TFRT: Rs 2.00,
Rs 1.00 @21 99 50 & o el oY (Gross profit) T ehifsIq|

12 3] [-7 -8 -9
Tqe X WWJ&XL S 6}:{2 . 6}%

If A 91 B WHM S o ol o8 W WhR ® R AB = BAR dl TR
oA g fag wifSw o AB" = B"A 2l Wk sifafiaa fag +ifew foh
¥ ne N & fau (AB)'= A"B" I
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foreifefan goi o wé S TR
g A= W YRR & o7 A2=1 @
(A) 1+02+By=0 B) 1-02+Py=0
C) 1-02-By=0 D) 1+02-Py=0
4% Tk 3TegE wHiHa qun favm wwiha <H @ A
(A) ATH Tl aegg 21 (B) AT& I TR 2|
(C) ATF ot 3T7g 2| (D) T ¥ %Ig &
I ATF if 3778 30 ThR € foF A2= A, @ (1+AP -7 AR 2:
(A) A (B) I-A ©) 1 (D) 3A

A, Tl a1 TSt T Tk SMFAHR - 2|

m TR QU n T o S8 T m X n IS T AL FHed
[a,),,, TF W ST 2

[a,),,, ©F W AR €
men?:ﬂaﬁ@@'f?:ﬂaﬁ%,qﬁ{ mzn%l

A=[a), T fool AoF € AR 0, =0, 59 i#j

A=[a], T AW AR €, A a,=0, 99 i#j,a,=k (kT TR 2),
S =2l

A=l[a) A TF TEEH ATE €, AR q,=159 i=;7q q, =0
i#j @

el I 3T (A R 3ege) o Weft e1e@d 9= e 2
A=[a]=[b,] =B (i) AT B WA Fife & & A (ii) i TN j o WO
e wH & AT o, = b, 2

kA = Ka, = [kal, ,,

~A=(-DA

A-B=A+(-1)B

A+B=B+A
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(A+B)+C=A+ (B +C), S&l A, BadC 99H *ifZ & Mg &

k(A +B) = kA + kB, S&l AT B AN Hif o e T q9Mk Th 3T 2|
(k+1)A=kA+IA, S kad [ 3R Bl )

Ak A=[a),, FNB=[b] WTAB=C=|[c,], .5 c; =D a;by 2l
(i) A(BC)=(AB)C, (i) A(B+C)=AB+AC, (i) (A+B)CEAC+BC
aARA=[q],  TATAT=[a]
i) (AY =A (i) (KAY =kA’ (i) (A+B)Y =A"+B’ (iv) (ABY =B’A’
g A’=AT a1 ATH GHMHT 38 2|

IR A'=-A T A ATH foom wHftg o= ©

forelt ot errege 1 U gufia R U faun wufird stegEl & ATk & &Y
¥ Frefya fhar s @k 2l

ARl W Rfas Hipand frefated €

() R, &R WC > C

(i) R, — kR & C, — kC,

(i) RieRi+kquT CieCi+ij

If% Aqe BSI o S1o4E §, 59 YhR fh AB=BA=1, 7l 3148 A%l A
=g B ?, {8 A g0 F1&fid # § @R 3798 B &1 Ichd A Rl

1t 3T HT Aok AR, A% SH! i €, fgda e 2




-,
"{TITﬁTITJB (Determinants) '

s*All Mathematical truths are relative and conditional — C.P. STEINMETZ +

4.1 91;&!3'7[ (Introduction)
firel st H, T STee SR TRl % e % faw
¥ ey foren B1 B Sl |HieRol o e @l
SRl o ®Y H o R ot T ¥ 36 STER s
TN & e

a x+b y=c,

a,x+b,y=c,

a b x

¢ . . y o
' S w o e T S o i A
a, b, 'y Cy ‘H ,-';‘4'-'n- e
1 [ F1 Al 7 T e T2, TR P.S. Laplace
a, b, —a,b, & G A FRAT ST 1 (FROT HifSQ fR (1749-1827)

=l

af DB w 4 b —a b 20, @ @ whETT % FrE @ T afdE e Y) @

a, b,

W& a, b, —a,b, S FHEN F @ & AGdE '@ AW B T, T/ AT

A:{al bl}@ﬁaﬁ%ﬁ'{sﬁAwmmdetAW 21 GRR] o

a, b,
gelifain, famm, sredere, s famm sente o fasga smwam €
T A U, §H ohadl arkiaes Slafted o 3 Hife d o AR W faar i

T A o R} o T o, SR, S8-@ve iR S @1 Shd A S
¥ ARIUTRT <1 STYANT, Uk ol TegE o Ge@es i HohH, fas Ttk & fehmal
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FT TIAAT 3 TG 3R Tk I8 & ohH 1 YA < I 1l oI =/ihl o
s FHiwT o Tt T I

4.2 GfuTeh (Determinant)
T nhIfE o TEh S AT A= [a,] ] Th FEAT (STEifereh a1 W) g0 Teiferd
Tohd € 8 ot eTTegg 1 WRMTE ®ed 21 T8 TH Fo &l 9 W S g @ S
Y% AR I UF Al Ge (SRafas a1 dfmy) § Hefaq s 2

Ifg M =t stegel 1 S 7, k 9t gemedt (arfas a1 aftms) &1 qgea ©
AR MK, F(A) =k % g0 GRAME € el Ae M3 ke Kad f(A), A®
R el 21 38 IAl A det (A) A o g0 off Frsfg fopan s 21

a b
. d‘ = det (A) B Toman S ?1

b
IR A= j J ,?ﬁA&wﬁmﬁMh‘

feauit
(i) I8 A% faQ, |AIH] A GRfU+ Ted 2|
(i) ehect ol MRl o URMUE B R

4.2.1 T HIfT & 3Tgg okl GRTUTa (Determinant of a matrix of order one)
T T Hife 1 STFEA=[a |8 @ A AR I ¢ o s IRfed fopan s 2

4.2.2 Tgdlg FIfE & TE &1 ARIUTE (Determinant of a matrix of order two)

an dp

T 2 x 2 I A1 ATTEA = 2l
ay dy
A S ORI ] TH YHR o IR R ST g o
all‘ 1 alZ
det (A) =IAl=A= \_\ =a,a, —a,a,
AZ{ a22

2 4
SERA 1| Z‘WIIFIEHHWI

2 4
A | o =2)-4-D)=4+4=8
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X x 1

ISR 2 1 HM Ad hifSTl

x—1 X

X x 1

A =x)-x+DHx=-1 =x*-F-DH=x*-x*+1=1

x -1 X

423 3x3 @i &F 3Tgg ohl Grfureh (Determinant of a matrix of order 3 x 3)
qdTa hife o T8 oh WRMUIek skl fadfia hife o @rfurerl o =7k ek Sa fRan S
2 € Tk GV 1 U i (91 T W) oh ST TR0l hedr 21 i Sife
% TR 1 D: YRR W THIRG fRAr S @ ofeEl (R, R, @1 R) H 9 T&®
% W SR T WA (C, C, T C,) § | YT o T TN T FOT FHH GH0mm
a0 2 o for Frefafan feafat & e e o )

it Seqg A=[a ], ., o 9RO W TR w@ 2

ij43%x3’
a;; 4 A4

Sigl [Al=]ay ay ay

;1 43 Ay
Taw ufe (R,) o A 7fasr v
a; ap ag
[Al=|ay, ay ay
;1 Q3 ds;
O 1 R, TES AT, BT (—1) D [(—]) @I S wRfore 1Al R vee
GfeRl (R,) 921 Yl T (C,) o 31adell sl BH | W fgdld whife oh WRivEs | o0
ST FifF o, , R, 3R C ¥ feorm &

ay dy

i D' ay g
UL 2 I a,, R, T C,H feom ¥ s R, % W @A a, 1 (-1)' 2
[(~1)% T 7] ST TRfoeR | A% 9eel W (R) T TR W9 (C,) 8¢ ¥ W
g w1 o arfores ¥ T FHife

BRI D'ay |4 g
UL 3 R a,, R, C, W feom ¥ wWfaw R & dW seEE w (-1)'
[(- 1)@= iy wRforer | Al el Wi (R,) T TR W69 (C,) F BeH | W
1 Ffz & AR QN

ay Ay
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ay Ay
a3 A4y

3:[% (_1)1 +3 a,

ICOT 4 316 A o1 WRIUR 319 | A | F S0STeh ol SUUeRT =X01 1, 2 & 3 | Wi ol
T3 T AT weR fafEe sterfq

Ay Ay 2 ay Ay
detA=1Al= (-1)'*' q,, D" a,
Gy A3 a3 Ay
a a
1 3 21 4
+ D) Ca
azy  dzp
R IAl'= a, (azz Uy — Az Ady) — 4y, (a21 sy — Ay a23)

+ a;, (a21 Ay, — 4y 4y,
=4y Ay Ay — 4y Ay Ayy — Ay, Ay Ay + 4, Ay 0y + 445 4y Ay,

— a5 4y a4y, .. (1)

| oot | &W AR = w1 O Wy s
faefra ufem (R,) o e1fast wawon

a4 43
[Al=|ay @y ay

a3 4z dsg

R, % 3T 7801 FH W, 7 9w B ¢

a a a a
21 12 O3 2 2 1n 43
[Al= (1D~ "a, (1) ay,

Qs ds3 as; ds

a a

23 n %

D7 7 ay
ds 4y

=- 4y (alz Ay, — 4y a13) T ay, (an Ay — 4y a13)
— Ay (an a;, — 4y 4y,

IAl

— 4, a4, 4 + a, as, a, +a, a Uy — Gy A, A3 — Ay Ay Ay
+a, a, a,
=4y, Ay Ay — 4y Ay Ay, — A, 4y Ayt Ay Ay Ay + 445 4y, 4y,

—a, a, a, .. (2)
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TEel WW (C,) o 9T wEr
ay 4 43
[Al= |y Gy day

a3 4z 4z

C,, % e TE0 % W W e B &

a a a a
11|92 G 2 1|%2 A3
[A = a (1) a, (1
Qs i3 az, A3z
a a
3 1|%2 i3
+ a3 (=1)
Gy Ay

=4, (azz Uy — Gy asz) — 4y (alz Uy — Ay, a32) + as; (alz Ay — a4y, azz)

IAl= Ay Gy Gyy — Gy Qyy Ayy — Gy Gy Ay + 4y Ay Ay + 4y 4y, Ay
=4y 43 Ay,
=y Ay gy — Ay Gy Gy — Gy, Gy Ay + Ay, Gy Gy + A5 Gy Ay
-a, a, a,, .. 3)

(1), (2) X (3) 4 T B fF | Al 9H G9H 21 I8 UISh] o AW o fog B
feon w0 2 foF 3 7% wWenfom & &R 1AW R, C, 3R C, % sfew v (1), (2)
AR (3) 9§ 9 SR} & 99 2

310 T IR ! fordll off 9fea a1 w9 o STIfRe TO0T s 9 99 A 9T
e 21
feauit
(i) U I TA L oF T TH AR o1 39 Ulekd A1 TH oF TSR TE0T hif

S St o1 den sifeshad gt 2
(i) WRFUTERT T TEXOT ad R (—1)i+/ § T[0T & oF M W, H (i +/) o 99 A1

oo 89 & STER +1 A1 Y 7O T Hehd 2|

2 2

11
iy wH AT A = 4 0 AR B = Zoﬁ%mmw%%

A=2B.ThqIAI=0-8=-83RIBI=0-2=-27%I
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SR BT T Al =4(=2)=22IBIATIA|=2"IBI, Sl n=2, a1 3=el A
g B I 2l

9k ®9 §, A A=kB, STel A9 B ol 3778l i Hife n €, 9 |Al=k"| B |, 5Tl
n=1,2,3%

1 2 4

SETET0T 3 WRE A=|—1 3 0| % 99 9 &I
4 1 0

T wn dfe fF T Wy | @ sfafer g 2 seiae dw w9 (C) % sk
TR 3 W eH U g § o

-1 3
4 1

1 2
-0
4 1

12‘

_4
A= ‘ 103

4(-1-12)-0+0 =-52

0 sin —Cos
IETET0T 4 A= |—sin 0 sin | &1 HF | HIWW|
cos —sin 0

Tl R, % TIfe W0 % R &8 we e € fR

0 sin —sin sin —sin 0

A=0| | ,
—S1in COS COS —Sin

‘—sin

‘—COS

=0 —sin o (0 —sin B cos o) — cos o (sin o sin B — 0)
=sin o sin B cos o — cos ¢ sin o sin B =0

3 3 2
ISTBIUT 5 IS )lc A 1?ﬁx&ﬂﬂ§nﬁﬁﬁm
X
3 x 3 2
IED
T feaan 2 ‘ 1 ‘4 1‘
G 3-x=3-8
?ﬂﬂﬁ x> =38
3d: x=i2\/§
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oI 4.1
Y99 1 ¥ 2 O H 9RfUTh] &1 UF FA1d i
2 4
L | s
_|cos  —sin . ox 1 x-1
2. (1) | . (1)
in Ccos 1 x 1
1 2
3. Ik A= 4 Tl fgEse 12A1=41A1
1 0 1
4. aff A= 0 1 2 &, @ fR@ECI3AI=271A]
0 0 4
5. Trafafea arfoes! =1 9@ 3@ wifse
3 -1 =2 3 -4 5 0 1 2
@10 0 -1 G |1 1 =2 Gi) [-1 0 -3
3 5 0 2 3 1 2 3 0
2 -1 =2
Gv) [0 2 -1
3 5 0
11 =2
6. I A= 2 1 -3 B AWIAl Jd HIfST|
5 4 9
7. x° HH @ HiGW I
|2 4] |2x 4 ]2 3 x 3
O ls 1] |6 @y 50 |2x s
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x 2 6 2
8. 4fe 8 ‘18 6‘%ﬁaﬁxw%:
(A) 6 (B) +6 (C) -6 (D) 0

4.3 Axfutent ok e (Properties of Determinants)

el 317598 § BH- WRIUIh! o1 JERUT 31 Sl 21 5 31=e% H 86 URMUhI o &9
UMl Rl YAlag w0 Tk ufed o1 w9 ¥ 3 ) qeHs sl sfehad
T W AT I F1d HT W € Sl 21 3 o fee off wife o wnfes & fag
T € Tohd &9 W &l 3% shad dIEd HIE T oh WRIURT qen Wi W@
Tuient 1 TR wRfo 1 AE soel Wil ok Wl o wER gfEfdt s W
safiafda e

a 4, d4a;
AT - 0F Wi A= b b, by
€ G G
T TR o TN T I W, BH WW 6 © 1
b, b, b b, b b,
A= q 2 3
G, G ¢ G G G

=a, (b2c3—b3 c,) —a, (b, c3—b3 c) + a, (b, c,-b,c)
A 9feqdl & Wl uiEfdd e W g 9Ries
a b ¢
I gl 2

A=|a, b ¢

a; by ¢
A, T T W % STIRY TEO kW R W UN E R

A=a (b,c,-—c,b)~a, (b c,—b,c)+a, (b c,-Db,c)
37 A=A,

femuit sTiE e § T § fF Ak ATE @ e € A det (A) = det (AY), ST
A, A ftEd 2l

o foopoft | afg R =i Wm SR C =il ww 7, @ Wfemdl o Wl o R
GRerdd @l 8" Hehad H C, > R fa@

SIS H ISR T[UTH o1 I[EX0] GRI | il
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2 -3 5
SEEIT 6 A=|6 0 4| AT TuEH | w1 ST &)
1 5 -7

o1 Rk 1 YoIq 9o oF STIRET T¥R0 i W,

6
1 -7

4
A=2‘ —(—3)‘

5 7

6 0

15
=2(0-20)+3(=42-4)+5(30-0)
——40-138+ 150 =28

Yol 3R S o] TR qRedd S T g U s 2

2 6 1
A=|-3 0 5| (Y8 WY b I TRT HH W)
5 4 -7
0 5 6 1 6 1
=2 —(-3)
4 -7 4 -7 0 5

=2(0-20)+3(-42-4)+5(30-0)
=—40-138 +150=-28

e A=A,

31 IO | Fea gal

TUTEH 2 A Tk WRIUTR T RIS &1 GfoRkal (A1 W) I IR gREfdd s fa S
2, a9 R 1 fog gfEfda e s 2

W HH Fﬂ-ﬁﬁq A = bl b2 b3

G G G
W GfeRd o SIS YRRl i W EH Ui ®
A=a (b,c,-b,c,)~a,(b c,-b,c)+a, (b c,-b,c)
TEel SR el wfEl w weR afEfdd 6 Ul R oR, ¥ W T SRl



A = b, b, b,
a a, a;
21 38 Il o & ek TERe 6 W,
A =a (c,b,-b,c))~a,(c, b,—c,b)+a,(b,c, =D c)

121

= ~la, (b,c,-b,c)~a, (b c,~b,c)+a, (b c,—b,c)] TN BRI

TR EFA=-A

= YR, B9 Tl &) i ol weR gfEfid e Se R o) Seitd s SR 2

C,& C,% gu ffie Fw 2

| feroroft | & dferl & e R Hi R ¢ R 3w & wwe ied

2 3 5
SEE 7ARA=|6 0 4|2 q o 2 w1 FeAwE Hit)
1 5 -7
2 3 5
FTATHAd IR B T A=[6 0 4 |=_28fEu 3w 6)
1 5 -7
R, ¥ R, % TR 9fEfdq w | SFiqR, <> R, ¥
2 3 5
A=|1 5 -7y @Rl
6 0 4
TRfoTE A, 1 TEel Wi % SfRR TR HE W EH W w € R
5 gt S|
A=y 4" 4 6 0

=2(20-0)+3 (4 +42) + 5 (0—30)
=40 + 138 — 150 = 28
e A =—A

37 TUIH 2 Fea gl
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Turerd 3 AR TH AR H HE Gl (e W) ' § (W § stee
TaH ®), df "R 1 1 I g 2

U af% &9 AR A S 99F 9fedl (A1 W) & WeR gRafid #ad § A
1 A YfEtdd T8 sar 2

qefy, QUi 2 % SFIER A W1 TUE W8 T R

gHieTT A=—A

B A=0

HET B YUK UM 1 Teh IS o g FoAdH Hid &
3 2 3

IR 8 A=|2 2 3| sk 9F J hifsa
3 2 3

ol Teel! dfeRk o SIS WEUl i W EH WK i €
A=36-6)-2(06-9+34-6)
=0-2(-3)+3(-2)=6-6=0
7 R, SRR, T €|
TUTETE 4 A Tk Rk oF FRE! T U (312@ W) o s 3T &l Th TR
k, 9 TN 3 € d 3EeR " off k9 o e s @)

HeAOT 9 i A=la, b, ¢

TR YW R o STeREl Bl AW O R WU WRE A 7
ka, kb, kc

A=|a b o

wer dfert o STIRY TR i W, BH WK i €
A =ka (byc,~b,c)-kb (a,c,-c,a)+kc (a, b,-Db,a,)
=kla (b,c,—b,c)~-b (a,c,~c,a)+c (a,b,—b,a)]l =kA

ka, kb, kc, a b ¢
31d: a b, ¢ |=k|ay b ¢
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feuuit
(i) 39 UM o IER, T Th AR &l el U e a1 @l | 96 s9afs
TGS 9l e Wehd 2l
(i) af% Tk ARfUeR i forgl <1 dferml (31 W) o Wd STemE AU (S
I ) B, a9 SR A I BT 21 SIELU:

a a, a4
A=|b b, by |=0dfEE R, T R, T )

ka, ka, ka,

102 18 36
SEET 9 WRfuek | 1 3 4 |1 9 9| sifeu
17 3 6
102 18 36| |6(17) 6(3) 6(6) 17 3 6
gaA ANt fR |1 3 4 1 3 4 6[1 3 4| 0
17 3 6 17 3 6 17 3 6
(ToTerd 3 37 4)

TUTH 5 A Tk AR 1 T Ul A1 WH 6 P A1 |l e & (AT M)
Ui oh AR o ®Y H ook 8 A WRIUR ki < (A1 31fereR) ARfUTeRl o ATed ok
®Y § = foRan < Hehal 2

al 1 612 2 ag 3 al aZ (13 1 2 3
IEUAA| b, b, b, =|b b, b b b, b
¢ C, C G G G G 6 G
a 1 & 2 3 3
"I a9y = | b b, by
G G C3

werd ofert o TR WU % W BH UN ® TR
A=(a, +A) (b,c,—c,b)—(a,+1A) (b c,—b,c)
+(a,+A) (b, c,-b,c)
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=a, (b,c;,~c,b)~a, (b, c;~b,c)+a, (b c,-b,c)
+A (byc,—c,b)—A, (byc,—b,c)+ A, (b, c,-b,c)

(TSI ! HEEd B W)
a a4, da 1 2 3
=|b b, by| |b b, by| =T TH
G 6 G G G G

T YRR I w9 Wl o faw e o 5 1 W wY Had 2

a b c

0T 10 WL fR |a 2x b 2y ¢ 2z O
X y Z

a b c a b ¢ a b ¢

e W la 2¢ b 2y ¢ 27 =|¢ D o] 2% 2y 22

X y 4 oy Yoz
(UTEH 5 %R gN)

=0+0=0 (UM 3 3R 4 H FET FH W)

T 6 AR T ARk o fRE ufem o WY o yoieh ofed W, gHY Ui a1 we
o G SFETel o THH T[UTSH i S f&ar S € A "Rt 61 7 =) e 81 erufq,
afE B R, > R + kR A C,— C,+k C, 1 M %X d VRO 1 M &l el 2l
TS

a, a, a, a, ke a, kc, ay kc
7= #fe A= |b b, by| @R A= b, b, b,

G 6 G G 6 G
T A EfFa R, — R, + kR, & AT 510 W el €

7 &0 A R (R,) % TS I SR AW 0N HEh SR 3% el ufR (R) %
T srEgel ¥ Sisd 2
Hora BN $9 WiEAT I 3W YR foed ¥ R, - R, + kR,
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A YT
a, a, a, ke, kcy, ke
A =|b b, b by b, by | (EEE 5 F A
G G G L R = B
=A+0 (v T R, 31k R, 9ot )
3Ad: A=A,
feuguit
() af% ¥R A ¥ R — kR, A C, — kC,& T & W ®Rfor A 2, @
A = kA.
1

(i) I & @MU Ri%Ri+kR].§lﬂ°[ i 1 T 9 Al 9 9= fear mn
T A A S U R Teel dfmar § uIfad G w1 o SR § 9EnT el
B =1few) Sl ool YRR &) feoquft @l w1 w@iwemst § ydiv 1 S 2

a a b a b c

Saretor 11 fag ST fF A =(2a 3a 2b 4a 3b 2| o
3a 6a 3b 10a 6b 3c

&l "R A § R, > R, - 2R, 3K R, - R, - 3R, &1 YT & | &9 T ¢ fh

a a b a b c¢
A=1|0 a 2a b
0 3a Ta 3b
T: R, — R, - 3R,, %1 YT & ¥ &9 94 € T
a a b a b ¢
A=10 a 2a b
0 0 a
C, % ITIRT T B W
a 2a b
A= a +0+0
0 a

= a(@-0)=a(a®) =d 9= & 2
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FEETOT 12 Y] T fam fag wifse fw

a9 R, 3R R, % 319 IO &
ESIKI A=0
FETE0T 13 TeAfafEa &1 99 9a SNy

1 a bc

A= |1 b ca
1 ¢ ab

%@ R, > R,-R, 3 R, >R, —R, & T & W gH 90 ¢ &

1 a bc
A=10 b a c(a b
0O ¢ a b(a o

R, SRR, ¥ FH: (b —a) 3R (c —a) TS 1 W &9 90 &

1 a bc
A=bB a)c a0 1 -c
01 -b

=(b—-a)(c-a)[(-b+c)] (T WA & TR T HH W)
=(a-b)(b-c)(c—-a)
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218007 14 g ifee fF b c a b 4abc

A=| b c a b
TR | R, - R, —R,—R, 1 T4 % W g0 9 & FR

A=|b ¢ a b

c c a b
R, % ST THROT HE W EW UM € fR

c

b

c a

A=0

c a b c c

‘ - (-20)

b b
-2b
b ‘ (=2b)

=2cab+b>-bc)-2b(bc-c*-ac)
=2abc+2chb*-2bc*-2b* + 2 bc*+2abc
=4 abc

1
TEETOT 15 ARy y, A A sk |y y? 1y 0,
1 z

q JIMET 6 1 +xyz=0

x x 1 x
e e A=y ¥ 1
z 21 2
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2

1 x x 1 x x2

(Dt y ¥ ozl y »| (C,oC, 3R @@ C, & C, 3 AT 5R)

2

1 z 7% 1 z z

2
1 x x

1y ¥ xyp2)
2

1 z 2

2
1 X X

1 xz|0 y x y* x*|(R>R-R 3RR, - R-R H Ja HH T)

0 z x 72 x*

RZ@I (y—x)ﬁ? R315l (z — x) YIS W W EH U % ¢ T

2
1 x x

A= (I+xyz) y=x) z—=0)|0 1 y x
01 z x

. =(1+xy2) (v~ %) (2= %) (z—y) (C, o A TN HH W)
EEd A=03Ry, y 3R, wft = 2

3Ad: x—y;tO,y—z;tO,z—x;tO,ﬁ%'ﬁf1+xyz:09T‘H€ﬁ'clT%l
1 a 1 1

FETET0T 16 <@nse fam | 1 1 b 1 abc 1
1 I 1 ¢

%A R, R R R H § F: q, b IR c 39S o7 W 89 91 & € T

abc bc ca ab

o | =

Q| =
S| -

1 1
-1 =
a a

|t uey = abe 1

S I R

1
b

S| = S|~

11
- -1
C C

R—R +R +R & T & | 30 90 ¢ &
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I 1 1 I 1 1 1 1 1
I+—+—+— I+—+—+— I+—+—+—
a b c a b c a b c
1 1
= abc — —+1 —
A b b b
1 1 L
C C C
1 1 1
I 1T 1)1 1 1
= abc| 1+—+—+— |- —+1 —
a A a b cjb b b
1 1,
C C c
3 C,— C,—C, 3R C,— C,— C, % Y41 % W g7 I & fF
1 0 0
A:abc[1+l+l+lj 1 1 0
a b c)| b
1 0 1
C

= abc(1+l+%+lj[l(l—0ﬂ

a c

1 1 1 -
= abc 1+—+;+— =abc + bc + ca + ab =TI 9y
a c

| oot | o= fafel g0 C, > €, - C,aC, - C, - C,, F1 ST Fh a0
C,— C,—a C, I YA Hich SUUHK SEEW %! Bl HL 1 FIc1 Hil

yy-aet 4.2

fam1 T fohu 3R GRfmER] o TUrEET 1 W wieh FefatEd we 1 " 5 & fag
i)

X a x+a a b b ¢ ¢ a 2 7 65
1. |y b y+b|=0 2. ¢ ¢ a a b 0 3.3 8 75=0
z ¢ z+c c a a b b c 5 9 86
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RG]

1 be a(b+c) b+c g+r y+z a p x
1 ca b(c+a):0 c+a r+p z+x|=2b q y
1 ab c(a+b) a+b p+q x+y c r z

2

0 a -b —a

—a 0 —c|=0 ba

b ¢ O ca
1 a &

@ 1 b b :(a—b)(b—c)(c—a)
1 ¢ ¢

ab

-b?

ch

ARfUTeR] o TUIEET 1 YA Heh U996 § 14 Tk ki 9§ HieC:

ac
bc|=4a’b’c’

2

—C

1 1 1

(ii) a b c:(a—b)(b—c)(c—a)(a+b+c)
a3 b3 C}

X X yz

Y Y 2 =(x—y) (y-2) (2-x) (xy + yz + 20)
z xy
x+4 2x 2x

() | 2x  x+4  2x |=(5x+4)(4-x)
2x 2x  x+4

y+k y y

)| y y+k y | kK 3y k
y y y+k
a b ¢ 2a 2a
(1) 2b b ¢ a 2b a b c
2¢ 2¢ c a b
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xX+y+2z X y
(i) Z y+z+2x y :2(x+y+z)3
z X Z+x+2y
1 x X
12. |x¥ 1 x 1 x°
x x 1
l1+a* - b* 2ab —2b
3
13 2ab  1-a*+ b 2a :(1+a2+b2)
2b —2a 1—a* -b*
a 1 ab ac
14. ab b1 bec| 1 a b ¢
ca ch 1

e W@ 15 q1 16§ W IW g
15. af% ATH 3 x 3 o1 a1 eMegg 7 @ |kAlSHT I AT

(A) k1Al (B) k1Al (C) K*1A (D) 3kIAl
16. Trfafea & o &H @ %2F € 2

(A) RO T of @Tregg 21

(B) R Uk 3MeYe W Helg Uh WEAl 2

(C) R Wk ot @MTegg ¥ Geg Uh e R

(D) T ¥ i &

4.4 Taqst &1 @R (Area of a Triangle)
T fusell seneti & e ® fo T s ISEED Sﬂ'ﬁiﬁﬂ (s ¥)s (x5 y,) A (x5, 3,),

B a1 IHH GThA A %[xl(yz—y3) +x, (v;y,) + X, (y,~y,)] 80 = B2 S
21 379 TH A5 ! WU o Y H 39 YRR forEr S §ehdl 8

x oy 1
y, 1 .. (1)
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(i) wEfH & Tk SIS T B 2 gHiaT g% wed (1) o Wrfores 1 R
M o 2l

(i) = &5rher o & @ UM o foiu SRR 1 GTcHeR 31K SRR <1 Wl okl
AN it

(i) o W@ foged 9 99 s @1 sEwa = g

T IYS 1 e TSIt fSees i (3, 8), (- 4, 2) 3R (5, 1) Bl

S 1 &5
R T
A=Z|-4 2 1 = 5[3(2—1)—8(—4—5)+1(—4—10)]
511
1 61
=~ (3+72-14)= —
2( " ) 2

HRIOTeRT 1 ST ek A(1, 3) 3 B (0, 0) 1 SIS+ aTeit 1@l &1 FHieRo
A HIST AR kT AE A1 SIS A Tk 95 D(k, 0) 30 ¥R 8 7 A ABD &1
g% 3 a1 TS 2

A <ffSe AB W #E fag P(x, y) 8 98 A ABP &I &5%d = 0 (F1?)

10 0 1
S IG1Y 51 3 11=0
x y 1
1
9 U ® 5(y—3x)=0q1y=3x

S @refie T@r AB &1 Wi 2
g A ABD &1 &5(%cl 3 ot gehie fean @ or:

—+3 g4 U @ _—Skziﬂ,i.e.,k: F2

N | =
> o =

3
0
0

S Sy
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YAt 4.3
1. Tr=fafea g ¥ Ru e oY fogetl am BIgsi 1 &9%a TSI
(i) (1,0),(6,0),(4,3) (i) (2,7),(1,1),(10,8)

(i) (-2,-3),(3,2), (-1,-8)
2. <uEe fo6 TS A (@, b+ ¢), B (b, ¢ + a) 3R C (¢, a + b) T@ 2

3. YAE H kT A 9 RIS AR S B w4 o TR € Wl ey
ffafea €

1) (k,0),(4,0),(0,2) (i) (-2,0),(0,4),(0,k)
4. (i) SRR 1 GE Tk (1, 2) 3R (3, 6) i THeAM el @1 1 FHehor [
ifTa)
(i) ERIUTeRT T T=IT e (3, 1) 3L (9, 3) i THel et W@ =1 |l 3
ifTa)
5. afx 9 (2, -6), (5, 4) R (k, 4) AT BT 1 SdABe 35 O R @ Al kT
e 2
(A) 12 (B) -2 (C) -12, 2 (D) 12,-2

4.5 SUER{UTR Bﬁ'{‘ TEES (Minor and Co-factor)

T AR W eH STERIUE 3R WeEe! 1 YANT ik WRIUER o FERUT 1 fasga &9
foreT HE|

TR 1 WRIE o ST g, 1 STERVE T SR § S el dfe ek A W

s st o, feorm 2, ﬁmﬁ@w@mélma % STERME F M, % g
= W B

it n(n>2) %H o WUk % TFe 1 STHRIER 1 — | ¥ o GO Bl 2l

123
4 5 6
7 89
T wE 6 Y U Td g wWe H feem 81 sefa swe STWiRve = M,
frefafas y#R 9 e g 2

FETETOT 19 WRUE A = T TaId 6 1 STHURUE 1 hie)

1 2
7 8

M,, = ‘:8-14:-6(AﬁRzaﬁtc3mﬁw
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TR 2 U SR g, F1 WeEs SR A GRS F €, S
Aij=(_1)i+j Mij’
o g URefE #3d € Wl a, H STEROE M, 2l

i)
mzowﬁm‘i J#mﬂmﬁéwﬁma%@@aﬁﬁﬁm

El 3P a, F1 ITEROE M, 2
R a, =1, 30T M, = a, F STHRIUER =3
M,, = 334 q , ST ST =4
M,, = &9 q,, T STARE = -2
M,, = ST g, 1 STHRUE = |
34 a, 1 HE@S A B Y
A, =DM =(-1)P3)=3
A,=CED"" M, =(-1) 4 =-4
A, =D M, =) (-2) =2
A, =1 M, =D () =1

A G 43
SEETUT 21 A= |4y Gy Ayl T SRSl a, T a, F STHRGR SR WEES

a3 4z  dig
A Hife|
ol SUERIUER 3N HeEs &1 YA g 8 UM B

- & M Qay Ay
aj, - T g a = dy, A= dyy Ay,
32 33
W—g — — (_1)1+1 — _
a, <l - A11 - ( 1) Mn =4, a33 azs a32
& M ap a3
a,, el - Y T ay, as =4, d;;—a;zag,

a, 1 WE@E =A, =)' M, =D (a,a,-a,a,)=—-a,a,+a,a

12 733 13 732
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femuil 3TreTor 21 AR A ®1 R, % WE TERY H W B UM 2 R

a, a
Ay o3 ay; Ay 21 22

A=(-D""a, +(D'"a, +D"ay ey, ay,

a3, ds; ds ds;

=a11A11 + alelz + a13A13, S aijw ESEICECS Aii%I
=R, % 3EFal IR 3 WG We@el % TR T A
T ER AFI R, R, C,, C, 3R C, & IR 5 TR 31 V&R 9 €|
¥4 "R A, Tt i (3 w09) o steEEl 3 Seh W HeE sl o UATd
=1 AT B
| fooit | wfk ww Wi (1 W) % STeREl & o R (A W) % HeEe

| T R ST @ TR AT Y T 21 3SR, WA = a, A, +a,, A,
ta,A,, I

ap,p a3
A=a, (1) ra, (| Wl e e
Az  ds3 ay,  as Oy Uhy
a 4 a3
= |4 4, 43 :O(ERﬂ'I:m" R13€ﬁT RZW %)
431 43y ds3
Tl YRR W 319 Ulekd iR w9l o fow yae Y e 2
2 -3 5
SETET0T 22 ORI |6 0 4| % aauEl & SYERUR S "EEE 9d SIS iR
1 5 -7
A FIC & a, A, +a,A, +a,A,=0%
. 0 4
EAW M, =5 4 =0-20=-20; WA A, = (-1)"*(-20) = 20
6 4
M,=|; | =-42-4=-46,T0@TA,, = (-1)" (- 46) = 46

0
M= s =30-0=30; 38T A, =(-1)'"(30) =30
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1.

9}

(1)

(1)

3 5
M, =5 4=21-25=-4 sHATA, = (-1 (-4 =4
2 5
M, = 1 7| = -14-5=-19; W%IEAR = (-1)*2(=19) =-19
2 -3
M=, 5|=10+3=13 W@ A, =(1)"(13)=-13
3 5
M, =, 4 =-12-0=-12; WTA, = (-D* (-12) =-12
2 5
M= ¢ 4| =8-30=-22;50f@ A, = (-1)"?(-22) =22
2 -3
M=l | =0+18=18 e A, =(1)"(18) =18
a,=2,a,=-3,a,=5 TAA, =-12,A, =22, A, =183

all A31 + a12 A32 + a13 A33
=2 (=12) +(=3) (22) + 5 (18) = 24 — 66 + 90 = 0

Yyt 4.4
freafafea arfoee! o saFEl o SYARUe g "eEs fafau)
2 -4 _la ¢
0 3 W, 4
1 00 4
010 G |3 5 -1
0 0 1 2

5 38

3. &l uferd & s1EEl o He@el Tl YA ileh A= (2 0 1| =1 #F T HifsQ

1 2 3
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I x yz

4. R w9 % ETel & geEel F yET e A=l Y | um wa wmif
1 z xy

5. AR A=|ay a, ay| 3R a, ¥ HE@S A B W A WA frEfatas w9 4
a3 dyp Az
e fepa =T 2
(A) a, A +a,A,+a,A, B) a,A+a,A, +a,A,
©) a, A t+a,A,+a,A, D) a, A +a, A, +a, A,

4.6 3TeIg o WEWS 3T gohH (Adjoint and Inverse of a Matrix)

fIgel 1A ¥ T U STIE & ogohW o1 12797 fhal €1 39 1=k | o9 @&
ST o kA oF A o AT or@l sl off = &l

A JA & ok fAU 959 B9 U ST 1 He@esl qRHd il
4.6.1 3MTTg T HgESS (Adjoint of a matrix)

TR 3T o ACR A=[a,] F1 WSS, T [A,] % IR % w9 # qRefd ¥,
Sl A, S a, F HEWS 8l ASE A He@es H adj A% §N TR H B

a4 O

A i A= ay a, ay 2

Ay Ap Ap Ay Ay Ay
dad adj A = A21 Azz A23 1 I = A12 Azz A32 %ﬁT %l
Az Ay Ag Ap Ay Agy
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T W E R A =4A,=-1,A, =-3,A,=2
| Ay Ayl [4 -3
3d: adj A = A, Ay, Tl 9

a a .
! '2} 1 HEGES adj A, a, R a,, F TER

a1 axp

2x2ﬁﬁ$aﬁ3ﬂa§?A:{

TR TH a,, 3R a, % Tz ofafda w2 3 9 off wr fean s wear @ S = <t
T 2l

oz wfa TER FRfAT
&q T suufa & frefafea v fafde «@ )
af% AR nFife F THE T A, Aadj A) = (adj A) A = |A|]1, ST, n HIfE
1 TEHSF IE T
HATIA: A AN

A= ay @y ay T W@ adjA= Ap Ay Ay
a3 Az dzy A Ay Ay
Hifh Teh UleRt A1 WY o STaIdl o1 W0 Te@el ! IO &1 AN | Al eF §HME Bl
? e I g R

ap dip gz {Au Ay A31]

Al 0 0 1 00
TH TR AdiA)y=0 |Al 0|=]a |0 1 0]=|AlT
0 0 |A 00 1

T YR, B9 <91 Tehd € T (adj A) A=1AIT
A A (adj A) = (adj A) A = |A| ] Feifqa 2l
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TR 4 Wk ot SR A SSERUUIA (singular) e € AR |A| =021

12
SR F AU AT A=, o F EROE Y B IM: A T T

T 5 T o 3TE A SIhHUNA (non-singular) FEAT ¢ AR |A] %0

12 12
A AT A= - @aﬁ|A|=‘3 4‘=4—6:-2¢0%|
3Td: A SIhA B

en ffataa yig fomr syt & Hife =t © €

TE 2 AR AT BRA! UH € FifE o ForAvT SR & @ AB del BA o 3t
FIE & FhAUNT TeTE B 2

U 3 TRl o TUA%A 1 FRMTE 3R N R o UERE % W9 gl
T 19fq |AB| = |A| [B|, Sl ATen B WWH wife & i aregE 2

Al 0 0
fewuft w1 9 € 7 (adjA)A=|A| 1= 0 |A] 0
0 0 |A
Tl SR TR 1 ARUER o W,
Al 0 0
((adj AYA| = |0 |A] 0
0 0 |A
100
Coin adj A) 1A= |A[]0 1 0 ()
00 1
i I(adj A 1Al = |A]" (1)
arefiq l(adj A)l = |A[

SAME 9 °, AR 1 Hif AT TH o TS AT @ ladj Al = | Al EFTI
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T 4 Th o SAFEA T kA 1 A 7, 9 3R et A A Fehuolia e 2
SUUfA A AT 1 R HT FhAUE SR A € R o HifE HT dmE 3T 1 R
T n HifC o Th o T B 1 3T 39 TR & d@fh AB = BA=1

FFTAB =1 &l IABI=I1l 41 |AlIBl=1 (Fif® I11=1,IABI=1AlIBI)
Y W B € IAl#0. 3: A SehHIE 2l

foretimd: o AU A S[ehdoia 21 dd [Al£0

EiC | A (adj A) = (adj A) A = |A]1 (T 1)
Pl Al Laagial=[ Laaiala=
Al Al
. I
0 AB=BA =1 &l B= ——adjiA
1
1 Aéwwaﬁﬂa%aﬁtmzmadﬂ%
133
SEETT 24 ARA= 1 4 3 T q@ Ffud HINT BF AL adj A= |A]. 13R A
1 3 4
T i
TABH UM T R Al =1(16-9)-34-3)+3(3 -4 =10
sHA, =7 A,=—1,A =—1,A =-3,A_ =1,A =0,A, =-3,A_ =0,A, =1
7 -3 -3
zafeg adiA=|-1 1 0
-1 0 1
1 3 3][7 -3 -3
A AadiA)=|1 4 3||-1 1 0
13 4][-1 0 1




73 330 303
=7 4 340 303
73 330 304
100 100
=010=1 010 =|AI
00 1 00 1

R A1||ade__ 1 1 0 11 0
by 1 0 1
2 3 1 2
A= | ,-B g . wenfya IS fF (AB)' =BA 'R
. 2 31 2] [-1 5
WW%%AB{l —4“—1 3}{5 —14}

=it |AB| = —11 20, (AB) ! =1 31 € 3R 38 Fefaiad YR 9 =9e foman
ST B

14 - 14 5

(AB)' = ——.adj(AB)=—1| T+ 7 =i{ }
|AB| 1l -5 -1 115 1

A |Al =-11207 [B| =1 0. TRTA 3 B 3 *1 a1 3 ok o

Frefafead 9 § =9 far ST 9ol 2

L1 [-4 31, [3 2
A'l=—— B'=
11 -1 2 11
132 4 3 1 14 5 1{145}
11

ESIKI B'A' _
11 1 2 15 1 11

3: (AB)' = B A ®|
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2 3 .
SETETUT 26 WG I foF oTegE A= |, WHIRT A’- 4A+1= O, SR |

2 x 2 I H TH TEHF AL 8 X 0, 2x2 Hife & TH YA 3THE T| THH!
HEEd ¥ A F i

. » 2372 3] 7 12
gﬁ%ﬂamﬁ%%A_A.A_L 2M1 2}{4 7}

712 812 10 [0 0
I A2 4A +1= = =0
4 7 48 01 |00
31 A2—4A+1=0
Eesirci AA—4A=—1
el AAAD-4AAT=—TA" GFl ARATH IW T0H A Fifh Al #0)
T AAA) —41=— A"
T Al—4I=— A"
4 0] 2 3 2 -3
-1 _ — =
a AT =dl=A =14 4171 2|7 |41 2
2 3
37 Al =
1 2
Yyt 4.5
T | R 2 H Y% 3Tege 1 Hewest (adjoint) FMM HifST
1 12
. L2 5, 2 35
34 2 0 1

7% 3 3R 4 H WeAnfaq RN 5 A (adj A) = (adj A) A= |A|. 12

11 2
323 , 30 2
204 e .

1 0 3
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7o 5 9 11 ¥ R TU gk el o Fopd (e sifaa 1) 3@ &ifsml

1 2 3
2 2 02 4
4 3 005
0 0 2 1 3 L1 2
3 0 4 10 0 2 3
2 1 7 2 1 3 2 4
1 0 0
0 cos sin
0 sin Cos
3 7 6 8
A=, #ANB = I 2 woafud i f (AB)' = B A2l

1
AMwA= |, 2 <eiET F A2 5A +71=0 36! HEd ¥ A~ T IS

3 2 .
AFE A= | , % a0 a ¥R b UE Hemd e Hife @
A’ +aA +bI=0

11 1
e A= 1 2 3 o fag qoisq fFA- 6A2+5A+111=0 2
2 1 3

TR WAl A I Hifem)

2 I 1

A= 1 2 1 ,d gofud ST fF A3 — 6A2 + 9A -4l = O & e
1 1 2

TR WAl A I Hifew)
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17. ARA, 3x3 I &1 ot oge @ @ ladj Al A1 &:
(A) 1Al (B) IAI? (C) IAP (D) 3IAl
18. AR A SIfE T 1 qehHia 3178 B @l det (A) T:

1
A) det(A) B @a O (D) 0

4.7 \RfoTeRt 3T 3Meggl % WA ( Applications of Determinants and

Matrices)

TH TS W BW § 91 dF 3| Ul & Waw wHie fee o'W 3R aw
GHiRoT ok R hT Gadr 1 S H IR 3R STeEl & SFAnT 1 i i)
T TreRtr: Fera STa shearl @ 9 THeh Bl (W A1 3AfeR) w1 31facd Bl 2
I TR T 3/ETa whea € 9K sueh el off e @ siftae T2 e 21

- fowUll |39 1™ H g9 Afgdid B o gHteu e ae difia

4.7.1 TE & JohH GRT gk THHTUI & b1 T 8T (Solution of a system

of linear equations using inverse of a matrix)

STIEW &H e THIHTN o T i STegg THI & €Y § oK i & IR AR
o IRt W1 YA Hieh SH B H B

fr=fafas g e W foar wifsg

ax+by+c z=d,

a,x+b,y+c,z=d,

a,x+by+c,z=d,

AH wiftsie A a, by o, X=y AR B d,
a; by ¢ Z d,

T WHIR R AX = B oF &9 ¥ fFefaiad YR 9 =4 &1 S §hdl 2l

a b ¢ X 1
a, b, ¢, y| =
z 3

a; by ¢

SN
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% ATk FhHUIT A8 & O 39k HhH h1 A 81 3d: AX =B 9
T € R

Al (AX)=A"' B (A9 & TUH o §R)
= (A"A) X = A B (Sre= U g
B IX=A"'B
B X=A"B

g g FHIH U T wHiR e 1 Afgdia et weH # € i
e 1 ch W SATGA el €| THiehull & e o gt e 1 a8 fofer amege fofy
Ferdl 2l

IfE A Uk STHHAT 3Tege € ad |Al=0 e 2l
39 feorfa o 89 (adj A) B 1@ =% €l

IR (adj A) B # O, (O I 38 ?), T8 HIE g A2l el ¢ iR T Fehm
TG hEad! 2|

AR (adj A) B = O, 7@ TH6Ta W7 A1 31Tq T TR et o oTa & &7 =
+E ot g &l =

frfafea aiem fem & ga s
2x+ 5y =1
3x+2y=7
et ™ AX =B & ®9 ¥ fo@n s Wehal &, 58]

2 5
A X T oavB
3 2 y 7
19, |A| =11 %0, 3T0: A FEHATTI TIE ¢ THIT 36k ohn 1 ifee 21 3R
THHT Th A & 2l

12 5

1 i

= e fom Al=-1] 3 5

12 5 1

gt X=AB=- —
113 2 7

X 1 33 3

el y 11 11 1
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frafafaa Tt Hem

3x-2y+3z=8
2x+y-z=1
4x -3y +2z=4
=l ey fafy 9 ga wifsu)

el TR 1 AX = B & &9 T e a1 S 9dl © 81

3 2 3 X 8
A 21 1,X y 3B 1
4 3 2 Z 4

T 3@ € TR
Al =32-3)+24+H+3(6-4=-17£0%I
Iq: A SHAUNE B, 3R 3ok ok ol N 2|

A =1, A, =-8, A, =-10
A, =-5, A,, =-6, A, =1
A, =-1 A, = A =7

-10 1 7
| -1 -5 -1|[8
3R X:A‘B:—ﬁ -8 -6 9|1
10 1 7|4

X | —17 1

3 y|l=—-—1|-34|=|2

17
z 51 3

3Ad: x=1,y=29 z=3

A wEmstl &1 A 6 71 A% TH TR Fe w1 3 W o1 Sk T He
A Sie e 11 9 el 81 Yeel 3R A o Sed 9 ' SHd W& S g We
a1 1 3T sentiordE feuw FifSw ok srege fafa @ et 3. S
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7ol g ST deelt, SEd 9 A W' wAe: x, y 3 7, gR1 fefua ®1 a9 &
Il % SER T Wiw el 2
xX+y+z=6
y+3z=11
X+z=2y
a0 x=-2y+z=0
T ™ A X =B & ®9 § foman 51 9l ¢ Si&l
11 1 X 6
A= 0 1 3 X= y 3k B= 11 2
1 Z 0

FA 11 6 0 13-1 9 0 2 3@ TH adj AW H &I

A,=1(1+6)=7, A,=-(0-3)=3, A,=-1
A,=-(1+2)=-3, A, =0 A,=-(-2-1)=3
A, =GB-D=2, A,=-(3-0=-3, A,=(1-0=1
7 -3 2
a/@: adiA=]3 0 -3
-1 3 1
| 17 3 2
T Heh[X Al'=7=ad. (A)=—]3 0 3
A 9
-1 3 1
Fifh X=A"'B
7 3 2176
X:é 3 0 -3|11
-1 3 10
x 42-33+0 | 9 1
M y _Ljs+o+0|_1 18 _
z 9 |-6+33+0] 9 27 3

=
Il
\:—*
~<
Il
»
N
Il
w
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YyATaet 4.6
frafafad 9o 1 9 6 9% < T R0l @l o1 W 316 STETd o ®Y H aiiehiol
EAIE LY

I. x+2y=2 2. 2x-y=5 3. x+3y=5
2x+3y=3 x+y=4 2x + 6y =28
4. x+y+z=1 5. 3x-y-2z=2 6. Sx—y+4z=5
2x+3y+2z=2 2y —z=-1 2x+3y+5z=2
ax +ay + 2az =4 3x-5y=3 Sx -2y +6z=-1
frefafead 9o 7 9 14 % Yosh Gk fepm &1 sege fafu 9 ga sifsg
7. Sx+2y=4 8. 2x—-y=-2 9. 4x-3y=3
Tx+3y=5 3x+4y=3 3x-5y=7
10. 5x+2y=3 1. 2x+y+z=1 12. x—y+z=4
3x+2y=5 x—2y—z=% 2x+y-3z=0
3y-5z=9 X+y+z=2
13. 2x+3y+3z=5 4. x—y+2z=7
x-2y+z=-4 3x+4y—-5z=-5
3x-y-2z=3 2x-y+3z=12
2 -3 5
15, AfkA=|3 2 -4 @ A IW@ FW A H FET w FEfatEd
1 1 =2
HHeRT] fehr™ I B IS

2x -3y +5z=11
3x+2y—-4z=-35
xX+y-2z=-3

16. 4 kg @IS, 3 kg & 31 2 kg =1l &1 Hed Rs 60 21 2 kg @, 4 kg & @I
6 kg @A H1 Ted Rs 90 81 6 kg @S, 2 kg 3R 3 kg =6d & Tod
Rs 70 21 e7egg fafyr 10 yoie 1 4o wfd kg 90 ifaw)




Rt 149
fafasr 3argvor
SEENUT 30 AR g, b, ¢ ¥HE IR fa= 2 @ @ & anfie

b ¢

a
A=|b ¢ a| F1 9F HOEF <
c a b

& C, = C,+C, + C, = ¥4 & W
a+b+c b c 1 b c

A=la+b+c ¢ al=(@+b+c)|]l ¢ a
a+b+c a b 1 a b

1 b c

=(a+b+0) |0 c-b a-c(R~>R-R, 3 R,—>R,—R FH T FH )
0 a-b b-c

=(@+b+c)[(c=b)(b-c)—(a—c)(a-b)] (C, o I T FH T)

=(a+b+c)=a*-b*~c*+ab + bc + ca)

-1
=5 (a + b+ c) 2a*+ 2b*+ 2¢* — 2ab — 2bc — 2ca)

:_?1 (@+b+c)(a-b>+(d-cP+(c-a)l

S RUTCHS § (FTF a+b+c>03(a—b)? + (b-c)P+ (c—ay>0)
JEEIUT 31 AR g, b, c A F&1 ® & @ FAfared IR 1 99 @ Hifeg

2y+4 S5y+7 8y+a
A=3y+5 6y+8 9y+b
4y+6 T7y+9 10y+c

&1 R, — R +R,~2R, &l TN HH W
0 0 0

A= 3y+5 6y+8 9y+b

=0 (FfH 2b = a + ¢)
4y+6 Ty+9 10y+c




(y+ Z)Z Xy X
A=| »  (x+z) »x
Xz yz (x+ y)2

=2xyz (x +y+2)°

T W ¥ R, — xR, R, — yR,,R, — zR, T TN BT 3R xyz, § 9 FH R

Y UId i © TR HRiTeR

Xy - X'y X'z
A=— | x'  yx z ¥z

Yz 2 2 2
Xz vz zx Yy

C,,C, 3R C, ¥ HAA: x, y, 7 IHAMS TH N,

(y+ z)2 X’ X’

A= Xz y: (x+ z)2 y
XYz )
7 z (x+y)

C,—»C-C,, C,— C~C,% I % | & Id FW ¢

(y#2) F=(y+2) ()

A=| ¥ (x+z) -y 0
z2 0 (ery)z—z2

S C, ARC, T (x+y +2) SIS T W, I ARAH

(y+z) x—(y+z) x—(y+2)
A=x+y+2)7° v (x+z)—y 0
z 0 (x+y)—z
R, = R, - (R, + R, & JaI & W &7 Frfafed wries o= & €
2yz -2z -2y
A=(x+y+2° | Y x-y+z 0

Z 0 xX+y-z
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1
C,—»(C,+—C)sR C,  C, Lo @ wim ww w wr awfrs
y z

2yz 0 0
) Y’
X Z
A=G+y+z? |” Z
., Z
Z — Xy
y

R, & TS T8R0T T W
A=(x+y+2 2y [(x+2) x+y)—yz]l = (x +y + 2)* 2yz) (** + xy + x2)

= (X +y+2)° 2xyz) 9 B 2
1 -1 2 2 0 1

SO 33 SRl oh PA%a 0 2 -3 9
32 4 6 1 =2

T 1™ &l g HIfo:
x—y+2z=1
2y -3z=1
3x-2y+4z=2

I -1 2|]-2 0 1

7 R M@ IoA%wa (0 2 3|9 2 -3
3 -2 4 6 1 =2

-2-9+12 0-2+2 1+3-4 1 0 0
=| 0+18-18 0+4-3 0-6+6/= 0 1 0
~6-18+24 0-4+4 3+6-8 0 0 1

1 -1 25 =20 1

37 0 2 -3 9 2 -3

3 2 4 6 1 -2
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o9 U T wHieR feRe w oTefR % w9 Frefafed w9 H fown s wea €

1 -1 2 ||«x 1
0 2 3||y|l=|1
3 2 4 Z 2
x 1 -1 2717 =20 1 1
Bl =0 2 -3 1= 9 2 3 1
z 13 2 4] |2 6 1 2 2
[—2+0+2] [0
= 94+42-6 |=|5
| 6+1-4 3
37 x=0,y=5%R z=3
fog =wifST for |furs
a bx ¢ dx p gx a c p

A=lax b ex d px qg| A xHb d g

u 14 w u v w

R A W R, — R, —x R, %1 T4 T W &H

a(l x*) cd x*) pd xP
D=| ax b cx d px q I 2T ©

u 1% w

a c p
=1 xHjax b ex d px g

u 14 w
R, >R, - xR, & FaM % W H WX

a ¢ p
A= Db d g 9= g R
u \% W
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3T 4 T fafaer goamaeit

X sin® cos0

. fog #ifvw & 9xfor |-sin® -x 1 |, 09 w@ad 2

cos9 1 X
a a bc 1 & &
TR &1 g9l Ty for fag i f& (b b ca 1 »¥ b
c ¢ ab 1 ¢& ¢

cosa cosf3 cosa sinff  —sina

—sinf cosf 0 | =1 9M F hife|
sina cosf3  sina sinf3  cosa

AR, b 3R ¢ TAfTR qE@AW 7 AR AR

b ¢ ¢c a a b
A=1lc a a b b ¢| O

a b b ¢ ¢ a

gl <wEe fe = ar a+b+c=0Ta=hb=c?l

x+a x X
I a2 08 W THRWO | x  x+a x | =0 & Hifow)
X X x+a
a’ bc ac ¢’

fag wifvw fo& @ ab D’ ac | = 4a*b*c>
ab b’ bc c’

3 -1 1 1 2 2

ks Al= -15 6 -5 B -1 3 0 WA AB ‘& um 7@ s
5 2 2 0 2 1
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1 2 1
§. g e A= -2 3 1 @ o "onfua sifee fo
1 1 5
@) ladj A" = adj (A™) i) (AH)'=A
X y Xty
9, y x+y X |1 HF G <hifeT
x+y X y

I x y

10. I x+y y wnﬁsn'das"am
I x x+y

ArfUTeR] o TUTEET 1 YA Her Efafed 11 9 15 9% 9 o) fag sifaa:

o o B+y

1. B pF v+ =B-v - (@-P) (@a+B+7
v v a+f
x x 1 px

12 1y vy 1 py|=0+pxy2d) x—y) (y—2) (- x),

2

z 7z 1 p7

3a —a+b —-a+c

13. |~-b+a 3b —b+c| =3(a+ b+ ¢) (ab + bc + ca)
—c+a -—c+b 3c

I 1+p I+p+gq
14. 12 34+2p 4+3p+2¢q| =1
3 6+3p 10+6p+3g
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sina. cosa  cos(a+3)
sinf3. cosf3 cos(B—%S) =0
siny cosy Cos(y4—8)

frefafaa wfieror ferm 1 ga T

2 3 10,
X y Z
4.6 5
X 'y Z
6 9 20,
Xy z

Fefafed a9l 17 9 19 H 9§81 39 61 A hitea|
A a, b, c FAR F& | B qA AR

x+2 x+3 x+2a
X+3 x+4 x+2b| % °H BA:
x+4 x+5 x+2¢

(A) 0 (B) 1 (C) x (D) 2x
x 0 0
g x, y, z AN IRfad: G & df 38 A=|0 y 0| %l JhA &
0 0 z
x' 0 x' 0
(A |0 y' o0 B) xyz| 0 y' 0
0o o0 z! 0o 0 7!
| x 0 0 1 1 00
<€ —]0 » O (D) —|0 1 0
Yo 0 2 Y0 0 1
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1 sin 1
I A= sin 1 sin | SRI0<O<2me
1 sin 1
(A) det(A)=0 (B) det(A) € (2, o)
(C) det(A)e (2,4 (D) det(A) € [2, 4].

A= A a1, , 1 9RO ||, % g7 fen S R

TR A e o gt
a1 Ay
| A
|A|— 4y dy =a, a,—-a, a2l$ gR & e %I
a b ¢
HAFE A a, b, c, o UV KA (R,h T gowor &) FrAfafaa
a; by ¢

w9 g1 o S 2

a b ¢

|A|:a2 b, c|=a

a; by ¢

feredt ot amegg A & T, 1A| Trfafaa uedt = wae o R

A |=|A], SRT A =A% dfed 2
Ife g9 T Uil a1 4] ! W &8l § dl WRiUeh o g wed S 2l

Ifs ARFUTR i 18 &1 9ok a1 WY FAM A1 FHIIT 8 9 WU 1 TH
I B R

IS BH Ueh IR i Teh e a1 W9 &l =Rk, § 701 &L < a1 FRIR
&1 HM k T 81 ST 2
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Teh HRMUER 1 k9 TOT & 1 1 B fon SHeh R ohee fohdl T dfem
I Y °h STl i k© IO A

A [a;]; 5.7 |k.Al KA

g Teh TR o Uk Ufe o1 WY oF 3169d 3 A1 e STaFal o 90 oh
®Y 4 e fhu o1 9hd & 1 39 QU ¢ 9rfores & 1 & rfues Arforent
& AN % ®9 H e Al S Gkl 2

IS Teh AR o fohdl Wop dfekT a1 T o6 Ydish 319 o WHIUS] 31 Gfert
I W9 o WG el | Wi &y W ® A Wrfes o1 o sfEfia e B
(x, ¥, (x,, yz)ﬁT (x,, ys)sﬂ'ﬁﬁ arell e &1 ewa Efatad 9 g/
ﬁ?ﬂ?fﬂ?ﬂ%:

xnoy 1
X oy 1
oy 1
feu T STeTe A % WRFE % UH STRE q, 1 STERE, i o W iR
]mWﬂmﬁﬁWW@m%aﬁtsﬁMmoﬁwmwm%l

a, 1 TGS A = (- 1)¥ M, 5N fen <t 2
A WRRTE H W |Al=a, A, +a,A,+a, A, T 3R T T o @

12° 712 137713

WﬂémﬁaﬁtswwawsléwwaﬁWme
td

If% Tk iR (A1 W) o EEEl R 3T T Ul (A W) o Hegel
ST TN T S S @SR AN YA A T ST
a A +a, A +a.A,=0

11 - 721 12 = 722 13 =723

a=L
2

a4 43 A Ay Ay
-qﬁ{ 341&[6’ A= Ay, Ay dys |, ?ﬁ W ad] A= AIZ A22 A32 m
a3 4z  dg A; A Aj

2, e q, B WEES A, 2
A (adj A) = (adj A) A= |A| L, ST&T A, nife =1 ol T8 2
afE e o SR FE: TG A oAU HEA ¢ A |A| =

I |A| =0
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I AB=BA =1, &l B Uk o (g & o Al Z[ehH B &l & 31K
A =BT B'=A 3R EW (A = A

fordll ot Tge A 1 FohA T A% 3R Shaw AR A FhHoa 2|

1
AT —(adjA
|A|( j A)
g ax+b y+c z=d,
a,x+b,y+c,z=4d,
a,x+b,y+c,z=d,

e = Gl ] AX =B % &9 ¥ fo@l s Hehdl 2

a b ¢ X d,
& A a, b, ¢, ,X=y AR B= d,
a; by ¢ z d,

IR AX = B 1 #f5da g X = A B g1 f&an < © <l |A| 0
Hﬁ?ﬁwwﬁw@mmmm%ﬁmwwaﬁaﬁ%mﬁ
Tl 2l

SR T AX =B H T a1 38 A o fau

() = |A| 0, sfedta za =1 e 2

(i) T |A|= 03 (adjA) B =0, @ Tt a1 o1 aifeqe 7&f 2|

(iii) T |A|=03R (adj A) B =0, @ @ " = & e 2

T SIS W DSl 1 TN ik B e THIHWN i I ARME b
TR sl TEMUT & i == fafy 7 arad § faaed st "R &5ty & s
T W HEHdl %1 | DI ! HR Y Ueh URIUEh § Hemat i Sfed oqereen
%0 S9! off| SO Ueh GRIUTER i SRRl | Wl A1 qfeRE o SeM b1 TR
IO L H HH god fa=re! | ¢ (‘Mikami, China, pp 30, 93).

TRl Srareal ok e S9! A Seki Kowa BRI 1683 H fafEd g
'Kai Fukudai no Ho' @ 1d 2idT € foF S WRMUTh! 31X ok J8R 1 T4 1l B
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=i 39 fafy 1 9T shae |1 FHR | Th U1 o faady § fohan W=y gva
aeh iRl o Bl TG B § SEeT Wiel WA @l fRA em T, Hayashi,
“The Fakudoi and Determinants in Japanese Mathematics,” in the proc. of the
Tokyo Math. Soc., V.

Vendermonde 9&e1 ST & T8 HRIURRI Sl a3 HA Sl 98 § T8
3= ferferead goent 3aveh (WEATIH) el S Gehal 21 Laplace (1772) = WRfureh]
%l THh YT IUHRIUTR] o ®Y H ek hieh YERUI &l A9 fafd &t 1773 |
Lagrangeﬁ@ﬁ?ﬂﬂi%ﬁ&ﬂﬂﬁ@ﬁwmﬁ?w&w&
Al 37eh1 7= Al WA fRanl 1801 H Gauss & W& o fagral § WRfUweR]
CORCR IR

3TTel W8 AR 3 ot Jacques - Philippe - Marie Binet, (1812) ¢ =i
m-T 3R p-gfFal o I ARl ok A W FeAfHd YHT HT Sooid fRaT S
fasty fearfq m=n o ToFwd 799 ¥ <o S R

34T f&9 Cauchy (1812) 7 +ff 3! fawd-a%] R MY T&A fohWl I=TH A
o HAE8leh WRIUER 3% 1 JAR fhdll 3B Binet ¥ 3T A= & Al
%A Y9T 1 99T

3 Tagidl W g8May IeH oiel Carl Gustav Jacob Jacobi 11 39k 93=Td
ARk 31e% 1 Sifad w@iiepfd ura gel
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TTaeT qT STTheT=&dT

(Continuity and Differentiability)

s The whole of science is nothing more than a refinement
of everyday thinking.” — ALBERT EINSTEIN <}

5.1 91;&!3'7[ (Introduction)

I A AErd: el 11 § U T4 Hedl of STaehae
(differentiation) <hT ShHITI glem F MY sguRE wedl
T TG Wl # Seher Sl W@ g 2
TE ™ H W WA (continuity), FmAATIA]
(differentiability) T 3Teh YRS Hael i HE@qol
HhoqTsll ol URA wON T8I H Gldad  eRloihdE
(inverse trigonometric) ®eHl 1 3TE&hA HE 9 HE@T
319 B9 &9 U YR % Bl i TEqd L ®© 8, S
=R (exponential) 3R IR (logarithmic) %o
F8d T 57 ol 5N eH STaeher o1 e Tiareal sl wH
BT B 3Teehel O ( differential calculus) o HISZH | 89
S &Y | GO (obvious) o Telcml ol THEM Bl 5 i oy o
T Y, ® g9 39 fawa &t TS SMURYA () yHal Sir Issac Newton

e I At

e

(theorems) i HE| (1642-1727)
5.2 "Wida (Continuity) y
QIA &1 Hehed ! 1 FS TIAMA (FH) FIH h A
oL, T S]] ST SN ¥ IRY B
# g FrefafEg wer w faEr wife: yIe
02)0————
I, akx O
A P ————¢ O,
TE e aRdd H ardiosh 1@l (real line) o e > X
o fag W uRwf| B 39 oM 1 eeE o
aepfa 5.1 | <ifan T R HE Ff 29 e 9 Y

freerd feRret Wbl @ o7 x =09 atfafier, x-a18 MRt 5.1
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o 3 di-tehe Togatl o foIu wer o 97 91 o x = 0 1 BISHT Th TR oF HHY
(T W) 210 o Gfeiehe w3k o fagen, stufq - 0.1, - 0.01, - 0.001, ¥R
o fagatl, W ®er &1 4H | & 991 0 o Gieehe i @ik ok fegatt, steiq 0.1, 0.01,
0.001, Wb o fagell W e 1 | 2 81 o1 3R <1 wer st wiwreti (limits) 1 AT
1 JAIT ik, Y HE Fohd B o x =0T %o £ o o1¢ qe ¢ qef 1 G A
| e 2 B) Toiw w9 9 @l qen Srd ue ) S §EE / SO (coincident) TET B
TH I8 o @A € % x=0 TR Fed 1 OF a¢ 9 F1 G F GOt © (SR 2) |
die SIY fF 9 Ac@ 1 §H TFAR Tk 2 (in one stroke ), 31U o™ @l
FHIT 1 Hag o fom1 33, =&Y ©ig Fehd| arad H, B4 ™ i S3H i ATl
a9 Tt B WE 'W Y @ 9l @R o €1 qe Uk S 2 OSEl wer
x =0T §ad (continuous) & 21

319 9 g ¢ e R fa=ar it

Laflkx o
2,afcx 0

Te %o o s fag W uRwfm 2 Y
x=0R A &, 9T a1 I TeT HY W |k I
TR 1 fohg x = 0 T Fer &1 HH 2 €, 5 &g
3R ¢ g&7 1 HHA o WA HE o Sal ©.2)
&l 2l
TH: B Al U € T o o e g |0 > X
o el 33T 89 & Ei" 9hd 21 TE Th ‘l{

TV S 7 8 x =0 R B Tad T2 2

es ®9 9 (naively)%‘qmm%’f% SFIT 5.2
T IR g W HiE ®er Fad €, 3k 39 fag o H-9 (around) e & i@
1 BH TS I Ga8 § FHod I o1 @i" Tohd &1 TH 91d 1 89 O 9ol H,
Teraed (precisely), FEfiEd TR @ =9 T Wahd ©:

M e foh £ arsafoss demsti o el STay==a | gRwiftd T arfas
T B 3R HH oifST foR £ o Wia | o U fog B 99 f g ¢ W Haa ®, 9

lim f(x)  f(c) 2l

f(x)

|y=1

g &9 9 AR x = ¢ W a1 U&7 1 W1, T 9&7 K1 GH T oA o HH H
I a1fred (existence) B 3R & G Uh T & SR €, A x = ¢ W f WA HEcwl
B T IS feh AR x = ¢ T A wey qen < vet w1 SHrd Guret €, 3ok SwAts
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T Wl BH x = ¢ W e 1 GiH $ed 21 39 YN 89 Hiacd 1 IR i TH 3=
TR 9 e H Wehd ©, S TR A T T R

Th ®eF x = ¢ W Had 7, 9% Her x = ¢ | qR9Ifa & R A x = ¢ W wer
1 UM x = ¢ T o &1 Gl & R 21 AR x = ¢ R %o Fad 71 € df 80 sed
3 & ¢ W f 319dd (discontinuous) KGR ¢ f 1 Tk TG HT a5 (point of
discontinuity ) Fed 2|

x=1T B f(x) =2x + 3 % Tdd I W= i

Ugd 98 oA ST TR wer, x= 1 T IREIfa ® 31X s9eh °H 5 21 31 B
H x=1 T HE [ HW g W B fE

limf(x) lim2x 3) 2() 3 5%l

o7 EH}f x) 5 fO
AW x = | WS Fad B
Sifaw fom = Wf(x):xz,sz‘T{W%?

i Y & wed faIg x = 0 W o Rt € @R S9eT |HE 0 21 3T
x=0 T o 1 i e 81 e

lim f(x) lLimx*> 0° 0
x 0 x 0

T YFHR }Cin(l)f(x) 0 f(0)

I: x=0W f Faa 2|

x=0TW FHeA f(x)=|x|%F Fad W fg=aR Hifsw
R g

x, 9k x 0
f@) = x, I x 0

T x = 0 W Her YR ® R F(0) = 081 g x =0 W £ & ard et &1 @i

lirg f(x) lirf)l (-x) 0%
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T YRR 0 WFHT ST 97 1 W o6 fog
lim f(x) = imx 0 %
x 0 x 0
TH YR x = 0 9L 910 gy kY G, ¢ 97 Bl T a9 Bor ok WH HOTdl 21 3T
x=0W f Faqa 2
TWIET TR wem

¥ 3 aflkx 0

1t = 1, afgx 0

x =09 Had & 2
Tl x = 0 T Hor IRYME § 3 x = 0 T SHR! A 1 Bl S x # 0, 96 e
EER RIS
1i_r)1(1)f(x)=lin(1)(x3+3)203+3:3
Fifeh x=0 W f & G, £(0) & s F& 7, THAC x = 0 T %o GHad &l
21 89 T8 off gHfied oY Thd 2 T 38 wor & fae sr@iaed =1 {65 shad x=0 2|
3 fogett =1 Sw ®ifew 9 W $=R wed  (Constant function )
f(x) = k Ead 2l
IE B 9 arataes gene o fau uftaifia ® SR et oft arafes @em
foTu =HeRT WM k21 WA ST TR ¢ T ardfas @en 7,
lim f(x) = limk =k

X—>C X—>C

Jfer forelt ar=foss W& ¢ o T f(e) = k= M f(0) ¥ zHiaQ wom f g
arEdferh | o fou Had 2l
fag =ifSu o arafas 9emst o fau aams wod (Identity function)
f(x)=x,WWWE@T$WW%I

Weqd 98 ol Yoe fag W gRwifig @ SR yeie adfas §Ed ¢ fag
fle)=c®l

B lim f(x) = limx=c¢
X—>C

X—>C
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T THK, iﬂf(x):c:f(c)ﬁ?ﬁ@%%?f&%&gﬂﬂ fagell W gaa 2 |

T Y5 fog W fordt o o diacy i 9R9Ia &3 o 918 o719 &9 39 Ry
&1 I THR (extension) ek [hEl we o, 39k 9id H, Tded W fo=m i)

Tk (e He f Had el € AR 98 £ o Uid & ek fog W Fad 2
TH IR ] F AR U TS i SAEvaehdl €1 I ieie o £ Tk UH %o €,
i Hea 3fael (closed interval) [a, b]  TRITA €, d £ o Haa 8 o foq sewash
2 o 98 [a, b] % %icd fag3fl (end points) o e b Gied SHeh Yoieh fog W Eaa €l
f 1 3@ g o W S w o €

lim f(9)=/(@
#Rf 1 bR Fiaca &1 3 ¢ R
fim (0= i)

&1 BT 7 lim £ (x) 720 lirgf(x)wﬁéaﬁﬂﬁélwwﬁwéﬁv&mmwcr,

xX—>a

afg f ohadl T fog W gRenfea 2, o o7 S9@ fag W Gad g 7, swefq A€ £
Wid Thel (W=EE) €, @ f U Had word gl 2l

F F(x) = x| §RI RANIG Fer Toh Had wer 872

] x, 9k x 0
f o0l B9 UH o "ad € & f(x) = -

IIET 3 W BH W B o x=0 W £ Had 2
M AT T ¢ T arfesh €@ 36 ThR B T ¢ <0 2136 f(c) = - ¢

oy g lim £ (x) = lim (-x) =~c (F?)

IfF lim £ (x) = f(c), THAT £ Ff F A TEdfersh Geme & fag dad 2|
e "M A T ¢ Tk ardfas S8 36 YRR 2 T o> 071 U f(o) = ¢
g lim f(x) = lim x=c (?,Rﬁ?)

X—>C X—>C
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Fifer lim £ (x) = f(c), THAC f | oA oTedfa qemst o fou a2l
3 f @t fagell ™ daa 2, om: 98 UF HWaa wew 2

e f(x) =2+ x*— 1 & Widd W fg=Er Hifeg)

T [ Y arkdiee "@I ¢ o Ty gRefia @ 8 ¢ W OgEeRl HH
G+ c>— 121 8n 78 ot wed € T

lim f(x) = im (x* +x* =) =¢® +c* -1
X—>C X—>C

3@: lim f(x) = f(c) B SHOY YIieh ar&dies & o oy £ Had 21 s&eh 21
2 T f T Had wer 2

f(x) = l,x;tosm IR oM £ o Aidd R o= sifsm)
X

fordt SEﬁ?IT ( Non-zero) dr&dfae T ¢ i gﬁfﬁm HifSTT

o lim £(x) = lim - =1

xX—=>c x=>c X C

W%ﬁ,iﬁm“ciO,Wmf(C):% 21 38 YR lim /(x)= f (c) 3R gafer £ e
Hid % Yelsh f9g W Had 21 39 YRR £ Tk Gad we @
BH U W ] o4, 379d (infinity) 1 Hheddl (concept) ! T o fau,

I3[ 2| B SHeh ToU o f(x):iwﬁsﬁWx:O#ﬁwnﬁWW%’l

THeh TalU 89 0 o Wi7ahe ! akdiaeh ST o fau %ed o O ol 318999 hid
! wEferd iR &1 AT d &1 era: (essentially) 89 x= 0T £ o S0 &l
1 @ B YAE B 2| THR B A WG Hd B (WO 5.1)

RO 5.1
X 1 0.3 02| 0.1=10" 0.01 =102%| 0.001 =103 10™
fx)| 1| 3.333...| 5 10 100 = 10? 1000 =103 107

T 3@ ? foh S9-oi9 x SR 3R W 0 oF fehe e BT € £(x) 1 HH ST
il Sisia © S@al Sl €1 39 91 o Wb 31 YR § o sue fohan s wepan €, S
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T o Rdiaes W& & 0 o 3TAd Fehe T, f(x) o HH i fhet ot v8q @&
9 sifires fopan ST Wehal 21 Wl § 39 a1 1 89 frefaiEd veR 9 faed §

lim f(x) =+ oo

x—>07"

(ST TH WhR UGT Sl B: 0 W, £(x) o &0 U 1 e HIH 3 8) 1 T8l W
T o0l S HEd € h + oo Uoh aTEdlesh WE R @ SN 3Hie 0 W £k ¢ el
o o1 etfeaca & & (arsafosh Semet & w9 )|

T YHR W 0 W £ % AI¢ U w1 WH T i S Gehdl &1 Frefafea anoft @

@ W 2
XU 5.2

X -1 -03 [ -02] -10"

- 107

- 103 - 107

S| -1 -3.333..] -5 -10

- 10?

- 10° - 10"

grofl 5.2 § gq et freed € fh
U e 9@ 1 0 o 3T he
TR, f(x) o °F hl fopdl ff yew @ |
Y foral ST Fehal 2 Tdihlcieh &Y 9 89

lim (x) =0 fored

Y

N

2--

1+
(0]

3 3,3)

(1/2,2)

(1,1)
(2,1/2)

(T8 56 YR @1 STl 8: 0 W f(x) o ag X<
w1 %1 W BT 4 21) T8l W 3E 91

W T T R B R — o U ST HE
Tl © AUE 0 W £ o Wi U 1 WA I
afaes 7l © (arafesh wemst & w9 7))
SR 5.3 o1 STer@ I9Yer Al oh1 SATTHAA
frrmuor 21

(-2,-72)

-1,-1)

Trafafea wem o wiow W fa=r sifsu:

x 2,9k x 1

f) =

x 2, 9%x 1

Bo £ aTkdes Wl o yelsh fag W uRefia 2

I c< 1, f(c)=c+2%1 39 TN lim f(x) limx 2 ¢ 2%l

%21 T
1330 T

4

YI

3Tt 5.3
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;1 9 %9 gt ardfaes gems W f Had 2 Y
Aes> LA fle)=c-23 43
e lim f(x) = lim (x-2)=c-2=f() %l
siaue 7 Al fogell Wwel x> 18, fE@a o, ./
G c=1,d x= 1T £ o =14 9ef 1 S, 32 -1 1912 3
a1t 1 a,-n

lim f(x)=Ilim (x+2)=1+2=3
x—=>1" x—=>1"

=1 f o € 9& HT GHAT, 7 Y
* /o " TR T 5.4
lim f(x)= lim (x-2)=1-2=-1
Wi@x:lﬂf&ﬂﬁﬂ%ﬁq&iﬁww(coincident)Hﬁ%,x’ﬂﬁt
x=1Wf Had & 21 TH GHR £ o @A & 95 ahaed 9 x = | €1 I Hor
1 @ SFH 5.4 | 9 T 2

Frefefad verR 9 TRefia wer £ o T ([ stEiae faget 1 9 S

x 2,9k x 1
fx)= 0,3 x 1
x 2,9k x 1

Tl SqeL 1 @ FT 7 JEd € yeld arkfas 9@ x - 1%k fo £ Gad
2l x=1% fau f o ¢ ua &1 &, lim f() lim (x 2) 1 2 321
x=1% T 7 o 3 a7 Kl i, lim f(x)  lim(x 2) 1 2 13]

JfFx =1 f o o< 9o ¢ 98T k1 GG GOt T 7, o x= 1 W f Haqd

&l 1 T YBR[ o Hiqed 1 95 sheed W x= 1 B 5@ Wo 1 A SR
5.5 § gefar T 2

frafafea wom & 9idg W fa=ar wifsa:

x 23 x 0

f = x 2,9kx 0
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el & e foh fommre| wed 0 () ok
SAfafem 31T v arkataes deet o fag qiefia
2| TRHIER 39 He 1 9l

D,UD,? & D, = {xe R:x<0} 3R

D2={xeR:x>0}%l

1A ce D, @ limf(x) lim (x +2) =
c+2=f(c)% A D, ¥ fHI 2l
23 c e D, @ lim f(x) lim (-x+2) =
—c+2=f(c)T FAED, ¥ ft [ 2

Fifh A9 Wid o T fogell W Had ©
5o &9 frerd fererd € 76 f wh Haa e 2
TH o 1 @ ST 5.6 1 @i T 21 e
Y o 39 %o o Ao &l @ied & faw ed
e I SIS 1 Hae W $SMI usdl ¢, fhq

U Sheel 39 fagal T S qgdal © Sl W held
it =&Y 21

el 13 Tefafeq wem & 9dw W fo=r

x, dkx 0
fx) = X2, ARk x 0

Fol OIS, Yed el Yoldh ardideh S oh
o aftafia 21 59 wor o1 3o Mepfas.7
H fean 21 39 STeME % FROEY 9 98 e
Al € TR e o UId Wi arkdtersh @ ok i
g (disjoint) 39 ==l H fauriea T
foran s w9 forn fom

1,3)

D, ={xe R:x<0},D,= {0} aen
D,={xe R:x>0}%I
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291D, % e off fig W f(x) = 02 8 3R 98 Wa@ 9 @1 1 w9 € fF D
f Had 21 (ST 2 <fEn)
292D, fREl off g W f(x) = x ¥ 3R o8 Wa@ 9 @ <1 "k € fF D,
f Eaa 21 (S 6 )
I3 376 8H x = 0 W el ol 990 sid €1 0 & T ®er &1 |16 £(0) = 0 21
0 W f o oT¢ 9 i G

lim f(x)  lim X 0 0% qe
0 R f o QT 1 HHAT
lm f() limx 0
A lim f(x) 0=f(0) 3TqUd 0 W £ Haa 2| 391 31 78 gan fop £ 310 wid &
Yo fog W Had ®1 9: f TF Gad %o gl
FEET0T 14 TN T Y&ieh 9gae %o Had Bl 2l

Tl T HIAT 5 HIE o p, Tk 9gI% Herd el @ A I fhdl 9Ieha G& n
&%I’Qp(x)=a0+a|x+...+anx” g ufirfea @,Tﬂﬁaie R T an;tO%l eI dqdn
TE ol ek SR G@Al o Toae afiwifig 21 frdt ffea arafas g o fau
&1 3&d ® f

lim p(x)  p(e)
TAfAT R g1 ¢ W p Gad 31 Gk ¢ FE ff aafas den @ @ia p fad

ff srafos @ % fau H@ad ®, %
SUiq p T Tad Be gl
TATEIOT 15 f(x) = [x] g0 9Reqifea ©,3) 7 e
AEqH qUlich Hetd oh STHITH oh T 0,27
e Ll x < o m (] T (0) (5.0
. ~4,0) (-2,0) (-1,0|O (30 (50

FY I IHh AU 2 40 ©.-D

. o—o +(0,-2)
o1 U8 dl B9 € 2@d € T £ @l —o  +(0,-3)
ardfaes qemstl o fau uRfia 2
T TEd W e P 5.8 H Y’

fe@mn T 2l TR 5.8
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TerE U U@ Wl eiar 8 foh ed Bor x % Wt quifer 5 ok forg ersiaa 21 e e
TAEA B TR 1 T8 TA 2

oo & ¢ T UE ardfos e €, S R ot quie o et A 2
e o 78 W ® i o Frere 1wt arafas denst & fau Ry gu e &
qH [c]; €, steiq lim f (x) =1im [x]=[c] @Y & f(c) = [c] ¥A: ST o, I G
Irfas st & faq Gad 8, S quiis 72 2l

T ST & ¢ T Ui 71 AU B T U i B aRdioe 9e
r>0 9 H Ghd § S TE [c—r]=c—1Safh [c+r]=c%l
st ok ®9 |, sHeh1 91 IE I b

lim f(x) = ¢ — 1 @@ lim f(x) = ¢

ffer fopelt oft quifer ¢ o forq & wimmd wae = &1 wehdt B, o1a: Ue" wer x 94l
Tt A o6 faw sTHaa 2

et s o, @ 1 Gheud 9UEH % IUNA, T HHed o diSmiK w1 FS
ST TR o) STEYA: 319 89 Had worl o SSHTor o1 ol e 199 w1l gk
frdt fog W & wod ® Widd qUiET ¥ 39 fog W wed & HW g
fuif g ?, oqud 7€ asda € & &0 gt & wgvd g @l ot disia gftormt
1 37U i

M S T f a1 ¢ &) T A wo €, Sil U ardias Sedl ¢ o Ty
Tad 21 ad,
(1) f+g,x=cW Fad
2) f—g,xzc‘ﬂﬂ?l’d%
3) f.g,x=c‘ﬂﬂ?lﬁ%
(4) (ij,x:cmw% (SR g (c) # 0 Bl)
g
T g x=c W (f+g) o Hdaed & g wd €| 89 s@d ¢ b

lim(f + )(x) = Gim[f () + g()] (f + g 1 AT B

= lim £ (x) + lim g (x) (FH1sT % 9HA )
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=f(c) + g(c) (F £ AN g Tad HEH ©)
= (f+9 (0 (f + g &1 aRkam™1 /)
m:,f+g9ﬂx=c$mﬂﬁﬁ%l
T | ok 99 A i S S oh WHH © fR uisehl o forg st ?q wie
Tz 2

() I9g YOI oF 9N (3) ki Wh (999 SFM ok fau, I f TH SR Hor
f(x) = L8, SE A, IS =R arEdfos §@m g, dl (L. g) () =A. g (x) B
R e (A, g) W (& Had word 21 e vy 9, AR A=—1, @ f &
Hidd | — f o1 Wiaed arifed g 2l

(i) 39 YA F AN (4) k! Wk foRM JIM ok faw, A f TH SR Hor

A

g(x)

A .
fG)=A,d &(x): mvﬁwﬁawqgﬂﬂ@wwm%,aﬁ
g

g(x)¢0%|ﬁﬁﬂwﬁ,gé€amﬁéwwmﬁ%ﬂ%|

Sude I Y9 & SUAT GRS Had ol Sl aFE S Gehdl €1 39 T8
e w6 o off TemEar foadt @ fF %18 ®or daa @ a1 72 Frefafaa seeot §
Ig & e HI T 2

fag wINT fr yeis 9™ oM Had g 2l

TR HIY T g qieg wem £ FEfaied ®9 &1 8 e

p(x)

fx)= , q(x)=0
q(x)

W&l p R ¢ 9gIR B &1 f 1 U, 37 fget ® s M W ¢ g T, I
It WA 21 <t 9gI% e Had e 8 (IR0 14) , ITATE THA 1 F 9 (4)
g f U Had %o 2l

sine B o Hiad W femR sifsu)
3 W foER 9 % fou e fefafed qesl 1 949 w1

limsinx O
x 0
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T T oAl i Igl w1 T A €, fheg sine Wo % Sei@ i YA R
fehe 3@ HY A qe7 Helgy(d (intuitively) ¥ T g1 ST 2|

19 ET R f(x) = sin x Gt orafors g o fo giifia 21 w9 et fm
C@WQ@T%|X=C+hT@e{ W,ﬁx%cﬁ%ﬂiﬁﬁ%fm“h%OW

lim f(x) = limsinx
X—>C X—=>C

— lim sin(c + h)
h—0

— lim [sinccosh + cosc sin /]
h—0

— lim [sinccos ]+ lim [cosc sin /1]
h—0 h—0

=sinc+ 0 =sinc =f(c)

T YEE lim f(x) = f(c) 3d: f Th Had ®er 2l

X—=>C

Tt YRR cosine He oF Hide 1 o YHIUE fRar ST weRdT
fig HINY % £(x) = tan x T Fad e 2

= g3t %o f(x) =tan x = Sir;x 2| T8 Hod 39 uH) St Genel & fag
X

CcO

qRera %,Tflﬁcosx;to, ?ﬂﬂﬁx;«t(ZnH)g 21 T 31l yHIfoTg TR @ o sine 3R

cosine BT, Wdd ol g1 SHU tan ®eA, $7 SH HelAl o1 A% B o HRUT, x
% 31 9+ 7l o fow Haa @ f59 ok fon ww aftafia 2

%ol o HASH (composition) ¥ HefHd, Had el o1 SHOER Uk e 77 |
TR0 HISC fop 9 £ 3R ¢ q aafas %o €,
(fog (x)=f(gx)
Rt 2, S w4l g 1 GRE £ o Uid 1 G SuHT=EE Bl 2| tetatEd g9
(yHTo7 o1 Sherel SeRT) , WIS (composite) Al o Fided Sl YR L B
M AifST fh £ 3R g 39 WK o < aratersh AT (real valued) wer @
T ¢ W (fo g) TRHIHA B A W ga:M g(c) WS a7, @ ¢ W (fo g) §ad
g 2l

Frefafad ST § 9 Y99 1 W= R T R
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SETETUT 19 JWEY R £(x) = sin (1) 51 IR ®er, T Had B 2

=e YU HIC T fomme wor ydie arafas @@ & fau 9t g1 %o
f W, g A W Bl o HASH (goh)dh ®Y § HEl S Fehal €, Sl g (x) = sin x
A 1 (x) =2 %1 Hieh g 3R AT & W e €, sufe g9 2 g g8 Tk FekTen
S Wbl €, ToF £ U Had W 2

TETETUT 20 LY FR £ (x) = 11 —x + | x| | §RT IRl wer £, Sl x o areafors den
2, T Had e 2

wol Al arEafae Westl xoh fal ¢ Bl g(x) =1 —x+ x| T AP A(x) =Ix] W
qRATY hifeq| a9,

(hog) (x)=h(gx))
=h(l-x+ lxI)
=l1-x+Ilxll =f(x)
IR0 7 W BH <@ ok © T h T Had %o 21 TH YR UH €gus e 3R TH
A1 i T IR € & RO g Ueh Tdd Heid g1 27d: 31 Tad Herl sl Hgad Her
EH o HRUT £ W T Had B 2

YoATae 5.1

1. fag #ifST 6 ®ed f()=5x—-3,x=0,x=-3 7N x=5T Faqa 2|

[\°]

x=3 T B f(x)=2x2— 1% WA Bl W= HIf|
3. TrefafEa werl o Wiaed i Siig e

(@) f(x)=x-5 (b) flx) = , X %S
x—5
x> =25
() flx)= ,X# -5 (d) fx)=Ilx-5I
x+5
4. fag FINC foF B f(x) =x', x=n, W Gad 2, SEl n TH 7 gl 2|
x A% x 1

9]

7 () 5. A x>l S 9RAITa ®erd f

x=0,x=1,q9 x=2 R Had &7
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o aeft A o fagell o T Sifse, s TR ¢ et ver 9 gk 2

2% 3 AR x 2 x| 3, 9% x 3
f(x) he 3 A x50 f(x) 2x, A& 3 x 3
’ 6x 2,d< x 3
| x| X
f(x) T,Hﬁx 0 f(x) m,qﬁx 0
0, Ik x 0 I, a€ x 0
x 1, I x 1 ¥ o3 AR x 2
&) 2 LAk x 1 f&) 2 , Az x 2
A0 L A x 1
1) xz, I x 1
£0) x 5 AR x 1
B2

’ 7
x5 AR x 1§1TI1TF{‘HTFG|?I o, Th Sdd HoT 27

%o f, o Hiaed W TR wifse, sl £ Frefateaa g gt 2

3, a0 x 1 2x, Ak x 0
f(x) 4,31 x 3 f(x) 0, ARZRO x 1
5,93 x 10 4x, IR x>1
Z,Hﬁ{x 1
f(x) 2x, 9 1 x 1
2, IR x 1
a 3R b 37 HAl 1 T St foees fag
ax l,qﬁ{x?)
7 bx 3, Ik x 3

g i e x = 3 W Had 2
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Ak fog Om & fau

(x> 2x), IR x 0

dx 1, R x 0
B IR B x = 0 W §ad 21 x= | T 36k Hiaed R fomm wifsu
W & g () = x — [x] SR IR ®er GaEa qoifer fogeti @ srgad 21 &
[x] 39 HewHq YUt F&frd &iar €, it x & a0e a1 x ° &Y 2
F £(x) =" — sin x + 5 §N GRAME ®eH x =1 W Had 27
FHAfafEd el o "idd W foER Hife:

(a) f(x) =sin x + cos x (b) f(x)=sinx—cosx

f(x)

(¢) f(x)=sinx.cosx

cosine, cosecant, secant 3 cotangent HeHl o WA W fa=aR Hife)

£ Gt erracad o fagel ®i A i, Sl

sin x
£ L I x 0

x 1, A x 0

g &iNY fof ®ed f
1
) xzsm;, Ik x 0

0, ag x 0
g1 wRefom T waa wer 2l
f o WdA & Si= i, Swl f Frefafed g 9 9Rafia @
sinx cosx, I x 0
, IR x 0
T 26 § 29 H k o WMl I AG HITSIC dIfeh 980 Hod Miawe fog W ad 3l

J(x)

kcosx’ o —
£ 2 2 gRr wReTE e x =
3, -qﬁ{ X 5

Zw
2
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£() ke, AR x 2
3. AR ox 2 T 9RYINd e x =2 W
kx 1, I x

f(x) e T R %o x = 1 W
COS X, X

09 kx 1, Ik x 5

X 3% 5 AR x5 SR 9RYINd e x =5 W
a T bk Tl 1[G SIS dfeh

5, gk x 2
f(x) ax b, A2 x 10
21, I x 10

g IRIfoa e TR ddd e @i

T 6 £(x) = cos (x?) G IR e T Had ®ed 2l

TET % £(x) = | cos x| §N IR For Th Had ®er 2l

Shifee & <A sin [x| TF Gad o 2

fO) =Ixl—lx+ 1150 IRAE wew £ o At emicaar & fagst ! 9
CAISI

frsell e o W@ U dedl I TR HIGU §EH U drdfdeh wer oh SAaehers]
(Derivative) =1 Tr=fafEa gewr 9 aftgriua foman e
M e for £ ek arfesh %o € ael ¢ 58k yia | T ww fag Bl cW
1 FeheTS] TeEd FhR | gt 2
S ACRAO RN AC)

h—0 h

af 30 T B S @ A ¢ W [ P e F L)@ %(f(x»lcsmm
FW ¢l

fx+h) - f(x)
h

S0 =lim
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SN IR Wor, s ol 56 Wi o1 sifkac 81, £ o STashers &l TR i 2|

f o 3TE@erst &l 7 (x) Al %(f(x))mww% AR AR y =f(0) @ @%W y

SN Wehe & 21 FRA ®ad 1 Aghelsl @@ kI HI GRRAT HI ST
(differentiation )& &1 &H oIS “x o | f(x) 1 SFaehei HIC (differentiate) "
1 o TE e €, e aef g 7 TR () T st

HeTheAS o SISO oF &9 H feforiad ol o) wefE fan s g 2:

1) wxvy=u £V,

() w) =u'v+uw/ (&S 9 PEERA Em)

Gy (%) WV iy L0 (R )
\% V2

T & T ARt # 9 WmEieR (standard) Werl o StdeRersl &1 g § TE R

Rt 5.3
f(x) X" sin x CoS X tan x
f(x) nx"! cos x —sin x sec? x

e e off B afeeherst o URIia fohe @ 1w gera o e @ T Tk g
&7 SIfkdca 811" 1d @i ®9 W UYH 3adl © T Afe Uer T8 © d R enn? °9%

ye Fard ST ¥ ol g s o A im L CTD SO gt @ S @

h—0 h

e HEd € o ¢ T £ ek T8 €1 g Ul H, B9 hed ¢ foh 310 Wid o fere
hmf(CJth—f(C)

h—>0"

quT

f9g ¢ W wod feEwmadE g, Ak A w@ad

lim LM =IO crtmm (finite) 7em TR $1 weR S [a, b § T

h—0" h

HEAM €, I TE WA [a, b] o Weieh 65 W esherd &1 S| o Wiaed = §eyd
H et T o foR oty fgatl o 9 b W eH HHW: S qer §1¢ e T G o €,
S o IR o 7L, dfesh o a9 b W Her o U el qe o1 el o sfaeher € &
3 YR Her AU (a, b) U SThAE e B, A o8 AdUd (a, b) oF GoAE
fag W e 2|
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g o el fog ¢ W sEde™ 2, @ 39 g W o daa o 2l
+fer f4g ¢ W £ srEwera €, o:

f)—f(o)

lim = f'(c)

x—>c xX—cC
fRgx #c o fau

) - fley = LT
X—C
ERsITGLe Hm[f(x)— f(c)] = lim M.(x—c)}
x—c x—c | xX—cC
- lim [£ ()]~ lim [£(©)] — lim M]hm (o]
x=c¢ xX—=>c x—>c | xX—cC x—c
= f(c).0=0

gl lim £(x) =£(c)

T YR x=¢ | ®eF f Had &

Joh STIhed o Had &l %l

T8l B Wﬁ?’lﬁ%fm“?‘?ﬂﬁﬁ %9 1 faam (converse)W‘!ﬁ%l =g & &m
@ g € T £(x) = x| g IR %o U Haa wer @1 59 el o SId el i
1 W fo=R & 9

o SO = F©) _—h
h=0 h h

=-1

qerl ST g i we

lim f(0+h)—f(0):ﬁ:1 3
h—0" h h
< 0 W 39 At e <d ver okt S e €, ey lim f(0+h2_f(o)

o1 aAfae T8l € 3R §9 WK 0 W £ Fashorid Te 21 31: f Ueh Taehalia hor
T 2
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53.1 Tgad werll o G ( Differentials of composite functions )
HIK el oh STherSl oh TSI hi 8H Teh SAeU R = Hil| 7F difey 6
T £ ] 3Ehels [ HEA ARd ©, SEl
f(x) = Q2x+ 1)
s fafy 78 ® T fgug wo o 9 g1 (24 + 1)} 1 WHIG shich 91l Sg9s her
1 SEFAS T HL, G AE ST fwA T

. _4d 3
s f(x) = - [2x+1)*]

- di 8x° +12x* +6x+1)
X

=24x>+24x + 6
=6 (2x + 1)
4, =AM i o
fx)=(hog x
Sl g(x) = 2x + 1 AU h(x) =° Bl HH SAC 7= g(x) = 2x + 1. a1 £(x) = h(r) = £

?Flﬁtﬁ=6(2x+1)2=3(2x+1)2.2=3t2.2=@ﬂ

dx dt dx
70 gEd fafr 1 o9 9% 2 fF B9 YRR o o, S (2x+ 1)!0 S 3Tk HI
Rerer & 30 fafy g e ' S @1 sy ufteel 9 ' el ®9 9
frefafead voa gra g 2, o9 sg@enl 79| (chain rule) FEd B

T4 (gEen fEm ) 4 i R £ e aratas o B @, Sy den v S ol

WW%; aﬂﬁfzvou.mﬁmf%t:u(x)ﬁ'{,qﬁ{ %HW %?ﬁ:ﬁw

: df dv di
%’?ﬁ dx dt dx

T TH YHY &1 SUU Big <4 g1 g@an @ fasr FrefafEa ver 9 e
S Gehdl 81 HH AT TR £ Uen araterss T e €, S dA wer u, v 3w
TN 7, ateriq
f=(wou)0v%qﬁ{ t=u(x)dqAd s=v(t)%?ﬁ

df d dt dw ds dt

-— —(wou) — — — —
dx dt dx ds dt dx
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IfE STt U o Gl Thersi 1 ik B Al Ui R ik Sorl o HareH
o fou sf@en 90 #1 9 F Hed 2

JETETUT 21 f(x) = sin (x?) T 3TTHS A HITSC)

ol o AT T YoT wer & Worl 1 "aSH 2 ade 8, 9 u(x) = 22 3R
v(t)=sint%?ﬁ
f(x) =W ou) (x) =vukx)) = v(x?) = sin x>
t=u(x) = x> T@ W & e %:cost qan %:u AR Al w1 Al ot
X

£ 3r@: Een fEm gr

HHIa; 3| gy sl x o 98] § ook I 1 YEed © Saud

2
— = cost 2x 2xcosx

dx
Taemeud: g0 @9 ff T9e 99 e "o © 99 A9 gl 2,
o 2 ﬂ:i s
y—sm(x):>dx dx(smx)

=cos x> — (x?) = 2x cos x*
X

d
FETETUT 22 tan (2x + 3) 1 3Toeharsl AG shitelq|
el HM AT TR £ (x) = tan (2x + 3), u(x) = 2x + 3 T v(f) = tan €|
(vou) (x) =v(ulx)) =v(2x + 3) = tan 2x + 3) = f(x)

. . d
TH YHN £ T Terl 1 WASH @1 AR £ = u(x) = 2x + 3. 7@ ?::seczt GO

%:Nwﬁwﬁaﬁaa% ;e g ga
X
4 dv dt

2sec’ (2x  3)
dx dt dx
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FETETUT 23 x o WY& sin (cos (x2)) T aHTT Hifad|
T WeH  f(x) = sin (cos (1)), w, v AU w, A He B GASH 1 TH THR
fx)=wovou) (x), &I u(x) = X2, v(f) = cos t A w(s) = sin s Bl t= u(x) = x* 3R

s:v(t):cost@ﬁmﬁﬂaﬁﬁ%fm" d—wzcoss,éz—sint?[%§:2x3ﬁ?3:fmﬂ
X

ds dt

1, x o @ arEdfaes Wl o foaw st
3d: e 99 o AR 5

df dw ds dt . .
I ds dr dx - (cos s) (—=sin ) (2x) = — 2x sin x* cos (cos x?)
Taareus:
y = sin (cos x?)
dy d d
gH Ty 22 sin (cos x?) = cos (cos x*) — (cos x?)
dx dx dx
. d
= cos (cos x?) (= sin x?) — (x?)
dx
= — sin x? cos (cos x?) (2x)
= — 2x sin x? cos (cos x?)
Yy 5.2
T 1 W8 H xoh "el FAfafad wer i STasha shifed:
1. sin (x> +5) 2. cos (sin x) 3. sin (ax + b)
sin (ax+b)
4. sec (tan ({/x)) 5. cos(cxrd) 6. cos x* . sin® (x%)

7. 24cot(x?) 8. cos(v/x)
9. fag ifsT % ®er f(x) =lx— 1, xe R, x= 1 W ahion &l 2|

10. Tog wIfST for #7gaq quiieh wed f(x) =[x],0<x<3,x=1TqMx =2 R
sTashfera -l B
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39 qH BH y=f(x) % ®Y o fafee wer Sl Eher Sl © 8 W T8 AE9Th
el & T wor %1 Heg 36 ®Y H o5 foRal S| SR, x 317 y & |rg Frefared
ol ¥ ¥ U W fave ®9 9 fo=Rr St
x—-y-n=0
x+sinxy—y=0
el <90 W, B9 y ok oI Wil Y Wehd € 31 HWe™ &l y=x -1 &I F for@
Tohd &1 U0 <9 H, Qe AL o @ TR Helel y Rl WA A HT HIE SEE W 2|
ﬁlﬂ“ﬂﬁﬁ@fm‘_{:ﬁ‘lﬂ@ﬂﬁ,)} ﬁxﬂﬁﬁﬁﬂ&ﬂﬁﬁﬁwqﬁ%lmx
3Ry o o T Geel 39 YR oI TR M1 B fR S9 y o fau Wt e S
B AN y=f(x)oF &Y H foran <1 weh, @l 89 ed & &yl x o T (explicit) e
o ®Y § oo fopar T B) Swe W Ged §, € hed © byl xoh g
(implicity ) o[ % ®9 § Fed TRl T 2

I x—y=ndl %Eﬂ'ﬂ it

w fafy 97 © 6 89 y o fau e o3 suded gay ) ey ford gen

y=X-T
T D _
dx
Taheud: 39 a9 S, o 9N WY STehad] i W
d dr
dx(x y) = dx

d
WW%%W&ﬁ%%x#W%@anaq%md HTT 39 TR

d d
E(X)_E(y) =0

e a4 © 5
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JETETUI25 AR y +siny =cos x A ﬂ%ﬂﬁ 15U

dx
o1 B9 39 G o] WY rEehes i 2l
dy d . d
_+_ - —
iy dx(sm y) I (cosx)
sTEA T &1 TAR W
ﬂJrcosy-ﬂ:—sinx
dx dx
g Frefafeas aftomy fiem 2,
ﬂ__ sin x
dx  1+cosy
E y#Qn+1)w

5.3.3 Gfdei GehIvTfid el o 3idahetst (Derivatives of Inverse Trigonometric

Functions)
T T[: 9 e € o wiaeim Bepiofid™ wer Had i 2, W 89 39 Y e
FHON 79 T T Tl oF ahorsll i 910 S oh Al @ T H1 T= S

FETETUT 26 f(x) = sin”! x 1 3FHharsl A hifaWl I8 HH difeiw for @t
sfeaea 2

ol HH AIfST o y=f(x)=sin' x® @ x=siny
T el T x ok WU ST i T

1 dy
=cosy —
dx

dy 1 1
:> - = = . |
dx cosy cos(sin " x)

=M JifeY foh 98 had cos y =0 o T aftanfoa 2, 1, sin! x # —g,g,?ﬂm

x#z-1,1,34q xe (-1, 1)
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39 YR ] S s a9 2q 8H FefafEad =@er ®ivd (manipulation)
L B WO RIS TR xe (- 1, 1) o T sin (sin! x) = x 3 9 YR

cos’y =1 — (sin y)> = 1 — (sin (sin” x))> = 1 — »°

o & ek ye [—g,gj,cosy@ T TR € 3R EfAT cos y = /] 12

39 YR xe (-1, faa
dy 1 1
dx cosy \[]1—2

f(x)=tan x 1 FAEHAS A HIWY, TE AFA gU foh goh1 e B

AqF ofIfST T y=tan'x € @ x=tany 81 x o G9eT S U HT AH
FH W

dy
1 = 2 e
ey dx

dy 1~ 1 B 1 1
dx sec’y l+tan’y I+(tan(tan 'x))* 1+x

2

3T Y™ TR oIS el o 3Taehersll @1 1d hl 3T9eh 319 o ol 3%
fean T 21 9yl rervifide Sl o stashersi i FEfafEd 9ol 5.4 § T

T R
Wit 5.4
f(x) cosx cot™'x sec!x cosecx
1 -1 1 -1
;&) 1 X2 1+ x? xm xNxP -1
Domain of /| (=1, 1) R (= o0, ~1) U (1, 0) | (=00, =1) U (1, )
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Yyt 5.3
W@ﬁwﬁ%aﬁﬁﬁq
X

1. 2x+3y=sinx 2. 2x+3y=siny 3. ax + by> = cos y
4. xy+y*’=tanx+y 5. x2+xy+y’=100 6. x* + %y +xy* +y*=81

2x
7. sin’y + cosxy=k 8. sin’x+cos’y=1 9. y:sin‘l[ j

1+ x
3 1 1
10. y=tan1[?x ol j, = <X<—f

1— 2
11. y:cosl[ xzj,0<x<1

42
12. yzsinl[1 xzj,0<x<1

2
13. y:cos][ xzj,—1<x<1

14. y:sin’1(2x\/1—x2),—i<x<L

1 1
15. y:secl[z—j,0<x<—
2x% -1 V2

5.4 =IETdTcht 79T STIUTehid Terd (Exponential and Logarithmic Functions)

a1eft ok B Tl SI9 gYR e, IR0 e qen Bkt wer, & fafae ot
& F9 Tegel & 9N @il 21 36 e ¥ o e Heid kel o Uk Y o
= 9X H Hief, 5= =Emieht (exponential) @l SO (logarithmic) e Hed
21 T&l W Rl &9 ¥ I Sdqer SEvds € fh 39 =98 & 9gd ¥ HeH W adl
TJoaed & 3 S| SUUTE] 39 & i aug-aeq o & § "l 2
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SR 5.9 ffy:fl(x)zx,yzfz(x):xz,y:f3(x)=x3?MT y:f4(x):x4$ S IIGEC]
faw U ¥ = A foR S-S x ) 66 d@d S © 95 1 el ot aadl S
21 9% F gauE S ¥ 95 I R A Y
Bt STt 21 gHeE A W@ B TR x(>1)

A H fivEd 9fg o "W oy = f(x) @6
M oG Sl © S-S n 6 1 2,
3, 4 BN ST 1 A8 wewa € fE g Y
e Gl HAHE WM oh fog e ® Sl
f(x)=x" T STRIHET W, TEH 1 AR

r=19"

~
=
Il
EN

.3
Y=,
J)\
<+

g o S-S o gfg gl sl @ o.1) a,1)

y =f,(x) 1 T y-38] i R A(eeh

FHA A T IR F A £, (x0) =110 X' 5 >X
A £ (x) = xR fo=R HifS@) afg x M

TH | W a@HL 2 B S, @ f, H AN ST 5.9

| § 9gehT 20T S 7, @ f, T A
| ¥ SgH 215 B W 21 TW VR x § WAH gf5 % o, £ # gfs s, # 9fs +
e Sk doa o e 2

Suder e 1 oy 7e ® o agug worl i gig Sk T W R e €,
aeiq o Sgd WSy gig Sgdl ST $6e SWA Gk wHifee 99 98 $3d ¢ o,
1 BT UH B © S 9gUS horrl whi 31Uel Afien oS @ wgal €7 3Eehl ST
THNHE © 3K 0 YR & o 1 TH a0y = f(x) = 10 2

TN @ AT B R fRE oW e 1 % faw aw wed f, wem f (v =0 F
aden @Afer ISt @ wgd 21 SR b oY BH THE Y Wehd © TR £ (x) = x'0

100

3Tde 10° 1ferer ISt § "@dl 1 € A1 S foR x o o€ WAl o fog, W x= 107,
oo (0) = (10%)1% = 10° S £(10%) = 1010’ = 100 F| TI=q: £, (x) BT STUE f(x)
1 WM wgd A 2| 98 TG w1 Hiod 78l © T x oF 39 Wl 5el & fog w@l
x> 10°, f(x)> [, (x) 81 ToFq &7 ==l R ToehT ST 37 1 T &I 41 T TR

X% o HA ] TR A€ TG Fohan ST wehar @ TR, fREt off om quifer ok o
[, (x) T ST f(x) T HE A AT W F@d 2l

Theld y=f(x) = b Tq[Heh ER b > 1 & %IE ‘q{qml."l';\l thdd cheddldl %|
AP 5.9 H y = 10+ 1 Y@=l 9ian @ B
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IE A8 &) S 2 o uee =6 T@if=s i bh e faftre A, S 2,3 3K 496 fou
G Y <@ TR o &1 §9 wiE fagmad frefafad €
(1) =it el 1 Wid, arsdiaes Geasi 1 gq==d R el 2|
(2) ST el b1 GRS, WHE eI ordiesh SeTst sl Sq=ed gl 2|
(3) T91g (0, 1) =EdIHT Fer o @ W Had Bl & (TE TH a7 1 T: HeH
2 T forelt off arwafas @@ b> 1% faw p0=1)
(4) =R B Hsd U a¢AM %o (increasing function) Bal €, 31efiq
SH-S g9 9 9 ¢ 3R Sed S €, eiE S I3dl Sl 2|
(5) xoh TAYF TS FUMHE Tl o ol SREMdIeh! e ol JF 0 o 3T3d e
21 21 TR v H, fgdta wgefer ®, otoia STWRITR x-3187 1 SN STET
2 (frq son et fyerar =& 21)
STTHR 10 a6l T Be i @TERUT TLETdaiehl theld (common exponential
Function) &&d 21 el XI &1 Yedq&s & IR A.1.4 9 g0+ <@ o1 fm goft

T AT Tk UH! @ © TSeh B 2 A1 3 o HeA Bl © 31X S ¢ BN e I B
TH ¢ %hl MR F ®Y H YA & R, B0 Th Tdd WU <REMIh] e
y = ¢* W Bl 1 39 WTehiden SETAieh %o (natural exponential function)
Fed 2

Ig WA wTaR B TR o =] wer o gfde™ o1 it © SI) afg ‘gl
Al S SEHT Teh WA S 1 S Hehd! 21 A€ WS fertEd i & faw ufta
L 2

qF oS T b > | U orfas @ea 21 dd eH wed B T,

b SR W g 1 AL x B, ARG b =a Bl
b YR W ¢ % LTI i ek log,a § Fhe HId T 30 YhR A% b*=q, W
log, a = x $HhT IFIHE HTH = AT Y 7 o T IR A1 T A &H A
T T 23=8 3 TTUETA IR H &9 T 91 B [: log, 8 = 3 @ WeRd 1 T Wb
10* = 10000 T2 log,, 10000 = 4 THIA T &l T Te ¥ 625 = 5¢ = 252 T log,

625 = 4 3127 log, , 625 = 2 HAYT e B
offg] |1 R atfures aRiuem gfteshiv] § fa=m o W &0 %8 Ghd € % b> 1
YR U@ & oF SR @0 i ¥ ardiae SISt oF a=ad o §e
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RG]

ardfash WEsT o =g § TH He
% T H 3@ S Fhel T TE o, o

TIUTRTT Wt (logarithmic function)
wed B, Frefafe ywer o offoa @

log, : R* — R

x —>log,x=y A€ b =x

T4 ®fed wE W, A AR b=10T
dl U “HTLUT S0TeR’ 3R A h=e?
dl 58 ‘UTeRfdeR SEMTUTR’ Shed &1 Sgel

YTk fdeh IO i In ST Yehe hid B
39 31 | log x 3R e dlcd ALTH Her 1 (efya sidl 21 3Tepfa 5.10 ¥ 2,

AT 10 SR ET0R 1 e o 3eid ST T 2|

y = log, x
y =log,x

y =log;ox

3TTeRfd 5,10

R b > 1 ST AFH Bl h1 b Heeyul faimand Hi= gefag 8:
¥ (non-positive ) FE&IST o T & T[T ol ohls S7eiqu] qRE &1 o

(D
2)
3)
4

S

(6)

A T SR U TS Werd #1 Wi R* 2

R Her w1 T THE oRdiash Semsl 1 e 2
f&1g (1, 0) ST Bl o AR R Fsd @l 2l

AL T Teh aeuH %o 8 8, stelq sai-saf g9 =1d 9 ¢ i =erd

2, e SRR S Iadl Sl 2l
0% Afues e Iy & fog,
log x % T @ Rt off & T
TR W@ | & fhar 51 "ehal
B SR v |, A (wged) =gefe o
A y-318 o b STE il §
(forg o el fiferar =&l 2)1
HAPAS.11H y=e qel y=log x
o e 9T MY &1 TS A <A
W%fm“ﬁﬂ%i’@y:xﬁ@
T & v wfafes g

3TTeRfd 5,11
AR ol o & Hewqul ur A= wEfo g T

(1) ST¥R YREds &1 Tk 7w o0 €, 9 log p &l log, p o 9&1 ¥ ¥ foRan
T W1 Bl W A fF log, p = o, log, p = B log, a = ¥ &1 38&HT 18 78
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%fm“a‘*zp,bﬁzpﬂm b'=q Bl € dE YROTH R UEd H @R 9
bN* =b"=p
THh] T FHIHOT H YAN hed T
bP=p=>b"

a: B=oysemo =2 %138 ww
Y

log, p
log,a

log p =

(2) TUA%EH W log HeM 1 Y9E THHI TH I U= U1 ¢ HH ofeg T
logbpq=oc%l‘5ﬂ@ b%qu@'cn%lw“rwqﬁ: log, p=PB T log, g =7
2 d@ bP=p AW bY = ¢ W BT BRI WG b° = pg = bPbY = bP+R)

TEeh! e @ fm o=+, 31l

log, pq =log, p + log, q
T8 T foeiy Uk qen Hecqul oy a8 fsherar @ S p = ¢ 2109 <9 ),
SuE Hi [ Fefaied YR @ forn s g @

log, p* = log, p + log, p = 2 log, p
THH Th WA AT R0 1 o foae sig fan man @ sreiq fopedt off o quife
n @ fag

log, p" =n log, p
arede B g YO ok TRt off arafess |7 ob fow we €, g 39 ew wmifa
T ) T TE R gE fafy @ uee frefatEa s wenfia Y wed @

x
log, y s log, x - log, y

F I8 TA © T x % 9 ardras 9Hl o AU x = eler 27

Tedl @ A T foh log Wl o1 Wid 9t &9 arsdfash WSt &1 == gl
2| THfeY SUge WHIehLl ¥R artas qemstl o oy wed e ®1 31 HE it
o y = el 217 y>0Td Al 9&ll 1 AR o H log y = log (¢°2¥) = log x . log
e =log x Bl T y = x Wl €Tl 81 ST x = et Sheled x o o AHl o g ¥ 21

3T MU (differential calculus) ®, WTepfaes =REdIeh! et o1 Weh STEHTEIROT 10T
g € T, stamer &1 wiswan & =g wRafda 7€t g 21 39 o1 &1 e weE o s
fopen o 2, fSreert Suufa =l &0 i 2 2
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ug 5%
(D) x o 9rae exwaawaexﬁ%ﬁm%, ?ﬂﬂﬁ %(e")ze"

(2) x% WY log x T SFeehers] 1 g €, 31eiq %(logx): é
x

SETEC0T 29 x o 9Ny fAfafad o1 sfeehed sifaa:

i e (i) sin (log x), x>0 (iii) cos! (eY) (iv) e
'Cl
(i) | A y=e 21 319 S@en ™ & F@ g7
dy

b x4 B
dx dx -x)=-e

(i) WM ST Ty = sin (log x) B 1@ SJ@en =M gr

ﬂ cos(log x) i (log x) M
dx dx

(iii) WFﬂﬁQfm“y=cos*‘(e")%l A SJEen a9 g™
dy 1 d . e’
o W;@) W.
(iv) HF TE foF y= e 21 316 @en @9 g0

d . :
_y eCOS)C ( sin x) (Sln x) eCOSx
dx
gt 5.4
TeAfefed =1 x oF |YeT Tereher hifsie:
ex
1. 2. _sinTx 3. )
sinx € e
4. sin (tan™ ™) 5. log (cos €*) 6. e 1% + 4o
COS X
7. \/eﬁ, x>0 8. log (log x), x> 1 9. logx’ x>0

10. cos (log x + €¥)

*Fu W wET GEA T8 303-304 W IF
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5.5. F[TTU'IT:Pﬂ'J Adehld (Logarithmic Differentiation)

TH 3T =8 H gH FAfafEad YR o T fafime a7 o el ol ST shadl |r@i:
y=f) = [u(x)]"®
AT (¢ SR W) ©H W SYYerd ol Ffaiad YR @ qH: g oo @

logy=v(x) log [u(x)]

sTEe a9 o JAN g
lﬂ ()L ’ ’
y dx n u(x) u () +v(x) - log [u(x)]
T aqd € o
dy  v(x)
ax =7 u(x) ux) v () log ulx)

7o faf § ea 31 1 g o1 98 € TR f£(x) 9 w(x) T WE TR B ey
SAY] ITeh AUk TR &1 8| 36 Ufsha1 oAl TTENIUTGhIT 31aehe (logarithmic
differentiation) F&gd 2 31 v frefafed sl g/ sy fRar T 2

2
TEETUT30 x F FY \/(x_f)(x Y 4 sEmar B
3x +4x+5

(=3 (P +4)
et ;fm'_y_\/(3x2+4x+5)

AT "ell o ST o W

1
log y= 5[log (x—3) +log (x* + 4) —log (3x* + 4x + 5)]
AT 9eff T x, o GIUET SFTAP HH W

l ﬂ 3 l 1 2x 6x 4
y dx 2 (x 3) x* 4 3x* 4x 5
dy y 1 2x 6x 4
SDE) — ==
dc 2 (x 3) x* 4 3x% 4x 5
1 \/(x I H 1 2x 6x 4
T2V 3% 4x 5 (x 3) x* 4 3x* 4x 5
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SETETUT 31 x o 9G¥ of ] ST HINT, SEl ¢ Th 97 3= ¢
%T'TII'FTFﬂﬁlEfm“yzax,?ﬁ

logy=xloga
T wafl Wy, o WU TR BT T
1 dy
;E =loga
dy
SIRE okl log a
d X
3H UehR E(a)=a"loga
Taareua: i(ax) = i(emg“) :e’”og”i(xloga)
dx dx dx

=e'*¢ loga=a'loga
SEEIUT32 x o GYel xiny, 1 SFeher Hiteg, s & x> 0 )
el OH olifey fom y = xR SE ST gell 1 ok o W

log y = sin x log x

31U 1 ﬂ sinxi(lo x)+1lo xi(sinx)
y dx dx . & dx
Ly
B y dx = (smx); 0g X COS X
B ﬂ [Sinercosxlo x}
I Yy . g
sinx | SINX
=X [—Jrcosxlogx}
by
= X siny 2™ cosxlogx

SEEIUN 33 AR y 4+ =R A %snﬁﬁﬁm
X

s @ g fF y+r+x=a
u=y,v=xad w=xT8 WEH u+v+w=a 9 el 2l



AT qe TR eHE

du dv dw
we o A dx ol
I =y &1 A UEl h ALOE A W
logu=xlogy
AT eff T x o WYET TR HH W
1 du d d
— — =x—(o +log y—(x
L @ dx( gy) gydx()
1 d
= x— 2 logy 1 g g 2
y dx
du x dy o x dy
— —ul——=+lo = ——+1lo
- o [ydx gyj y{ydx ey
‘SRZID[W y=x"
AT 9ell T TR T W
logv=ylogx
AT eff T x o WYET R HH W
1 dv d dy
—.— = y—(ogx) +logx—
v dx ydx( gx) 8 dx
1
=y — logxﬂwm%
X dx
dv y dy}
3 — = v|—+logx—
dx v[x . dx
= x’ [lJrlong}
X dx
9 w=x*
AT Y&l T TLUE HH W

logw=xlog x

A1 9eff T x oh FIUeT ke HH W
1 dw

w dx

d d
x—(logx)+logx.—(x
dx( gx)+log dx()

1
x — logx 19r< g 21
X

193

. (1)

. (2)

. (3)
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dw
1M — =W (L +logx)

=x*(1 +log x) e (4)
(1), (2), (3) AT (4), 51T

of x dy [y a’yj
——+logy |[+x7| —+logx— -
y (y Ix g)’j . g e +x (1 +logx)=0

d
a0 (x.y'+x.logx) Ey =—x*(1 +logx)—y.x"—ylogy

dy —[yxlogy+y.xy’] + x*(1+log x)]
Ad: - =

dx x.y" '+ x" logx
YyATaet 5.5
19 11 9% o 99 § YS9 ®aHl &1 x oh G198l STasher ohiiold;:
1 2 3 2 (x-Dx-2)
. COS X .cCOS 2x . cos 3x . -3 (r—4) (x_5)
3. (log x)=s~ 4, x* — 2sinx
RS
5. x+37. (x+4)P . (x+5* 6. (er—j +xb ¥
X
7. (log x)* + x'og~ 8. (sinx)* +sin™ /x
. . XCOSX xz +1
9. Xt 4 (sin X 10, x5 45—
x°—1

1
11. (x cos x)* + (xsinx)*

12% 15 % o Y ® US4 HoHl o fag %sn'dw%ﬂz:

12 ¥+y'=1 13. y=x

14. (cos x)’ = (cos y)* 15. xy=e"7

16. f@)=1+x) (1+x) (1 +x* (1 +x*) 5 Y80 Hed I 3Tkl A hiTaT 3R
39 Y (1) A d calsI
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17. (®=5x+8) (X + 7x +9) 1 koM HATAREd dH FbR | Hifold;:
(i) %A 99 HT FAN FHEh
(i) TOHHA o TIFRU R T Tehd 9gds W<l hieh
(ili) TR e g
g off T SIS foF 39 YR 9 @l SO WEE 2
18. A% u, v w, x o Hod B, @ & fafml stefq yum-1orea fam & g
51, 5@ - U 3Teshe g <3S foh

d _du v dv
dx(u.v.w)—dx v.w+u.dx.w+u.vdx

5.6 ol oh YTelfcieh ®Ul ok 3fdeheist (Derivatives of Functions in

Parametric Forms)

FHefi-heft § =X AR S fr B e T @ W g1 SR A e, fRq Tk o
(e’l) =R AT § gersr-goreh dasll gR 99H 3 TR o6 724 Ueh dae $A19d 2l STl
2 Ut feufa & &0 wed € fop S7 S & o= o1 Hee Th e =X Ui o " 9
affa 21 =g diedt =X Tf¥1 urerer (Parameter) F8amd! €1 @i gore alish ¥ & =R
UM x T yoh S, x=£(r), y=g(r) h €4 H =K HaHl, i Yraicieh ®9 H T
Geiel Fed €, W&l 1 T g 2

9 ®Y9 o Hol o koS A h Bq, @ FEE gR

dy dy dx
dr T dx dt
dy
7 D d gy B g
dx  dx dt
dt
= %=§—8 it L g e £ o # ol

ECIFELL 34?Tﬁix:acose,y:asin6,?ﬁ%§lﬁﬁﬁml
o e @ T

x=acosB,y=asin0

dx

. dy
SHeTy 70 =—q sin 9, 70 =acos 0
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dy

- ﬂ _ do _ acos0 ot

dx  dx ~ —asin®
do

3BT 35 I xzat%yzZat%ﬂﬁ?EﬁWl
by

7o fen 2 f x=at’,y=2at
dy
— =2at A —=2
LIl g at 5= 24
dy

dy gr 2a 1
o dx — dx 2ar 1

dt

30T 36 ?Tﬁ{x:a(e+sin6),y:a(1—cose)%?ﬁZyEﬂﬁﬁﬁl@ |
X

wo D — a1+ cos0), 2 = a(sin )
de—a cos 0), 40 =a (sin
dy
- dy _do__asin® _ 0
dc  dx  a(1+cos0) 2
do

[ Tt | e, o1& o ST gﬁg@mmxaﬁzmwm
fa1 &1, eherel U o UR] W ook i B

2 2

2
IEEIOT 37 a5 x3 3 a3%?ﬁ% I hitelq|
X

7ol O oifeie fh x=acos36,y=asin36% GE|
2z 3 2 2
x3 +y2 = (acos’0)3 +(asin’0)3
2 2
= a3(cos’ 0+ (sin’0) = a3
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2 2

2
X =acos’0, y=asin0, x3 +y3 =g Uk FHIH 2l

dx dy
e 2 1 - = in2
0" 3a cos? 0 sin 6 3N 70 3a sin? O cos O

dy

&y .
ﬂ: do _ 3asin 2Ocose :—tanez—i/z
dcx  dx  —3gcos*0sind x

do

| fooruit | wfz 29 s Be & sEEed w F1 fafy w1 v w9 E a9
fara sifeat gl

Y9ATaAt 5.6

AT g9 W@ 1 W 10 Tk H x q1 y U Gl g, Th TR | Y=ok &9 H

wafua &, 9 gr=e &1 faam fee fam, iycsnﬁ EAISLE

1. x=2at%, y=at 2. x=acosB,y=>bcos6

4

3. x=sint,y=cos 2t 4. x:4t,y:?

5. x=cos 0 -cos 20, y=sin 0 - sin 20

sin’ ¢ cos’ t

6. x=a(@-sin0),y=a(l +cosO) 7. x=m,y:m

t
8. x=a[COSt+10gtanEjy=asint 9. x=asecH,y=btan 0

10. x=a(cos®+0sin0), y=a (sin 9 -0 cos 0)

11. -q-ﬁ:\-x \/asinlt’y \/acoslt’?ﬁw.ﬁg§ X
X

X

5.7 fgdra smife w1 31@ehes (Second Order Derivative)
M e R y=fx)T @

dy _
At - (1)



198 o

T f/(x) TR € A TH xoF GUET (1) o1 T: Teeher L Tahd &1 30 YR

o d (d ~
ERiRE E[d—zj 81 S €, fr et whife 1 s1ashest (Second Order Derviative )

FEd & 3 d—zzyﬁﬁKﬁHW%’l f(x) ok fgdta =ife o s1adas &l () 9

dx
frefia %5 €1 9k y=fo @ @ W Dy Ay Wy, W +F Frefaa wwd g g feooft
F © T =9 %9 & oEded 9 34 YR fRY S 2
2
32Tg0T 38 2T|2<{y=x3+tanx%?ﬁ %Eﬂﬁﬁﬁﬂil
X

'l W%fm“y=x3+tanx%l 3
dy

o 3x? + sec’ x
2

i % = di (3x% +sec? x)
X by

=6x+ 2 sec x.secxtan x = 6x + 2 sec’® x tan x

2
IERI0T 39 i y=Asinx+Bcosx% a fag s o %er:O%I
x

ol TR W
dy .
— =Acosx—Bsinx
dx
d? d
3R Kf:a(Acosx—Bsinx)
=—Asinx—-Bcosx=-y
dzy
e Yeh X W+y=0

2
SEETUI40 AR y =3¢ + 27 B A fag wif R %—s?my:o
X X

T TqEl y=3e*+ 2e¥ 2 FTE

Ey = 6> + 66> = 6 (e + %)



AT qe TR eHE

%y
=qfoTu d_ = 12e* + 18e* = 6 (2> + 3¢*)
X

d’y _dy
S 52 +6y =6 (2¢* + 3e¥)
dx* dx

—30 (e +e*)+6Be*+2e¥)=0

SEET41 ARy =sin! x € @ TR fF (1 -x2) —= y P o

dx* dx
Wqﬁy=sin*1x%?ﬁ
ﬂ_ 1
ax \J1-x%)
Bl (1- xz)
d
Bl - Ja 2) 0
d’y dy d 2
el 1 ) — = —Jd «x 0
( ) dx®  dx dx ( )
d’y dy 2x
Ja ) —= =2 = _ 9
a ( ) dx*  dx 91 2
d’y dy
31d: 1-x")—=—x—==0
( )dx2 dx
ﬁmzﬁm%fmﬁyzsin"x%ﬂﬁ
1
yﬁﬁ,mﬁ (l—xz)ylzzl
- X
AU a x*) 2yy, ¥y (0 2x) 0
37d: 1-x)y,—xy, =0
YyATaet 5.7
U 9= 1 910d% | KU sl o fgdta $ife & ases I e
1. x*+3x+2 2. x20 3. x.cosx

4. logx 5. x*log x 6. e*sin 5x
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7. €% cos 3x 8. tan'x 9. log (log x)

d2
10. sin (log x) 11. A y=5 cosx—3 sinx & d fg S fop d—2y+y:O
x

12, TRy =costxd A L Fw yF w F T A

dx
13. A y=3cos (log x) + 4 sin (log x) & a1 gwizy f& Xy, +xy,+y=0

d* d
14. =g y:AeW+Be”X%ﬁmf§Qfmr —;—(m+n)—y+mny:0
dx dx
d2y
15. 9% y=500e™ + 600e ™ © I <313q o F=49y 2
X

2 2
16. AR+ =12 @ W%Lf:[ﬂj 2l
dx dx

17. A y=(tan'x)? 8 @ MY & (2 + 1)y, + 20 (@ + 1) y, =2 Bl

5.8 HIETHE UHT (Mean Value Theorem)

TH ITR] W g aehd T o |1 eaRyd aRoml =6, fam fag fau, =

B9 T YRl ! SHIHAE SRAT (geometric interpretation) T H M WIa |

T 6 WA ST YHT (Rolle's Theorem) ¥ TfST 6 f: [¢, b] — R Hgad e

[a, b] & Geaa e forga AUt (a, b) W SAThera € 3R f(a) = f(b) T W&l a 3R b g

arEdfees SEd €1 a9 faga aud (q, b) o Tordll TH ¢ o1 3t € 6 £/(c) = 0?1
JMeRfar 5.12 3 5.13 ® o Q@ fafime weri & s e 71U 8, s I o 994

! T H G W B
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w1 Y T o 3R b o A feum o o fagel W el Y@ 1 yeaumr w® @0
Hfed gl 21 379 U U o § %W ¥ FH Uk 95 W yeu I 8 S )

U & WHA 1 qUed TE <@l ©, ik y=F(x) % Ao o ol fag o ol
@l 1 YAl £ 3 T sifug 39 95 W £(x) T Sfeehor gl 2
eI WA (Mean Value Theorem) TF ST & £ [a, b] — R TR
[a, b] & Had A WA (a, b) § THAE 21 d9 A (a, b) § ToHelt W ¢ A
i 2 T

fe)=

fB)-f@ s,
b—a

e ST foh WeAgE THE (MVT), Uel % Y99 1 T fofarol (extension) B
STEY, 319 TH HIEAHM YHI i SAITHAT SREA] WHel| Ba y = f (x) T 3Ter@ i
5.13 ¥ T 21 &9 Ted & £/(c) BT S o0y =f(x) % 195 (¢, f(c)) W @i T

W%@ﬁw&wﬁwzﬁ%wﬁrs.mﬁwé%wﬁ@ﬁ
—a

(a, f(a)) R (b, f(b)) & TeA Wil TE B W@ (Secant) 1 FaOM &1 HETHH o
o el T 2 TR S (o, b) W fu@ w95 039 WBR ® N5 (¢, flo) W diE T
9t W@, (a, f(a)) AT (b, f(b)) Togeti & <= Gt T¢ S W o GA Bt 21 T
v H, (a,b) B W g ¢ TS (¢ f(0) R TR W@, (a, f (@) T (b, £(b)
%! fie™ 9l Y@ @S o "Ee 2l

Y
(b, f (b))
Q
N (€ f(0)
\0'\
X'< O\l, 4 c b > X
YI

3TTHfa 5.14

e y=x2+ 2% T Uot o THT ] TAMIG DIV, F6 g =— 2 T4
b=272I



202 o

Tl e y =22+ 2, AU [ 2, 2] H Wad 99 HaU (= 2,2) § SAehed 21 WY g
f(=2)=£(2)=6% TS £(x) 1 T — 2 T2 T T 2| o o Y9I o FEN TH
g ¢ e (- 2,2) %1 Al =, Sl f(c) =01 HdfF f/(x) = 2x TIHAY ¢ =0 W
f)=03 c=0e (-2,2)

TETETUT 43 WA [2, 4] H oM f(x) =1 o fow Weqmm 999 &l gy sifaal

T WA f(x) = x> FaATA [2, 4] W FHad 3R HaTA (2,4) § g 8, Fih ST
IR f/(x) = 2x FAITA (2, 4) § g 2|

JqE F(2) = 4 3N f(4) = 16 T THAT
fB)~fl@ _16-4_
b—-a 4-2
HEHA T o FTER U 95 c e (2, 4) U1 B =S A f£7(c) = 6 Bl Tl
f(x)=2x 3T c=3BI3W@: c=3¢€ (2,4), R f(c)=6%2l

Y9ATaelt 5.8

1. ®eM f(x)=x>+2x-8,x€ [-4,2] % fau a1 & U &l MY i)
2. Sita s for o do %1 w9 fefafad wo o 9 fma-fh ) ong g 2l
T ISR W 1 Y YA o YU o faelid o 9N H bw e §ehd 87
() foo) =[x] % T x e [5,9] (i) f(x) = [x] % fe@xe [-2,2]

(i) f(x)=x>—17% fa@ xe [1,2]

3. AR £:[-5,5] > RUH Tad e © 3R A f/(x) frgt off fag ) 3= =t e
2 q fag wie & £ 5) = £(5)

4. WEHE YHY HAITUd ST, A FadA [a, b] W f(x)=x—4x -3, @la=1
AR b=47

. HIATH YHE GeOd i A A0S [a, bl H f(x) = x— 5x2—3x, TEla = 1
AN b=321 Flc)=0%h T c e (1,3) S T HifT

6. WA GE 2 H SHRe XU A o o foIg HeeHe Yo i STI9RI Shi i hifer)

wn

fafaer 3ergvor
FEE0T 44 x ok ANy Fafafaa &1 s weq s

1 ,
() V3x+2+ — (i) € “+3cos”x (i) log, (logx)
X+
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1 1

G) T ohfee fF y=\/3x+2+\/21274=(3x+2)2+(2x2+4)2%|
x4

wﬁﬂﬁq%wwmﬂwﬁmmﬁm—%éﬁmwﬁﬂﬁa%lw

dy 1 1hog 1 ., . svd
2 —GBx 22 —(@3x 2 — @2 H2 x4
» 2()6) dx(x) 2(x ) dx(x )
1 1 1 3
=§(3x 2) 2 (3) 3 (2x* 4) 2 4x
3 B 2x
~ 23x+2 3
TS (021 4)2

I8 gt aredfas qems x>—§&1%mtrﬁrwﬁilﬁ%|

(i) M AR Ry =€ " +3cos ' xB17E [—1,1] o Yo g o forw aferfira
21 zEfey

oo d 1
L - &7 —(sec’x) 3
dx dx 1 x2
— ¢ 2sec xi (secx) 3
dx 1 x2
SeC2 X 3
= 2secx(secxtanx)e
1 x*

SCC2 X 3

_ 2sec’xtanxe
NI
oM AT R Ys9 Wer %1 sTEdeS Shad [-1,1] § @ W ®, HifE

cos™' x o STehersl okl 3T ohadl (— 1, 1) H I
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RG]

(iii) H AT R y=10g7(10gx):%(waﬂwﬁaﬁq&xgm)
e aTfaeh @St x > 1 o U Her g 81 gHfay
a1 d
dx — log7 dx (log (log x))
1 1 d

()

(1)

— log x
~ log7 logx dx( &)

1

- xlog7log x
x o gy TrAfafaa =1 sesmad sifau:

. x+1
cos~! (sin x) (i1) tanl[ S x j (iii) sinl( 2 j

1+cosx 1+4*

E wifSE T £ (x) = cos! (sin x) Bl &4 ST fh 7€ wer @i arsafes
emstl o foy uRfia 21 g9 3@ frefafa w1 o forg wehd €

f(x) =cos™! (sin x)
— cos ! cos E X ,sinceg—xe[().ﬂ]
= — X
2
f(x) =— 1%l
A difelq fF f(x) = tan~! [1 S j%l M Y foh a8 wed 39 |4l

+COSX

aredferss st o fau uftwfim € fFeh fw cosx#— 1, 319iq nah w9
oo ottt o eifafea st Al arafas demneti & fau g9 39 wed @
frefeiad YR @ qH: o9 T ahd B

) = tanl[ sin x )

1+cosx

2 sin (xj cos(xj . X
— tan ! 2 2 = tan ! {tan[—ﬂ =—
2 2

2cos’ hd
2
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e SIS foh &0 3391 qe gL H COS( j %1 I Foh, Tk T8 YA o qYa

T 2?1 e £(x) = % 2l

7 &fifSe f6 f(x) = sin~! ( 2

1+4

Lj%lwwwuﬁaﬁﬁémﬁ?ﬂ

x 1
Hﬂﬂxﬁﬁﬁﬁﬁaﬁw%ﬁﬂéﬁm—K <1%|a2frﬁmr 2 Fﬁa

1+4"

mw%wﬁmgﬁwa‘lﬂxﬁaﬁw%wm <1awfqér

1 ~ .
qeft x 5% foaw 20+ 1< 1 + 4* 21 B9 29 2s?+2x g off fore derd 7,

St |t x ok foIT 9o B 31d: Ber YE ardfosh §E o faw gftarfid 21 e1e
2% = tan O T@H W I oM TEfafEad YR 9 qA: fo@r s e 2:

x+1
fx) = sin{ 2 }
1+4°

L2 2
2

1 2F

. 1[ 2tan® }
— sin >
1+tan“©

=sin~! [sin 20] =20 =2 tan~' (2%)

— sin

1 d .
f(x):21 2x2 E(z)

2
= log?2
1 47 )log

2*"'log2
T 144
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SEETOT 46 T T 0<x <o U f(x) = (sinx)* 8 @ £/(x) I HiftsQl
el I8l el y = (sin x) W) o7 arafash gene o faw gty @1 e
T W

log y = log (sin x)*"* = sin x log (sin x)

ydr - (sin x log (sin x
) ) 1 d .
= cos x log (sin x) + sin x . — (sinx)
sinx dx

= cos x log (sin x) + cos x
= (1 + log (sin x)) cos x

d .
319 d_ic; =y((1 + log (sin x)) cos x) = (1 + log (sin x)) ( sin x)*"* cos x

d o
m47WWa&md—y,amﬁﬁq,w
X

a

, a4l x t1 %|
t

~ | —

y a
ol oA SIS TR QT y a9 x, THE ardias @I £+ 0% fag gitfia €)1 e

1
& _4 ( ”1) = aHli[tJrlj.loga

di _ dr\a’ dr\’ ¢
4t 1
=a '|1-—|loga
t
dx 1}“1 [ lj
YhK — —alt+- = lr+-
Rl dr [ A
a1l
1 1
=at - 1 —
t 12
dx
Z;to%azr&;t;til%n Fq: £+ 1% fau
dy t%l 1 1
— -
dy 4gr 4 2 ogda a 'loga
dx dx K - ( j“l
7 at - 1 — alt+-
dt t *
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FEATETUT 48 e« o WY& sin? x 1 3TEhe hifad|

el T ST o (x) = sin? x A9 v (x) = e B &l & du _ duldx oq s 31 wrea:

dv dv/dx
du ) dv ] ]
— = X X — =e — sin x) = — (sin x) e*"
2 sin x cos ﬁ? cosx (— sin sin cos ‘%I
dx dx
du 2sinxcosx  2cosx
3d: d_V = _sinxecosx - eCOSX

3T 5 T fafaer goamaeit

YT G 1 9 11 9% Y8 Wl b, x o WIUe] 3Tdeheld ehifeld:

1. B3x*=9x+5) 2. sin® x + cos® x
3. (Sx)Fcosx2x 4. sin'(x Jx), 0<x< 1.
cos’li
5. 2 ,—2<x<2.
N2x+7
. cot”! J1+sinx ++/1—sinx 0 T
) Jl+sinx —+/1-sinx |’ <1<y

7. (log x)er, x> 1
8. cos (acos x + b sinx), =l 3T=R ¢ A b & faU

. . T 3n
9. (sin x — cos x) Ginx-cos0 - oy T2

10, ¥+x+a +a, Td 90 a>0720 x>0 =3 foq
1. 3 (x=3) ,x>3%F fou

12. A y=12(1-cos ), x=10 (1 - sin 1), —§<t<g?ﬁ%§ﬂﬁ iy
X

13. ARy =sin"' x + sin”! \/l—xz,—lﬁxﬁlé?ﬁ% EIcECAIS Ll
X

14, 9% —1<x<1% U x JI+y+yJ/1+x=0 2 a1 fag Fifee fx
dy 1
dx (1+x)2
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g fhdt ¢ >0 fog (x—a)2+(y—b)2:cz%ﬂ)lﬁq?§ﬁmfm"

3
]
‘;’x . a 3R p¥ T T fer i #)
d’y
dx*

2
TS cos y = x cos (a +y), T cos a =+ 1,1l fag HIfST for dy _cos’(a+y)

dx sina
2
2Tﬁ{x:a(cost+tsint)3ﬁ'{ y:a(sint—tcost),?ﬁ fl—faﬁ Tl
x

TR f(x) = | x P, @ THIford RIS o £ 7(x) 1 3fde @ 3R 28 9 o sifsw
T e o THgia o FAN 51, f6g IS o 94 o quies n ok fog

d ( n) rkl%-
- — |
X nx

sin (A + B) = sin A cos B + cos A sin B &1 W1 & g 3@ §RI cosines
% faQ A ¥ 9 hif

I Teh UQ Hor 1 ik €, S goish fog W Had e frq ohaal < fagel @
HTHAE A 7?7 T IW H1 Afa ft ey

f(x) gx) hx)

[ m n

4 f'(x) g'x) nx)
T fag ifsw T D _ [ m n

e y= =

a b c a b c

i y= eC‘COS’]x,— 1<x< 1,?ﬁ gIsu o

d’y d
(l—xz)gz—xd—z—azy:()

U ek WA Her S Wid o TRl fag W Had gl © Ak sH g
W el HI W, SH fag W e o | oh SUel gl el

Had Wl o A, S, TUAwS X AIh Had e ©, sl A £ qen
gWW%,?ﬁ

(F+8) (¥) =f(x) £ g(x) WA T &I
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(. g) (X) =f(x) . g(x) Haa 2 21

AP [ .
(gj(x)— oGy (TR g() #0) Few g 21

ek 3Tashod ol Hdd il € fohq sUeht foaim wer =i 21

P20 Wl o HASH w1 Ehed B & Ty Th M 2l Ak
f=vou t=u(x) 3R A %HW ﬂw afaa T @

dt
& dv ot
dx dt dx
F% WHH rahas (IRt yidl o) Frefate 2:
i(sin71 x): 1 i COS l.x 1
x 1-x° dx 1 x?
d ( -1 1 d -1 _1
—\tan x): —(Cot x):
dx 1+ x? dx 1+ x>
i sec ' x ! — cosec 'x !
dx xA/x’ 1 dx x\/x_2 1
d ( x) . d 1
—\e J=e —(logx)=—
dx dx( < ) X

TR 1A STaha, £(x) = [u (x)]'™ o &9 o Tl o 3TEehal hid oh g
Tsh | dohieh 21 9 dehiieh o erefqul g & fere etmavEes @ R £(x)
T u(x) IHI B UAHS Bl

Ut & T8 T: AR f: [a, b] — R 3qUA [a, b] § Faq a0 AR®A (a, b) §
TR B, AU f(a) = f(b) B W (a, b) H Tk TH ¢ o1 s € s
faw () = 0.

HEAAA YHA: AR £ [a, b] — R WA [q, b] § Fad a1 A®A (a, b) H
HTHANT B A WA (a, b) H T TH ¢ 1 e & for@es faw

f(D)— f(a)
b—a

)=



(Application of Derivatives)

s With the Calculus as a key, Mathematics can be successfully applied
to the explanation of the course of Nature — WHITEHEAD +}

6.1 'agﬁmr (Introduction)

A 5 H T WY o, giaam Sreproifidia e, ST wer|, SRemdih ™ ol
3R IR ol 1 Faehers Fd hl W@l g1 WK SASAE o, g9 T bl
Tafg= TRens ® STeeharst o STIUANT Wl STEAF AT JA1 SATaT, foaa™, wmrfsten
o= 3T % @ &3 SR & fau g0 @@ & fFg YR stashers &1 ST
(i) Tl o 9REdd & R Fa s |, (i) e fog vl @ qon sifvea &t
IR I HE H, (jii) T Her o e W oA a5 9 w3 5, 5 g 39 fage
H T FH H TeEH T ¢ T W he H AfwHan A1 IAad 7 g 81 89 S
AU ! A HE H o TS ] ITAN w31, 9 Toh Had JHAE A1 JrAEH
gl 21 3dd: B9 F TR o Af-ehe O U< i H Tesharst Jgo |

6.2 TR ok Ufads ki 97 (Rate of Change of Quantities)

y:wﬁﬁm%w%@mmwmt&wﬁa@s&ﬁaﬁ?
FT W B TR, A ek Iy ok sud f xo @ R fEmy f(x)
S = A aie A Y A %(mf'(x)),mwemﬁwﬁaaqﬁaﬁ

d
et AR AR G f) T xS W y F) R B A
X x
efelq e 2
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e Afafed, A @ il x #R y, 0% Wy oREfda @ @ OE st
x f() ¥y g@) T @ F@en Faw W

dy dy
2 =0
= dt ?Tﬁ: I B 2

ww,x$wﬁayéwﬁaﬁ?ﬁﬂww:&wﬁawﬁ1x&tﬁaﬁ?
1 T AT TAN HLeh AT ST Hehdl B |

3TN W s 38R W =R Hi
g9 o %A oh UREdT Hi & SHH! A1 roh WYY @ hifeT oE
r=50m%l
5591 raTel 99 1 &9%d A= W @ 9?1 \lan, - % A AT ufieda

dA d dA
H W —=—(nr’)=2nr ¥ Y@ B & r=5cm d — =101 B @: I H
dr dr dr

&% 10w cm¥cm i W ° 95 @I 2

Teh T 1 A 9 cm’/s 1 R 9 9g W 2| A TWeh R HI A«
10 cm B d 3Hk U3 1 &%e fohd X 9 &g @I 2|

A A R S T Tk HR T S xcm @1 S T STEEH V a9l SH o IS
1 8% S B A, V=2 3 S =6x2 &l x THA ¢ T HoH B

s ? 9 cm¥s (& ©)
dv d
ESSIiGLet 9—;—5( )——( )— (5@ 1 w)
:3X2'@
dt
a dt ~ x° - (1)
aB _dgo dgo di
e ” _dt(6x) dx(6X) " (J@en Em =)
3) 36
—_12x-| — |==—
= x[xzj . ((1) = WA )

dsS
Ad:, S x=10 cm, E:3.6cm2/s
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SEEI0T 3 Wk TEeR gl ¥ Us UeeR erell Wl € SR a0l I}l ¥ 4 cm/s 1 MG W
<l B1 e gUehR @ 1 B 10 cm ®, @ 9@ &7, o g emwhe et asit
T =g @ 2?2

ol B roTel 99 1 e A=n? W TR e @1 safey wee £ o Wroe e
A% Tfiedd i 8

dA  d ., d ., dr dr .
— = —(r)=—(@r’)— = — syEen am
a = T m ) =mr ( R
dr
%ﬁmw%f% Z:4cm
B IS ESE] r=10cm

@—2 10) (4) = 80
dt—n( ) (4) =80m

W:Wr:lOcmﬂHﬁﬁ@ﬁﬁ%ﬂWW%ncmysﬁ?{ﬁaﬁflﬂ%l

xwmaﬁﬁqﬁ:ywnﬂm%?ﬁ% T BT § 1R x

wnﬁaﬁﬁqﬁywnﬂw%,aﬁ%wm%

SEET0T 4 TR P ® el x, 3 cm/min B WL W W W SR HeE
y,2 cm/min 1 & W 5 Wl &1 9 x=10cm 3R y=6 cm & 79 3 % (a) IRAMY 3R

(b) &F%e | Ufledd &I X A@ S|
7ol Fifer ua o Wdel Aol x e W R R gl yag W e dl ed U € R

d d
ad = —3 cm/min 3R 4 =2 cm/min
dt dt

(a) M 1 UREY P Y WEH €, el

P=2(x+y)
dP dx dy )
LI — =2 — = 2(3 2 2 cm/
dt dt dt ( ) e

(b) A H STFAA Y TET € TA
A=x.y
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dA  dx dy
_ = + " —_—
T a ~a )
=—3(6) + 10(2) (FifF x=10cm 3N y=6cm)

=2 cm?*/min

el o ! x SHEA o IR H Fd ard C(x) T0d |
C(x) =0.005 x* — 0.02 x> + 30x + 5000
¥ yed 21 WHid TG 6 IS S 3 g Scaligd i STl @1 Sl HiHi e
(marginal cost ITMC) ¥ FAN ATHIR fohell TR T IARA oF §YUI AR H AT<hITeren
uftedd &1 T W 2

Hifh |G A IAET oF fohell TR 0 x 1S oF WY& HYUl ANTd o fEd
H R T U E FH

e @rT MC = fl—c 0.005(3x*) 0.02(2x) 30
X
SE x=3% dd MC = 0.015(3*) 0.04(3) 30
=0.135-0.12+30=30.015

31 srvfree Hmid @M S1eifa @ 9T TR Rs 30.02 (@) R

el IR &l x THIAl o fashd | I il 3T 94 H R(x) = 3x2 + 36x
+59 YSd 1 5 x=5 %sf?ﬁl:ﬂ"zl'lﬁWWWI@WW(mmginalrevenue
or MR) ¥ &R 14y foRdl &101 fogra &t 718 aqgatl oF W |l 319 o qierd
F R T

Fifer dmfa o fordt eror fasha ot 7€ axgeti o @Ye og ufeds ®1 I el
21 89 S € T

dmiq s MR = R _6x+36
dx
SE x=5% a4 MR = 6(5) + 36 = 66

31 srvfree Wi o1 s1ufd ST UM THE Rs 66 T

Td oF GARA oh GRAdT i X THeR! 351 r oh WYY FA HIST ik
(a) r=3cmzl (b) r=4 cmzl
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RG]

Teh T 1 S 8 cm/s i X W 98 @1 2| IS &Fhe fhd W 9 98 W1 e
Safeh ek foh R 1 &Rt 12 cm 2

Teh I ! 50 9OF €9 W 3 cm/s B W W 9g @ {1 T I F g9 w5
&kl fhe ST W &g w1 & W@ A 10 cm @

Teh UREdYiel o 1 RN 3 cm/s 1 X W 9g @I B | SF o 3T R
Y =g @1 ® v A 10 cm o 82

T TR giel § Uk TR Srel Sl € SR At g7 ° 5 cm/s W1 A W el
g1 59 gER W H1 50 8 cm € df 39 &, B gsn e e R 9 98
w72

Tk g9 &1 550 0.7 cm/s FT R T 9 W 21 g1 9Rfy Y gfg B L
2 Sd r=4.9 cme?

Teh 3Id i addl x,5cm/minﬁﬂ?@l%lﬁ%ﬁ'{?ﬁ@ﬁy,élcm/minﬁ
WY TG @ Bl Fax=8cm 3N y=6cm & 99 A o (a) IHT (b) &%
= giEdd w1 T A hitSa)

Teh T[eIRT S Ted MR @l 8, Th 99 gR 900 cm® T 9fd Tehg W
el a1 €1 TR 1 5 & uftedd # ) 9@ ey si9 B0 15 em @)

Teh eI S T AR @l 7, %1 a1 ulted=eie 21 e & |der s
o ufiadd ® X T SIS 5= B 10 om ©

Tk 5 m ddl GG JaR o &R goh! g1 Dt 1 A9 1 fowr, e o erfee,
R W R 2 cm/s F L G I B IR R THHT HAR [HE L H W
W ® Wefh WiEl o A9 % A R 94 m W R

Teh 0T G 6y =x° +2 T ITTA 0 H @ &1 Tk W S fagati 1 7@ i
Safeh x-Fréeie # g § y-fdurie 8 T digdr o 95 @ 2l

741 o U gl hi e % cm/s T W g W B ogel 1 A RE

W W 9 @1 ® vl e 1 cm @72

@W,aﬁﬂ%ﬁww%,wwﬁaﬁwﬂam%(h D21 x 3 Ay

ST o YiEdd @i & F1d hifelg)

T TET W 3 12 em’/s F W W R 21 FRd 30 S R T T viep S
2 fSwen! g wea e 1 B 1 ©a1 9 81 W 9 5 o Y Bl S
e S W 9g W ® wEih $9E 4cm ®?
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15. TH 9% I x THEAl o IWRA § ¥4 Fd @ C(x) (¥ H)
C (x) =0.007x* — 0.003x* + 15x + 4000
9 yed 21 HHd @ 1 HIFT Sefeh 17 SeREdl w1 Saaed fRar T 2
16. TRel IME T x TH1EA oF TOhd § WA Fal 3 R (x) 90 H
R(x)=13x*+26x+ 15
¥ 7T 21 HHT S T I S x =7 2
YA 179 18§ Wl 3T 1 =TI hifwL:
17. Wk I &1 BRI r=6cm W r % WUE &% W URedd & L 2
(A) 10m (B) 12m (©) 8m (D) 11xm
18. TH AR i x THEA o fO9%d | U Fd A &0 |
R(x) =3x2+36x + 5% USd ¢ 9 x =15 T af Hiwid a1 2:
(A) 116 (B) 96 (©) 90 (D) 126

6.3 Igw= (Increasing)aﬁ'{‘ BTEHI (Decreasing ) el
TH TR H BH Faehol o1 WA ek J8 Ja il o Wer aefqr @ o1 g
T § ®E T 2

f(x)=x* xc RSN 984 e f W AR #iNW| 39 ®ad &1 @ i
6.1 ® faam ma 2l

e fog o @l i 1 7 % e fig o Tl SR 1 AH
x | fx)=x 1 x| fx) =2
2 4 0 0
3 9 e | L 1
2 4 e ()| 2 4
-1 1 5 1 1
1 1 [ Y20 ix2 Y [ 3 9
2 4 4
0 0 Y’ 2 4
39 W em aft @ Tfu s agw ST 6.1 Y S 7w A ¥ =i o ae
S € ST W S st I € A S SR aed

STt © STt 2
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ey go fag & e @R & ot (3efd 6.1) W fa=R # B 7% fEy %
eI oF IEREY S w9 9T 9 ST AR W B, e i SuE oar Sedl Sl 2l
=l RO SRdfaeh HEHE x> 0% T o aeue SEdrn 21

e o g & Tl o & eTeE R fEER #d ¥ Tl 79 dEd ? fe o S|
Ao & IR d9Q ¥ Jq H AR W T, AW H SHE AR TS Sl 2
oy dTEdfeh WSl x < 0% T wer B9 Seard 2l

W 39 Uoh 3iaUel § 9eiHe 91 S99 ol i AEianad faveeonetss gy 311

uftamar 1 we ofifSy arsafas wF wer £ o wid | 1 W fagd taue @1 ad f
() sfaue 17 adam 2, afk 1§ x, <x, = f(x) <f(x) ®F x, x, € 15 fa€
(i) R § FR aefam €, af 17 x, <x, =f(x) <f(x) T x,, x, € 15 faw
(i) Sl ® BWEE €, AR IH x, <x, = f(x) > f(x,) F x, x, e [ faw

(iv) el § R gro9 ©, afg [ o X, <x, = f(x)>f(x,) 9 x,x, € 1

o fog
TH YR °h el hl A e eeRfd 6.2 § sfEml
Y

Y A

N

A N

\ LD/,
° N/

v
Y’ Y’ v
FEEE W - Y’
(iii) g(isv) P 3 @ g v 7 @ JEAT e
3T 6.2 ™
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319 TH Th 05 T FHAM A1 JEEM Fad i GRSl
T <fifSie o arwafas AHi o 9 B £ T H U fig x T @
x, W f e, TR 9w, SremE ofR FRX g heem @ 3% x, i siafde &
9 T W fage fauer 11 e 39 YR 8 T [ o, £ shoer: adam, fiw
T A, SEEH 3R R B @
HET 3 GRAE H] GHHE wer & fau we w1
x, R f aHAH Feam € Ak Tk S 1= (x,— h, x, + h), h > 0 1 e
W%fm“xl,xzelﬁm
x, <x, =f(x) < flx)
3T TS 1 IH YR W &R A S Ghal 2
@Ry o6 989 ®er f(x) = 7x - 3, R T R ofmm wer 2l
TH AT R ¥ x, 317 x, F1E q Head €, q@
X, <x, = 7Tx, <Ix,
= Tx,-3<7x,-3
= fx) <f(x)
T YR, 9REET | 9 qiomy freermr @ fF RW f T FRE gefam v 21

39 T A SR GIEHE Worl o foTq Wer afersherst YHeiu] T S| 39 we
1 SYY H 1A 5 H AeATT i TS HeAWH YHA 1 YANT Hd B

A AT o £ ST [a,b] T Faa X g0 a0 (a,b) W SATHeHE 21 a6
(a) [ab]® f aduM € Ak S&F x € (a, b) & AT f/(x) >0 B
(b) [a,b] ¥ f BEEH & AR TSH x e (a, b) o AT f/(x) <0 B
() [ab]¥ f T 3R e 8 I YdF x € (a, b) o fAC f/(x) =02l
(a)ﬂﬂ?ﬂﬁl@xl,xze [a,b]SHW%fm“xl<x2?la kuﬁuﬂaﬁxlaﬁt
x, % B TF fag ¢ 1 a3 TR T T
flx,) =f(x) =f"(0) (x, - x)
2 f(x) —f(x) >0 (=R f'(c)>0)
s1efiq £x) > f(x))
T YR, BH <& €,
[a,b]é@‘g’ﬂ xl,xzaﬁ%rq xoox  f(x) f(x)
Ia: [a,b] ¥ f UH SHEH Her R
9T (b) 3N (c) ! IYYM THT YN 2| US| o foIw 39 19 2 Bigl ol 2|
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fewuit
() (a,b) ® f R o9F ? A 98 x e (a, b) % O £/(x) >0
(i) (a,b) § f FRA T99F 2 A€ Y% x e (a, b) & AT f/(x) <0
(i) T ®wed RE 9¢0M (FE@UM) T A I8 R & Y% siaual d aHmm
(THF) B
saretor 8 feERy fh ye9 we f,
f)=x"-3x+4x,xe R
R W e sefgm wer 21
7ol &M e R

f'(x) =3x*-6x+4
=32 —2x+ D)+ 1
=3(x-12+1>0, 9 xe R& fau
THfY ®er £, R W R adfum 2
312701 9 g wIfST foh 989 %o f(x) = cos x
(a) (0,m) ™ TRa Br&mH 2
(b) (m,2m), ® TR ae|E 2
(¢) (0,2m)® 7 @ aef"M @R 7 & grEEE 2
7ol &F ST o f/(x) = —sinx
(a) <IfF 99% xe (0, m) % T sinx>0,89 T T F £/ < 0 3R sl
(0, m) ¥ f PR FRwH 2
(b) ek Y&F xe (n, 2n) F T sinx < 0,89 9 B & f/(x) >0 I z@faw
(r, 2m) § f TR aefum 2
(c) SYUEH (a) 3R (b)) W W= B &6 (0,2m) " £ = @ aeiuH 2 3R 7 & gedH 2l
e Toouil| ST 9 # @ S wHA € 7R B [n 20 § 7 @ PR aefue @

AR A &[0, 1] § FRER BrEmE 21 Qe B o faget 0, ©oael 2 W Had @
AT | & gN, $or £, [x, 2n] H THHE B 3R [0, 1] H SEHE 2

FEMET0T 10 a0 A@ e ’™E f(x) =22 —4x + 6 ¥ Y&T Had f
(a) TR oef|F = (b) THRER Bremm 2
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Bl &l
fX)=x*-4x+6
a ff(x) =2x-4
TEAT, £/(x) =09 x=2 9 Bl 21
ﬁgx:ZEHRIa% ™@ W R 34@'3?1?[ S,
A (= o0, 2) 3 (2, o) (3T 6.3) H farvem T 6.3
LAl Bl HAA (— o0, 2) H £/(x) = 2x -4 <02l

T
(==] 2 “+oo

THAY, 36 3Tl H, £ TR gremE 21 3t (2, ), ¥ £ (x) 0 €, sEfey 39
e ° wor £ TR aeuE 2
a= Toorut | e ST fop e f9g 2 W Had @ S TR 9 fauel o e aren

fig 81 T A 1 | &H A8 Fiowd Feer € R WeE W (oo, 2] § BREH
R [2, 00) § T 21

JETETOT 11 9 STaUal A shited fFH £(x) = 40° — 6x% — 72x + 30 50 &4 e f,
(a) PR 89 (b) FRE A 2

T TRl

f(x) =4x* — 6x> — 72x + 30 . .
Rl F(x) = 1282 - 12x =72 —oo 3 2 oo
=12(x* - x - 6) 3TTeRTT 6.4
=12(x-3) (x+2)

Y /(x)=0® x=—2,3 Wd Bld 8| x=—2 3 x =3 arferss W@l ! dH
TR A, THA: (= 00, - 2), (=2, 3) 3 (3, 00) W TAWH T T (3MFT 6.4)1

FATRA (= o0, — 2) 3 (3, o) H f(x) ¥FIHH T Weleh aUed (-2, 3) F f(x)
RO €| ey %o £ 3Tl (— oo, — 2) 3 (3, co) H TR aefdH € Safen afauet

(—2,3) " o TR gEE 21 qefy £ R W A d o[ 2 31 7 € seE 2

e f(x) wt forg e [kl Wepfa
(— o0, 2) () () >0 f FRE adam 2
(-2,3) () () <0 f FR® gRem 2
(3, ) +) ) >0 f TR o 2
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FAATA Fd ity 59H 939 e f (x) = sin 3x, X 0’5
T (a) 9UM B1 (b) BEAN 2|
M % IED 0 IL

'%
6
f(x) =sin3x gﬁ 6.5
Ell f’(x) = 3cos 3x
T, f/(x) = 0§ e B cos 3x = 0 fo@ 3)6:2,3?7c (AT x 0,5

:3xe[0,3§})wm%lwﬁm,x gaﬁig%mﬁgx g,aa’?ma 0.

I < S S [ogjaﬁ:

T gl xe[O,gj & faq f (x) 0 Fifh 0£x<%:>0£3x<§ X gt

T T ) 3
xe[g,gj$mf()0 oaa“rﬁmrg X 3 3 3x >
wafery, siawe 0. T f R aefue @ @R e = o R g 2

THeh atfafier f&an T wer x=0 aen X gmmﬁ%ﬂ%s@rmuﬂal#m,f,
0.— T gduE 3R 3 o g 2
AU 4 HIY SFH £(x) = sin x + cos x, 0 < x < 2n R US4 Fa f,

R | =1 PR BemE 2
@ € fw

f(x) =sin x + cos x, 0<x<2m

a0 f/(x) =cos x —sin x

39 f (x) 0 Hsinx=cosx S&d 3¢ x Z,%Wgﬁ%' HifH0 x 2 .
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fag x Zaﬁix S—W[O,Zn]ﬁ?ﬂqwmﬁ,w& 0,—

4 4
| | |
5
7 #R 57,2 T faver w3 2 0 % %n 2%
3TTeRT 6.6
o dfse f& f (x) 03 x 0,Z 57,2
5
1 W(O,gjaﬁt 2 ¥ wer £ o adam 2
AR f(x) 0, 3t x Z’ST
5
aFd: fooE s o R g R
ATTA f (o)t Tag weld &l Yehfd
O,Z >0 fa‘ti'ﬂlﬁ%
5
LS <0 f BEEH
5
-2 >0 f eiEE ®

g HINMTR W £(x) =3x+ 17 ¥ 989 Hor TR aeqm 2
g HINY fF R T F (x) = > W Yed Fer TRt aefgm 2
fag #INT £ (x) = sinx ¥ YT oA

(a) [O,@ﬁ’ R g m & (b) [gnJ T R s9EE 7

() (0, )™ 7 a1 =i 2 3 7 & seHE 2
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RG]

FAATA Td HIeG o] f(x) = 262 — 3x | U89 o f

(a) FRE a&mm (b) TR grEEm

AT A I 1 £ (x) = 203 — 302 — 36x + 7 § UgA e f
(a) TRER Fefum (b) TR g

el T it o Frefafeaa wom £ e adam =@ geEE @
(@) fX)x*+2x+5 (b) f(x)10 — 6x — 2x?

©) fO)-22-92-12x+1 (d) f(x)6-9x—x

e fx) (x+1)y (x-3)

fag s fF y  logl x) x,x>—1,aﬁwmﬁ@aﬁnﬁwél

X% 31 HE ] A BT e Ty = [x(x - 2)] T 9€HH ®er 2
fog Ff0 R 0 F y —oon . H TH 9 B 2
2 (2 cos )

g S o AT B (0, «0) ° R a&um v 21
fag SN R 1, DH f) =2 —x+ 1 ¥ Y0 ®od 7 @ a¢ae & 3w 7 €
BIEHM 2

frefafea o ®H 9 wed 0, T R BreEE § 2

2x

(A) cos x (B) cos 2x (C) cos 3x (D) tan x
fAfafEa siauel § o fhd 100 § f(x) =x'C +sinx—1 51 98d ®arf R
A 2?2

(A) 0.1 (B) > © 0’5 (D) 79 | % el

a o1 9% =[IdH HH A0 i fSwes faw sfaue (1,2) 3 f() =2 +ax+ 16
g e TRt x| 2

A &S (<1, 1) ¥ 316 T SAaua [ 81 a fg e & 16 f(x)  x 1
X
Y YSH Hor f, TR weuE 2l

fag #IfT & ®em f(x) = log sinx, 0, H fat aefam @it > i
fRE g 2
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17. fag =Y 7% %@ f(x) = log|cos A 0’5 T R aefum 3k L o

R e 2
18. g #ifNT ff RA &0 w0 el £(x) = x° — 322 + 3x — 100 F&9H 2|
19. frafafaa & 9 g ofaad ° y= 22 o aefum 22

(A) (= oo, o) B) (=2,0) (C) (2,¢0) (D) (0,2)
6.4 wgt i’@'lﬁ: 3R stfiivera (Tangents and Normals)
30 ST} § BN sder & YA ¥ fRd 9% o UE iU g fag W el e ek
SITerd oF FHIROT T R

T ity for b U g o5 (x, y,) @ S ofredt qen qifia 9o (slope) m
el @1 w1 FHIR

Y=y, = m(x—xo)@l‘ElT‘?[@?ﬂ%l

e T fob =@k y =f(x) & 9 (x,, y,) W &= W@ &t

Wﬂ [ f(x)] § <oid St @1 sdfern

X (x).vy)
(x,, ¥,) T Tk y = f (x) 1 T @1 =1 HHEH

Y=y, = f(x)x - x,) T B
THeh Ffafiem, FEiter A Tl @ W o« e @

. 1
AT y = f(x) F (x,,y,) T (e BT Faom o0 2l 67

qFf (k) 02, WU 5% y=f(x) &F B (v, y) W Afeia &1 wHfiwo
frefafed :

1
Y=Y, = 7 o) (x x)

afefie (y=yo)f ' (x) +(x = x,)= 0

- femoit| Ak y=f(x) FT FE R @1 13187 FT OF KW W O HI07 T, T

@ TI91 WG ! YU tan

dx
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faorw fearfaat (Particular cases)

() af% TIei T =t georar I ], 99 tan = 0 3R 3H TR 6 = 0 Formant a1ef @ fom
W%@%x-aa&wﬁtélsﬂﬁ&rﬁfﬁ, (x,, y,) T TR @ FHEO y =y,
RIS

(i) = E,ﬂataneeoo,%ﬂrﬂ ared € for el Y x-otet W e € ot -2

% TR 2 39 el (v, y,) R T Y o S v = 26 ()|
x=2W Tk y=x>—x ! TR @ FH FAUMEI FAd SIS
W &%k T x =2 W TR @ FT G0

ﬂ} -3x* 1 113
dx x=2 *

TH y Jax 3 1 W39 e = 9w wifee W R el T w

W%%I
U T Tk ok fopdl 95 (v, y) T w1 @1 & gaom
@:lm 3)71 4 2y
dx 2 \/m
WW%&W%IWW
2 2
4x—3=§
aq 4x-3=9
B x=3

Wy NAx 3 1R TElUSE x=3,y J43) 3 1 2%l
T, i fag (3,2) 1
YOIl 2 et 9t Waredl &1 eIl [ Sifed 5 g% Y
%! =93 St B
U ok & 5 (ry) W el W@ & e
dy 2
dx_(x—3)2%|
it weorar 2 fean wn # Hie,

(x 3)
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2

RO
Ell x-32=1
a x—3==%1
I x=2,4

FFx=249 y=23ﬁTx=415| y=—2‘5|T‘?T€ﬁ_€|T%I ww,ﬁ:qa%ﬁuaw
2 el 1 et tard & S wmen: fogett (2, 2) SR (4, -2) W W 21 s (2, 2)
H WM STt T @M T FHI:

y-2=2(x-2)%l
a y=-2x+2=0
Tl (4, -2) | SH dTcit W @l 1 THH
y-(=2)=2(x-4)

Pl y—2x+10=0%I

2 2

(—,@% ;—5 | 9 39 fagati =1 3 ewifs fom o ol Y@ (i) x-ore

o FHIER Bl (i) y-3& o6 FHR 2

2 2
% Y @ x, % WYY e W EH U H

25
X, 2ydy _
2 25dx
d -25
2 Y _ZX
dx 4 vy
() o=, el Y@ x-e1e o W @ Ak SER gavar y= ®, faed
d ) 2 2
Do Xy e $1 e e e S W 0@ a2 1
dx 4 vy 4 25

¥ x=0WR y? =25, 3effq y ==+ 5 figerar 21 e1: fag (0, 5) 31X (0, - 5) TH © w&f
W ot Y@ x-318 o WHi
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(i) el Y y-s1 & Wi ¥ At e eife w yevm = R 2 o)

25x
)C2 2
Wy:OﬁW%ISHW,T % 19 y=0W x=22 e 21 o1 9 foig
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ok y x—7$3?1%|§3ﬁm¥qﬁ%@ﬁamﬁﬁqaﬁqg
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e HUE STehe il W
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B Am‘mmzﬂmm%
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3

[SSAR S
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aen (1, 1) W AMaAd 1 Jaorn

1

(1,1) 9 T =l Yeurar e

faT, (1, 1) R AfYAs &1 GHieno

y—l=1(@x-1) T y-x=0%l
feu U o5k
x=asin’t, y=bcos’t

% Uk fog, wwEl ¢ 5%,WWWWWWEWWI
(1) T ¢+ WYY TTha e W

d ) d )
&= 3asin’tcost LU @ 3bcos’tsint
dt dt
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dy a4t —3bcos’tsint —b cost
a dx dx T 302 =4 si
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dt
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3R o ¢ E,ﬂax:aﬂmy:O% T Emmﬁ(a,mmmmwﬁw

@1 T FHHT y—0=0(x—a) 3 y=0%l

T y=3x'—4x T x=4 R W W@ HI G TG IS

Ty ;,x 2% x= 10 TR @ F1 TIUM T HIAY
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Thy=x—x+ 1% TR @ H Yoo 39 60§ | I &Gy 5w
x—ﬁ%{?lf%“2%l
Thy = x3 3x +2 H TR W@ R YU 39 fag W A S S
x-Frdema 3 Rl

THx acos’ ,y asin’® th A T Yaurar T hifeal

g% x 1 asin ,y bcos’ & EWﬁWﬁWW&J Sy

T y=x>— 30— 9x + 7 R 37 331 =+ 7@ Fifew 57 R Tl W@d x-218
o HHiH 2|

TH y=(x—2) W Tk fag 7@ ity fvw w wef @, fage (2, 0) @R
(4, 4) I THAM orelt @ o 99 2l
Wy=x3—11x+5mwﬁgﬁamﬁﬁqmm@ﬁ%@y=x—11%|

ST — 1 STelt |t Yt 1w W HI S g xll,x;«t—lﬁ
w73t et 21

e 2 el Tt Y B W S R S y x13,x¢mw
w3l 2l

YU O STel Tt {@s 1 AHeRLT T hifeld S g Y ﬁﬁ@m‘
w3l 2l

2 2

I % 1y_6 1 R 39 fagedl w1 w it 57w ol e

(i) x-3A% o FHR (i) y-318 o W §
o ool W Tl foagetl w w9l an @R sifieia o et o wife:
(i) y=x*—6x+13x2= 10x + 53 (0, 5) |
() y=x'—6+ 13- 10x+ 5% (1,3) W
(i) y=x3aF (1, ) W
(iv) y=x>%h (0,0) W
(v) x:cost,y:sintﬁtzg‘ﬂ
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. TR y=x%—2x +7 I TR @I R FHIHIOT FA hIGC S

(a) WI2x—y+9=0% TR 2l

(b) @ 5y— 15x=13 T &« 2l

g ST & o y=7x + 11 % 39 fagen w wef T wmie & sl x=2
M x=-2 Bl

Th y=x T 37 fag3ll &l F@ HivC 9 R w91 @ *1 gaum f§g o
y-frdsnien & s 21
a?mry%:4x3—2x5,qte—rn%|§3ﬁﬁmﬁﬁqﬁ?mwwﬁwﬁgﬁm
SIGi]
Wx2+y2—2x—3:0$3?1%|§3ﬁmw%@Tﬁ&ﬂﬁwaﬁwaﬁ
WY x-378 % GEi g

Thay?=x* o &8 (am?, am?®) T ATTAE 1 THER @ HifSU
THy=x+2x +67F 37 AfTcal o FHRW A HioC S & x+ 14y +4=0
& WHR 2B
Wy2:4ax$1%|§(atz,QaI)WW%@TﬁTﬁW$WWWWI
g SIS 5 5k x = 2 3 xy = k Th T 1 THHO* T H1dl 7, AR
8k = 121

aﬁwmz—z ly)_z 13 g (v, y,) T e el & e AR
Thy 3x 2 ST TR @S & T AW RIS S @ 4x 2y 5 0%
Al B

T 26 3 27 H WEl ST 1 TG HITY

26.

27

EFm"y=2x2+3sinx$ x =09 Ted T Y e

1 1
(A) 3 (B) 3 () -3 D) 3

3
fhe fog Wy=x+ 1,99 y> = 4x 1 wef @ 2?2
(A) (1,2) B) 2,1 ©) (1,-2) (D) (-1, 2%

6.5 |f=1ehe (Approximation)
3 3R § g9 F® UNET o Wi-Tehe TH i 1 H ok o0 STl 1 G |

+ T ook LRI HHHIU W IS © UG Soh Widesed fag T Y Y@ WeR wd g



230 I

oM ST £: D — R, D c R, T 9sd %o € 3T y=f(x) < T a% 2|
A wifere x 8 8 Ol fRe ered gfg # it Ax @ ghe FW 21 TR
me“xﬁ@‘%‘Wq@Axa?H’Tﬁyﬁ’gﬁﬁfﬁﬁAy@lng%aﬁ
Ay = f(x + Ax) — f(x) 81 B9 1@ Frefafaa i aftfh «a 2
(i) xo 3THA Fl dx 9 The HW B aAl
dx = Ax 9§ GRHIiE w4 2 )4

(i) yoh 31EHA Bl dy W WS H € ql Q (x +Ax, y + Ay)
S (x +dx,y +dy)

d
dy = f’(x) dx igen dy d—)yc xg
R e 2

TE RN H x 1 Qo H de=Ax 3Uspd |
BT Bl & A1 Ay o1 Ueh SUYeRI Wi=Teher dy
%@qﬂ%gﬁwaﬁﬁﬁdyszmW X< >X

|

v TSI 6.8
Ax, Ay, dx 3R dy o S =@ o Y :

fere smepta 6.8 3fEm)

Sy it qen eMepfd i e | @ g e dEd € R wds =R
(Dependent variable) @1 3f6hel =X ! dfg o GAM &I € S« fh Tad =R
(Independent variable) =1 31dehel =R &1 gfg & THM 2l

JEATETUT 21 [36.6 1 AiThed T o T Taehal 1 YA Hifad|

Ty Jx HE SRS =36 3R A AT Av=0.6 21

s Ay = Jx+Ax —Jx =/36.6 —/36 =/36.6 -6
\J36.6 = 6+ Ay
e Ay "i=Tehed: dy o UK & IR Freffed ° 9w e
d 1 .
dy = d—)yc x m(0.6) FiE y )

1
= —— (0.6) =0.05
236 ©06)
TG UFR, 36,6 H GFe 71 6+ 0.05 = 6.05 71
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ITEATT 22 (25)%WWW#WWWWW|
ES uﬂFﬂﬁmy:x%aﬁ x=27 3R Ax=-2 2l
GE| Ay:(X+AX);—x;
- (25)% —(27)% = (25)% -3
Rl (25)-1’=3+Ay
9 Ay Hi-Tehed: dy o SR € 3R

dx
1 . 1
=—(2) (FfF y x)
3x3
— - (—2):2—3:—0.074
3((27)3)?

1
TH YHR, (25)3 I Hi-he WM 2:
3+ (= 0.074) = 2.926

SETETUT 23 £(3.02) T Wiehe HH T ST S@I £(x) = 3x% + 5x + 3 2

2ol UH ey x =3 3R Ax=0.02 2|
£(3.02) = f(x +Ax) = 3(x + Av)? + 5(x + Ax) + 3
& T 7 Ay = f(x + Ax) — £ (x) Bl
z4feTT fx+Ax) =f(x) + Ay
~f() + f'(x) Ax (FfR dx = Ax)
=~ (3x2+5x+3) + (6x +5) Ax
£(3.02) = (33)* +5(3) +3) + (6(3) + 5) (0.02) (FifH x=3, Ax = 0.02)
= 27+15+3)+ (18 +5)(0.02)
= 45 +0.46 = 45.46
3 £(3.02) 1 Wi-Tehe HA 45.46 Bl
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SETETOT 24 x HIEX S a1l ¥ Bl S H 2% i g oF HRU H BF oF 3FaH H
Hf=Tehe afEd 3 i)

Fol  &AF s TR

dv
Rl dvV = [—ij = (3x?) Ax

= (3x?) (0.02x) (ERﬁ'F%'_xW 2% = .02x)

= 0.06x* m?
TH YR, A | Wietehe 9o 0.06 x'm® 2
SATETUT 25 Ueh el i 59 9 cm At St @ e 0.03 cm w1 AT B 1 56k 31
% gieha H "f-Tehe Jfe T il
T HH ofifee o el w1 B 42 IR 3@k A1 H 3 AR 39 YRR =9 cm
3R Ar=0.03 cm@| 319 Tl &1 3MF V

4

V=73 r 9 yed 2
a w
dr nr
st N= S @
r

= [41(9)?] (0.03) = 9.72wcm?
3q: I o IReher ® di=ehe e 9.721 cm? 1

YoATae 6.4

1. 39ehd &1 AN hich HAGR@d H W Yook ol 9i-Tehe HH S ob di TIH1
T A hifaa:

(i) /253 (i) 495 (i) /0.6
1 1 1
(iv) (0.009)3 (v) (0.999)'° (vi) (15)*

1 1 1

(i) (26)3 (vili) (255)* (ix) (82)*
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1 1 1

(x) (401)* (xi) (0.0037)2 (xi)) (26.57)3
(xiii) (81,5)% (xiv) (3.968)% (xv) (32.15)é
£(2.01) 1 GiTehe TF T BT SET £(x) = 4x% + 5x + 2 B
£(5.001) %1 Gi=Tehe TH @ BT SET £(x) = x° — 72 + 15 21
xm HST ael B4 i1 Sl § 1% g oh R0 ¥4 o 3G | 8 aTel |i-Tehe
9feds 1 S
xm ST STt 59 1 el H 1% g9 o R0 54 o Y3 &F%e § M arel 9f-ehe
9feds 1 S
T T 1 B 7 m oA Sl @ e 0.02 mow A R1 sHeh 3tEad &
qfiher B df-ehe qfe Fa i)
Teh Tt 1 A 9 m W St @ fH 0.03 cm w1 IR B 3HR IS e
o YRehed | "f-ehe Ffe T Hifeu)
R F(x) =32+ 150+ 58, d £(3.02) 1 Wb WF 2:
(A) 47.66 (B) 57.66 (C) 67.66 (D) 77.66
G H 3% ghg o HNU Gl x o O o AFqH § Hi=The GHea- a:
(A) 0.06 *m* (B) 0.6xm’® (C) 0.09xm’ (D) 0.9 x¥m’

3H ITEee W, g faf= werl o SeEan IR feaq Tl w1 TUFT i o St
%! WhHT 1 YAN | Iad H TH Uk Had o 3T oh & (o953l (Turning
points) ! T T SR 30 YehR 34 Togeti i T &1 9 W a1e@ T sifeenan

(T =AaH) R TEad1 21 30 YRR ok fagel s 9 Tk o 1 oo @i o wgd
I BT 21 THeh SATAe 89 Wb e &1 U 3=aa9 7 ( Absolute maximum
value) 31X ﬁTef&‘T?fl'd'qtlﬂ ( Absolute minimum value) 7 ITd T S S S REREN]
FEEqEt o g o foIU SMevas 2
IMEN eH < Sited o1 Fefaia weene w faem &

(i) Eal o g&ii o Tk 9N W BN AN A9 B P(x) = ax + by’ g YEH € e

a,b R T AR x9fd T § GR & el I &M 21 wia whg fmad g
TRy o 32
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(ii)
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(b)

(©)
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2
TH 60 m S 9o ° T H HHl T UH A A(x) 60 x ;‘—O&gm

fruifa 9o & HfEw =t ?, Wl x 9o ¥ % &7 afas g #IR ax) ST
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fag (1, 2) W feord wh Af7er 56 2l =i el ArAT =@dl € S 2ferhiet
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S gHEnstl ¥ $ gdurT= # tuiq e S %ol & Seadad Steel ey
HA T BT =Ed 213 WA Sl gowH o fou gn fafied T wer
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ol g w81 S 21
£ 1 Freram o 1H g § Ak 1H s fag o @ eifae ® 39 YR R
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I
S
S ,< > 12 At S

o) C > X X Ol 1 4 X X‘O c >X
\\4 \ 4 \\4
Y’ (a) Y () Y ()



STEHAS ok ATIEAT 235

ST 6.9 (a), (b) 3R (c) F TH Fs fafre Borll & amo@ yei
oy & o 29 U fag T S=aa9 /M 3R Fetad o9 9 s o Hered et
21 ad § ol | B9 S9 Worl o S STaeiad Tl e ¢ S=aa / e |JE
ff T HL TR &, (ST 27) 1

JEATETUT 26 f(x) =22 x€ R ¥ US4 %o f o I=aa
R feaw 7, Ak g < @1, Fa St

7ol TSU U %o ok STei@ (3T 6.10) | 89 e Hehd
TR =0a x=0% &R
f(x) 20, 9f x e R fau

TEfAT, £ 1 Fea| qFO0 R IR £ % freaw |\
71 fig =081 T el sror 3 7w o dm o NSS40 115
THAT ¢ o oM £ 1 HIE eaa9 A e 8, 3a: R Y’
¥ £ o Seaad " 61 f9g T2 2 ST 6.10
e Towol | AfK 89 Sa oh 9id ! Sherd [— 2, 1] Tk HifHd & a8 x=—2 RS
] S=IAH HH (— 2)° = 4 2

JEAEIOT 27 f(x) =Ixl, x e RSN Y84 ®ed f ok
ey 3R Ay 9, afg S 7, T s
ol TS T e o e (SR 6.11) 9
fx) 20, f xe RIAX f(x) =0 a€ x=0%

THfeTT, f o1 e W 0 § SR f o e
o g x= 0% SR eE A T N e E R . 3519 1 2 3
Hf ol I Seaa TH E 21 3d: R | o S=aad l

7+ =1 fig 2 R Y’

— 3Rt 6.11

(i) AR B9 Her o Wid & had [— 2, 1] T @ifHd &S, @ f H Ssaad 7
|- 21 =2 gmmI

(i) SR 27 ¥ A ¥ T Wer £, x=0 W EheHE TE 2l
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fx) =x,xe (0, 1) 5N Y& HeH o I=aqq AN F=aq 91, IfE HiE 8
ql, T4 il

feu sfaua (0, 1) ¥ fea wer Tk e e
%o Bl BeF f oh T (3Rl 6.12) 9 qE
Hedia el @ for wer &1 Feaw |/ 0 o <t iR
o Tiepeaq fog IR S=uaw 9F | o = 3R o
foehean fog W M1 =fgw @ tH fag Suesy €72
9 fagetl #1 e F Hora T 31 | W, Ak X<0] TS
’ X y’ f&x)=xin (0,1)
Owﬁ@?ﬁ'ﬂﬂ%lgxoﬁ?ﬁ% X |t ox,  (0,1) ST 6,12

Y

% faw 3iR Az | 1 fepeaw &g x @ @ WH 5, (0,1) F x121 x 2

T fEU ¢ Her &1 aud (0, 1) § 7 1 e S=aaq °H © 3 A & i Frean
e 2

IS 3@ Thd ¢ TSI 28 F AR £ % wid H 0 3R 1 i wiwfed #
forn S etefd £ % Wd W seed [0, 1] X R SN @ %o 1 ey A9
x=0W 0 3K I=aq9 91 x= 1 W | 2| a&qel § gx Fefafgd 9o o@ 2 (39
oo} w1 Suufd 38 T ok &3 9 9L ©)|
Uik Ueh{d® (monotonic) el 70 TR Uid oF 3 fogetl W Sweran,/fFeran
TEUT AT B

39 YR 7 21 Saes ®Y 98 & o Hed 3iaUel W Yo Had o o Seedd
3R feTs WM B 2

el Sfauel [ e o 9 g9 A99E € T 16 %o @ a
A B A1 BEHH 2

TH =98 1 U HW Sfaiel W R o o ey IR Fay 7 o aR
o 9] ¥ fa=ar &

STEW 39 3 6.13 H ST T el oM o oMo &1 31299 il Jfay
e @l @ fogetl A, B, C 71D R 940M ¥ gauE a1 faaimd: gdH o axae
gia1 21 & fagen &1 wer & odq fag w8d €1 7 e ey R oda fagen w e
T wh B YRS A1 Bl U Sl 81 W dR R fage Aden CH ° yeiw o e
(Neighbourhood )¥ %o @1 fefad HF €, S ST ai-371 =ifeal o areiam
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(Bottom) W 21 gl YR fagel Basn D ® o Yoieh o WHeT | %o w1 Seuad 7

2, Sl ST SHI-3TOAT TereAl o Siol W ¥ 36 SRl W fagali A qenC sl wEE

et qH (3 e ey |) w1 fag aen B 8Tk D i T Seuan 7 (A1 |det

SeEAH W) o g T ST Gehdl 81 hord oh T Seuan W SN T ey

HAT 1 HHY: T H1 AT S=aad ) e e %8 S 2

19 &9 vl &y o frfafead gt 29 €

aftarrar 4 W S £ ek arsdfaes W W € 3R ¢ B £ o Wid | U STidieh

fag 21 @

(a) ¢ &l TIFE Seeau &1 fag el Sl 2 A Uh CH h> 0@ fE
(c—h,c+h)® A x&F TTC f(c) 2 f() BNTT f(c), e f ] HE S=aaq
M gl 2

(b) ¢l T Feag 1 fog wel S € A Tk W > 08 fR(c—h, o+ h) § Tl
X T f()<f() B T £ (c), e f o1 T&Fg Fean o e 2l
S gfteshion 9, Sudea R %1 31 ® T A x=c, o f ®

e 1 f9g B, @1 ¢ o ST 1 e ST 6.14(a) o STER 2| &M S

foh 3T (c— h, ) ® ®e fadam (i f/(x) > 0) 3R SR (¢, ¢ + h) H Fer

FEEH (U f(x) < 0) B

T8 T T e € & f(c) sawa € g e =fgy)
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T YR, Ak ¢, B f 1 WM fead 65 @ @ o e @ e
3MRfd 6.14(b) o STTER BN T&T STWA (c—h, ¢) W f BEAN (JAU f/(x) <0) B
AR A (¢, c + h) T £ ofam (39l £/(x) > 0) 21 T& T[: e 21 € 6 £7(c)
a9 & I B =R

S el 9 g9 Frefateaa o g gt @ (fa saute) |

M AT ek T iauet 19 f Uk 9o %o 21/ oifse ce [ g
fag B1 AR £ 1 x= ¢ W Tk A a8 o1 T ST Fead &1 fag 2 d@ £7(0)
=02 I £ fg ¢ W sawera 7 21

SR g9 &1 faen emavas € € f 9o ® o R ww fag e W
Sehelsl I B I ? d I8 STavasd 6l ¢ R 98 T Seaan A e e
&1 fag 21 SSRWEA AR £(x) = 8 @ £/(x) = 32 3R WA £7(0) = 0 Bl T 0
T W T SEEad 3R T 8 e ey fag @)1 eefa 6.15

T f o Uid B Tk {65 o, 9 R A @@l /() =0 % A £ ke
&l B, f @1 ifas 95 (Critical Point) e 21 = Gfee ff 4 £ g e
Had B 3R f/(c)=0¢2 o F& Th WH h> 0 Al & Top a0 (c—h, ¢+ h)
¥ f e 2l

319 TH had Yo TR ohl YA Shich TAME Ioaaqd fag a1 T He=am
TIg3tl sl T I ! TR TRqd |
(99T 3TAeheTST ULIRIUT ) T ooy foh Tk wer f fordll foga sfaa [
ufefog B1 wH oifSw fom f sianer 1 H e wifass 55 ¢ | gad 21«
() x%F To5 ¢ ¥ & & a6 o Y-y, AR
£ g o7 | wor § ufafid e @ x
areiq afg fag ¢ & =t iR 3R SUek gafa f)=x
e o U& T8 W f/(x) >0 c o
TR R R yatw freRe & wes fag W
F/@) <0 A ¢ T oo o fag ¥ .
() x% fig c@ @ W A & wHwE AT C Ere———
F(x) 1 Tag =0 9 oF § uRafda g €,
ol Ak f9g ¢ T AR I SHek qat
e o Tos fo9g W f/(x) <0 T ¢ ok
T SR 3R 3wk TAfa ke 3 g fag )
W F/(x) >0 8 A ¢ T e fag @) am_éms
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(iii) x&ﬁg cﬁ%ﬁwa@&waﬁf’mwﬁgwﬁaﬁaﬁm%,aﬁcq
a1 T SeeEaw fag @ SR A T feran 951 arad §, 59 YR o fag @l
fq uftedq fag (Point of Inflection) (3TeRfd 6.15) ed |

= Tl | A ¢ Her £ 1 Th S SweaE (65 @ d £(c) BeR £ ol RIFE

ST UM 21§ R, AR ¢ Her £ o Uh WA e fag €, @ f(o) e f
1 A Fefan 79 81 SR 6.15 2R 6.16 YA 3 w1 SR R L 2l

>

X<

0]
N
Y/

3TTHTd 6.16

SEMETOT 29 £(x)=x* — 3x + 3 §NI UST Her o [0l S S=aaq 3 Ty ey
¥ woh figs % 79 Fh

ol TEl f) = ¥ —3x+3
a /() =3x2-3=3x-1)(x+1)
= f)=0=x=18Rx=-1

T UHR, Shadl x =+ | & UQ wifdes fag € S £ o e Seaaq S @
oty Hurfaa fag e wehd €1 98 89 x = | | qhe & 2l

e ST o 1 o e 3 1 oF <l 3 F/(0)> 02 3T | o Fee 3t | &
A SR (x) < 0 81 THAT YW STaeshorst TUeI01 gRIx = 1, T ey fag 2 eiR
T e w9 f(1) = 1 21

x=—17%1 <M, —1 o e 3R -1 & = A f/(x) >0 3K -1 o e 3R
~1 o TR AR F(x) < 0 B 1 SHIY YoH Sferehers] THe0] 51 x = —| ST S=add
fag & IR T S==am "A f(-1) =52l
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xR UN f ) 3x D Do fag
T SR (A1) >0

Lo e <am°faﬂt(nmo.9) <0
T AR (A —0.9) 0

-1 e <arq°faﬂ1(nm—1.1) 0

F(x) = 2x% — 637 + 6x +5 N YST HoH f oF AT Seadd 3R I
Fretam fog Aa it

I8
f(x) =2° -6 +6x+ 5

a0 fi(x) =6x* = 12x + 6 = 6(x — 1)?

Rl ff=0=>x=1

T YR had x= 1 & f F1 hifas o5 21 o10 &7 39 f9g |/ & @ Sy
I T freram & forg wleror i fET & @t xe R&F faw f/(0) > 0 @ik fosi
®Y W | o GHY 3R | o o T SR S K o ’El o fT £(x) > 0 81 gEiay
T Yerhers] THE0] ¥ f6g v =1 7 ST S=ead o1 fag @ @i A € e frean
Wﬁﬁ%l d: x = 1 Wk Afd 9@ (inflection) f@l@%l
=M IS foh T 30H f/(x) A1 T8 siaua R ¥ &t off =&
AN A f ok i@ | HIE ot A fag € 2 IR s@fey g Swean o
A s & e ot fag 7@t 2
319 eH Tl Yed wer o SUHTT SeEan SR S fean o qdie o fae uew
T ferarfaf g&qa AT 98 Te0r JoH Teshors G0 w1 g H 99 9l 2

M it fom £ foreht sfauer 16 afefia e e € @9 c e 121 °F ot
& £ ¢ W QY IR AR Seshara 81 ad
() 3R f(c)=03f"(c) <0 M x = ¢ ©HA Ioaqq o1 T Fg 2
TH N H £ 1 WA SeEaH 0 £(c) B
@ TR () 03 f(c)>0 x=c ¥ frmam &1 &% fag 2
3E 990 H £ 1 T A 91 £ (e) B
(i) a& f(c)=0 W f(c)=0% A I8 Y0 % & <l B

39 feofq o 29 (A gy stehorsl TeI0T W AN W] U8 T W B T ¢
SeaaH, a1 9fa afteds @1 fag R
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@ Towull | f§g ¢ W £ 3 91 AR SEsher™ § SHY AN a9y T ¢ W £ %
TEdia stemherst &1 A 2|

FEAEIOT 31 f(x)=3+Ixl,xe RSN Y84 HaM f o6 M a9 #F Fd sifsal

ol o ST fop T T 1 = 0 W Sraesher g T2l 21 56 YR fgdi™ sterharst udiery
ITEHE Bl W1 B 76 B0 YU Taehersl G0 hid &1 A Hifee fF 0 B £ T
ifaes g 81 3@ 0 T 3R, f(x) =3 —x 31 SEAU f/(x)=— 1 <02 W™ & 0
o TR SR, f(x) =3 +x 8 R AT f/(x) = 1 >0 7| 3TACE, TH STeshers T
S x =0, f 1 WHAF frefaq &g € e £ 1 wrE ==a9 36 £(0) =3 2l

FEATETUT 32 f(x) =3¢ +4x° — 12x% + 12 §R1 9S4 e £ o T Soaan 3R T
IR CLE R EAS I GRCAIS I

; X
&l Tl . i .
(1) X
[ =3x"+4x* — 1222 + 12 \/
N D
a F/(x) =123 + 12x* = 24x = 12x (x = 1) (x + 2) * "S@
R x=0,x=13Mx=—2TWf'(x)=07%I
I fx) =360 +24x-24=1232+2x-1) X< S0 T4 4
f"0)=-12<0 Y
T f'()=48>0 ST 6.17
f"(-2)=84>0

zEfay, fodi™ srEehers Tlier] g x = 0 ST Seaay fog @ @R o1 S S5y
M £(0)= 1281 S@(eh x=1 3Rx=—2 T fay fag ? ikt feam o=
F(1)=7 3R f(=2) =20 %I
SEAEIUT 33 f(x) =2x° — 6x% + 6x +5 FNI UG o f oh T Swuad 3R T
=am o weft fog 3 i)
T T W

f(x) =2x° — 617 + 6x +5

fl(x)=6x" —12x+6=6(x—1)*
a 0 =12(x—1)
()= 0" x=—1 9 gl 21 a1 £7(1) = 0 7| Efeq Fel fgeia sraehers wiemr
FEFA 2| A TH YUH IEhers] T i S aad S|
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0 TEe B (ST 30) W <@ ® foh Yo sraeherst wiiero) &1 gt § x =1 7 d1 T
e 1 fag € @R 7 & v freram o fag @ eifug =g afa afteds &1 f5g 2

T T ¥ SEd T RIS R AT 15§ R e & w1 A

AaH Bl

HH S Teelt @ x ® 9 S W& 15 — x 1 UF oAU 3 weme o o
=1 I S(x) | SHH Bl g1 ad

S(x) = x>+ (15 — x)*> = 2x*> — 30x + 225
S'(x)=4x-30
S"(x)=4

3E S’ =09 x %W%ﬁ?ﬂ%ﬂ% S"[%):4>0 21 gt fgdia sremast

15 15
15 154

TIeT0T R S o6 T feam 1 f6g x %%ma:aaa@ﬁ%saﬁns > 5

ql wEest o o 1 A ey gim
ISR 34 1 AT 78 g o S wehar © o Ul <) =7 wed e 4
& sl o a7 o g A 4 % e 2,2 w

fag (0, ¢) @ WA y = x> ! 79 T T FIFAC Sl 0< <52

M S W™ y = x> W (B, k) IS f6g €1 HH A (b, k) 3R(0, ¢) o ==
T D2 @

D =J(h-0) +(k )’ =\* +(k—c)’ (1)
TR (h, k) Weed y = W f&@ € o@: k=17l E@ew (1) 9

D =D(k) = Jk+ (k—c)*

o by = L2 O
Jk k0P
o DK =0Fk 2L g g ¥
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2¢ 1

2¢ 1
2 ST foh w19 & CT,aaz(k ¢) 1 0,3w0D (k) 02 aense k

T2k o) 1 0EFADK) 0 (0 THFR FoI sohe Tem QA k2|

k fream 21 ot ersfiee =ma g8

D(ZC—IJ:\/ZC—IJ{ZC—I_CT VAol

2 2 2 2

L°Ly

- TowUlt | ugs o < fo S35 T g6 fodia sTeehers 9iequl o TE W
Yo STehSl Sl 1 YAN fRA1 7 iR U8 W T B e

SEATETUT 36 A AT 6 A 3R B W %uY: AP el BQ I SR WY @1 9
AP=16m,BQ=22m 3R AB=20m & @ AB W U& tw fag R 7 &ifsw aifes
RP? + RQ? fr=ra®m =l Q

T WM @Yy ABW T fig Re WR T fE

AR =x m 2l T8 RB = (20 — x) m (i AB = 20 m) -

HHI 6.18 | = o
&

RP? = AR? + AP -

3R RQ? = RB? + BQ? 0 [

A R B
X m (20-x) m
AT RP? + RQ? = AR® + AP? + RB? + BQ? s

=x?+ (16)* + (20 — x)* + (22)? JTeRTd 6.18
=2x* —40x + 1140

T Tl R S= S(x)=RP> + RQ? = 22— 40x + 1140 &1

I: S’(x) = 4x — 40 B

A S =0" x=109w Bl 2 3 |t x & faw S”(x) =4 > 07 3R @@
S”(10) > 0 81 Hfey feeia atereherst Teror § x = 10, S &1 T oy =1 fag 2l
#d: ABWR®T A¥ g0 AR=x= 10m 2l

FETET0T 37 AR Weh 99Ad dqYsl o ¥R oh faRed oAl qeiietl i el 10 cm
¢ 8 Hoers S 1 AU Swe 6 S
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7ol e wve@s ! TR 6.19 ® D 10 cm C
T T 21 AB W DP e CQ ©e
ifau) a9 ST AP =xcm 21 =9 §

Afw R AAPD = ABQC & wafm S ,g%
QB=xcm %I 3R qu’W‘ﬁW pep @,

DP = QC = 00— »* &I ®M e A—o P_I 10 cm '_Q x cm
THels TGS 1 ASEd A B ST 6,19

3 A= Ax)

1. . .
= E(W IS T AN (HTE)

_ %(2x+10+10)(\/100—x2)
= (x+10(V100- )
e N = o 10020 oo 2
V100 X7
~ —2x% —10x +100
V100 — x?
3 A@) = 082+ 10x— 100 =0, & x =5 3x=—10 9= &1 21

Fife x T I Fefia war T sEfae 78 Fu TE € Wl 21 s8faua =571 o
V100 x*( 4x 10) ( 2x* 10x 100) ( 2%)

100 ¥
A”(x) =

100 x?
2x> =300x —1000
_ = al 3 (A FE W)
(100 — x*)?2
2(5)° =300(5)—-1000 2250 —30
e Y v
(100 (5)*)2
T UK, x=5 T OUcis ] &89 AuHan € R ifuean aFwa

AG)= (5 101100 (5) 15J75 753 cm?®I
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SETET0T 38 TG I foF T i oF @ Tead Iy aidl @i gard oo ohi
e vigp Wi e &1 el =i )

e UM lifS i o SMER w1 5 OC = r 3IR S
OA = h 8l B oifse fo XU gu vigp o eiafa oo o
3R & g9 ! B9 OE =x § (3T 6.20)1 S &
%9 QE % fau:

<
-

Q& _EC . h
oA = OoC (iR AQEC ~AAOC) A
- @= r—x
h r :
h(r —x) B D—_O “E C
R QE=——
M ST S 1 gy S B | a9 AT 6.20
S =S() = 2 xh(r x) _ 21th (- 22)
r r
S'(x) = @(r —2x)
o r
S”(x):_4nh
r
I () =0W x %w gl 2 it Wl x % fag S7(x) < 0 B em:
SGJ 0 B g@fag x g,swwﬁg%mzﬁqs@éﬁmwww

o a1 B vi 1 B 1 el =i )
6.6.1 T TFT AN U Tehwdl FeTT FT S==Idq 3 (59 9 (Maximum and

Minimum Values of a Function in a Closed Interval)
H AT F(x)=x +2, x € (0, 1) § YS9 Th o f 2l
s AT fF (0, 1) W For Tad 8 @R 3@ faa § 7 @ THh! HE SoaaH T9H
T R A & zmew R w9 R

auify, afs e9f & Wid & G99 ARWA [0, 1] TF &g S a9 9 f 1 AT HE
T Semad (Fetam) | T2 'MW s e € seead "4 3 = £(1) 3R



246 I

f1a] 7H 2= £(0) 81 x= 1 f & S=aq9 9M 3, [0, 1] R £ 1 0% =9
A (WedH ®M) (absolute maximum value) a1 WE 3ifehad AM (global
maximum or greatest value) e &1 FH YhR, x = 0 W f =1 F7=a9 |H 2, [0, 1]
R f 1 FRUE a8 |41 (Fa9 91) (absolute minimum value) =1 STelfeh =
HM (global minimum or least value ) e 2|

Th TId A [a, b] T IRATG frsll Haq ®ed £ o §7q 3TehTd 6.21 § ygi¥ia
AeiE W fa=ar N & x = b W Bed £ 1 g fag © 9 e s
A £(b) 8| B & x = c T AT S=aqy fog & 9 T S==aqq 91 £(c) B

Y
y

N

f@ ) O f@,
Ol a b c d -

A4

Y/
3T 6.21

Y & e W A8 Ff e R TR £ o1 Fue Seead | £ (a) qen fder fream
M f(d) ? T8 sifaftem e e for £ o1 Fder Seeam (frefaw) o <o
Seaan (Fefaw) 7 | fa= 2

3 BH Ueh W A H Tk %o o TRl Seead @i Fder fread o fame
" 3 ufomt (for swdfa) o sem sand

M T Tk a0 1= [a, b] T f T Had ®er 21 a9 f 1 e S==an
M B € IR I W %9 W &H T SX £ T8 HH Y1 hidl © a9 f w1 e feran
M el @ I 1 %9 § %8 Th 9K £ 98 9 9 Ll 2l

M AT W S [ f Th Sasherid Bor @ IR 7 wifee fh [
g e &g ¢ 21 a
() AR ¢ W f Fedel S==aq o9 99 & 8, @ £7(c) =0
(i) ¥ ¢ W f Fve Feay |96 o e B, @ £/(c) =0

ST g9l & faar 9, RU 70 H9gd siaua ¥ fohdl %o oh Uy I=aas 7
AR feger fefay o 9 & o fog fafy freafafea )
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SagTieh fafy (Working Rule)

=0T 1: fQQ Qe § f o Wt shifeeh fog T ifSQ s1eiq x ok o |t W
FIC ST A qf (x) 0 A f TR T R

TAOT 2: A o A fag i)

=0T 3: 37 |l fagatl W (=01 1 9 2 # GEAdg) £ o HAl i UM Sl

SOT4: =X0] 3 H U W WS £ ok " H 9 Seady R ey wEl sl et 9@
SeEa WM, £ w1 FRUe Seuan 7 SR feay 9, £ e fde feeas wm e

FEETOT 39 31U [1, 5] H f(x) = 2x° — 15x% + 36x +1 5 U< e o U8l I=aaq
AR ey freray ol 1 T it
T gH 9. 2
F(x) =203 — 1522 + 36x + 1
R f(x) =6x*-30x+36=6(x-3) (x-2)
& T £/(x) = 0" x =2 3R x =3 I & 2
s &9 3 fagell o s [1, 5] % o fagel sefqr=1,x=2x=3 3R
x=5W f o U & IRewed S 34
f)=2(1)H-15(1%)+36(1) + 1 =24
f2)=22%-152)+36(2)+1=29
f3)=23»-153»+36(3)+1=28
f(5)=2(5)-15(5%)+36(5) + 1 =56
W YR, B9 =6 fohd W ugeEd ® fn 3faud [1, 5] W e £ o foae x =5 W e
ISIAH HH 56 3N x = 1 W Foe feag 96 24 2

4 1

FEAETT40 f(x)=12x3 —6x3, xe[~1, 1] §N Y&d Th e [ o el S==aq iR
ey feam 9@ 9@ e

FAEH A g &
4 1
f(x) = 12x3 =63
1
R F(x) = 16x3 —%: 2(8x2_ D
)CE )C5
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THUBR f/(x)=0¥" x %W%ﬁ?ﬂ%l AR e AT fof x = 0 W f/(x) aRefia

&l ?1 safery shifaes fag x=0 31K x é%l%W%ﬁx:O,%ﬁ?W&
A g3 x=-19 x= 1 W ®eM f o HH & TRehad hd |
4 1
fED =12( 13) 6( 13) 18
£(0) =12(0)-6(0)=0

4 1
J=1203) 6313) 6
U B9 €1 39 WehR 8H 3H frehd W uEed © o x=—1 R £ 1 Fue Seeam

qH 18 ® SR x %mfwﬁﬁaiﬁtmnﬁ Tg%l

I3 1 Teh 79 BfARICT ek y=x2 + 7 oh 3T IS4 T W 3 T 2|
fag (3, 7) W o weh S a1t feafa @ —gram < R sw 2fasicet 1 Ml aren
=Edl B1 <[qH 50 1 i)

x % Y% U o fou et ot feufq 65 (x, 22 + 7) 81 5@ (3, 7) W Teerm
A oI el & #1930 \(x 3> (2 7 7). @A 37 xR
A wtfeg foh fx) =(x - 32+ x*

q /() =2x-3)+4x*=2(x-1) 2x* + 2x + 3)
AT /() =0T x=1 9 Sl & T 2% + 2x + 3 =0 F g TTcfesh oI I LS
Bl 81 : 3ot & i fog ot 7 2, R 59 wgee ¥ Sigr g foen fo
H1 T YA B AR el Uk g, THa: x= 1 € T 21 59 fag W f o We
F)=1-3)2+1) =59 99 Bl 3@ UK, Uk w9 eferepier & &t 1
JfM =5 1

oI ST R /5 o1 @ Seean g A Fead 7 21 st

J7O0) = J0-37+(0) =355
T =g frewd frven 6 \[f(x) @1 Femam wmL/5 ®1 et SR R 3R o
= 1 feam <@ |5 R
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YyATaet 6.5
frafafaa fsu U worl & STaaw o a9 9M, 9 T @, 9 it
) f)=Rx-1)*+3 () fX)=9x*+ 12x + 2
(i) f(x)=—-(x-12+10 iv) glv)=x*+1
frefafEa R T sl & S==uaw o1 feaw |, 9 S 8, 9 9 St
@O fx)=Ix+21-1 @ gx)=—Ix+11+3
@) h(x)=sin(2x) +5 (iv) f(x) =Isin 4x + 3|

W) h(x)=x+1,xe (-1,1)

fr=fafEd werl o e Ssaaq o1 Ty, afe i &1 d, I1d hite ae
WA Isgan a1 WA freas g, S fufa g8, o 9a i
i) fx) =x* () g(x) =x*—3x

(i) h(x)=sinx+cosx,0 x —
@iv) f(x) =sinx—cosx, 0 x 2

W) fO)=x-62+9%+15 (v &%)

N | =
=N

1
(vii) g(x) RS (vii) f(x) xvJ1 x, x 0

. fog #ifve for Fefafea werl 1 Soaaq o1 feam 9= =1 2

@) flx) = e (i) g(x)=logx
@) h(x)=x*+ x> +x +1

Yo el § Fefaiad wer o TRy 3=aas 1 &I R freag 99 9 S
() f(x)=x*,xe [-2,2] (i) f(x)=sinx+cosx,x e [0, w]

(i) f(x) =4x—%x2, XE[—Z,%} V) fx x D> 3, x [ 31]

. A M B p(x) =41 —72x— 18x> | UEH B q TRt st gy et Sweaw

H T hife)

ST [0, 3] T3x* — 8x° + 1207 —48x +25%h I=aqH AM IR a9 A1 91d i)
A [0, 2] o Top Togatl T we sin 2x U1 S=EAH A W Sl 22
e sin x + cos x 1 SEEAH HF A1 &7
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RG]

A [1,3]H 243 — 24x + 107 1 HEIH M A@ HIfGQI SH Fed Hl AR
[3,-1] ® I #8wH AF ¥ S|

Tfe foon € for ofauet [0,2] 8 x=1 W S x* — 620 + ax + 9 S==qH HF Ww
T 2, q a1 A A BT

[0, 27] T x + sin 2x %1 S=Eqy 3R Feaq 79 F@ Sifsu

Ut < HeAd 6 HIfS SRt AR 24 B 3R fSHeRT UM%e S=Ead 2l
eS| Wﬂ;@ﬁxﬁyaﬁwmx+y:60ﬁxy3ﬁﬁﬂﬁl

Ut <) o HEA x 3N y 6 IS et I 35 81 @I [ORwe 2y SeEad 2l
Tt &1 o[ HEAd A I SR AT 16 7 SR 5ok S s A frera
18 cm 9T ok fed & foRdl SRR e | Y hi T Teh ol hIZehl qll 39
TR o &7 & ®eih! 1 Hig HL GoRA fed Tk T SMT 21 HIe W dred
ol Rl ST feRat BT S99 Hesh w1 SAEaA S=add 812

45 cm x 24 cm 1 T FT SRR AR oF Al R A HEAL qAq TH ThR
o fo & worh! Sl HigHT TRk UWed Th HgH SHAT Sl I S ol ot
gl feral BT S99 |esh 1 STEaA S==ad

g fopfo o wr o g o efaia weft st o ot w1 esher S=eaw el )
fag T % yea g Ud Hedn 3Fae & S &1 AR, SR o A %
TR et 2l

100 cm® TRAA el fess Al a8 SeMehR (a9 i) fesal § | =Aaq I
el ol fesd &l famrd @ fefew

Tk 28 cm @& AR H1 & <Hel H faver a1 S 21 U e 9 ot e g
& g9 S ST 21 A Zhel i e fhat BT =Ry faed ol wd o
qffed e =Fad 812

T9g ®INY for R 5521 o TMiet o Siaia fommeras ¥ep oh1 STaH, el oF STEaA

8
Edl E@?ﬂ%l
fag wIfVT foF a0 g &1 QU ST=ad o o g Wk 1 AR, TR Hi
o = 3 T R R
fag wifse fof & g fade =K ik weow emee ot 3ig 1 31 i o
tanlﬁ@?ﬂ%l
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26. fag HIRT foF R g I 3R weon 1ae ol o g vigp &1 @1 o whiop
sin ! % I 2
e W& 27 | 29 H WE IW 1 A HitSW|

27. FEHAP=2y R (0,5) ¥ a9 g « fem fog 2
(A) (2V2,4)  (B) 242,00 (©) (0,0) (D) (2.2

2
28, x, % W STEfeE W % faw . %1 A" A

1 x x

1
(A) 0 (B) 1 (€ 3 D) 3

1
29. [x(x 1) 11,0 x 1 o S==ud9 HM ©:

1

3

1
(A) (B) 5 © 1 (D) 0

W | —

fafasr 3ergyor

SEETUT 42 Tk SR 99 +=0W {95 P ¥ =M YRY &k fag Q W T il 2l
%R G tHehe H a0 1 g4, x HeX |

t
X = 2 5 WW%I

FR &I QqF TE=H | o THT 1 FHIC 3R PaenQ ok o= sl it «ff Ja shifew)
ol 7 ST + 9hS § SR A1 9y R

o x:tz(Z—Lj
3

T =— =4t-F~=t@d -t

T YR v=0" t=0Ar=4 94 B <
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39 P 3R QW %R &1 a7 y=02| IHAC Q W %K 4 Hehgl § YL 319 4 Hehel
¥ ®R gA a9 w1 T g Fefatea @

=422ﬂ 162 2m
r=4 3 3 3

U Y T oh! I SRR, SEAlR 3187 o] Ueh o el g Vich ¢ Toreh
3 < R1 gEenT org i s tan‘l(O.S)%IWﬁS m¥/min %! < 9 T 9O ST 2
T o %X o 9+ i & S9 &0 1 HISIC S| 2eh! H gMT
% 9K 10 m 2|
M AT o r, h 3R o, 3MHTT 6,22 & SFER 21 o

x]

tan r %I
h

LI o = tan' &j =tan(0.5) (& ®)

r h
3Ad: —:0.5'5{'[1’:5
~h ITFTT 6,22
M S Tip T 3MEEE VRl dE
2 3
1, h 5
- - #n = = —
V=37 2 12
av  d(=h’) dh .
o E_dh{m}dt (FJeet T 8
_Zpdh
47 ar

318 A o 9RET i &L AU ;{ﬂ:SCm?’/min AR h=4m?
t

dh
THfeTT = —(4) —
=W
0 B 5 By 2
d ~ 4 88 7

5 T ¥ ER ¥ vet @ gmxmmg.
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TEEIUT44 2 m HAR I SMRHT 6 m S foselt & @9 § R 5 km/h &1 999 =1
W a1 SHH! BN HI A Bl iy < T B

Tl 3Rt 6.23 |, | «ifey, AB U faweft B
%1 @9 21 B fag W aod ® 3K 9 ofifsie
T o9y wma et MN 21 9 e
AM = m 3R =Af &1 s MS 21 3’ 96
FﬂﬁﬂiMS=sm%l

9 e foF AASB ~ AMSN

- MS _ MN
AS ~ AB
Pl AS = 3s

[(#if%F MN = 2m 3R AB=6m (& ?)]
ELSIEIL AM=3s—s=2s%|tRﬂAM=ltﬁ?{%l
I I= 2s

dl ds

31d: — = 2—
dt drt

iR %:5km/h%|am:wﬁa’m°fﬁq@ %km/hﬁatﬁ%ﬁ?ﬁ%
SEEIUT 45 Foh ¥ =4y o fohelt fog T feid 1 Tl I i i f6g (1,2) o
BT STl 2

Tl x> =4y 1, x oh WU 3EHAT H W
dy

X
dx " 2
M AT T 12 =4y o Afieid & Gek fog & & (b, k) &1 319 (b, k) T ot
@1 &1 G

- (h, k) T ﬁﬂmﬁw:%%
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TGMAT (h, k) TR ARG 1 THH §

y—k = %z(x—h) . (1)

wg 7 fag (1,2) 9 ToRar 21 &9 9@ € R
2k 72(1 hy = k2 %(1 h) ()

Fifh (h, k) T x> = 4y W Teerq B zHfoQ
W =4k . (3)

I (2)d (3), W h=23 k=19 Bl 21 43X koh 37 9H =1 (1) § W@ W A7
o1 e wHfiRr fefafed g g 21

y 1 72(x 2) A x +y =3
TH Yy =cos(x +y), — 2n < x < 21 T TR [T o WHIHIO A BT
Tfﬁi'@'[x+2y:0$qq'l;cﬁ%
y:cos(x+y)Wx,$Wﬁ&‘TWWW,

dy —sin(x+y)
dx  1+sin(x+y)

T (x,y)WW%@ﬁW:M

I+sin(x+y)

<fer U T oo FT Tt W@ x + 2y = 0F AR 2 e geora 71%| 3

—sin(x+ y) -1
l+sin(x+y) ~ 2

I sin(x +y)=1
s
q x+y:nn+(—1)”§’ne Z,
GES y=cos(x+y)=cos n ( 1)"5’ neZ,

=09f ne ZF fou
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T e 2 x 2 gEfad x %ﬁu 5%|m:%qma%#w

3

ferget =0 Sy 70 Y YT, T x4 2y = 0F T ¥ s s
Te] @l o HHIR
-1 T
y—0=7(x+7J aT 2x 4y 3 0
-1
3R y—0=?[x_gJ adA  2x 4y 0 2

39 AITA 1 Fd HifeC f80 Fed
f(x) = ix4—ix3—3x2+35—6x+11

10" 5
(a) TR amM (b) FRE WM 21

T 9 ¢ fm
_ 34 85 32,36
f(x) = 10x Sx 3x7 + 5 x+11
ey = 24— X3y - 36
q f'(x) = 10(4x ) 5(3x )—=3(12x)+ .
- SN DY (= w0

I ()=0"x=1,x=-2, 3N x=3WCEA <+ 4+ 4+ 4+
glox=1,-2, 3R 3 ardfers Y ) 98 sEgem 2 1 0123
SR THA: (=00, —2), (=2, 1), (1, 3) 3R (3, ) H ST 6.24
faver heal 21 (3MepTa 6.24)

HATA (— oo, — 2) Tl TATY AT T — 00 <x <2 T
o ferfa § 89 x—1<0,x+2< 03 x—3 <0 H 2

(foelg ®9 ¥ x=-37% fau 3f@Q &, F()=(x-1) (x+2) (x-3)

=(-4) (1) (- 6)<0)THRAL, S —oo<x<—2%T, T f'(x)< 0TI
HA: (—oo,—2)H HoH f TR BEAM 2
AU (=2, 1), 1 AIC 2reffe 5o —2 <x < 1 21
THMH x—1<0,x+2>03MNx-3<0T
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(fore &9 9 x =0, faq =M N R, /() == 1) (x+2) (x=3) = (=1)
(2) (-3)=6>0)

3T S| —2<x< 18, @@ f'(x)> 0%l
a: (-2, 1) ¥ wod [ TR a¢am 2

IS A (1,3) 1 A 312l 9 [ <x<3BI S IM AR x—1>0,x +2>0
A x-3<0%
3T, S 1 <x<3%, @ f/(x) <02l

aa: (1,3) " oM £ PR BEEE Bl 3fd H 3Tt (3, o), i wAifoIq teiq w1
3<x<oo®BITHTIM H x-1>0,x+2>03MN x-3>02 zHAT &
x>38 W (x)> 0=

IA: FIUA (3, 0) H Tor f FRaw a¢fum 2

3a1ET0T 48 T9g &INT TR f(x) = tan"!(sin x + cos x), x > 0 § Y&T HeH f, O’Z o

e aefuM wer R
& TRl
f(x) =tan”'(sin x + cos x), x > 0
’ 1 ]
i fo = 1+(sinx+cosx)2 (cosx —sinx)
COS X —sin x
= 24sin2x (S BT T

2 s TR O’Z T |t x o fAIC 2 + sin 2x > 0 21

S TGl f'(x) > 0 I cos x—sinx >0
a f’(x) > 0 A cos x>sinx T cotx> 1

g cotx> 190 tanx<1,3W1LcL,?Tﬁ{ 0 x Z
TfeT SFaaa o,Z q £/(x)>07%l

3 (o,gjfr’ f Uk PR aeur wer 2
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SEETUT49 3 cm 550 %1 (& IR fowh &1 79 fan S 21 9K oF R0 gHeh!
591 0.05 cm/s #1 R W =g W 21 98 W A Hifog 898 301 8% §¢ @ ¢
e gEh! 51 3.2 cm Bl

Tel HH offere fop € € qead w1 B - S sEeT S A R

ad A=nr?
dA dr .
B — = 2nr— S ERIRERE
dt dt ( &)

[l [l [l d
a1 o &1 gfg ot Af e W=dr = ?:At:QOScm/s 2l

AT kel o 9fg 1 wiee ¢ fifea @

dA
dA = —(Ar)
dt

dr
= 21tr| —Ar | =
( at J 27r (dr)

=21 (3.2) (0.05) (r=13.2 cm)
=0.320m cm?*s

FEET0T 50 UHHAEH %1 3 m x 8 m o1 STEAERR &L oF Jcdeh hi d THH & shie
W o TeATH o Geteh! 1 HigHh gaeh Aed Tk Gooh S 21 39 YohR o Hgh
h1 JTEEHTH A G TS

e A oifee T et oy T ot Y el Y warl xm €, 99 S 1 S x,
el 8 — 2x 3N AR 3 — 2x (3T 6.25) 21 A% HIH T T V(x) T e

Xl

X

X

8-2x

() (b)

3TTeRTT 6.25
Vx)=x32x) (8 —2x)

V'(x)=12x* —44x+24 =4(x-3)(3x-2)

=43 — 22x% + 24x,3d:
V'(x) = 24x — 44
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EIC| V'(x):oﬁx=§aﬁ1x:3wgﬁm%|tr@x¢3(w?)
2
AT x= 3

SiE| V%=24§ 4 28 0

3hfe x %ﬁaﬂwﬁg%aﬂhqﬁ{%ﬂ A o Th Tohdl{l?{%m ST o a1
T < IR 99 IR W Tk Hoeh ST o T3 kT ST ifrhan B S FefafEd ®:

3 2
V[EJ =4[3j —22[% +24[3j _ 205
3 3 3 3 27

w fmfar Rs S ﬁ yfd ThE 1 o W x THEA 99 Hehdl 2

x THEAl H1 IR A Rs g 500 2| TeRIgdl I 98 W@ A it S 39
sfereray o9 fSia & o faw s=Ar =few

qH AT x THEA #1 fawa g S(x) T @I x 3REAl 1 SR Ted C () R
a9 B9 U ®

2

S(x) = [s—iszsx—x—

100 100
R c(x):§+500
3 YR, W19 Her P (x) FeifRd g0 wed 2l
2
X X
P(x) = S(x)=C(x) = 5x————X_500
(%) (x)-C(x)=5x 1003
24 X
3 P(x) = 22 x—X 500
"I =500
a1 R .
W=735"5

AP (x) = 09 x =240 Y Bl & 3% P"(x)zg—é.sq%nz P”(240):;—é<0 2
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TH W x = 240 Seuad 1 fag 21 ara: fmfar sifersran oy aifsia &2 W @ 9
IE 240 THTEAT o= B

STl k1 AN ek HAAEd § § s ol Gf-he T 1 hifad:

1

— 1
(@ L7+ b) 33 s
81

fag FMT 5 £(x) 1°8F g wed Wo x = o W T 1
X

et Ffeaa 3MuR b o T Aufgarg 1S &1 99 ol 3 cm/s S W T
@l B1 SH 9 w/E S 1 GHH YST SMUR o 9 §, SEhT A% fehaH]
Al W e @ R

T =4y fag (1, 2) W AMYAd 1 FHHT TG HiTeQ

T9g HIST fF F% x=a cosO + ab sinb, y = a sind — ab cosd F fhdr g 0
W afeid gor fog 9 omr ot W Rl

AU A hifeg 57 )

4sinx 2x xcosx

J(x)

2 cosx

Y Y& ®er f(1) THEE (i) SEHA 2

A I B BF W f(x) x° %,x 0 ¥ 959 Ha
X

(i) =M (i) gremHE 2

2 2

?ﬁTﬁ% ly)—Q 1 & siaqia S&@ @ufgag IS +1 Heud &9%d A SIS

e 3 <" @1e o1 e fow 2

FAFR AN o SRR S 1 2 m T8 3~ 8 m’® 3T &1 Teh o
ek W1 o1 1 A0 HTAT 21 ARG ThT o FHIO T ¥R & feg Rs 70/m?
3N SEri W Rs 45/m? =09 A0 € Feaq @ § o+ o1 i T o @72
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Teh 9 3N ek off ok G} o1 A k7, ST k T 3T 2| fag FIfSe ff 57
&SRl s AN e &, S ot sl 9ol g9 i A i g 2

el 3T oF SR o 3l o AR arelt fash! 21 fagst w1 wyol afmm
10 m 21 qoiqan Geft fagh! 9 sifereran yehmr a1 o fou faes! 1 fommd wm
CAISI

et 1 qotetl ¥ ¢ 3R b 0 W FHYs & ol W feorg w fog 71 fag +ifs

%Wﬁwa’wﬁ(ﬁ b§)§%|

31 fogetl &1 9@ &g o9 Wf(x) = (x - 2)* (x + 1)° 5] 984 % f I,
(i) T =y g @ (i) i fean fag @
(iii) = gied fag 2l
F(x)=cos?x +sinx, x € [0, 7] §N 9&T HerH £ FRUel S==aq 3 feay |/
1 Hi|
g HifeT foh Th 5591 oF Tier o 3id7id S=aay ST¥aA o o9 gaid 915 i

G?—mﬁ%%
M T [a, b] T IRAMNE Th e £ 2 36 YR 6 996 xe (q, b) % T

/) >0% @ fag HNT 7 (¢, b) W £ TH 9491 Fer 2l
fag FifSe fo TH R 50 & T & idla eifeendd o= & oo Sl S

2R 3| siferzram s s 9 SR
NG

g ST o argelid i IR = 1 op o9 Jaig 3 o Aaria tfeehan
I o So H HAE, Tep o SR ol Th qe © 3R Sor &l A

i 3.2
Wﬂhtan 2
19 § 24 T o U9l o &I IW Ul

T 10 m 591 & SoFR 2 § 314 m¥/h ®1 T W 9O W@ 2 R T
(A) 1m/h (B) 0.1 m/h

(C) 1.1 m/h (D) 0.5m/h
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TH x=£+31-8,y=2-2t-5% fag (2,— 1) W W91 @1 &1 YEorEr 2:

A B) - © ¢ D) =
™ y=mx+1,Th y2:4xﬁ@@ﬁ%@%qﬁ{quﬂ%:
1

(A) 1 (B) 2 © 3 D) 3

T 2y + x> =3k fag (1,1) W Afireia 1 Tt 2

(A) x+y=0 B) x—y=0

C) x+y+1=0 (D) x-y=0

ek 12 = 4y 1 195 (1,2) ¥ & T S ofren stfiee @:

(A) x+y=3 B) x-y=3

) x+y=1 (D) x-y=1

T 9y = ¥ W § fag el W o 1 Afeis tell @ q9H 3fd: @ SR B:
8 8

(A) [‘kigj (B) 4=
3 3

(C) (4,i§j (D) (i4,§j

qﬁ(@@y@{ﬁﬁ@x&@ﬁ&iwmﬂy f(x) ! §I= W
@Wﬁaﬁﬁ%ﬁ?ﬁ%ﬁ%(mf(x))x&wﬁayéwﬁaﬁqﬁﬂﬁ%ﬁﬁ

dy
FAL N . (Af () ¥ x W) x T A y % @ B
X x9

sl = 21
ﬁﬁﬁxﬁy,t%@%qﬁﬁﬁﬂ@@ﬁa%x f(t)ﬁ?y g(),
CERGIENIRER LR

dy dy [dx

dx
- 0
dx dt dt’q&:dt
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RG]

Teh il f
(a) ST [q, b] ¥ weidF 2 3l

la, b1 ® x,<x, = f(x)< fx,), 84 x, x, € (a, b) & ToaQ
fohedd: afs Y& x € [q, b] o faT £/(x) >0, 2

(b) AT [a, b] ¥ FHAA & A
[a, b] ¥ x,<x, = f(x) 2 f(x,), 91 x, x, € (a, b) % foq

fohedd: s Y& x € [q, b] % fOT £/ (x) <02
T y=f(x) % 65 (x,, y,) T L @I S FHH

d
Yy Y d_y (x x())%]
X (x»30)

AT 95 (xy, yp) W %wa@aﬁ%,ﬁwﬁgm@ﬁ%@y-m{&
T 7 SR SR B x = x, B

d
qﬁ{aﬁy:f(x)ﬁ@'ﬁi'@xzxo W, x-38 o FHE 7, q _y} =02

dx X=X,
Tk y=f(x) % 6 (x,,y,) W ATAS H THH
1

Yy Yo (x  x)BI

dy

dx (X9>Y0)
. d .
R /Y (xy,y,) W Ey = 0 T ST BT T x = x, B

Az &3 (xy,y,) W %waﬁﬂaﬂﬁ%wwﬁgmﬁw)ﬁaa&
TR T ST SHHT THIH y =y, B
T AT y=f(x) S Av 2 F B G5 R SR F g F W@y F Ay
Ay ® 3l Ay = f(x + Ax) — f(x) T

dy f (x)dx AT dy :(%ij
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SE iy = Ax STUTRT SEd B2 ® @ 98 Ay hl T 3Te8] Hi—The 21 38 &F

dysz$WﬁFﬁﬁW%l

T o Wid W Uk fag ¢ @ WA @ f/(0)=0T f NahaE &l R,

f @1 shifder fag weamr 2l

AW 3Teehetsl UIEIUT 1 Sifse Gk fogm sfadiel [ %o f qRifid 2|

M ST 1 U shifass {65 ¢ W B £ Gad € a9

(i) S xT9g ¢ o oFf AR 9 < AR S@al € 79 £/(x) H Tag o1 9 R
¥ fafia € & s o % an SR ik T Free v fig ® A
F/(x)>0qe ¢ <A AR AR gaw@ Fepe wos fog W Ak /() <
09 ¢ T S=adY ol Tk fag 2l

Gi) & x5 ¢ e @R 9@ SR IR "W © 99 f/(x) #1 Foe kO W@
o W TR B % et o % ARt SR iRk T free e i W
T £7(x) < 0T ¢ o I 3N AR goi@ Fepe wodeh fag W Al £/(x) >
0T ¢ R e =1 T T 2

(i) S xfogcoh o 3R Q@ R 3R 9@ ® a9 f(x) YRafdd T8l e
? @9 ¢ 7 @ T SwIag #1 f§g € @R A € v e %1 fag)
e | TH YhR I fog Tk Afd Gierdd fag 2l

fgdita sTaeneTs WY o WS T fatel [ W £ T g9 oo @

A cel Bl HA AT £ ¢ W AR ] 91 SesherT g a9

() AR £'(c)=03R f(c)<0 T x=c LT S=aaq &1 (& fag 2
£ 1 T S H1E £ (c) ©

(i) IR F(c) =03 f7(c)>0 T x = c T F=Ta" &1 Th fog 21 o9
feafa & £ o1 wurta fefas @M f(c) 2

(i) AR f(c) =03 £”(c) =0, T8 g TV FHFHSA &l 2
30 ferfd o &9 qF: o1 YU SrEehers] THeIul S WA i 2 3R T8
M@ HW € b ¢ S=aaqw, Fean = Afa giads &1 f6g 2|

iy sy ik Fruer fFetan | ) 9 S %1 AR o 8

=T 1: 3IaUa | £ h 9] 3hifdeh fog Fd i AU xh o T AH 0
HIC S&T A @ F/(x) =0T f b Tl 2
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BT 2: 30 o6 AA fog aiferm)
TOT3: (A1 1 9 2 § 9r<) ¥t 9837 W £ o HHl &1 T0MET hifaQl
BT 4: =01 3 | M1 W WIS £ o 9t qE W 9 Seman iR e we

! ST & S==aH |/F, £ 1 FRUe Seeay | SR faE |E, £
TRue Feay w9 gl



(Proofs in Mathematics)

s»Proofs are to Mathematics what calligraphy is to poetry.
Mathematical works do consist of proofs just as
poems do consist of characters
— VLADIMIR ARNOLD <

A.l.1 91;&!3'7[ (Introduction)

el IX, X a1 XIH B9 oM, §Iad A, HeA oh U, gam qen giaemeTes
ey 3R ARFE, AT e, e au Fmere faae i Heheuiet o aR
¥ 98 g 2l

Tel &n e @A 1 fag (wf) w3 & fafge fafiel W feer s

A.1.2 Suufa =1 82 (What is a Proof?)

fopelt TR e 1 SYUfd o heHl 1 Tk IIhH Idfa el 2, ook Yo Hem
o sfiferca o fepelt gftennfo ug = fenelt erfmpEia = ferell UEt Tmear g1 9T e
&, fort fmfer fafyr qen go smaRfa 9st gR1 oherar wehenrd aifehen Frrami =1 wam
¥eh Yol yiauifed feran S gkt 2l

T YR YoE Iuta i el B U gwern g 2, f | v iy et
UfeheuHTd aern frehd B #) eifiena ed fohelt W o sue fRu gu qent 9 et dfa
SN fag #%d B g Fli-wel oA ot e fag B H1 1N S SHded Wi
1 g T A el 21 30 YRR et wien o fag & w1 9 fafuat wefvia eid
€, Hd: YoIel SUUfd Sfel SWeTel SUutd 9 Seh Stk yedsh fafy § d
fg=1-fir= ader Bl 2, frat ==t e & T R

YIel IUUTH 98 WieF &1 9% 3UU ¢, 9 & WY %9 H Yo adl § URH
e R I T N R
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(i) Eem-wem SWEA (Approach) 8 i Wi U H@el B, Sl W AE hicqd
Al | WY IR ek, SR, IR 9al a1 I8 JHIU WieAl sl SR
T aeh o Tl & @ 5w, fag fhe S ot frehd o g s 21

frafafaa Sew W fa=r sifsu:
I 2 —S5x+6=0a x=3 x =273
- 50+ 6=0 (T )

= (x=-3)(x-2)=0(TF HTH Hl oI FF § I8 W)

=  x-3=0Wx—2=0 (QEYHOM T ab=0Td a=0Abh=0,a,bc RFA)

= x=3+3=043AM x-2+2=0+2 (THHIO o A 9&ii § GHF &N e
T 3TH! Yhfa giafda T2 st 21)

= x+0=3Ax+0=2 (A o STId Ik o dcdqeh(Identity) 7O
AN BH)

= x=3FAMx=2 (A o A YOIk o TdHH 0T o FAN §NI)
X=5%x+6=0=>x=3TTx=2
Tel p 9Gd U X —5x+6=0"T X ¢ e FUA =3 AMx=2" 2l
FHUT poh HASH x2— 5x+ 6, THeh oI Th 3 sl (x—3) (x—2) ¥
et T o 89 T ool 1 “(x — 3) (x— 2) = 07 U Hid B
qﬁﬁ‘ﬂ?‘f‘a‘%ﬁ%
(i) =SH (x—3) (x - 2) ToFH YR =45 x>~ 5x + 6% FAE (qeA) B ?
(i) Tordl SHTh <l SHoh THM Ueh 319 o4sieh § BH Syl Wiaeefud ¥ §ehd © 2370
T von 1 B0 el wensll o urEs gu fag W g € @i
X=5x+6=x*-3x-2x+6=x(x-3)-2(x-3)=(x-3) (x-2)
fodi® 99 aeh & o ®Y (deh o EE) gR W9 el 2
g9k SWIA r q9HYA (Premise) I ST FUA & a1 8, fo@d e
st “x—3=0 Ax—2=0" U el Bl Y&ieh =T (steps) 1 3T HISH (brackets)
¥ o 21
g Wikl FRER 99 qoh werdl @l @ St qeh e sifan et W e vge s 2

qeh H1 WdlwIHE FHQEAdl R g U8 YE s B ® R p = ¢
A 2l

p ¥ URY HEh M G0 p=r = 5= ... = ¢ & YA HitaW 37:
“p= ¢ WA B
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g HINT &1 ®er £: R —> RS Ax) = 2x + 5 §RI TRAINA 2, Th Toheh!
(one-one) FoH B
Syufa e G fF we f e B AR f(x) =f(x,) = x, = x,
(Uheh! el hi afsTn)
HE HA AT TR f(x) = f(x,) S 20+ 5=2x,+ 5

= 2x+5-5=2x,+5-5 (I well H GHH wEA Sied 9)

= 2x+0=2x,+0

= 2x,=2x, (ATEdleh WEASH § AT qcHs 1 0
N 2 % = 2 xy i e e e s 4 o 7 9)
= xlzxz

A B Theh! 2l

(ii) TTFOTEE AT

i 3T, WA 1 g w3 w1 T UE fafy @ e wwy it

g1 21 38 fafy & suufs goiedn frefafea s w s gd 2

N T Y84 3ua=ad S H, A%
(i) 9rehd @Al 1 € S A
(i) Ypd §&M k+1le SV &l ke S,AWS=N

Tttt ST @ fagTa 7€ @ T 9 Uk HUF “S(n), n= 17 o0 @ & (1@
forell 3 yRfYe we jo Ty O ?) 3K A wed n=k o foq ¥ e A W@
Fafifea & fF 98 n=k+ 1 o faq sifarda: o1 @ (59 & o[ gk k> ), @ 95
wo et off o\ quieh n, S 1> j & foAC ¥ @ 2

9 B P ST o 2

cos©® sin O cosn 9 sinn@}

—sin n©® cosnH

v:r&;A{ } aﬁﬁ@m%y{

—sin® cos O

cosn 6 sinn@}

—-sin n©® cosnHO

wH feran fo P(n):A":{
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cos® sin 6}

—sin® cos O

g9 2Ed ® TR P(l):AI:{
31 P(1) 9 2
3@ WM e T P(k) &3 ©, @1eifq

[ cos k O sink@}
P(k) : A* =

| —sink O cosk©
&0 fag w1 Wed € 7R Pk + 1) T 7, S & P(k) 9 T, sreriq

fcos (k+1)0 sin(k+1)6

P(k+ 1) : A¥' = | —sin(k +1)0  cos (k +1)9}\:W ’

T A= AK A
i P(k) 9, s9feT

[ cosk© sinke} { cos 6 sin@}

k+1 —
A __ —sink©® cosk©

—sin® cos©

[ cosk © cos© —sin k O sin O cosk Osin O +sin k O cos O }

| —sin k©cosO—coskOsin® —sink Osin© + cos kO cos O

(3Tr=e IO 8I)

fcos (k+1)0 sin(k+1)6
| —sin(k +1)0 cos (k+1)0

3Pk + 1) ¥ €, i@ &4 P(k) 9 2|
AT P(n), n & Gt AHT (9 qUiieR) o faw T 2
(i) o= feafaa o faw=a grr steen f:9moT gro suufa

FU p= g H g FH #1 98 oy shaar aff 99g 8, 5@ p 1 e el
r,s,t (A1 W)ﬁﬁ@%ﬁfm‘ﬂ@%@é@fm“pzrv S v t(TTI%SI'“\/”FI'cﬁTm"
2 “ar’ o fa)
I} Ui Al r= q;

s = q;

Gl t= q
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! SEIOE fRa S, @ (ry s v )= g, TG B ST @ 3R W VR p= g
I BlaT 2

=9 fafy & gfiereu 1 Yo Hu9a <90 &l S W @1 9 fafy seeifie '
Y hael a4t iU @ 5 foEved R e werl i 9@ w9 @l

sl 4 TR e ABC, # fog =ifs f&

a= bcosC+ccosB

e UF ST R p oM “ABC W& 519 @ » 9o ¢ %A
“4= bcosC+ccos B’ &

A AfS 7 ABC & 19t 21 3fid A 9§ BC (STa¥9sha @R 96k TE) W oa
AD ®ifau|

e T € o5 sk fae @ At Ao s A srfrenehior s a1 ek e
W%W%ﬂpﬁ r, s adl tﬁﬁ'@'ﬁ“@ﬁﬁﬂﬁ%,aﬁ

r: ABC T =70 frqet @, fed £ ¢ =i 2

s : ABC Wh aifererentor fryqst €, e £ C arferanapior 21

t: ABC W& quahivl 3ot 2, s 2 C g9ahivn 2|
d: BH WA 1 SR dFl WEAIS o Y srerm-srer fag s g
aIM () 59 L A, £ B, q1 £ C A & =Fhior 8 (3Mepfa Al1)
qHahv st ADB, g0

BD
AB—COS A

?ﬂﬂﬁ BD = AB cos B =c cos B

qHahv s ADC g1 . ,
D _ .
AC - Cos

DI CD =AC cos C [] i

=P eos 3TTeRfa A1.1
3 a=BD + CD

=ccos B+ bcosC .. (D
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T (ii) 54 £ C Afehahiv] € (3epfa Al.2)
qHahv s ADB N

BD
AB =cos B
DI BD = AB cos B
=c cos B
qua 51s ADC g
CD
AC =cos £ ACD
=cos (180 -C) STFRT A1.2
=—cos C :
DI CD =-AC cos C
=—bcos C
Sic) a=BC=BD-CD
?ﬂﬂﬁ a=ccos B-(—-bcosC)
a=ccosB+bcosC .. (2)
<910 (iii) W16 £ C WHehI & (AT A1.3) A
191 ACB, g0
BC
E:cosB . ,
DI BC = AB cos B
qaer a =c cos B,
b cos C=bcos90°=0 ]
¥1a: 89 form wWehd @ a=0+ccosB B C

a
ateRfa A1.3

=bcosC+ccosB
THIRTOT (1), (2) A2 (3) W BH U €, fr fRd frge ABCH
a=bcosC+ccosB
I (i) § r=> g YAV 2
TIM (ii) ¥ 5 = ¢ w21
e I (jii) ¥ 1 = ¢ T 2
Ad: (r v s v t):qm%aﬂﬁp:qwruﬁ 2,

. (3)
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AT SUUT: U MU Are bl el yHIfoTg e o TaS H, T S9eh 9Hqed
el wea o) Tog ek, YeT WA & YHI0E i ©

(i) Tatrenfa grv SUUt (Reductio Ad Absurdum):

TET B9 30 Tl U YRH d © b ufiehedd e © ae fehY et ©1 a9k o

ol o YRt g1 & W 3 frehy W uge € o W T W heM, 3TEe €, S U

feriiifer 81 27d: US4 U U © 99 9 Sl Tk SeEl g 9HEd 2

et 19T Wemsl 1 gg=EE SR (Infinite) B 21

T efifee foe 9 31 9enet (PrimeNumbers)WRq'ﬂﬁqu%ﬁWﬁ'ﬁzlﬁ
21 1 TH A ok T (Negation) !, Seld FHE] AU W& o1 Tq==4 qHa
T ®, e W o B, erelfe T 1 Wenst! o1 e uiifi ?1 s g we
A HEst w Aas R Whd ¢ A eifSe fF PP, P,,..., P, HRE 19N

st w g 71 et " o

N= (P, P,P..P) +1 (D)

e R N 9T wemst &1 gt ° 6l R, e a7 g & fwe ot wen
9 afer 2
N df 319 GEA ® A1 U e @

If% N 31959 9= @ a1 (1) o W= el @ 6 Uk UE 1 e a6 st
2, S g T R

TE @R, A N U G e 8, 1 3Heh! % ¥ %HH UF A95T 9o (Divisor)
&1 =TT W g F B o Hen N et (i §) Té R w3, wi
ST 9 Tl % g Nl fauifsa ) W el §ed | o=@l 81 @7 N &l 3199
aroTeh G o iR w1 o= G B
fohg 78, T U 1 0 weft o1y wemst i g 5 o 2, feleif @
T YRR AN qHuRon TR weft s wemet a1 wgea ufifia 2, eee 2

Ia: ) e WEmst T W uRiHa e 2

(e ST foh 9t Suuid | ferfe= <emel # fo@us g1 sudi
&1 & w1 SuE o 7)

(i) WEW HAT 1 UfdeFTHS ( contrapositive ) AT ok WANT gRT SUUfA:
T8l Aufaey Ho p = ¢ F1 95 F0 o WIH W 0 S qAqed HA
~q= ~p ! Tag #w T (Tt wogeaa & genfia S hd ?)1

ol fu gu wufaes sed o fend qen 9Rereda o1 fafaa & 370 | Y&
O 8 9 YS9 A 1 GTasAeTs S a9l 2l
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g ST o £(x) = 2x + 5 0 IR ®e £: R — R Tohah! Seld 2l

FE ThH! B €, AW f(x) = f(x,) = x, = x,.
WWW@W&WW%1&%"“2x1+5:2x2+5”:>“x1:xz”q%'p:q,$
Y I T, SET 20+ 5="2x,+ 5 HUT pT TMx, =x,H2 ¢8| TH a1 H BH IR
2 ¥ ‘g fafy” g fag = g 2

T 3 Yd U o YIqeAIcHeR A oh AN g o THIfUE o Hehd ©1 Ry
HOF H UAEAHE FF ~ g = ~ p 7, AU “AR f(x) =f(x,) WAx =x" H
gfaeeEes @ <Ak x#x, W) £ F(x)”

SE X, #£X,

= 2x, #2x,

= 2x+5#2x,+5
= fx) #f(x).

FifR “~ g = ~ p”, A “p = ¢ TAGA &, 39 YHR Squfa qof )
AU shifST TR “Afg =8 A, Invertible 2, @ A, Non-singular 2"
IUdeR HOHF I ks €9 1 @ W p = ¢ 5@l pHYF “3E A, invertible
%’ Yl g 99 “A, non-singular %I”
Ye HF ] YHIU i o WFS H 89 IHeh YIIHIcHe U ki YHIMU i &,
?ﬂﬂﬁ IEATH non-singular 3148 B % a 3ege Ainvertible EF %I
If& A T non-singular 3ege & & a1 gaehT 31 g1 |AI=0 R

“fif =1 s T8 2, R IAI=0

JAd: A, Invertible T2 2
TH YR THF I8 YU Y fsan ff 9f< AW non-singular W‘lﬁ%?ﬁA,
invertible 7&f &1 31%~q:>~p.
#1d: A TH 3T A invertible ®, @ A non-singular 2|
(iii) UISTEIUT (counter example) gRT Iuyutd:
Tfora & fderd § U o off o €, 5w foRelt uRehfeuq smaaieRor & o
37U T B o Tt TAE FESA B W T 3R ATIRIBT ok HAT T
arferar safoffa s+ &t 21
U feufa 7 T Mg R R, %A 1 o fag s % for, B0 U S
<g Toh| fopdl oM T A HE o ST YR hedd 2l

o Al =
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Fifeh A p = ¢ 1 G, W ~ (p = ) 1 holdd | Teh UM eral 21 37
e off Sudfa =t s fafy 2|

HOF: TAF ne N& AU, (,2 + 1) TH J99 &A1 2

7g oA FrAfafad el o STUR W U 999 9 9UeT T ol

2 +1=224 1=5% & T s19a we 2

)7+ 1=244+1=1750 o s1ea e 2l

02 +1=284+1=257 f&F T 997 2|

Jafa, gum 3fic o a7 AvsTHior WEl ydld g @1 stdaate a8 gfaufed

oo T f 2% + 1 = 22 + 1 = 4294967297 T H9T WEN TE & HifE
4294967297 = 641 x 6700417 B1 S & @31 =1 TOMES € (1 a1 &6 oh 31fafier)
TH YN I8 SAH I & “Yieh o faw 22" + | Uh 3199 H@M € Ve N+
A 2

T Shael I8 T W] 1 22 + 1 3194 T8l 8, o1 IT2L0] ST R ] Eied
FE % fau wE 2
d: T4 g = S T &em@ “Yd® ne N fau, 22" + 1 T 3199 9
2 ° T B
FYU YA Had Hor ke g 21" W) femm it

g frefafed werl W foar & 2

@ fx)=x

i) gx) =e

@) A (x) =sinx

3 et ®er xoh Gl gF o fau Had ©1 9 B9 ek iEal W foer i dl 3

x ok it gl & fau srasmera €1 98 & 39 favarg o fau 9 war @ fF wem
“Ycieh Had wor Esherd gl 8" " @1 fhq A 'H wer “o(x) = IxI”
HEHTI] 1 Si= e, S o Had €, 9 89 3@d © foh 98 x =0 W Ferher g TE
21 SHeT A9 T g3 T weA “yoie W wor SEeher T Bl 87 3TEed 81 e
“O(x) = | x| 1 helel € Teh STEL01, SATYeh 0] ] Go i o forg qafw 21 ora:
W “0(x) = IxI” H U T HUA i, “ g daq o stEweHd gl 217 o
T 1 G Fed &




(Mathematical Modelling)

A.2.1 ﬂjﬁW (Introduction)

FHeql X1 H g6 0 (5% ol amdfaeh el i THesTl o6 e 3191 a1 TR A1
H 3179 & Tk TAM % Y § S ok <, 31T, ST Uidse 1 wET sieh R
Aifeer feafa @1 T 9o € T feel 21 3R d9r W e fee T
Hiren 2, T g9 1ot ®f9 o @ieFl a1 awell o SRR @ 9uH & gq el
(Models) ! =1, fafas ehR ¥ S1eal, STl A1 W@t shoged i, Morde g1
K o WA g H R

et weetl & e <@ ® R, fafaw i deeretl & wam o Hefua sifiesia
T % T & AU Tk YRR W T R Sl STevashdl Tedt 21 9T 9% WEwqul
2 T wifordr frexlt &1 serm w gu foo & =9 | e s =few

39 st (W) o #W A T fee o stemee ardfdeh S bl e
Ut T & fog w3, A eiegg, o qe ask W w5t afafie s g
fepan s 2

A.2.2 T faesis @? (Why Mathematical Modelling?)

fornfelay =n) s, stsmiora, Breptothfa qen e g snfe & wnfses yeat =i
B G B T 21 HH-he TH aRiEfas= ge 1 e 9 9 ST T8 § 10
fam1 & e w2 uRfeufast weel #i g 0 o foag Gifae w9 9 Sl e
¥ W 1 Aavashd ggdt ], s1eiq Aifasw Feml a1 $o gdiehl o IR w1 STeEv e
e g T IR 1 WG YRR /| qer S S HeR | STe TR 99l
%! T HT o T g1 Th hivel 1 EeThdl Tsdl ¢ fod it fresie wed
21 TR gH FrAfafiad gwenst W faeEn wi
() Tordl F& 1 =R T & (R ®9 ¥ S/ 7 ] 97 T B &) |

(i) TR Tt o Tiehe B HETH 10T G ST (TS Siehe ot hi SHaTs, HEAH
Y, TE@RYT g 7% Yadl R fo=R &t gO) |
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(i) et R &) SO @ S (fowoey 9 519 991 1 9 e e ')

(iv) I 1 HAZ I AIHE FA HA

(v) T & T g5a AR ) v o s @ ey b @ (e wee IRR T
IERIEAS BT

(vi) Ygedl w1 S Ad I

(vii) T HHA ¥ 9RA § Al i YSER HT SHA T (S R Bl e
e 1 ATAN & R) |

(viii) TeRET =Rt o7 TR W oK1 T STRAH 1A SRl (AR o1 TR TeRTe i ST
& )1

(iX) ¥ 2009 3. ¥ ARA I SHHSA &1 AIAA T (56 T T 2009 3. T Wedied
FH H AN T R
Sudert qeft TeEenet i T fee o W gR Wi R S wehar € SR e

o WY fopan T Hep1 21 IR 0 9 b UHENRA i W S 1 fafeE) s sreee

39 4 YreagEas | w1 auifd 78 Riaryg 8 Al 19 37eh! o WA h hl YA

¢ gg ot far fora o 9= fewl a9 o9 Tfora @i emar den i e &t
ATl o He<d hl 9HS Hehil|

wfordte e weh fagiages e @ o1 3o Geta o fagha €1 5 fagial 1 weu
e it € it fesia & 9 o fagial &1 srRears &9 o 9= gefag
ERIRICIES

() et ®1 sTavasRa #1 =T (29 dea # 8 ® §)I
(i) Hed o fau g/’ #1 geldg S (87 1 Ad BT aed §)|
(i) SUcTe W Afehgl il wgEItY (e fea gan )|
(iv) AN ara gRfEafaEl st g (qELRon, ed) |
(v) T wifges Frml & ge=tw
(vi) TEEIT;
(a) TIF TH a6l THH
(b) ! S ATel UM
(c) URUIIE®Y e g o gl
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(vii) 39 & ki ve=nte fome fefafaa s wt S w6

(a) Tled a1 3SHY Hated fam g woust w1 S gA

(b) Tfed =T I9AMTE
(vii) 37 UrEEl i YEAIHC Sl Higd i GUR Wehl
e o S fagial & S1¥R W 'y i e & fefafad =0 9w e €
=0T 1: Hifees Teerfa =1 we=fQ
TUT2: el /=R % 9IS T Aok et qen wdienl o vEn grn difaes frafa
! U Aigd | gRafdd Sy
0T 3: U YAl oF 8 FId ehifag
FUT 4: YT RO HY oA Y (WEE) o 6] § saren i o) sHet (i)
YefoTf 37era WA W ol it
=0T 5 A IR ST Bl @ ©, Al HiSd ol SR shiteu s Wifae feufy
1 YREHET / FHeul i FIITHE HIT SR =00 2 9 SR

SRt =Xl el A9 <T@ H <@l S Hehdl 2
IR0 1 TR fEYE % W@ g U < TE HAR i S 6 S
To FI0T 1 Y 3 TR HHR S 9 9 S Ued Hifae Rt Rl

FT0T 2 A foR AB & T TR 7 (SR A.L2.2)1 B ST PQ HHR Y %
A e Tk Yereh €, et @@ fSg PR 21 WH efifee R PQ = 4 @ HiMR &
SaE H2I §F: 9 ofifey f derer &1 eifg @ H9R & e (3id) &1 s=aa-si
o® 941 /= QB = PC

Wi oo Pt | TOWE | e w0 | gy [ WT
Rafa  [of warar | ¥ g & it |
Ealiiep
1 gl e TRUM 7 @ & il
— ‘ UTUN St Fer
T, Ffg
~ oeem |00 .-
et o] o e ww
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- AC H h
tanoc—PC /
Bl H=h+1[tan o .. (1)

TITUT 3 &4 TS foh UTeret A, 19T o sh WH Yok ki TTd @ 31d: TRy (1) | e
%1 B 9IS Bla 2

TRUT4 39 SN H Sd HHR T SMER ST &1, 310q 5a Yersh i [ 61 U T4 T2 &,
a9 T ST o HHER o 6N B %1 fag P SeEA-hio BRI 3d: APQB ¥ BH

A _
e 7 N 7 N
,,,,,,,,,, H-h
,,,,,,,,, H
I:)“ SRR S, v
. B ¢
e :'F
o — | v
Q B
3TTeRfeT A.2.2
et Bl ® R
PQ &
= - - q‘[ —_—
tan 3 B | I=hcotf
=0T 5 39 frorfy o 59 =01 Y erevashal 7€ € i A, 1, o B & wE qH

T 2

SETETUT 2 A ST 6 U e BH dF TR % IR P, P, 3T P, %1 ST
w3t €, o i TR % F=3 WA R, R, 70 R &1 AN &1 31 A Afere R
¥ T WEF F, 3 F,@U% &1 AT FW g 98 A9 3¢ fF FH % 99 R, R, T R,
=1 T o 8, Tk Hied ST, S W 19U FT o fau %ed 7 R, R, SRR,
5 st 5 gifead

T 0T 1 W wHe ¥ i fefd #1 veam wefdia 2

=0T 2 A ST R AT STgE 2, S eI F, QOTF, #1 Savashal & e s
T T AT ® T@ i,
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A <ffSe o6 B & o7ege ®, < SIS PP, Q1P %l Yoo $E o ScI&A 8 Hee
AR, R, TR, 1 3AE%a WE1eA w1 F&fa w21 81 7@ B 99 i Tu gr #1
70,
R1R2R3
Pl e o o
B P2 e o o

P3o o o

o ST 5 A o1 B 3Tl &1 AR (S 39 feufa # guftafi 2)
ffafed segg 5 W< B 2

R1R2R3
E [ ] [ ] [ ]
AB
Fz. [ ] [ ]
S areqel # Wreehl F, G€F, o 6 %l G0 3 2q Fed 7l R, R, @21 R, 1
Fifed wEMd 1 B2
ISE] 2 o Hed hi ANAl hifsu, Sia foh

3
10 15 6
= , 79 3
10 20 O
5127

T el TG 1 ST HETE R WY 330 THIEAL, R, hT 455 TRTEAT ST R, BT 140
Sl €

e wifse fw
3 4 0 R, R, R,
10 15 6 E 165 247 87
B= 10200 777 T8 170 20 60
512 7 2

7% TIA] < 8 R F, 3TR F, 1 #iT %1 90 & & fau e 71 R T 335 L,
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R, %! 467 $HE T R, FI 147 THE HI SERTHA ¢ S % Fod WA F ST
et 9 stfuss 21 it A Screl w1 g gehrE o i 2q S Wit o erufer
aEnd Ffea €, SHiT 89 o1 d e Wil 1 SUee WIS o |G Wi HI Y Hehd
g a1 BH WEH! W ST | i HH B B FeET B Hhd 2

afE B9 IAE 3 H AR A, W 91 3,

9 12 6
10 200

1oiq, 9 Wesw @ SO Wi 1 HH B o ¢ WW S E, @

o6 >+ 141 216 78
AB 79 3
10 20 0 170 220 60
512 7

TRIR F1 311, R, %1 436 A2 R, F1 138 sreall emifemd & < foF el w1t 1 Soered
e S R, 1 330, R,FT 455 T R, &I 140 THEA o &H T

B0 Al I: T b HINA T Tehd & SIEE SUCTsH sheel HIeA bl
YUl YA & S
39 TSR A% Tesh! w1 AT H QU B & AU A %GR wA-31ew KU WM E,
dl wH I Wl % HA-STRE Bl WD ¥ U HT HHA
USATS Y4 B 70 Iqe shed HIa i (aiRa weeti oF fog 1 &w, %H o ifaen
&1 FErEad, Tk U T Hed o Fehd €, TEY 9% Uewl W iy o Wk i
SO T ] T9 YR WNfHT Y o SUeted e Wil quiden STAnT H &1 S
T IPA® #T S Efafed sae | fimn w2
o fafse f&F P, P, P, @R, R, R, 38 &R & S 3w 2 ¥ faan
21 7 e fF wH o 9ER, ®Y 330,R, BT 455 SRR, FT 140 ThEAT ST ©
SR A AT R diH IR T g R o i o fAe wed WA R, R TR,
1 g Frefafad STeqE @ we e @

R1R2R3
P 3 4 0
B P 7 9 3
P, 5 12 7

ek SAAR 1 fohal SehTeal sIMTg WU foh SUCT= = A1t 1 SUANT quiaan g =a?
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feufy e 9 vg=ar 9rg 2

HA WIS feh ®H P i x 3HIAT , P, 1 y Tl P, %1 2 SHIZAT 1 SUEA |
21 ik I P, & e R 1 3, P, faw R &1 7 o1 P, % fa¢ R &7 5 gehreal
! AR TSdl ¢ (3TE B If@U) SR R BT FA 330 THEA UG T,
3x+ 7y + 5z =330 (=4 "i@@ R o ferQ)
T YHR 4x + 9y + 12z = 455 (%=d "1 R, & foiQ)
C: 3y + 7z = 140 (F=3 71a R, & femw)
T (STYH) THRL R i e &9 H 9 YR o9k R Wehd §,

375 X 330
4 9 12 y = 455
0 3 7 b4 140

yRftser oferd Efehan g1, 89 9w 2l 2
100 «x 20
010 y = 35
001 =z 5

T x=20,y= 356mz-5ﬁw%| $Aua wH P & 20, P, &1 35T P, &1
5 $°hl$44| S <h{ H°h(‘|| %|

g +ff 3w weha ¢ T Afx fofar wresl B, 80X E, &1 AT (S0 3@ 3 o
?) W fo=r fou famr & Shea suasy %cﬂ%#&jﬂﬂ?ﬂmﬁwﬁﬂhw
z, ﬁ%ﬁﬁﬂ?ﬁﬁ{ﬂﬂﬁﬁ«%m% ek F 3 P, T 6 31l Wil € S
o frmfar SHe) herdt 5 SREAl &1 o Fehdl 2

T gal-fHia M, ﬁTMEﬂ?ﬁﬁ SCRA-ISH FAl 2 M, =T 20,000
HWMﬁmoooaﬁﬁﬁ#mwaﬂﬁ%‘quWWsww% fehd SEoh
T I 45 000 S ¥, T g SR | B S T TR T M, FT 1,000
WW#WWWWWﬁ3H€ﬁTMﬁ1000WW&WW
WWWﬁlwwﬁ%amsﬂm#mW%ﬁW%Mﬁ
T Side T Rs 8 T M, %! Yeish siidel T Rs 7 19 il &1 ga-fwifan, e e
SAfSid & B, AT SeARA-ATSH fohd YR A2

HEH qHehedl o S, HewH @Y AfSid i B, Tenel M, qe1 M, whi

qlqal 1 @A [ R
WFﬂﬁEfm“ﬂﬁTM ﬁxﬁT@Mﬁy?ﬁﬂﬁ%lﬁRﬂfm‘_M EARICERCIR ]
T e Rs § T M, o1 Jedsh Sliael T el Rs7€“l?ﬂ% 37d: 352¥I-He (objective
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function ), T8 s1fireran e @ 9 fo@ gt 9 fean o 21
Z=7xy)=8x+Ty
TH IRYI-Hor 1 EfafEd gfaesl (eRi) o iwia afiean wE €
(fasr JAme & T 12 WA i) |

x 20000

y 40000

x y 45000 - (D)
3x y 66000

x 0,y O

0T 3 WS =Hail (constraints) (1) o 3favid S &5 OPQRST Y&Td-&3 &
(aTRfd A.2.3) W53t O, P, Q, R, S AN T i o fasner swael: (0, 0), (20000, 0),
(20000, 6000), (10500, 34500), (5000, 40000) & (0, 40000) &1

e =ifery fh

S
S
A ©

=
N

I
=

LS (5,000, 40,000)

y=40,000

»

—R (10,500, 34,500)

) Q (20,000, 6,000)
X'« t t t t » X
[§)
Sl{' / lﬁ)« tx
v < VA N
P (20,000, 0) \ g
[N ‘2‘0
Z %,
(A
%
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PO,00Z =0
P (20000, 0) X Z = 8 x 20000 = 160000
Q (20000, 6000) T Z = 8 x 20000 + 7 x 6000 = 202000
R (10500, 34500) 9T Z = 8 x 10500 + 7 x 34500 = 325500
S = (5000, 40000) WX Z = 8 x 5000 + 7 x 40000 = 320000
T = (0, 40000) X Z =7 x 40000 =280000
S ST T = 10500 3 y = 34500 T HewH w14 At 8 8, S 75 Rs 325500
21 o1 froia (IE=e) H1 Rs 325500 1 Hewq @4 Sfd w3 3 fw M, 1 10500
qUl M, i 34500 Sidel Scq= AT =8
A ST o Teh ol g 741 S8 o =Ed! €, f99 W s o
(feer i =R @) @t @ oiR °F <fifse f st 59 s 1 U fer god
W fashd w H1 AS A 21 59 feerfa ® eny-giia o qdier gq we i
Higd AUl
Tl Teerfa Toeeaan ve=H 9 2
TAOT W T T 2 I AN ] UHR 1 Bl €, Feer den = R o Ses
1 HET W sl B § (S R, Yok 3R, e R =R o Sers w1 S s
 Jadl @ (S8 W, 9T Ten) | RY W gH WE od € foh =R AN Sas i We
1 SFTHAMIE € - SO AN Higel TRl & Sl 21 ol &l o o Ul fasha gr
W e ®, 3R 9' () F' YHEa S wed @ e 9 9w eF wewd 2
gfeen o fau, e9 78 uH od € T yoie Saafed s dohiel o < St 2

oM eifoe for Saarfea den fasa &) T ThEdl 9 §ena e,

C = SERA & Fel o 8 (T94i H)

I =fasa @ 2R 9l oo @ 2 (30 o)

P=7pc @19 B (%9l )
BN [ STeR HI=Ial (assumption) & FHR C &1 9T 9 et &< aar &:

fEeR @M = o (39 ©),
R AN = b (TIC I THLE),

SRIC C=a+ bx .. (1)
el & e 1 foshd god 5 (39U 9fd gehrE) R fasi 2,
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3Ad: I[=sx .. (2)
o4 P 3 SR W o R oh R Bl €, 39 YR
P=1-C
=sx —(a + bx)
=(-b)x—-a .. 3)

TH YR 37d BH =) URA x, C,LP, a, b, 99 soh &= (1), (2) @21 (3) # I9iu
YREaeR Hal &1 Uk T Hiee 9T BT 21 S =) U o1 sRfieniul 39 YK &,

LERE X
Aty (was) G, L P
VIE N a, b, s
Wﬁx,a,b,s,ﬁW%ﬁ%PﬁmWW%l
Fee (3) g eW SEd € for uy famedd fog (7 & @y i 7 &g ')

¥ fam p =0, a1efq, x mesaﬂ
S

n foeaed fog o fomm @ &0 frekd freret 9o € T ok &9 9

ThTeAl 21 Seafed had! 2, @refiq xzﬁwﬁﬁﬁ +7 & A 3H e g oI Ak 5

afern gehredl Scarfed et 7, @refq éw ¥ Afosr a1 IW A9 I THE

AAfafiera, afs wm fawaaa fog srercafos fag eiar 8, aa w1 31 Aigat yge fhar =1
Hehal & S1¥El o7 a8 W Hefid sAfqumonst § weieA fean s "ehar 2

e (3) 9, g a8 off fierar @ 5,

aw_
dx =5

i, x o WUe P o ufiedd i X, URT 5 — p R Tk sl & < o Scurg o ferpa
qod T SHokh =R @A o 3 o oRIeN €1 37d: oy AfSia w1 o forg 5@ f¥n =67
TR B TR 31X W 0 | o1y 31fStd o o forq 2 oga ifers o Saarfed
HE AT WY & WY =X AN bl HH BT Bl 99 9 1 =AMl
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M wifSe fom W 3 | 1000 foreX weav-sie ® f5es wfq fae 250 ¢ @@
21 200 g/L 0] I @FU-Sed, 25 L/min 1 X 9 3 H 271 @I ] 991 39 YR W
gl w9 3o 9 9l e @1 21 R 01 1 W 3 § oo st A o @2

Tl frorfq e @ ve9H %W & 4 2
T el T y =y (1) 51 SAqae-dfeaie URT 8 o a5, fohet wmd ¢ (T
¥) W, I ® Suftera ofer w1 w1 (el o #) gl () Bl 21 S =0, i
siqaig-dfeaie URY 8H ¥ I8 y =250 g x 1000 = 250 kg
o S T y & gftads, fasor o sidefe-afgeie o SRUT gl @
a9 3% W EUI-Sd 1 3AdeiE, 5 kg/min (FAH25x200g =5kg) H X I

TV I B AT V- ] AT 25 —— - ke/min (FF 1 T W IF

1000 40
¥ @@ H He0 10y00 kg ®)
IF: 1 TIUel S H e w1 HE W URedd i R e gee @y gk g,
Bl % %Oy:S .. (1)

5 IRUMY YE N %] T UG Hied <

oftom (1) e Waew Tfiert 2, 99 e 9§ wxa foran s Sehdr 71 |t
(1) =1 81 == fean @

t t

ye® =200e% C A y()=200+C e 4t0 .. (2)
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; cm/s 9. 400 cm®/cm 10. 5 cm/s
=31
(4, 11) and _4’T 12. 2w cm’/s
27 1
“r@x+D* 14, — cmis 15. Rs20.967
8 487
. Rs 208 17. B 18. D
Yy-Taet 6.2

3 3
(3] o [-=3)

5. (@) (—o,—2)and (3,) (b) (-2,3)
6. (a) x<-— 17 Tou e EEM 3K x> - 1 & fou FRae afgE

(b) x>—%#%@ﬁﬁmaﬁ1x<—%#mﬁw—oﬂnﬂ
(c) —2<x<—17% fau e 9¢fam 3R x <— 2 3Rx>— 1 & fou R BreEE
(d) x<—%$mﬁﬂmaﬁnﬁ3ﬁ1x>—%#mﬁwW
(&) (1,3) 3 (3, 00), § TR FefHM q&l (= o0, —1) AN (= 1, 1) & FRK HHE

L O<x<13Rx>2 12. A.B
. D 14. a=-4 19. D
YIATat 6.3
-1
. 764 2. — 3011 4. 24



300 o

—a

2%

3, 1) 9. (2,-9)
10. ) y+x+1=03WR y+x-3=0
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12,12 14. 45,15 15. 25,10 16. 8,8
3 cm 18. x=5cm
1 1
e = (5—0)3 cmﬁ? E°ﬂl§ = 2(@)3 cm
T T
112
cm, cm 27. A 28. D 29. C
4 4
TEIT 6 GT fafaer gvraeit
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