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✈�✁✂✄�

❥☎✆✝✞✟✠ ✡☎☛☞✠✌✠☎✍ ✎✟ ✏✡❥✑✒☎☎ ✓✔✕✕✖✗ ✘✙✚☎✛✟ ✜✢ ✣✎ ✤✥✌☎✑✦ ✧✑★ ✩✧✪★✫✟ ✬✟✧✭ ✎☎✑ ✤☎✜❥ ✧✑★ ✬✟✧✭
✘✑ ✬☎✑❧✮☎ ✬☎✭☎ ✌☎✣✜✯✰ ✠✜ ✣✘✱☎✦✛ ✣✎✛☎✤✟ ✲☎✭ ✎✟ ✳✘ ✣✧❥☎✘✛ ✧✑★ ✣✧✡❥✟✛ ✜✢ ✣✬✘✧✑★ ✡✴✵☎☎✧✧✶☎
✜❣☎❥✟ ✷✠✧✩✸☎☎ ✹☎✬ ✛✎ ✩✧✪★✫ ✹☎✢❥ ✺☎❥ ✧✑★ ✤✟✌ ✹✦✛❥☎✫ ✤✭☎✯ ✜✙✯ ✜✢✰ ✭✠✟ ❥☎✆✝✞✟✠ ✡☎☛☞✠✌✠☎✍ ✡❥
✹☎✻☎✣❥✛ ✡☎☛☞✠✼❣ ✹☎✢❥ ✡☎☛☞✠✡✙✩✛✧✑✦★ ✽✘ ✤✙✣✭✠☎✾✟ ✣✧✌☎❥ ✡❥ ✹❣✫ ✎❥✭✑ ✎☎ ✡✴✠☎✘ ✜✢✰ ✽✘ ✡✴✠☎✘
❣✑✦ ✜❥ ✣✧✆☎✠ ✎☎✑ ✯✎ ❣❡☎✤✪✛ ✾✟✧☎❥ ✘✑ ✺☎✑❥ ✾✑✭✑ ✹☎✢❥ ✬☎✭✎☎❥✟ ✎☎✑ ❥✝☎ ✾✑✭✑ ✎✟ ✡✴✧✿✣❀☎ ✎☎ ✣✧❥☎✑✻ ✶☎☎✣❣✫
✜✢✰ ✹☎✶☎☎ ✜✢ ✣✎ ✠✑ ✎✾❣ ✜❣✑✦ ❥☎✆✝✞✟✠ ✣✶☎❁☎☎ ✭✟✣✛ ✓❂❃❄❅✗ ❣✑✦ ✧✣❆☎✍✛ ✤☎✫❇✧✑✦★✣✾✴✛ ✷✠✧✩✸☎☎ ✎✟ ✣✾✶☎☎
❣✑✦ ✎☎✡★✟ ✾✪❥ ✛✎ ✫✑ ✬☎✯❈❉✑✰

✽✘ ✡✴✠❜✭ ✎✟ ✘✡★✫✛☎ ✹✤ ✽✘ ✤☎✛ ✡❥ ✣✭✵☎✍❥ ✜✢ ✣✎ ✩✧✪★✫☎✑✦ ✧✑★ ✡✴☎✌☎✠✍ ✹☎✢❥ ✹❊✠☎✡✎ ✤✥✌☎✑✦
✎☎✑ ✎❞✡✭☎✶☎✟✫ ❉✣✛✣✧✣✻✠☎✑✦ ✹☎✢❥ ✘✧☎✫☎✑✦ ✎✟ ❣✾✾ ✘✑ ✘✟✒☎✭✑ ✹☎✢❥ ✘✟✒☎✭✑ ✧✑★ ✾☎✢❥☎✭ ✹✡✭✑ ✹✭✙✵☎✧
✡❥ ✣✧✌☎❥ ✎❥✭✑ ✎☎ ✹✧✘❥ ✾✑✛✑ ✜✢✦✰ ✜❣✑✦ ✠✜ ❣☎✭✭☎ ✜☎✑❉☎ ✣✎ ✠✣✾ ✬❉✜✐ ✘❣✠ ✹☎✢❥ ✹☎✬✮☎✾✟ ✾✟ ✬☎✯
✛☎✑ ✤✥✌✑ ✤❧✮☎✑✦ r☎❥☎ ✘☎✢✦✡✟ ❉✽✍ ✘✪✌✭☎❇✘☎❣❉✴✟ ✘✑ ✬✙❧✮✎❥ ✹☎✢❥ ✬✪✚✎❥ ✭✯ ✲☎✭ ✎☎ ✘✿✬✭ ✎❥ ✘✎✛✑ ✜✢✦✰
✣✶☎❁☎☎ ✧✑★ ✣✧✣✧✻ ✘☎✻✭☎✑✦ ✯✧✦ ✘✴☎✑✛☎✑✦ ✎✟ ✹✭✾✑✒☎✟ ✣✎✯ ✬☎✭✑ ✎☎ ✡✴❣✙✒☎ ✎☎❥❆☎ ✡☎☛☞✠✡✙✩✛✎ ✎☎✑ ✡❥✟❁☎☎
✎☎ ✯✎❣☎❋☎ ✹☎✻☎❥ ✤✭☎✭✑ ✎✟ ✡✴✧✿✣❀☎ ✜✢✰ ✘✬✍✭☎ ✹☎✢❥ ✡✜✫ ✎☎✑ ✣✧✎✣✘✛ ✎❥✭✑ ✧✑★ ✣✫✯ ✬✮✏❥✟ ✜✢ ✣✎
✜❣ ✤✥✌☎✑✦ ✎☎✑ ✘✟✒☎✭✑ ✎✟ ✡✴✣✼✠☎ ❣✑✦ ✡✪❥☎ ✵☎☎❉✟✾☎❥ ❣☎✭✑✦ ✹☎✢❥ ✤✭☎✯❈✐ ✳●✜✑✦ ✲☎✭ ✎✟ ✣✭✻☎✍✣❥✛ ✒☎✙❥☎✎ ✎☎
❉✴☎✜✎ ❣☎✭✭☎ ①☎✑❧✮ ✾✑✦✰

✠✑ ✳❍✑✶✠ ✩✧✪★✫ ✎✟ ✾✢✣✭✎ ✣❡☎✦✾❉✟ ✹☎✢❥ ✎☎✠✍✶☎✢✫✟ ❣✑✦ ✎☎✡★✟ ✡✑★❥✤✾✫ ✎✟ ❣☎❈❉ ✎❥✛✑ ✜✢✦✰ ✾✢✣✭✎
✘❣✠❇✘☎❥❆☎✟ ❣✑✦ ✫✌✟✫☎✡✭ ✳✛✭☎ ✜✟ ❡☎✏❥✟ ✜✢✐ ✣✬✛✭☎ ✧☎✣✆☎✍✎ ✎✢✫✑✦❧❥ ✧✑★ ✹❣✫ ❣✑✦ ✌✙✩✛✟✐ ✣✬✘✘✑
✣✶☎❁☎❆☎ ✧✑★ ✣✫✯ ✣✭✠✛ ✣✾✭☎✑✦ ✎✟ ✘✦✒✠☎ ✜✎✟✎✛ ✤✭ ✘✧✑★✰ ✣✶☎❁☎❆☎ ✹☎✢❥ ❣✪❞✠☎✦✎✭ ✎✟
✣✧✣✻✠☎❈ ✵☎✟ ✽✘ ✤☎✛ ✎☎✑ ✛✠ ✎❥✑✦❉✟ ✣✎ ✠✜ ✡☎☛☞✠✡✙✩✛✎ ✩✧✪★✫ ❣✑✦ ✤✥✌☎✑✦ ✧✑★ ✬✟✧✭ ✎☎✑ ❣☎✭✣✘✎ ✾✤☎✧
✛✸☎☎ ✤☎✑✣❥✠✛ ✎✟ ✬❉✜ ✒☎✙✶☎✟ ✎☎ ✹✭✙✵☎✧ ✤✭☎✭✑ ❣✑✦ ✣✎✛✭✟ ✡✴✵☎☎✧✟ ✣✘✱ ✜☎✑✛✟ ✜✢✰ ✤☎✑✚ ✎✟ ✘❣✩✠☎
✘✑ ✣✭✡✝✭✑ ✧✑★ ✣✫✯ ✳✡✫■✻ ✘❣✠ ✎☎ ❊✠☎✭ ❥✒☎✭✑ ✎✟ ✡✜✫✑ ✘✑ ✹✣✻✎ ✘✌✑✛ ✎☎✑✣✶☎✶☎ ✎✟ ✜✢✰ ✽✘
✎☎✑✣✶☎✶☎ ✎☎✑ ✹☎✢❥ ❉✜❥☎✭✑ ✧✑★ ✠❜✭ ❣✑✦ ✠✜ ✡☎☛☞✠✡✙✩✛✎ ✘☎✑✌❇✣✧✌☎❥ ✹☎✢❥ ✣✧✩❣✠✐ ①☎✑✝✑ ✘❣✪✜☎✑✦ ❣✑✦ ✤☎✛✌✟✛

✯✧✦ ✤✜✘ ✹☎✢❥ ✜☎✸☎ ✘✑ ✎✟ ✬☎✭✑ ✧☎✫✟ ❉✣✛✣✧✣✻✠☎✑✦ ✎☎✑ ✡✴☎✸☎✣❣✎✛☎ ✾✑✛✟ ✜✢✰
✯✭❏✘✟❏✽✍❏✹☎❥❏✝✟❏ ✽✘ ✡✙✩✛✎ ✎✟ ❥✌✭☎ ✧✑★ ✣✫✯ ✤✭☎✽✍ ❉✽✍ ✡☎☛☞✠✡✙✩✛✎ ✣✭❣☎✍❆☎ ✘✣❣✣✛ ✧✑★ ✡✣❥❑❣

✧✑★ ✣✫✯ ✧✿★✛✲✛☎ ✷✠♦✛ ✎❥✛✟ ✜✢✰ ✡✣❥✆☎✾☞ ✽✘ ✡☎☛☞✠✡✙✩✛✎ ✧✑★ ✘✫☎✜✎☎❥ ✘❣✪✜ ✧✑★ ✹❊✠❁☎ ✡✴☎✑✡✮ ✑★✘❥
✬✠✦✛ ✣✧✆❆☎✙ ✭☎❥✫✟✎❥ ✹☎✢❥ ✽✘ ✡✙✩✛✎ ✧✑★ ✘✫☎✜✎☎❥ ✡✴☎✑✡✮ ✑★✘❥ ✡✧✭ ✧✙★❣☎❥ ✬✢✭ ✎✟ ✣✧✶☎✑✆☎ ✹☎✵☎☎❥✟ ✜✢✰
✽✘ ✡☎☛☞✠✡✙✩✛✎ ✧✑★ ✣✧✎☎✘ ❣✑✦ ✎✽✍ ✣✶☎❁☎✎☎✑✦ ✭✑ ✠☎✑❉✾☎✭ ✣✾✠☎▲ ✽✘ ✠☎✑❉✾☎✭ ✎☎✑ ✘✦✵☎✧ ✤✭☎✭✑ ✧✑★ ✣✫✯



❣� ✁✂✄☎✆ ✝✞✟✠✟✡✟☎☛ ✄☎✆ ☞✟✌✟✟✍✎ ❣✏✑✒ ❣� ✁✂ ✓✌✟✎ ✓✑✔✕✟✟☞✟☎✑ ☞✟✏✍ ✓✑✖✗✂✟☎✑ ✄☎✆ ✝✞✘✙ ✄✚✆✙✛ ❣✏✑ ✘✜✢❣✟☎✑✂☎ ☞✝✂☎

✓✑✓✟❧✂✟☎✑✣ ✓✟�✖✞✎ ✙✕✟✟ ✓❣✡✟☎✘✖✡✟☎✑ ✤✎ �✥✥ ✦☎✂☎ �☎✑ ❣�☎✑ ✁✥✟✍✙✟✝✧✄★✤ ✓❣✡✟☎✖ ✘✥✡✟✒ ❣�✣ ✘✄✩✟☎✪✟ ✫✝

✓☎ �✟✬✡✘�✤ ✭✄✑ ✁✮✠✙✍ ✘✩✟✯✟✟ ✘✄✌✟✟✖✣ �✟✂✄ ✓✑✓✟❧✂ ✘✄✤✟✓ �✑✰✟✟✦✡ ✱✟✍✟ ✝✞✟☎✲ �✚✳✟✟✦ ✘�✍✎ ☞✟✏✍

✝✞✟☎✲ ✜✎✲✝✎✲ ✥☎✩✟✝✟✑✐☎ ✤✎ ☞✬✡✯✟✙✟ �☎✑ ✖✘✗✙✣ ✍✟✪✴✵✎✡ �✟✂✎✴✘✍✑✖ ✓✘�✘✙ ✱✟✍✟ ✝✞✥✶✟ ✷❣✸�✧✹✡ ✓�✡ ✭✄✑

✡✟☎✖✥✟✂ ✄☎✆ ✘✦✭ ✄✚✆✙✛ ❣✏✑✒ ❀✡✄✔✕✟✟✖✙ ✓✸❧✟✍✟☎✑ ☞✟✏✍ ☞✝✂☎ ✝✞✤✟✩✟✂✟☎✑ �☎✑ ✘✂✍✑✙✍ ✘✂✺✟✟✍ ✦✟✂☎ ✄☎✆ ✝✞✘✙

✓�✘✝★✙ ✭✂✲✓✎✲✻ ★✲☞✟✍✲✴✎✲ ✘✴✼✝✘✳✟✡✟ ☎ ✑ ✭✄✑ ✓✸✽✟✄✟ ☎ ✑ ✤✟ ✔✄✟✖✙ ✤✍☎✖✎ ✘✜✂✓☎ ✌✟✟✄✎

✓✑✩✟✟☎❧✂✟☎✑ �☎✑ �✥✥ ✦✎ ✜✟ ✓✄☎✆✒

❢✾✿❁❂❃❄

✂✡✎ ✘✥✹✦✎  ✍✟✪✴✵✎✡ ✩✟✏✘✯✟✤ ☞✂✸✓✑❧✟✂

❅❆ ✂✄✑✷✍ ❅❆❆❇ ☞✟✏✍ ✝✞✘✩✟✯✟✳✟ ✝✘✍✪✟✥❈

❉❊



✐�✁✂✄☎✆✄

❥✝✞✟✠✡☛ ☞✝✌✍✎✝✏ ✑✒✓✔✕✖✝✒ ✑✝✌❥ ✗✘✍☞✝✎✝✙✝ ✗✍❥✞✝✚ ✒✛ ✍✜✢✝✣☛✡ ✍☞✝✎✝✝ ✔✛ ✔✕✤✕✍✖✥ ✍✜✍✦✝✧✒ ✍✜✞✝☛✝✛✕ ✜✛★
✑✈☛☛✒ ✜✛★ ✍✣✩✪ ❥✝✞✟✠✡☛ ✗✝✫✬☛ ✭☛✝✮ ✯✗❥✛✰✝✝ ✏✡ ✔✱✡✎✝✝ ✲✛✥✓ ✍✜✢✝✣☛✡ ✍☞✝✎✝✝✳✴✵✵✵ ✶✩✒✷✔✡✷✩✗★✷
✩✔✷✸✮✳✴✵✵✵✹ ✜✛★ ✑✕✥✺✮✥ ✑✝✍✜✦✝✝✮✜ ✭✓✒✝✌✍✥☛✝✛✕ ✑✝✌❥ ✍✜✞✝☛ ✜✻✥✓ ✜✛★ ✯✗✝✕✥❥✙✝✪ ✼✝✛ ✍☞✝✎✝✝ ☞✝✝✻✽✝ ✜✛★ ✎✝✛✽✝
✱✛✕ ✑✕✥✍✒✮✍✲✥ ✲✌✕✪ ❡✧✲✛✕ ❥✝✞✟✠✡☛ ✩✜✕ ✑✕✥❥✝✮✞✟✠✡☛ ✻✥❥ ✗❥ ✍✜✢✝✣☛✡ ✍☞✝✎✝✝ ✜✛★ ✍✣✩ ✴✾ ✗★✝✛✏✔ ✔✱✿✲✝✛✕ ✏✝
✺✫✒ ✍✏☛✝ ✲✌① ✸✔ ✗★✝✛✏✔ ✔✱✿✲ ✒✛ ✍✜✢✝✣☛✡ ✍☞✝✎✝✝ ✎✝✛✽✝ ✜✛★ ✍✜✍✦✝✧✒ ✗✲✣✓✑✝✛✕ ✗❥ ✑✗✒✡ ❀☛✝✗✏ ✑✝✌❥
✍✜☞✝✛✞✝ ✍✟❢✗✍✙✝☛✝❁ ✏✡ ✲✌✕① ✸✔✡ ✜✛★ ✗★✣✻✜✯✗✪ ✸✒ ✔✱✿✲✝✛✕ ❂✝❥✝ ✑✗✒✡ ✍❥✗✝✛✟✝✛❃ ✜✛★ ✑✝✖✝❥ ✗❥ ❥✝✞✟✠✡☛ ✗✝✫✬☛
✭☛✝✮ ✯✗❥✛✰✝✝✳✴✵✵♣ ✏✝✛ ✍✜✏✍✔✥ ✍✏☛✝ ✺☛✝①

✒✩ ✍✚☞✝✝✳✍✒✚✛✮☞✝✝✛✕ ✜✛★ ✑✕✥✺✮✥ ✲✡ ❥✝✞✟✠✡☛ ☞✝✌✍✎✝✏ ✑✒✓✔✕✖✝✒ ✑✝✌❥ ✗✘✍☞✝✎✝✙✝ ✗✍❥✞✝✚ ✒✛ ✏✎✝✝ XI ✑✝✌❥
XII ✏✡ ✺✍✙✝✥ ✍✜✞✝☛ ✏✝ ✗✝✫✬☛❄✱ ✥✌☛✝❥ ✍✏☛✝ ✥❅✝✝ ✗✝✫✬☛✗✓✻✥✜✛✕★ ✥✌☛✝❥ ✏❥✒✛ ✜✛★ ✍✣✩ ✩✏ ✟✡✱ ✏✝
✺✫✒ ✍✏☛✝① ✏✎✝✝ XI ✏✡ ✗✝✫✬☛✳✗✓✻✥✏ ✗✲✣✛ ✔✛ ✲✡ ✗✘☛✝✛✺ ✱✛✕ ✲✌ ✼✝✛ ✴✵✵♣ ✱✛✕ ✗✘✏✝✍☞✝✥ ✏✡ ✼✝
✭✓✏✡ ✲✌①

✗✓✻✥✏ ✏✝ ✗✘❅✝✱ ✗✘✝✯✗ ✶✏✎✝✝ XII✹ ✩✒✷✔✡✷✸✮✷✑✝❥✷✟✡✷ ✔✕✏✝☛✪ ✍✜☞✝✛✞✝❆ ✑✝✌❥ ✏✝☛✮❥✥✬ ✑✈☛✝✗✏✝✛✕
✏✡ ✟✡✱ ❂✝❥✝ ✥✌☛✝❥ ✏❥ ✍✣☛✝ ✺☛✝① ✥❞✗☞✭✝✥✬ ✍✜✏✝✔☞✝✡✣ ✟✡✱ ✒✛ ✍✜✍✦✝✧✒ ✤✌✫✜✛✕★ ✑✝☛✝✛✍✼✥ ✏❥ ✸✔
✗✘✝✯✗ ✏✝✛ ✗✍❥✞✜❇★✥ ✍✏☛✝ ❅✝✝①

✗✓✻✥✏ ✜✛★ ✸✔ ✗✘✝✯✗ ✏✝✛ ✚✛☞✝ ✜✛★ ✍✜✍✦✝✧✒ ✦✝✝✺✝✛✕ ✱✛✕ ❡❈✭✥❥ ✱✝✈☛✍✱✏ ✻✥❥ ✗❥ ✺✍✙✝✥ ✜✛★ ✑✈☛✝✗✒
✔✛ ✔✕✤❧ ✑✈☛✝✗✒❥✥✬ ✍☞✝✎✝✏✝✛✕ ✏✡ ✩✏ ✟✡✱ ✜✛★ ✔✱✎✝ ✗✘✻✥✓✥ ✍✏☛✝ ❅✝✝① ✗✓✒❉ ✗✘✝❊✗ ✏✡ ✩✒✔✡✸✮✑✝❥✟✡
❂✝❥✝ ✑✝☛✝✛✍✼✥ ✏✝☛✮☞✝✝✣✝ ✱✛✕ ✔✱✡✎✝✝ ✏✡ ✺✸✮① ✔✲✦✝✝✍✺☛✝✛✕ ❂✝❥✝ ✍✚✩ ✺✩ ✔✓⑥✝✜✝✛✕ ✩✜✕ ✍✟❢✗✍✙✝☛✝✛✕ ✏✝✛ ✗✘✝✯✗
✗✝✫✬☛✗✓✻✥✏ ✱✛✕ ✔✱✝☛✝✛✍✼✥ ✏❥ ✍✣☛✝ ✺☛✝① ✍✜✏✝✔☞✝✡✣ ✟✡✱ ✱✛✕ ✔✛ ✲✡ ✺✍✫✥ ✩✏ ✔✕✗✝✚✏✡☛ ✱✕❋✣
✒✛ ✗✝✫✬☛✳✗✓✻✥✏ ✜✛★ ✸✔ ✗✘✝✯✗ ✏✝✛ ✑✕✍✥✱ ✯✗ ✚✛ ✍✚☛✝① ✑✕✥✥❉✪ ✍✜❆✝✒ ✩✜✕ ✺✍✙✝✥ ✏✛ ✔✣✝✲✏✝❥ ✔✱✿✲
✥❅✝✝ ✱✝✒✜ ✔✕✔✝✖✒ ✱✕✽✝✝✣☛✪ ✦✝✝❥✥ ✔❥✏✝❥ ❂✝❥✝ ✺✍✫✥ ✍✒✺❥✝✒✡ ✔✍✱✍✥ ✶Monitoring Committee✹
✒✛ ✸✔ ✗✝✫✬☛✗✓✻✥✏ ✗✘✝✯✗ ✏✝✛ ✑✒✓✱✝✛✍✚✥ ✏❥ ✍✚☛✝①

✍✜✞✝☛ ✏✡ ✗✘✱✝✍✙✝✏✥✝ ✏✡ ✚❇✍✞✟ ✔✛ ✗✓✻✥✏ ✏✝✛ ✗✘✦✝✝✍✜✥ ✏❥✒✛ ✜✝✣✛ ✜✓★● ✑✝✜☞☛✏ ✥❞✜✝✛✕ ✏✝ ❡❍✣✛✰✝
✏❥✥✛ ✲✌✕① ☛✛ ✍✜✍☞✝✞✟✥✝✩❁ ✣✺✦✝✺ ✸✔ ✗✓✻✥✏ ✜✛★ ✔✦✝✡ ✗✝✫✝✛✕ ✱✛✕ ✗✍❥✣✍✎✝✥ ✲✌✕① ✗✘✻✥✓✥ ✗✝✫✬☛✗✓✻✥✏ ✱✛✕ ✾■
✱✓✰☛ ✑✈☛✝☛ ✑✝✌❥ ✚✝✛ ✗✍❥✍☞✝✞✟ ☞✝✝✍✱✣ ✲✌✕① ✗✘❞☛✛✏ ✑✈☛✝☛ ✍✒❦✒✍✣✍✰✝✥ ✍✤✕✚✓ ✔✱✝✍✲✥ ✏❥✥✝ ✲✌❉
• ✦✝✿✍✱✏✝ ❉ ✍✜✞✝☛ ✜✛★ ✱✲❞✜✗✿✙✝✮ ✍✤✕✚✓✑✝✛✕ ✗❥ ✤✣❏ ✗✿✜✮ ✱✛✕ ✗❑▲✝✩ ✺✩ ✍✜✞✝☛✳✜✻✥✓✑✝✛✕ ✏✝ ✗❥✻✗❥

✔✕✤✕✖❏ ✑✈☛✝☛ ✱✛✕ ✣✺✦✝✺ ✒☛✡ ✑✜✖✝❥✙✝✝✑✝✛✕ ✏✝ ✔✝❥✳✯✗ ✱✛✕ ✍✜✜✛✭✒✝①
• ✑✈☛✝☛ ✱✛✕ ✰✝✕❋✝✛ ✏✝✛ ☞✝✍✱✣ ✏❥✥✛ ✲✓✩ ✖✝❥✙✝✝✑✝✛✕ ✑✝✌❥ ✑✜✖✝❥✙✝✝✑✝✛✕ ✏✝ ✔✕✺✫✒①
• ✖✝❥✙✝✝✑✝✛✕ ▼ ✑✜✖✝❥✙✝✝✑✝✛✕ ✏✡ ✼✝✒✏✝❥✡ ✏✝✛ ✗✘✛❥✙✝✝✚✝☛✏ ✤✒✝✥✛ ✲✓✩✪ ✼✲✝❁ ✦✝✡ ✔✕✦✝✜ ✲✝✛ ✔✏✝ ✚❇✞✟✕✝✥

❡✗✣♠✖ ✏❥✝✩ ✺✩ ✲✌✕①



• ♠ ��✁✂✄ ☎✆✝✞✟ ✄ ✠✡ ☛ ☞✌ ✁✆ ✍ ✄✎✏ ✑ ✄✒✓ ✑✔ ✕�✖✟ ✄✡ ✗ ✘ ✄✡✔ ✄✡✎ � ✙✄ ✄✡✎ �✓ ✚✌ ✘✡✏ ✡ ☞✕✛ ✟ ✄ ✏ ✄✁ ✠✜ ☛✢✣ ✚☞✕✁ ✠✤

✆ ✄✤✔✣ ❧☞ ✄✥ ✦ ✄✧ ★ ✩☞✡✎ ✑�✔ ✄✔ ✡ ✢✧ ✑✄ ✠✪✟ ✢✏ ✄ �✫ ✬✧✣ ✑�✔ ✄✟ ✄ ☞ ✒✭

• ❚ ✟ ✄✁✝✁✏✟ ✘✮✁✯✰✢ ✄✡ ✱✄ ☎✆ ✎✢✲�✔ ✄ ✑✄✡✎ ✢✄ �✖✞✏ ✕✏ ✧✢✓ ✱✄ ✑✄ ✠✪✟✢ ☞ ✄✡ ✔✡ �✓ ✁ ✘✟ ✄ ✗✟ ✄ ☞ ✒✭

• ✗✁ ✱✄✏ ✧✟ ✑✠✤ ✄✓ ✱✄✄ ✑✄✡✎ ✑ ✄✒✓ ★✆ ✠✡ ☛ ✆ ☞①✁ ✠✯✄✟ ✄✡✎ ❧✒✆✡ ✳ ✁ ✠✴ ✄✔ ✛ ✠✎ ✆ ✄✝ ✄✁ ❧✢ ✁ ✠✴ ✄✔ ✆✡ ✦ ✄✧ ❧✄✡✫ ✬✄

✗✟ ✄ ☞✒✭

• ✁ ✠✯✄✟ ✠✡ ☛ �✖ ❢✟ ✡✢ ✵ ✄✎✫ ✝✡✎ �✟ ✄✜ ✶✏ ✑✄ ✒✓ ✁ ✠✁ ✠✤ ♠ ✘ ✄ ☞✓ ✱✄ ☎✑✦ ✟ ✄✆ ✁ ✘✛ ✗✛ ☞ ✒✎✭

• ✆✝✞✟ ✄✑ ✄✡✎ ✢✄✡ ☞✌ ✢✓✔ ✡ ✢✧ ✙✄✝✏ ✄ ✟ ✄ ✢✄ ✒✪ ✄✌ ✛✠✎ ✑✔ ✕�✖✟ ✄✡ ✗ ✢✓✔ ✡ ✢✧ ✆✝✷ ✢ ✄✡ ✠✡✎ ☛✘✖✧✏ ✛ ✠✎

✝ ❧✚❡✏ ✢✓✔✡ ☞✡✏ ✕ ✑✸✟ ✄✟ ✠✡ ☛ ✑✎✏ ✝✡✎ ✘ ✄✡ ✟ ✄ ✘✄✡ ✆✡ ✑✁✤✢ ✆✎ ✢✲�✔ ✄ ✑✄✡✎ ✢ ✄✡ ✆✝ ✄✠✡ ✁✪ ✄✏ ✢✓✔ ✡ ✠✄✌ ✡

♠ ✘ ✄ ☞✓ ✱✄✄✡✎ ✏ ✹✄ ✄ ✑✦ ✟ ✄✆①�✖✪✔ ✄✡✎ ✢✄ ✆✝✄✟ ✄✡ ❧✔ ✁✢✟ ✄ ✗✟ ✄ ☞✒✣ ❧✒✆ ✄ ✁✢ ✓ ✄✯✰✺✧✟ � ✄✻✼✟ ①✽✟ ✄✜ ✾� ✓✡ ✵ ✄ ✄

✿ ❀ ❀ ❁ ✝✡✎ ✢☞ ✄ ✗✟ ✄ ☞✒✣ ★✆✧ ✠✡ ☛ ✑✔ ✕✾ � ✝✡✤ ✄ ✠✧ ❂ ✄❃ ✄✄✡✎ ✠✡ ☛ ✁✌ ✛ ✦ ✄✧ � ✄✻ ✼✟ ①�✕✞✏ ✢ ✝✡✎ ✽✕✔ ✄ ✒✏ ✧�❡ ✱✄✜

✆✝✞✟ ✄✑ ✄✡✎ ✢ ✄✡ ✪ ✄ ✄✁✝✌ ✁✢✟ ✄ ✗✟ ✄ ☞✒✭

• ✁ ✠✯✄✟ ✢ ✄✡ ✑ ✄✒✓ ✑✁✤✢ �✖✡✓ ✱✄ ✄ ✘ ✄✟ ✢ ✚✔ ✄✔ ✡ ✠✡ ☛ ♠ ✘✼ ✘✡ ✪✟ ✆✡ ✁ ✠✯✄✟ ✢✧ ✆✎ ✁✙ ✄✶ ✏ ✛✡ ✁✏ ☞✄✁✆✢ � ✮✯✻✦ ✄❡✁✝

� ✄ ✻ ✠✡ ☛ ✑✎ ✏ ✝✡✎ ✘✧ ✗★✜ ☞✒ ✑✄ ✒✓ �✖ ❢✟ ✡✢ � ✄ ✻ ✠✡ ☛ �✖ ✄✓✎✦ ✄ ✝✡✎ ✆✎ ✚✎✁✤✏ ✢✹ ✄✔ ✛ ✠✎ ✆✕ �✖✁✆ ✍ ✗✁ ✱✄✏✴ ✄✡✎ ✠✡ ☛

✁ ✽❃ ✄ ✁ ✘✟✡ ✗✛ ☞ ✒✎ ✁ ❧✩☞✄✡✎ ✔✡ ✁ ✠✪ ✄✡ ✯✄✏✟ ✄ ✁ ✠✯✄✟ ①✠✞✏ ✕ ✢✄✡ ✁ ✠✢✁✆✏ ✑ ✄ ✒✓ ✆✕ ✚ ✄✡✤ ✚✔ ✄✔ ✡ ✠✡ ☛ ✁✌✛ ✑�✔ ✄

✟ ✄✡ ✗✘✄✔ ✁✘✟ ✄✭

• ✑✎✏ ✏✳ ✁✠✯✄✟ ✢✧ ✆✎✢✲✔ ✄ ✑✄✡✎ ✠✡ ☛ ✆ ❡❃ ✄ ✛✠✎ �✁✓✱✄ ✄✝ ✠✡ ☛ �✖ ❢✟ ✙✄ ✆ ✄✓①✢✹ ✄✔ ✠✡ ☛ ✁✌✛ � ✄✻ ✢ ✄ ✆✎✁ ✙✄✶ ✏

✆ ✄✓ ✄✎✪ ✄ ✦ ✄✧ �✖✞✏ ✕✏ ✁✢✟ ✄ ✗✟ ✄ ☞✒✭

✝ ✒✎ ✁ ✠✪ ✄✡ ✯✄ ✾� ✆✡ ✓ ✄ ✯✰✺✧✟ ✪ ✄ ✒✁ ✙✄✢ ✑✔ ✕✆✎✤ ✄✔ ✑✄ ✒✓ �✖✁✪ ✄ ✙✄ ✱✄ �✁✓✯✄ ✘ ✼ ✠✡ ☛ ✁✔ ✘✡✪ ✄✢ �✖ ✄✡❄ ✠✮☛✯✱✄ ✠✕ ☛✝ ✄✓ ✢ ✄

✑ ✄✦ ✄ ✄✓✧ ☞ ❡✥ ✁ ❧✩☞✄✡✎ ✔✡ ✝✕✷✡ ✁✔ ✝✎✁❃ ✄✏ ✢✓ ✗✁✱✄✏ ✁✪ ✄✙ ✄ ✄ ✠✡ ☛ ✓ ✄ ✯✰✺✧✟ �✖✟ ✄✆ ✢✧ ✢✫ ✬✧ ✆✡ ❧ ✄✡ ✫ ✬ ✄ ☞ ✒✭ ♠ ✩☞✄✡✎ ✔✡ ☞✝✡✎
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�There is no permanent place in the world for ugly mathematics ... . It may

be very hard to define mathematical beauty but that is just as true of

beauty of any kind, we may not know quite what we mean by a

beautiful poem, but that does not prevent us from recognising

one when we read it. — G. H. Hardy �

1.1  ❍✁✂✄☎✆✁ (Introduction)
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✝✠✙☛✦ ✖✗✘✙✠❡✏ ✐✠✧✞ ★✙✕❡✗ ✐✠✘❡✩✠✠❡✏ ✒☞✜✛ ✖☞✞✪✦ ✡✞✠✦✠ ✌✠ ✪✫✡✠
✜✧❣ ✬☞✟✠✛ ✝❡✏ ✭✠✮✣ ✯✒✏✓✏✔ ✰Relation✱✲ ✡☛ ✒✕✏✗✳✖✙✠ ✡✠❡ ✐✏✬✚❡✴✠☛
✤✠✠✵✠✠ ✝❡✏ ✶✒ ✭✠✮✣ ✕❡✗ ✐✢✠✷ ✒❡ ☞✘✦✠ ✬✦✠ ✜✧✑ ☞✌✒✕❡✗ ✐✙✫✒✠✞ ✣✠❡
✕▲✛✫✍♦ ✖✞▲✖✞ ✒✏✓✏☞✔✛ ✜✠❡✛☛ ✜✧✑ ✦☞✣ ★✙✕❡✗ ✓☛✪ ✍✡ ✐☞✤✠✸❡✦
✰Recognisable✱ ✡✹✺☛ ✜✠❡❣ ✝✠✙ ✘☛☞✌✍ ☞✡ A, ☞✡✒☛ ▲✕❢✗✘ ✡☛
✡✎✠✠ XII ✕❡✗ ☞✕✻✠☞✢✠✷✦✠❡✏ ✡✠ ✒✝✫✼✪✦ ✜✧ ✛✢✠✠  B ★✒☛ ▲✕❢✗✘ ✡☛
✡✎✠✠ XI ✕❡✗ ☞✕✻✠☞✢✠✷✦✠❡✏ ✡✠ ✒✝✫✼✪✦ ✜✧✏❣ ✐✓ ✒✝✫✼✪✦ A ✒❡
✒✝✫✼✪✦ B ✛✡ ✕❡✗ ✒✏✓✏✔✠❡✏ ✕❡✗ ✕✫✗✽ ★✣✠✜✞✟✠ ✶✒ ✖✚✡✠✞ ✜✧✏

(i) {(a, b) ✾ A × B: a, b ✡✠ ✤✠✠✶✷ ✜✧},

(ii) {(a, b) ✾ A × B: a, b ✡☛ ✓✜✙ ✜✧},

(iii) {(a, b) ✾ A × B: a ✡☛ ✐✠✦✫ b ✡☛ ✐✠✦✫ ✒❡ ✐☞✔✡ ✜✧},

(iv) {(a, b) ✾ A × B: ☞✖✽✘☛ ✐✏☞✛✝ ✖✞☛✎✠✠ ✝❡✏ a ⑥✠✞✠ ✖✚✠✿✛ ✖❢✟✠✠ ❀✡ b ⑥✠✞✠ ✖✚✠✿✛ ✖❢✟✠✠ ❀✡ ✒❡
✡✝ ✜✧},

(v) {(a, b) ✾ A × B: a ★✒☛ ✌✬✜ ✞✜✛✠ ✜✧ ✌✜✠♦ b ✞✜✛✠ ✜✧}.

✛✢✠✠☞✖ A ✒❡ B ✛✡ ✕❡✗ ☞✡✒☛ ✒✏✓✏✔ R ✡✠❡ ✐✝❢✛✷❞✖ ✰Abstracting✱ ✒❡ ✜✝ ✬☞✟✠✛ ✝❡✏
A × B ✕❡✗ ✍✡ ▲✕❡✼✽ ✰Arbitrary✱ ★✖✒✝✫✼✪✦ ✡☛ ✛✞✜ ✖☞✞✤✠✠☞✵✠✛ ✡✞✛❡ ✜✧✏❣

✈❁❂❃❂ 1

❧❄❅❄❆ ❇❈❄ ❉❊❋●

(Relations and Functions)

Lejeune Dirichlet

(1805-1859)
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❀☎✆  (a, b) ✝ R, r✞✟ ✠✡ ☛✠r✟ ✠☞✌ ☎☛ ✍✌✎✌✏ R ♦✟✑ ✒✌r✓✔r  a, b  ✍✟ ✍✌✎✌☎✏r ✠☞ ✒✞☞❧ ✠✡ ✕✍✟

a R b ☎✥✖✞r✟ ✠☞✌✗ ✍✞✡✞✘❀r✙✚ ❀☎✆ (a, b) ✝ R, r✞✟ ✠✡ ✕✍ ✎✞r ☛✛ ☎✜✌r✞ ✢✠✛✌ ☛❧r✟ ✠☞✌ ☎☛

a r✣✞✞ b ♦✟✑ ✎✛✜ ☛✞✟✕✔ ✒☎✤✞✦✟❀ ☛✧★✛ ✠☞ ✒✣✞♦✞ ✢✠✛✌ ✠☞✗ ✩☞✍✞ ☎☛ ☛✪✞✞ XI ✡✟✌ ✆✟✖✞ ✜❡♦✟✑ ✠☞✌✚ ✫✑✥✢

✱☛ ☎♦✬✞✟✭✞ ✫✮☛✞❧ ♦✟✑ ✍✌✎✌✏ ✠✞✟r✞ ✠☞✌✗

✕✍ ✒❜❀✞❀ ✡✟✌✚ ✠✡ ☎♦☎✤✞✘✢ ✫✮☛✞❧ ♦✟✑ ✍✌✎✌✏✞✟✌ ✱♦✌ ✫✑✥✢✞✟✌✚ ✫✑✥✢✞✟✌ ♦✟✑ ✍✌❀✞✟✩✢ ✯composition✰✚

❖❀❡✲✳✡✴✞✛❀ ✯Invertible✰ ✫✑✥✢✞✟✌ ✒✞☞❧ ☎✵✒✞✏✞❧✛ ✍✌☎✳❀✞✒✞✟✌ ☛✞ ✒❜❀❀✢ ☛❧✟✌✓✟✗

1.2  ✶✷✸✷✹✺✻✷ ✼✻✽ ✾✿❁✺❂ (Types of Relations)

✕✍ ✒✢❡❃❄✟✆ ✡✟✌ ✠✡ ☎♦☎✤✞✘✢ ✫✮☛✞❧ ♦✟✑ ✍✌✎✌✏✞✟✌ ☛✞ ✒❜❀❀✢ ☛❧✟✌✓✟✗ ✠✡✟✌ ✦✞r ✠☞ ☎☛ ☎☛✍✛ ✍✡❡❃✜❀ A

✡✟✌ ✍✌✎✌✏✚ A × A ☛✞ ✱☛ ❞✫✍✡❡❃✜❀ ✠✞✟r✞ ✠☞✗ ✒r✙ ☎❧❅r ✍✡❡❃✜❀ ❆ ❇ A × A r✣✞✞

A × A ▲♦❀✌✚ ✆✞✟ ✒✘✲❀ ✍✌✎✌✏ ✠☞✌✗ ▲✫✭❈✛☛❧✴✞ ✠✟r❡✚  R = {(a, b): a – b = 10} ✵✞❧✞ ✫✮✆❉✞ ✍✡❡❃✜❀

A = {1, 2, 3, 4} ✫❧ ✫☎❧✤✞✞☎✭✞r ✱☛ ✍✌✎✌✏ R ✫❧ ☎♦✜✞❧ ☛✛☎✩✱✗ ❀✠ ✱☛ ☎❧❅r ✍✡❡❃✜❀ ✠☞✚ ❅❀✞✟✌☎☛

✱✟✍✞ ☛✞✟✕✔ ✤✞✛ ❀❡❊✡ ✯pair✰ ✢✠✛✌ ✠☞ ✩✞✟ ✫✮☎r✎✌✏ a – b = 10 ☛✞✟ ✍✌r❡✭❈ ☛❧r✞ ✠☞✗ ✕✍✛ ✫✮☛✞❧

R❋ = {(a, b) : | a – b | ● 0}✚ ✍✌✫✐✴✞✔ ✍✡❡❃✜❀ A × A ♦✟✑ r❡❍❀ ✠☞✚ ❅❀✞✟✌☎☛ A × A ♦✟✑ ✍✤✞✛ ❀❡❊✡

(a, b), | a – b | ● 0 ☛✞✟ ✍✌r❡✭❈ ☛❧r✟ ✠☞✌✗ ❀✠ ✆✞✟✢✞✟✌ ✒✘✲❀ ♦✟✑ ❞✆✞✠❧✴✞ ✠✡✟✌ ☎✢■✢☎✥☎✖✞r ✫☎❧✤✞✞✭✞✞✒✞✟✌

♦✟✑ ☎✥✱ ✫✮✟☎❧r ☛❧r✟ ✠☞✌✗

❏❑▼◆PP◗PP 1 ✍✡❡❃✜❀ A ✫❧ ✫☎❧✤✞✞☎✭✞r ✍✌✎✌✏ R ✱☛ ❑▼❢❘ ❙❚❯❚❱ ☛✠✥✞r✞ ✠☞✚ ❀☎✆ A ☛✞ ☛✞✟✕✔ ✤✞✛

✒♦❀♦ A ♦✟✑ ☎☛✍✛ ✤✞✛ ✒♦❀♦ ✍✟ ✍✌✎✌☎✏r ✢✠✛✌ ✠☞✚ ✒✣✞✞✔r❲ R = ❆ ❇ A × A.

❏❑▼◆PP◗PP  2  ✍✡❡❃✜❀ A ✫❧ ✫☎❧✤✞✞☎✭✞r ✍✌✎✌✏ R, ✱☛ ❙P❳❨❑❩P❬ (universal) ❙❚❯❚❱ ☛✠✥✞r✞ ✠☞✚ ❀☎✆

A ☛✞ ✫✮✲❀✟☛ ✒♦❀♦  A ♦✟✑ ✍✤✞✛ ✒♦❀♦✞✟✌ ✍✟ ✍✌✎✌☎✏r ✠☞✚ ✒✣✞✞✔r❲ R = A × A.

☎❧❅r ✍✌✎✌✏ r✣✞✞ ✍✞♦✔☎❭✞☛ ✍✌✎✌✏ ☛✞✟ ☛✤✞✛❪☛✤✞✛ r❡❃❄ ✯trivial✰ ✍✌✎✌✏ ✤✞✛ ☛✠r✟ ✠☞✌✗

♠❫P❴▼❵P 1 ✡✞✢ ✥✛☎✩✱ ☎☛ A ☎☛✍✛ ✎✞✥☛✞✟✌ ♦✟✑ ▲♦✐✑✥ ♦✟✑ ✍✤✞✛ ☎♦❛✞☎✣✞✔❀✞✟✌ ☛✞ ✍✡❡❃✜❀ ✠☞✗ ✆✬✞✞✔✕✱

☎☛ R = {(a, b) : a, b ☛✛ ✎✠✢ ✠☞ } ✵✞❧✞ ✫✮✆❉✞ ✍✌✎✌✏ ✱☛ ☎❧❅r ✍✌✎✌✏ ✠☞ r✣✞✞ R❋ = {(a, b) :

a r✣✞✞ b  ☛✛ ❝❣✜✞✕✔❀✞✟✌ ☛✞ ✒✌r❧ ❤ ✡✛❈❧ ✍✟ ☛✡ ✠☞ } ✵✞❧✞ ✫✮✆❉✞ ✍✌✎✌✏ ✱☛ ✍✞♦✔☎❭✞☛ ✍✌✎✌✏ ✠☞✗

❴❥ ✫✮✬✢✞✢❡✍✞❧✚ ❅❀✞✟✌☎☛ ▲♦✐✑✥ ✎✞✥☛✞✟✌ ☛✞ ✠☞✚ ✒r✱♦ ▲♦✐✑✥ ☛✞ ☛✞✟✕✔ ✤✞✛ ☎♦❛✞✣✞✛✔✚ ▲♦✐✑✥ ♦✟✑ ☎☛✍✛

✤✞✛ ☎♦❛✞✣✞✛✔ ☛✛ ✎✠✢ ✢✠✛✌ ✠✞✟ ✍☛r✞ ✠☞✗ ✒r✙ R = ❆✚ ☎✩✍✍✟ ✫✮✆☎✬✞✔r ✠✞✟r✞ ✠☞ ☎☛ R ☎❧❅r ✍✌✎✌✏ ✠☞✗

❀✠ ✤✞✛ ▲✫✭❈ ✠☞ ☎☛ ☎☛✘✠✛✌ ✤✞✛ ✆✞✟ ☎♦❛✞☎✣✞✔❀✞✟✌ ☛✛ ❝❣✜✞✕❀✞✟✌ ☛✞ ✒✌r❧ ❤ ✡✛❈❧ ✍✟ ☛✡ ✠✞✟✢✞ ✠✛ ✜✞☎✠✱✗

✕✍✍✟ ✫✮☛❈ ✠✞✟r✞ ✠☞ ☎☛ R❋ = A × A ✍✞♦✔☎❭✞☛ ✍✌✎✌✏ ✠☞✗

❦♥♣qst✉  ☛✪✞✞ XI ✡✟✌ ☎♦❛✞✣✞✛✔✓✴✞ ✍✛✖✞ ✜❡♦✟✑ ✠☞✌ ☎☛ ☎☛✍✛ ✍✌✎✌✏ ☛✞✟ ✆✞✟ ✫✮☛✞❧ ✍✟ ☎✢✈☎✫r ☎☛❀✞ ✩✞

✍☛r✞ ✠☞✚ ✢✞✡r✙ ❧✞✟▲❈❧ ☎♦☎✏ r✣✞✞ ✍✡❡❃✜❀ ☎✢✡✞✔✴✞ ☎♦☎✏✗ r✣✞✞☎✫ ✎✠❡r ✍✟ ✥✟✖✞☛✞✟✌ ✵✞❧✞ ✍✡❡❃✜❀

{1, 2, 3, 4} ✫❧ ✫☎❧✤✞✞☎✭✞r ✍✌✎✌✏ R = {(a, b) : b = a + 1} ☛✞✟ a R b ✵✞❧✞ ✤✞✛ ☎✢✈☎✫r ☎☛❀✞ ✩✞r✞

✠☞✚ ❀☎✆ ✒✞☞❧ ♦✟✑♦✥ ❀☎✆ b = a + 1 ✠✞✟✗ ✩✎ ☛✤✞✛ ✍❡☎♦✏✞✩✢☛ ✠✞✟✓✞✚ ✠✡ ✤✞✛ ✕✍ ✍✌♦✟✑r✢ (notation)

☛✞ ✫✮❀✞✟✓ ☛❧✟✌✓✟✗
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❀ ✠✡ (a, b) ☛ R, r ☞✌ ✍✎ ✏✍ r✌ ✍✑✒ ✠✏ a,b ✓✌ ✓✒✔✒ ✠✕r ✍ ✑✖ ✗ ☞ ✑✘ ✙ ✓ ✔☞ r ✏☞✌ ✍✎ a R b ⑥ ☞✘ ☞

✐✚ ✏✛ ✏✘ r✌ ✍ ✑✒✜

✱✏ ✗ ✢❀ ✣r ✎ ✍✢✤✐✥ ✦☞✧ ✓✒✔✒✕★ ✠✩ ✓✏✪ ✫✠✦☞ r ✎✌ ✒ ✱✏ ✓☞✬ ☞✧ ✏ ✭significant✮ ✯ ☞✥ ✠✎ ✏☞ ✍ ✑★ r✰✲❀ r ☞

✓✒✔✒✕ ✭Equivalence Relation✮ ✏✍✳ ☞ r☞ ✍ ✑✜ r ✰✲❀ r☞ ✓✒ ✔✒✕ ✏☞ ✗ ✴❀❀ ✵ ✏✘✵✌ ✤✌✶ ✠✳✱ ✍✎ ✐✍ ✳✌

r✪✵ ✐✚✏☞✘ ✤✌✶ ✓✒✔✒ ✕☞✌ ✒ ★ ✵ ☞✎ r✷ ✸ ✤r✰✲❀ ✭Reflexive✮ ★ ✓✎ ✠✎ r ✭Symmetric✮ r✬ ☞ ☞ ✓✒✹ ☞✎ ✏

✭Transitive✮ ✓✒✔ ✒✕☞✌ ✒ ✐✘ ✠✤✺ ☞✘ ✏✘ r✌ ✍✑✒✜

✻✼✽ ✾✿ ✿❁ ✿ ✿ 3 ✓✎ ✰❂✺❀ A ✐✘ ✐✠✘✯ ☞ ☞ ✠❃☞ r ✓✒✔ ✒✕ R;

(i) ✸ ✤r ✰✲❀ (reflexive) ✏✍✳ ☞ r☞ ✍✑★ ❀ ✠✡ ✐✚✢❀ ✌ ✏ a
 

☛ A ✤✌✶ ✠✳ ✱ (a, a) ☛ R,

(ii) ✓✎ ✠✎ r (symmetric) ✏✍✳ ☞ r☞ ✍ ✑★ ❀ ✠✡ ✓✎✸ r a
1
, a

2
 ☛ A  ✤✌✶ ✠✳ ✱ (a

1
, a

2
) ☛ R ✓✌

(a
2
, a

1
)

 
☛ R ✐✚☞❄ r ✍ ☞✌ ✜

(iii) ✓✒✹ ☞✎ ✏ (transitive) ✏✍ ✳☞ r ☞ ✍✑★ ❀ ✠✡ ✓✎✸ r, a
1
, a

2
❅ a

3
☛ A ✤✌✶ ✠✳✱ (a

1
, a

2
) ☛ R r✬ ☞ ☞

(a
2
, a

3
)

 
☛ R ✓✌ (a

1
, a

3
)

 
☛ R ✐✚☞ ❄r ✍ ☞✌ ✜

✻✼✽ ✾✿ ✿❁ ✿ ✿ 4 A ✐✘ ✐✠✘✯ ☞ ☞ ✠❃☞ r ✓✒ ✔✒✕ R ✱✏ r ✰✲❀ r ☞ ✓✒✔ ✒✕ ✏✍ ✳☞ r ☞ ✍✑★ ❀ ✠✡ R ✸ ✤r✰✲❀ ★ ✓✎ ✠✎ r r✬ ☞ ☞

✓ ✒✹ ☞✎ ✏ ✍✑✜

♠ ❆ ✿❇✽ ❈ ✿ 2 ✎ ☞✵ ✳✪ ✠✩ ✱ ✠✏ T ✠✏✓✪ ✓✎ r ✳ ✎✌ ✒ ✠✸ ✬ ☞ r ✓✎✸ r ✠❢☞✯ ☞ ✰✩ ☞✌ ✒ ✏☞ ✱✏ ✓✎ ✰❂✺❀ ✍ ✑✜ ✓✎ ✰❂✺❀

T ✎✌ ✒  R = {(T
1
, T

2
) : T

1
, T

2
✤✌✶ ✓✤☞✧ ✫✒✓✎ ✍✑} ✱✏ ✓✒✔ ✒✕ ✍ ✑✜ ✠✓❉ ✏✪ ✠✩ ✱ ✠✏ R ✱✏ r✰✲❀ r ☞

✓✒ ✔✒✕ ✍✑✜

❇ ❣ ✓ ✒ ✔ ✒ ✕ R ✸ ✤ r ✰ ✲ ❀ ✍ ✑ ★ ▲ ❀ ☞ ✌ ✒ ✠ ✏ ✐ ✚ ✢ ❀ ✌ ✏ ✠ ❢ ☞ ✯ ☞ ✰ ✩ ✸ ✤ ❀ ✒ ✤ ✌ ✶ ✓ ✤ ☞ ✫ ❊ ✓ ✎ ✍ ☞ ✌ r ☞ ✍ ✑ ✜ ✐ ✰ ✵ ✷

(T
1
, T

2
) ☛ R ❋ T

1
 , T

2
 ✤✌✶ ✓✤☞✧ ✫✒✓✎ ✍ ✑ ❋ T

2
 , T

1
  ✤✌✶ ✓✤☞✧ ✫✒ ✓✎ ✍✑ ❋ (T

2
, T

1
) ☛ R.  ✗ r✷

✓✒✔✒✕ R  ✓✎ ✠✎ r ✍✑✜ ✙✓✤✌✶ ✗ ✠r ✠✘ ▲r (T
1
, T

2
), (T

2
, T

3
) ☛ R ❋ T

1
 , T

2
  ✤✌ ✶ ✓✤☞✧ ✫✒✓✎ ✍✑ r✬ ☞ ☞

T
2
, T

3 
✤✌✶ ✓✤☞✧ ✫✒✓✎ ✍ ✑ ❋ T

1
, T

3
 
 

✤✌✶ ✓✤☞✧ ✫✒✓✎ ✍✑ ❋ (T
1
, T

3
) ☛ R. ✗ r✷ ✓✒✔ ✒✕ R ✓✒✹ ☞✎ ✏ ✍✑✜

✙✓ ✐✚✏☞✘  R ✱✏ r✰✲❀ r☞ ✓✒✔ ✒✕ ✍✑✜

♠ ❆ ✿❇✽ ❈ ✿ 3 ✎ ☞✵ ✳✪✠✩ ✱ ✠✏ L ✠✏✓✪ ✓✎ r ✳ ✎✌ ✒ ✠✸✬ ☞ r ✓✎✸ r ✘✌● ☞☞✗ ☞✌ ✒ ✏☞ ✱✏ ✓✎ ✰❂✺❀ ✍ ✑ r✬ ☞ ☞

R = {(L
1
, L

2
) : L

1
, L

2 
✐✘ ✳ ✒✔ ✍ ✑} ✓✎ ✰❂✺❀ L ✎✌ ✒ ✐✠✘✯ ☞ ☞✠❃☞ r ✱✏ ✓✒✔✒ ✕ ✍ ✑✜ ✠✓❉ ✏✪ ✠✩ ✱ ✠✏ R

✓✎ ✠✎ r ✍✑ ❍ ✏r✰ ❀ ✍ ✵ r ☞✌ ✸ ✤r ✰✲❀ ✍ ✑ ✗ ☞ ✑✘ ✵ ✓✒✹ ☞✎ ✏ ✍✑✜

❇❣ R ✸ ✤r ✰✲❀ ✵ ✍✪ ✒ ✍✑★ ▲❀ ☞✌ ✒✠✏ ✏☞✌ ✙✧ ✘✌● ☞ ☞ L
1
 ✗ ✐✵ ✌ ✗ ☞ ✐ ✐✘ ✳ ✒✔ ✵ ✍✪ ✒ ✍☞✌ ✓✏r✪ ✍✑ ★ ✗ ✬ ☞ ☞✧ r✈

(L
1
, L

1
) ■ R❏ R ✓✎ ✠✎ r ✍ ✑★ ▲❀ ☞✌ ✒ ✠✏ (L

1
, L

2
) ☛ R

❋ L
1
,  L

2 
✐✘ ✳ ✒✔ ✍ ✑

❋ L
2
 , L

1
 ✐✘ ✳✒✔ ✍✑

❋ (L
2
, L

1
) ☛ R



4        ①�✁✂✄

R ❧☎✆ ✝✞ ✟ ✠ ✡ ☛☎ ✡ ☞✌ ✍✠ ✎ ✏✑ ✡ ☛✒ ✑ ✍✓ L
1
, L

2
 ✐✔ ✕☎ ✖ ✡☞ ✗✘ ✝ ✝ L

2
 ,

L
3 

✐✔ ✕☎ ✖ ✡ ☞ ✒ ✗✝✙  L
1
 , L

3 
✐✔ ✟✚ ✝ ☛ ✚ ✝ ☛ ✕☎ ✖ ✠ ✡ ☛☎ ✡ ✝✙ ❧ ✟✗☛ ✡ ☞✌ ✛ ✝✜ ✗✛

✞ ✙☎ ❡✙ ❧ ☛ ✓ ✎ ✝ ✝ ✞✙ ☎ L
1
 , L

3 
✛✙ ♦ ❧ ✞ ✝✢ ✗✔ ✡ ✝✙ ✣☛✌ ✤✘ ✝ ✝✥ ✗✦ ✒ (L

1
, L

2
) ✧ R,

(L
2
, L

3
) ✧ R ✐✔☎ ✗★ (L

1
, L

3
) ✩ R

♠ ✪✫ ✬✭✮✫ 4 ✍❧❢ ✟☛✍✯❡ ✍✟ ❧✞ ★✰✏✑ {1, 2, 3} ✞✙☎ R = {(1, 1), (2, 2),

(3, 3), (1, 2), (2, 3)} ⑥ ✝ ✔✝ ✐✱✓ ✲ ✝ ❧☎ ✖☎ ✳ ✜✛✗ ★✴✑ ✡☞ ✒ ✐✔☎ ✗ ★ ✠ ✗ ✝✙ ❧✞ ✍✞ ✗ ✡☞ ✤ ✝☞ ✔ ✠ ❧☎✆ ✝✞ ✟ ✡☞ ✌

✬❣  R ✜✛ ✗ ★✴✑ ✡☞ ▲ ✑✝✙☎ ✍✟ (1, 1), (2, 2) ✤ ✝☞ ✔ (3, 3), R ✛✙ ♦ ✤✛ ✑✛ ✡☞☎ ✌ R ❧✞ ✍✞ ✗ ✠ ✡ ☛☎ ✡ ☞ ✒ ▲✑ ✝✙ ☎ ✍✟

(1, 2) ✧ R ➥✟✗★ (2, 1) ✩ R. ❜❧ ☛ ✐✱ ✟✝ ✔ R ❧☎✆ ✝✞ ✟ ✠ ✡ ☛☎ ✡ ☞ ✒ ▲✑ ✝✙☎ ✍✟ (1, 2) ✧ R ✗✘ ✝✝ (2, 3)✧R

✐✔☎ ✗ ★ (1, 3) ✩ R

♠ ✪✫ ✬✭✮✫ 5 ✍❧❢ ✟☛✍✯❡ ✍✟ ✐✵✶ ✝ ✝✷ ✟✝✙☎ ✛✙ ♦ ❧✞ ★✰✏ ✑ Z ✞✙☎ R = {(a, b) : ❧☎ ✸ ✑✝ 2, (a – b) ✟✝✙

✍✛✚ ✝ ✝ ✍✯✗ ✟✔✗☛ ✡☞} ⑥ ✝ ✔✝ ✐✱✓ ✲ ✝ ❧☎ ✖☎✳ ❡ ✟ ✗★✴✑ ✗✝ ❧☎ ✖☎ ✳ ✡☞ ✌

✬❣  R ✜✛ ✗★✴✑ ✡ ☞ ✒ ▲✑ ✝✙☎ ✍✟ ❧✞ ✜✗ a ✧ Z ✛✙ ♦ ✍✕❡ ✹ ✒ (a – a) ✟✝✙ ✍✛✚ ✝ ✝ ✍✯✗ ✟✔✗✝ ✡☞✌ ✤ ✗❞

(a, a) ✧ R. ✐★✠ ❞ ✒ ✑✍✓ (a, b) ✧ R, ✗ ✝✙ ✹ ✒ a – b ✟✝✙ ✍✛✚ ✝ ✝✍✯✗ ✟✔✗✝ ✡☞ ✌ ✤ ✗❡✛ b – a ✟✝✙ ✚ ✝ ☛

✹ ✍✛✚ ✝ ✝✍✯✗ ✟✔✗ ✝ ✡☞ ✌ ✤ ✗❞ (b, a) ✧ R, ✍✯❧ ❧✙ ✍❧❢ ✡ ✝✙ ✗✝ ✡ ☞ ✍✟ R ❧✞ ✍✞ ✗ ✡☞ ✌ ❜ ❧ ☛ ✐✱ ✟✝ ✔✒ ✑ ✍✓

(a, b) ✧ R ✗ ✘ ✝ ✝  (b, c) ✧ R, ✗ ✝ ✙  a – b ✗ ✘ ✝ ✝  b – c ❧ ☎ ✸ ✑ ✝ ✹ ❧ ✙ ✚ ✝ ✝ ✺ ✑ ✡ ☞ ✌ ✤ ✖ ✒

a – c = (a – b) + (b – c) ❧✞ (even) ✡☞ ✻ ▲✑ ✝✙ ☎✼ ✽✌ ✤ ✗❞ (a – c) ✚ ✝ ☛ ✹ ❧✙ ✚ ✝✝✺ ✑ ✡☞✌ ❜❧❧✙ ✍❧❢

✡ ✝✙ ✗ ✝ ✡ ☞ ✍✟  R ❧☎✆ ✝✞ ✟ ✡☞✌ ✤ ✗❞ ❧✞ ★✰✏✑ Z ✞✙ ☎ R ❡ ✟ ✗ ★✴✑ ✗✝ ❧☎ ✖☎ ✳ ✡ ☞✌

✾✓ ✝✡ ✔✶ ✝ ✿ ✞✙ ☎ ✒ ✠ ✝✙❀ ✟☛✍✯❡ ✍✟ ❧✚ ✝ ☛ ❧✞ ✐✵✶ ✝ ✝ ✷✟ ✎ ✝✵ ✢✑ ❧✙ ❧☎ ✖☎ ✍✳ ✗ ✡ ☞☎ ✒ ▲✑ ✝✙ ☎ ✍✟ (0, ± 2),

(0, ± 4), ❁❁❁✤ ✝ ✍✓ R ✞✙ ☎ ✡☞☎ ✤ ✝☞ ✔ ✟✝✙❜ ✥ ✚ ✝☛ ✍✛❂ ✝✞ ✐✵✶ ✝ ✝✷ ✟ ❃ ❧✙ ❧☎ ✖☎ ✍✳ ✗ ✠ ✡ ☛☎ ✡ ☞ ✒ ▲ ✑✝✙☎ ✍✟ (0, ± 1),

(0, ± 3), ❁❁❁✤ ✝ ✍✓ R ✞✙☎ ✠✡ ☛☎ ✡☞☎✌ ❜ ❧☛ ✐✱✟✝✔ ❧✚ ✝☛ ✍✛❂ ✝✞ ✐✵✶ ✝✝✷✟ ❄ ❧✙ ❧☎ ✖☎✍✳✗ ✡☞☎ ✤ ✝☞✔ ✟✝✙❜✥ ✚ ✝☛ ❧✞ ✐✵✶ ✝✝ ✷✟

❄ ❧ ✙ ❧☎ ✖☎ ✍✳✗ ✠ ✡ ☛☎ ✡ ☞✌ ✤ ✗❡✛ ✒ ❧✞ ✜ ✗ ❧✞ ✐✵✶ ✝ ✝✷ ✟✝✙☎ ✟✝ ❧✞ ★✰✏✑ E ✗✘ ✝ ✝ ❧✞ ✜✗ ✍✛❂ ✝✞ ✐✵✶ ✝ ✝✷ ✟✝✙☎ ✟✝

❧✞ ★✰✏✑ O ❧✞ ★✰✏✑ Z ✛✙ ♦ ✾ ✐ ❧ ✞ ★✰✏✑ ✡ ☞☎ ✒ ✯ ✝✙ ✍✠ ❅✠ ✍✕✍✸ ✝ ✗ ✐✱ ✍✗ ✖☎✳ ✝✙☎ ✟✝✙ ❧☎ ✗★❂❀ ✟✔✗✙ ✡☞ ☎✌

(i) E ✛✙ ♦ ❧✞ ✜✗ ✤✛ ✑✛ ❡ ✟ ✓ ✵❧ ✔✙ ❧✙ ❧☎ ✖☎ ✍✳ ✗ ✡ ☞☎ ✗✘ ✝✝ O ✛✙ ♦ ❧✞ ✜✗ ✤ ✛✑✛ ❡ ✟ ✓✵❧ ✔✙ ❧✙

❧☎ ✖☎ ✍✳ ✗ ✡ ☞☎✌

(ii) E ✟✝ ✟✝✙❜✥ ✚ ✝ ☛ ✤✛ ✑✛ O ✛✙ ♦ ✍✟❧ ☛ ✚ ✝ ☛ ✤✛ ✑✛ ❧✙ ❧☎ ✖☎ ✍✳ ✗ ✠✡ ☛☎ ✡☞ ✤ ✝☞ ✔ ✍✛ ✕ ✝✙ ✞ ✗❞ O ✟✝ ✟✝✙ ❜✥

✚ ✝☛ ✤✛ ✑✛ E ✛✙ ♦ ✍✟❧ ☛ ✚ ✝☛ ✤✛ ✑✛ ❧✙ ❧☎ ✖☎ ✍✳ ✗ ✠✡ ☛☎ ✡ ☞✌

(iii) E ✗✘ ✝ ✝ O ✤❧☎ ✑ ★▲✗ ✡ ☞ ✤ ✝☞ ✔ Z = E ❆ O ✡ ☞✌

✾ ✐❧✞ ★✰✏✑ E, ✎ ✝✵ ✢✑ ✟✝✙ ✤☎ ✗ ✍✛✥ ❂❀ (contain) ✟✔✠ ✙ ✛ ✝ ✕ ✝ ✗ ★✴✑ ✗✝ ❇✛ ✣✥ (Equivalence Class)

✟✡ ✕✝ ✗ ✝ ✡ ☞ ✤ ✝☞ ✔ ✍✯❧✙ ✐✱ ✗☛✟ [0] ❧✙ ✍✠ ❈ ✍✐✗ ✟✔✗✙ ✡ ☞☎✌ ❜ ❧ ☛ ✐✱ ✟✝✔ O, ❄ ✟✝✙ ✤ ☎ ✗✍✛✥❂❀ ✟✔✠✙ ✛ ✝ ✕ ✝

✗ ★ ✴ ✑ ✗ ✝ ❇ ✛ ✣✥ ✡ ☞ ✒ ✍ ✯❧ ✙ [1] ⑥ ✝ ✔ ✝ ✍✠ ❈ ✍ ✐ ✗ ✟ ✔ ✗✙ ✡ ☞ ☎ ✌ ✠ ✝ ✙ ❀ ✟ ☛ ✍ ✯❡ ✍ ✟ [0] ❉ [1], [0] = [2r] ✤ ✝ ☞ ✔

✈❊ ❋●❍ ■❏ ❑▼ ❑
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[1]= [2r + 1], r ✠ Z. ✥✡☛☞✥ ✌✍✎✏ ✑✡✍ ✥✒✓✔ ✕✌✖✍ ✗✘✙ ✚✍✛✡✡ ✕✜✏ ✥✕ ✢✣✤✦ ✧✡✦ ✤✌✒★✩✪ X ✌✍✎ ❡✣

☛✥✍★✔ ☞✒▲✪☞✡ ✤✎✫✎✬ R ✥✍✓ ✢♦❡ ✤✭✪ ✕✡✍☞✡ ✕✜✮ ✢✣✤✦ ✘✯✚✰✡ ☛✥✍★✔ ✤✌✒★✩✪ X ✌✍✎ ✘✯✚✰✡ ❡✣ ☛✥✍★✔

(arbitrary) ☞✒▲✪☞✡ ✤✎✫✎✬ R, X ✣✡✍ ✘✙☛✘✙ ❞✤✎✪✒✱☞ ✲✘✤✌✒★✩✪✡✍✎ A
i
 ✌✍✎ ✢✥✧✡✡✢✑☞ ✣✙ ✚✍☞✡ ✕✜✏ ✢✑✳✕✍✎

X ✣✡ ✢✥✧✡✡✑✖ ✴Partition✵ ✣✕☞✍ ✕✜✎ ❞✡✍✙ ✑✡✍ ✢✖✶✖✢♦✢✛✡☞ ✘✯✢☞✫✎✬✡✍✎ ✣✡✍ ✤✎☞✒✷✸ ✣✙☞✍ ✕✜✎✹

(i) ✤✌☛☞ i ✥✍✓ ✢♦❡ A
i
 ✥✍✓ ✤✧✡✦ ❞✥✪✥ ❡✣ ✚✺✤✙✍ ✤✍ ✤✎✫✎✢✬☞ ✕✡✍☞✍ ✕✜✎✮

(ii) A
i
 ✣✡ ✣✡✍✻✼ ✧✡✦ ❞✥✪✥✏ A

j
 ✥✍✓ ✢✣✤✦ ✧✡✦ ❞✥✪✥ ✤✍ ✤✎✫✎✢✬☞ ✖✕✦✎ ✕✡✍☞✡ ✕✜✏ ✑✕✡✽ i ✾ j

(iii) ✿ A
j
 = X ☞r✡✡ A

i
 ❀ A

j
 = ❁, i ✾ j

✲✘✤✌✒★✩✪ A
i
 ☞✒▲✪☞✡❂✥❃✼ ✣✕♦✡☞✍ ✕✜✎✮ ✻✤ ✢☛r✡✢☞ ✣✡ ✙✡✍✩✣ ✘❄✡ ✪✕ ✕✜ ✢✣ ✕✌ ✢✥✘✙✦☞ ✢❅✪✡

✧✡✦ ✣✙ ✤✣☞✍ ✕✜✎✮ ✲✚✡✕✙❍✡ ✥✍✓ ✢♦❡ Z ✥✍✓ ✲✖ ✲✘✢✥✧✡✡✑✖✡✍✎ ✘✙ ✢✥✩✡✙ ✣✦✢✑❡✏ ✑✡✍ Z ✥✍✓ ❡✍✤✍ ☞✦✖

✘✙☛✘✙ ❞✤✎✪✒✱☞ ✲✘✤✌✒★✩✪✡✍✎ A
1
, A

2
 ☞r✡✡ A

3
 ⑥✡✙✡ ✘✯✚✰✡ ✕✜✎✏ ✢✑✖✣✡ ✤✢✶✌♦✖ ✴Union✵ Z ✕✜✏

A
1
 = {x ✠ Z : x ✤✎✛✪✡ ❆ ✣✡ ❃✒❍✡✑ ✕✜ } = {..., – 6, – 3, 0, 3, 6, ...}

A
2
 = {x ✠ Z : x – 1 ✤✎✛✪✡ ❆ ✣✡ ❃✒❍✡✑ ✕✜ } = {..., – 5, – 2, 1, 4, 7, ...}

A
3
 = {x ✠ Z : x – 2 ✤✎✛✪✡ ❆ ✣✡ ❃✒❍✡✑ ✕✜ } = {..., – 4, – 1, 2, 5, 8, ...}

Z ✌✍✎ ❡✣ ✤✎✫✎✬ R = {(a, b) : 3, a – b ✣✡✍ ✢✥✧✡✡✢✑☞ ✣✙☞✡ ✕✜} ✘✢✙✧✡✡✢✷✡☞ ✣✦✢✑❡✮ ✲✚✡✕✙❍✡

❇ ✌✍✎ ✘✯✪✒✱☞ ☞✥✼✓ ✥✍✓ ❞✖✒✤✡✙ ✕✌ ✢✤❈ ✣✙ ✤✣☞✍ ✕✜✎ ✢✣ R ❡✣ ☞✒▲✪☞✡ ✤✎✫✎✬ ✕✜✎✮ ✻✤✥✍✓ ❞✢☞✢✙✱☞

A
1
, Z ✥✍✓ ✲✖ ✤✧✡✦ ✘✺❍✡✡❉✣✡✍✎ ✥✍✓ ✤✌✒★✩✪ ✥✍✓ ✫✙✡✫✙ ✕✜✏ ✑✡✍ ❊✡✺✳✪ ✤✍ ✤✎✫✎✢✬☞ ✕✜✎✏ A

2
, Z  ✥✍✓ ✲✖ ✤✧✡✦

✘✺❍✡✡❉✣✡✍✎ ✥✍✓ ✤✌✒★✩✪ ✥✍✓ ✫✙✡✫✙ ✕✜✏ ✑✡✍ ✐ ✤✍ ✤✎✫✎✢✬☞ ✕✜✎ ❞✡✜✙ A
3
 , Z ✥✍✓ ✲✖ ✤✧✡✦ ✘✺❍✡✡❉✣✡✍✎ ✥✍✓ ✤✌✒★✩✪

✫✙✡✫✙ ✕✜✏ ✑✡✍ ❝ ✤✍ ✤✎✫✎✢✬☞ ✕✜✎✮ ❞☞✹ A
1
 = [0], A

2
 = [1] ❞✡✜✙ A

3
 = [2]. ✥✡☛☞✥ ✌✍✎ A

1
 = [3r],

A
2
 = [3r + 1] ❞✡✜✙ A

3
 = [3r + 2], ✑✕✡✽ r ✠ Z.

♠❋●■❏❑● 6 ✌✡✖ ♦✦✢✑❡ ✢✣ ✤✌✒★✩✪ A = {1, 2, 3, 4, 5, 6, 7} ✌✍✎ R = {(a, b) : a ☞r✡✡ b ✚✡✍✖✡✍✎ ✕✦

✪✡ ☞✡✍ ✢✥✷✡✌ ✕✜✎ ✪✡ ✤✌ ✕✜✎} ⑥✡✙✡ ✘✢✙✧✡✡✢✷✡☞ ❡✣ ✤✎✫✎✬ ✕✜✮ ✢✤❈ ✣✦✢✑❡ ✢✣ R ❡✣ ☞✒▲✪☞✡ ✤✎✫✎✬ ✕✜✮

✤✡r✡ ✕✦ ✢✤❈ ✣✦✢✑❡ ✢✣ ✲✘✤✌✒★✩✪ {1, 3, 5, 7} ✥✍✓ ✤✧✡✦ ❞✥✪✥ ❡✣ ✚✺✤✙✍ ✤✍ ✤✎✫✎✢✬☞ ✕✜✏ ❞✡✜✙

✲✘✤✌✒★✩✪ {2, 4, 6} ✥✍✓ ✤✧✡✦ ❞✥✪✥ ❡✣ ✚✺✤✙✍ ✤✍ ✤✎✫✎✢✬☞ ✕✜✏ ✘✙✎☞✒ ✲✘✤✌✒★✩✪ {1, 3, 5,7} ✣✡

✣✡✍✻✼ ✧✡✦ ❞✥✪✥ ✲✘✤✌✒★✩✪ {2, 4, 6} ✥✍✓ ✢✣✤✦ ✧✡✦ ❞✥✪✥ ✤✍ ✤✎✫✎✢✬☞ ✖✕✦✎ ✕✜✮

■❣ A ✣✡ ✘✯✚✰✡ ✣✡✍✻✼ ❞✥✪✥ a ✪✡ ☞✡✍ ✢✥✷✡✌ ✕✜ ✪✡ ✤✌ ✕✜✏ ❞☞❡✥ (a, a) ✠ R▼ ✻✤✥✍✓ ❞✢☞✢✙✱☞

(a, b) ✠ R ◆ a ☞r✡✡ b ✚✡✍✖✡✍✎ ✕✦✏ ✪✡ ☞✡✍ ✢✥✷✡✌ ✕✜✎ ✪✡ ✤✌ ✕✜✎ ◆ (b, a) ✠ R▼ ✻✤✦ ✘✯✣✡✙

(a, b) ✠ R ☞r✡✡ (b, c) ✠ R ◆ ❞✥✪✥ a, b, c, ✤✧✡✦ ✪✡ ☞✡✍ ✢✥✷✡✌ ✕✜✎ ✪✡ ✤✌ ✕✜✎ ◆ (a, c) ✠ R.

❞☞✹ R ❡✣ ☞✒▲✪☞✡ ✤✎✫✎✬ ✕✜✮ ✘✒✖✹✏ {1, 3, 5, 7} ✥✍✓ ✤✧✡✦ ❞✥✪✥ ❡✣ ✚✺✤✙✍ ✤✍ ✤✎✫✎✢✬☞ ✕✜✎✏ ✱✪✡✍✎✢✣

✻✤ ✲✘✤✌✒★✩✪ ✥✍✓ ✤✧✡✦ ❞✥✪✥ ✢✥✷✡✌ ✕✜✎✮ ✻✤✦ ✘✯✣✡✙ {2, 4, 6,} ✥✍✓ ✤✧✡✦ ❞✥✪✥ ❡✣ ✚✺✤✙✍ ✤✍

✤✎✫✎✢✬☞ ✕✜✎✏ ✱✪✡✍✎✢✣ ✪✍ ✤✧✡✦ ✤✌ ✕✜✎✮ ✤✡r✡ ✕✦ ✲✘✤✌✒★✩✪ {1, 3, 5, 7} ✣✡ ✣✡✍✻✼ ✧✡✦ ❞✥✪✥

{2, 4, 6} ✥✍✓ ✢✣✤✦ ✧✡✦ ❞✥✪✥ ✤✍ ✤✎✫✎✢✬☞ ✖✕✦✎ ✕✡✍ ✤✣☞✡ ✕✜✏ ✱✪✡✍✎✢✣ {1, 3, 5, 7} ✥✍✓ ❞✥✪✥ ✢✥✷✡✌

✕✜✎✏ ✑✫ ✢✣ {2, 4, 6}, ✥✍✓ ❞✥✪✥ ✤✌ ✕✜✎✮
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✐☎✆✝✞✟✠✡ ☛☞☛

1. ❢✌✍✎✏❢✑✒ ✓✔❢✕✖ ❢✓ ✗✘✎ ❢✌✙✌❢✚❢✛✎✒ ✜✢✣✢✍✎✤✢ ✥✤✢ ✜ ✤ ✦✧★✘✤✓ ✩✪✒✫✬✘✭ ✜✥❢✥✒ ✒✮✎✎

✜✢❧✎✥✓ ✯✰✢✱

(i) ✜✥✫✲✳✘ A = {1, 2, 3, ..., 13, 14} ✥✤✢ ✜✢✣✢✍ R, ❜✜ ✦✧✓✎✑ ✦❢✑✴✎✎❢✵✎✒ ✯✰ ❢✓

R = {(x, y) : 3x – y = 0}

(ii) ✦✧✎✪✶✷✒ ✜✢✛✘✎✸✎✤✢ ✪✤✷ ✜✥✫✲✳✘ N ✥✤✢ R = {(x, y) : y = x + 5 ✒✮✎✎  x < 4}⑥✎✑✎ ✦❢✑✴✎✎❢✵✎✒

✜✢✣✢✍ R.

(iii) ✜✥✫✲✳✘ A = {1, 2, 3, 4, 5, 6} ✥✤✢ R = {(x, y) : y ✴✎✎❍✘ ✯✰ x ✜✤} ⑥✎✑✎ ✦❢✑✴✎✎❢✵✎✒ ✜✢✣✢✍ R✯✰❣

(iv) ✜✥✩✒ ✦✹✺✎✎✻✓✎✤✢ ✪✤✷ ✜✥✫✲✳✘ Z ✥✤✢ R = {(x, y) : x – y ✖✓ ✦✹✺✎✎✻✓ ✯✰} ⑥✎✑✎ ✦❢✑✴✎✎❢✵✎✒

✜✢✣✢✍ R✼

(v) ❢✓✜✔ ❢✪✽✎✤✵✎ ✜✥✘ ✦✑ ❢✓✜✔ ✌✾✑ ✪✤✷ ❢✌✪✎❢✜✘✎✤✢ ✪✤✷ ✜✥✫✲✳✘ ✥✤✢ ❢✌✙✌❢✚❢✛✎✒

✜✢✣✢✍ R

(a)  R = {(x, y) : x ✒✮✎✎ y ✖✓ ✯✔ ✩✮✎✎✌ ✦✑ ✓✎✘✏ ✓✑✒✤ ✯✰✢}

(b)  R = {(x, y) : x ✒✮✎✎ y ✖✓ ✯✔ ✥✎✤✯✬✚✤ ✥✤✢ ✑✯✒✤ ✯✰✢}

(c)  R = {(x, y) : x, y ✜✤ ✿✔✓❀✿✔✓ ❁ ✜✤✥✔ ✚✢✣✎ ✯✰}

(d)  R = {(x, y) : x , y ✓✔ ✦★✌✔ ✯✰}

(e)  R = {(x, y) : x, y ✪✤✷ ❢✦✒✎ ✯✰✢}

2. ❢✜❂ ✓✔❢✕✖ ❢✓ ✪✎✩✒❢✪✓ ✜✢✛✘✎✸✎✤✢ ✪✤✷ ✜✥✫✲✳✘ R ✥✤✢ R = {(a, b) : a ❃ b2}, ⑥✎✑✎

✦❢✑✴✎✎❢✵✎✒ ✜✢✣✢✍ R✭ ✌ ✒✎✤ ✩✪✒✫✬✘ ✯✰✭ ✌ ✜✥❢✥✒ ✯✰✢ ✸✎✰✑ ✌ ✯✔ ✜✢❧✎✥✓ ✯✰❣

3. ✕✎t✳ ✓✔❢✕✖ ❢✓ ✗✘✎ ✜✥✫✲✳✘ {1, 2, 3, 4, 5, 6} ✥✤✢ R = {(a, b) : b = a + 1} ⑥✎✑✎ ✦❢✑✴✎✎❢✵✎✒

✜✢✣✢✍ R ✩✪✒✫✬✘✭ ✜✥❢✥✒ ✘✎ ✜✢❧✎✥✓ ✯✰❣

4. ❢✜❂ ✓✔❢✕✖ ❢✓ R ✥✤✢ R = {(a, b) : a ❃ b}, ⑥✎✑✎ ✦❢✑✴✎✎❢✵✎✒ ✜✢✣✢✍ R ✩✪✒✫✬✘ ✒✮✎✎ ✜✢❧✎✥✓

✯✰ ❄✓✒✫ ✜✥❢✥✒ ✌✯✔✢ ✯✰❣

5. ✕✎t✳ ✓✔❢✕✖ ❢✓ ✗✘✎ R ✥✤✢ R = {(a, b) : a ❃ b3} ⑥✎✑✎ ✦❢✑✴✎✎❢✵✎✒ ✜✢✣✢✍ ✩✪✒✫✬✘✭ ✜✥❢✥✒

✸✮✎✪✎ ✜✢❧✎✥✓ ✯✰✈

6. ❢✜❂ ✓✔❢✕✖ ❢✓ ✜✥✫✲✳✘ {1, 2, 3} ✥✤✢ R = {(1, 2), (2, 1)} ⑥✎✑✎ ✦✧❅❆✎ ✜✢✣✢✍ R ✜✥❢✥✒

✯✰ ❄✓✒✫ ✌ ✒✎✤ ✩✪✒✫✬✘ ✯✰ ✸✎✰✑ ✌ ✜✢❧✎✥✓ ✯✰❣

7. ❢✜❂ ✓✔❢✕✖ ❢✓ ❢✓✜✔ ✓✎❇✚✤✕ ✪✤✷ ✦✫✩✒✓✎✚✘ ✓✔ ✜✥✩✒ ✦✫✩✒✓✎✤✢ ✪✤✷ ✜✥✫✲✳✘ A ✥✤✢

R = {(x, y) : x ✒✮✎✎ y ✥✤✢ ✦✤✕✎✤✢ ✓✔ ✜✢✛✘✎ ✜✥✎✌ ✯✰} ⑥✎✑✎ ✦✧❅❆✎ ✜✢✣✢✍ R ✖✓ ✒✫✬✘✒✎

✜✢✣✢✍ ✯✰❣
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8. ❢✠✡ ☛☞❢✌✍ ❢☛ A = {1, 2, 3, 4, 5} ❡✎✏✑ R = {(a, b) : |a – b| ✠❡ ✒✓} ⑥✔✕✔ ✖✗✘✙✔ ✠✏✚✏✛

R ✍☛ ✱✜✢✣✱✔ ✠✏✚✏✛ ✒✓✤ ✖✗❡✔❢✥✔✱ ☛☞❢✌✍ ❢☛ {1, 3, 5} ♦✎✦ ✠✧✔☞ ★♦✣♦ ✍☛ ✘✩✠✕✎ ✠✎

✠✏✚✏❢✛✱ ✒✓✏ ★✔✓✕ ✠❡✜✪✫✣ {2, 4} ♦✎✦ ✠✧✔☞ ★♦✣♦ ✍☛ ✘✩✠✕✎ ✠✎ ✠✏✚✏❢✛✱ ✒✓✏✏ ✖✕✏✱✜ {1, 3, 5} ☛✔

☛✔✎❞✬ ✧✔☞ ★♦✣♦ {2, 4} ♦✎✦ ❢☛✠☞ ★♦✣♦ ✠✎ ✠✏✚✏❢✛✱ ✭✒☞✏ ✒✓✤

9. ❢✠✡ ❢☛❢✌✍ ❢☛ ✠❡✜✪✫✣ A = {x ✮ Z : 0 ✯ x ✯ 12}, ❡✎✏ ❢✘✍ ✰✍ ❢✭✲✭❢✳❢✴✔✱ ✠✏✚✏✛✔✎✏ R

❡✎✏ ✠✎ ✖✗✵✣✎☛ ✍☛ ✱✜✢✣✱✔ ✠✏✚✏✛ ✒✓✶

(i) R = {(a, b) : |a – b|, 4 ☛✔ ✍☛ ✰✜✥✔✌ ✒✓},

(ii) R = {(a, b) : a = b},

✖✗✵✣✎☛ ✘✐✔✔ ❡✎✏ ✷ ✠✎ ✠✏✚✏❢✛✱ ★♦✣♦✔✎✏ ☛✔✎ ✸✔✱ ☛☞❢✌✍✤

10. ✍✎✠✎ ✠✏✚✏✛ ☛✔ ✹✘✔✒✕✥✔ ✘☞❢✌✍✑ ✌✔✎

(i) ✠❡❢❡✱ ✒✔✎ ✖✕✏✱✜ ✭ ✱✔✎ ✺♦✱✜✢✣ ✒✔✎ ★✔✓✕ ✭ ✠✏✻✔❡☛ ✒✔✎✤

(ii) ✠✏✻✔❡☛ ✒✔✎ ✖✕✏✱✜ ✭ ✱✔✎ ✺♦✱✜✢✣ ✒✔✎ ★✔✓✕ ✭ ✠❡❢❡✱ ✒✔✎✤ .

(iii) ✺♦✱✜✢✣ ✱▲✔✔ ✠❡❢❡✱ ✒✔✎ ✼☛✱✜ ✠✏✻✔❡☛ ✭ ✒✔✎✤

(iv) ✺♦✱✜✢✣ ✱▲✔✔ ✠✏✻✔❡☛ ✒✔✎ ✼☛✱✜ ✠❡❢❡✱ ✭ ✒✔✎✤

(v) ✠❡❢❡✱ ✱▲✔✔ ✠✏✻✔❡☛ ✒✔✎ ✼☛✱✜ ✺♦✱✜✢✣ ✭ ✒✔✎✤

11. ❢✠✡ ☛☞❢✌✍ ❢☛ ❢☛✠☞ ✠❡✱✳ ❡✎✏ ❢✺▲✔✱ ❢✚✏✘✜★✔✎✏ ♦✎✦ ✠❡✜✪✫✣ ❡✎✏✑ R = {(P, Q) : ❢✚✏✘✜ P ☛☞

❡✩✳ ❢✚✏✘✜ ✠✎ ✘✩✕☞✑ ❢✚✏✘✜ Q ☛☞ ❡✩✳ ❢✚✏✘✜ ✠✎ ✘✩✕☞ ♦✎✦ ✠❡✔✭ ✒✓} ⑥✔✕✔ ✖✗✘✙✔ ✠✏✚✏✛ R ✍☛ ✱✜✢✣✱✔

✠✏✚✏✛ ✒✓✤ ✖✜✭✶ ❢✠✡ ☛☞❢✌✍ ❢☛ ❢✚✏✘✜ P ✽ (0, 0)  ✠✎ ✠✏✚✏❢✛✱ ✠✧✔☞ ❢✚✏✘✜★✔✎✏ ☛✔ ✠❡✜✪✫✣ P

✠✎ ✒✔✎☛✕ ✌✔✭✎ ♦✔✳✎ ✍☛ ✍✎✠✎ ♦✾✙✔ ☛✔✎ ❢✭✿❢✖✱ ☛✕✱✔ ✒✓✑ ❢✌✠☛✔ ♦✎✏✦✘✗ ❡✩✳❢✚✏✘✜ ✖✕ ✒✓✤

12. ❢✠✡ ☛☞❢✌✍ ❢☛ ✠❡✺✱ ❢❀✔✧✔✜✌✔✎✏ ♦✎✦ ✠❡✜✪✫✣ A ❡✎✏✑  R = {(T
1
, T

2
) : T

1
, T

2  
♦✎✦ ✠❡✿✖ ✒✓}

⑥✔✕✔ ✖❢✕✧✔✔❢❁✔✱ ✠✏✚✏✛ R ✍☛ ✱✜✢✣✱✔ ✠✏✚✏✛ ✒✓✤ ✧✔✜✌✔★✔✎✏ ❂✑ ❃✑ ❄ ♦✔✳✎ ✠❡☛✔✎✥✔ ❢❀✔✧✔✜✌ T
1 
✑

✧✔✜✌✔★✔✎✏ ❄✑ ✷❍✑ ✷❂ ♦✔✳✎ ✠❡☛✔✎✥✔ ❢❀✔✧✔✜✌ T
2
 ✱▲✔✔ ✧✔✜✌✔★✔✎✏ r✑ ❅✑ ✷❆ ♦✔✳✎ ✠❡☛✔✎✥✔ ❢❀✔✧✔✜✌

T
3 
✖✕ ❢♦✫✔✕ ☛☞❢✌✍✤ T

1
, T

2
 ★✔✓✕ T

3
 ❡✎✏ ✠✎ ☛✔✓✭ ✠✎ ❢❀✔✧✔✜✌ ✖✕✺✖✕ ✠✏✚✏❢✛✱ ✒✓✏❇

 13. ❢✠✡ ☛☞❢✌✍ ❢☛ ✠❡✺✱ ✚✒✜✧✔✜✌✔✎✏ ♦✎✦ ✠❡✜✪✫✣ A ❡✎✏, R = {(P
1
, P

2
) : P

1
 ✱▲✔✔ P

2
 ☛☞ ✧✔✜✌✔★✔✎✏

☛☞ ✠✏✴✣✔ ✠❡✔✭ ✒✓}✖✗☛✔✕ ✠✎ ✖❢✕✧✔✔❢❁✔✱ ✠✏✚✏✛ R ✍☛ ✱✜✢✣✱✔ ✠✏✚✏✛ ✒✓✤ ❂✑ ❃✑ ★✔✓✕ ❄ ✳✏✚✔❞✬

☛☞ ✧✔✜✌✔★✔✎✏ ♦✔✳✎ ✠❡☛✔✎✥✔ ❢❀✔✧✔✜✌ ✠✎ ✠✏✚✏❢✛✱ ✠❡✜✪✫✣ A ♦✎✦ ✠✧✔☞ ★♦✣♦✔✎✏ ☛✔ ✠❡✜✪✫✣ ✸✔✱

☛☞❢✌✍✤

14. ❡✔✭ ✳☞❢✌✍ ❢☛ XY-✱✳ ❡✎✏ ❢✺▲✔✱ ✠❡✺✱ ✕✎✴✔✔★✔✎✏ ☛✔ ✠❡✜✪✫✣ L ✒✓ ★✔✓✕ L ❡✎✏ R = {(L
1
,L

2
)

: L
1
 ✠❡✔❈✱✕ ✒✓ L

2 
♦✎✦} ⑥✔✕✔ ✖❢✕✧✔✔❢❁✔✱ ✠✏✚✏✛ R ✒✓✤ ❢✠✡ ☛☞❢✌✍ ❢☛ R ✍☛ ✱✜✢✣✱✔ ✠✏✚✏✛

✒✓✤ ✕✎✴✔✔ y = 2x + 4 ✠✎ ✠✏✚✏❢✛✱ ✠❡✺✱ ✕✎✴✔✔★✔✎✏ ☛✔ ✠❡✜✪✫✣ ✸✔✱ ☛☞❢✌✍✤
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15. ❡☎✆ ✝✞✟✠✡ ✟☛ ☞❡✌✍✎✏ {1, 2, 3, 4} ❡✑✒✓ R = {(1, 2), (2, 2), (1, 1), (4,4),

(1, 3), (3, 3), (3, 2)} ⑥☎✔☎ ✕✟✔✖☎☎✟✗☎✘ ☞✒✙✒✚ R ✥✛✜ ✟✆✢✆✟✝✟✣☎✘ ❡✑✒ ☞✑ ☞✥✞ ✤✦☎✔ ✎✌✟✆✡✜

(A) R ▲✧✘✌★✏ ✘✩☎☎ ☞❡✟❡✘ ✥✛ ✪☛✘✌ ☞✒✫☎❡☛ ✆✥✞✒ ✥✛✜

(B) R ▲✧✘✌★✏ ✘✩☎☎ ☞✒✫☎❡☛ ✥✛ ✪☛✘✌ ☞❡✟❡✘ ✆✥✞✒ ✥✛✜

(C) R ☞❡✟❡✘ ✘✩☎☎ ☞✒✫☎❡☛ ✥✛ ✪☛✘✌ ▲✧✘✌★✏ ✆✥✞✒ ✥✛✜

(D) R ✡☛ ✘✌★✏✘☎ ☞✒✙✒✚ ✥✛✜

16. ❡☎✆ ✝✞✟✠✡ ✟☛ ☞❡✌✍✎✏ N ❡✑✒✓ R = {(a, b) : a = b – 2, b > 6} ⑥☎✔☎ ✕✬✭✦☎ ☞✒✙✒✚ R ✥✛✜

✟✆✢✆✟✝✟✣☎✘ ❡✑✒ ☞✑ ☞✥✞ ✤✦☎✔ ✎✌✟✆✡❢

(A) (2, 4) ✮ R (B) (3, 8) ✮ R (C) (6, 8) ✮ R (D) (8, 7) ✮ R

1.3  ✐✯✰✱✲✳✴ ✵✳✯ ✐✶✷✲✸ (Types of Functions)

✕✹✝✆☎✑ ✒ ☛✞ ✺✧✚☎✔✻☎☎✓ ✧✌✹✼ ✟✧✽☎✑✗☎ ✕✹✝✆ ✠✛☞✑ ✘✾☞❡☛ ✕✹✝✆✓ ✺✎✔ ✕✹✝✆✓ ✙✥✌✕✭ ✕✹✝✆✓ ✕✟✔❡✑✏

✕✹✝✆✓ ❡☎✕☎✒☛ ✕✹✝✆✓ ✟✎✥✿✆ ✕✹✝✆ ✺☎✟✭ ☛☎ ✧✻☎❀✆ ✤✆✧✑✹ ✺☎✝✑✣☎☎✑ ✒ ☞✟✥✘ ☛❁☎☎ XI ❡✑✒ ✟☛✏☎ ✠☎

✎✌☛☎ ✥✛✜

✭☎✑ ✕✹✝✆☎✑✒ ✧✑✹ ✏☎✑♥✓ ✺✒✘✔✓ ♥✌✻☎☎ ✘✩☎☎ ✖☎☎♥ ☛☎ ✖☎✞ ✺❂✏✏✆ ✟☛✏☎ ✠☎ ✎✌☛☎ ✥✛✜ ❃✏☎✑✒✟☛ ✕✹✝✆ ☛✞

☞✒☛★✕✆☎ ♥✟✻☎✘ ✘✩☎☎ ✺❂✏✏✆ ☛✞ ✺❧✏ ✽☎☎✣☎☎✺☎✑ ✒ (Disciplines) ❡✑✒ ☞✧☎❀✟✚☛ ❡✥✾✧✕❄✻☎❀ ✥✛✓ ❅☞✟✝✡

✥❡ ✕✹✝✆ ✧✑✹ ✙☎✔✑ ❡✑✒ ✺✕✆☎ ✺❂✏✏✆ ✧✥☎❣ ☞✑ ✺☎♥✑ ✙❆❇☎✆☎ ✎☎✥✘✑ ✥✛✒✓ ✠✥☎❣ ❅☞✑ ✕✥✝✑ ☞❡☎❈✘ ✟☛✏☎ ✩☎☎✜

❅☞ ✺✆✌✍✼✑✭ ❡✑✒✓ ✥❡ ✟✧✟✖☎❧✆ ✕✬☛☎✔ ✧✑✹ ✕✹✝✆☎✑✒ ☛☎ ✺❂✏✏✆ ☛✔✑✒♥✑✜

✟✆✢✆✟✝✟✣☎✘ ✺☎✧❉✹✟✘✏☎✑ ✒ ⑥☎✔☎ ✭✽☎☎❀✡ ♥✡ ✕✹✝✆  f
1
, f

2
, f

3
 ✘✩☎☎ f

4
 ✕✔ ✟✧✎☎✔ ☛✞✟✠✡✜

✺☎✧❉✹✟✘ 1.2 ❡✑✒ ✥❡ ✭✑✣☎✘✑ ✥✛ ✒ ✟☛ X
1 
✧✑✹ ✟✖☎❧✆ (distinct) ✺✧✏✧☎✑ ✒ ✧✑✹✓ ✕✹✝✆ f

1
 ✧✑✹ ✺✒✘♥❀✘✓

✕✬✟✘✟✙✒✙ ✖☎✞ ✟✖☎❧✆ ✥✛✒✓ ✪☛✘✌ f
2
 ✧✑✹ ✺✒✘♥❀✘ ✭☎✑ ✟✖☎❧✆ ✺✧✏✧☎✑✒ ♦ ✘✩☎☎ ❊ ✧✑✹ ✕✬✟✘✟✙✒✙ ✡☛ ✥✞ ✥✛✒ ✆☎❡✘❢

b ✥✛✜ ✕✌✆❢ X
2
 ❡✑✒ ✧✌✹✼ ✡✑☞✑ ✺✧✏✧ ✥✛ ✠✛☞✑ e ✘✩☎☎ f ✠☎✑ f

1  
✧✑✹ ✺✒✘♥❀✘ X

1
 ✧✑✹ ✟☛☞✞ ✖☎✞ ✺✧✏✧

✧✑✹ ✕✬✟✘✟✙✒✙ ✆✥✞✒ ✥✛ ✒✓ ✠✙✟☛ f
3 
✧✑✹ ✺✒✘♥❀✘ X

3 
 
 
✧✑✹ ☞✖☎✞ ✺✧✏✧ X

1 
✧✑✹ ✟☛☞✞ ✆ ✟☛☞✞ ✺✧✏✧ ✧✑✹

✕✬✟✘✟✙✒✙ ✥✛ ✒✜

✤✕✏✌❀❃✘ ✕✟✔✎✎☎❀ ☞✑ ✥❡✑✒ ✟✆✢✆✟✝✟✣☎✘ ✕✟✔✖☎☎✗☎☎✡❣ ✕✬☎❈✘ ✥☎✑✘✞ ✥✛✒✜

❋●❍■❏❏❑❏❏ 5 ✡☛ ✕✹✝✆ f : X ▼ Y ✡✧✛✹☛✞ (one-one) ✺✩☎✧☎ ✡✧✛✹☛ (injective) ✕✹✝✆ ☛✥✝☎✘☎

✥✛✓ ✏✟✭ f ✧✑✹ ✺✒✘♥❀✘ X  ✧✑✹ ✟✖☎❧✆ ✺✧✏✧☎✑ ✒ ✧✑✹ ✕✬✟✘✟✙✒✙ ✖☎✞ ✟✖☎❧✆ ✥☎✑✘✑ ✥✛ ✒✓ ✺✩☎☎❀✘✿ ✕✬✾✏✑☛

 x
1
, x

2
 ✮ X,  ✧✑✹ ✟✝✡  f (x

1
) = f (x

2
)  ☛☎ ✘☎✾✕✏❀ ✥✛ ✟☛  x

1
 = x

2
,
 
 ✺❧✏✩☎☎  f   ✡☛ ✙✥✌✡☛

(many-one) ✕✹✝✆ ☛✥✝☎✘☎ ✥✛✜

✺☎✧❉✹✟✘ ♦✈❊ (i) ❡✑✒ ✕✹✝✆ f
1  
✡✧✛✹☛✞ ✕✹✝✆ ✥✛ ✘✩☎☎ ✺☎✧❉✹✟✘ ♦✈❊ (ii) ❡✑✒ f

2  
✡☛ ✙✥✌✡☛ ✕✹✝✆ ✥✛✜
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✈✠✡☛☞✌✍ ✶✎✏

✐✑✒✓✔✔✕✔✔ 6 ✥✖✗✘ f : X ✙ Y ✚✛✜✢✛✣✤ (onto) ✚✦✛✧✛ ✚✛✜✢✛✣★ (surjective) ✤✩✗✛✪✛ ✩✫✬ ✭✮✣

f  ✧♦✖ ✚✯✪✰✱✪ Y ✤✛ ✥❞✲✭♦✤ ✚✧✭✧✬ X ✧♦✖ ✮✤✳★ ✘ ✮✤✳★ ✚✧✭✧ ✤✛ ✥❞✮✪✮✴✯✴ ✩✛♦✪✛ ✩✫✬ ✚✦✛✛✱✪✵ ✥❞✲✭♦✤

y ✷ Y, ✧♦✖ ✮✗✸✬ X ❡♦✯ ✸✤ ✸♦✳♦ ✚✧✭✧ x ✤✛ ✚✮✹✪✲✧ ✩✫ ✮✤ f (x) = y.

✚✛✧✺✖✮✪ ✻✼✽ ✾iii✿ ❡♦✯✬ ✥✖✗✘ f
3
 ✚✛✜✢✛✣✤ ✩✫ ✪✦✛✛ ✚✛✧✺✖✮✪ ✻✼✽ ✾i✿ ❡♦✯✬ ✥✖✗✘ f

1
 ✚✛✜✢✛✣✤

✘✩★✯ ✩✫✬ ✉✭✛♦✯✮✤ X
2
 ✧♦✖ ✚✧✭✧ e, ✪✦✛✛  f,  f

1
 ✧♦✖ ✚✯✪✰✱✪ X

1
 ✧♦✖ ✮✤✳★ ❀✛★ ✚✧✭✧ ✧♦✖ ✥❞✮✪✮✴✯✴

✘✩★✯ ✩✫✯❣

❢❁❂❃❄❅❆  f : X ✙ Y ✸✤ ✚✛✜✢✛✣✤ ✥✖✗✘ ✩✫✬ ✭✮✣ ✚✛✫❇ ✧♦✖✧✗ ✭✮✣  f  ✤✛ ✥✮❇✳❇ ✾range✿= Y.

✐✑✒✓✔✔✕✔✔ 7 ✸✤ ✥✖✗✘ f : X ✙ Y ✸✤ ✸✧✫✖✤★ ✪✦✛✛ ✚✛✜✢✛✣✤ (one-one and onto) ✚✦✛✧✛ ✸✧✫✖✤★

✚✛✜✢✛✣★ (bijective) ✥✖✗✘ ✤✩✗✛✪✛ ✩✫✬ ✭✮✣ f ✸✧✫✖✤★ ✪✦✛✛ ✚✛✜✢✛✣✤ ✣✛♦✘✛♦✯ ✩★ ✩✛♦✪✛ ✩✫❣

✚✛✧✺✖✮✪ ✻✼✽ ✾iv✿ ❡♦✯✬ ✥✖✗✘ f
4
 ✸✤ ✸✧✫✖✤★ ✪✦✛✛ ✚✛✜✢✛✣★ ✥✖✗✘ ✩✫❣

♠❈✔❉✒❊✔ 7 ❡✛✘ ✗★✮❋✸ ✮✤ ✤●✛✛ X ✧♦✖ ✳❀✛★ ❍■ ✮✧❏✛✮✦✛✱✭✛♦✯ ✤✛ ✳❡❑✜▲✭ A ✩✫❣ ❡✛✘ ✗★✮❋✸

f : A ✙ N ✬ f (x) = ✮✧❏✛✦✛★✱ x ✤✛ ❇✛♦✗ ✘✯✴❇✬ ▼✛❇✛ ✥✮❇❀✛✛✮◆✛✪ ✸✤ ✥✖✗✘ ✩✫❣ ✮✳❖ ✤★✮❋✸ ✮✤

f ✸✧✫✖✤★ ✩✫ P✤✪❑ ✚✛✜✢✛✣✤ ✘✩★✯ ✩✫❣

❉◗ ✤●✛✛ ✧♦✖ ✣✛♦ ✮❀✛❘✘❙✮❀✛❘✘ ✮✧❏✛✮✦✛✱✭✛♦✯ ✧♦✖ ❇✛♦✗ ✘✯✴❇ ✳❡✛✘ ✘✩★✯ ✩✛♦ ✳✤✪♦ ✩✫✯❣ ✚✪✸✧ f ✸✧✫✖✤★ ✩✫❣

❚✭✛✥✤✪✛ ✤★ ✮✴✘✛ ●✛✮✪ ✮✤✸ ✩❡ ❡✛✘ ✳✤✪♦ ✩✫✯ ✮✤ ✮✧❏✛✮✦✛✱✭✛♦✯ ✧♦✖ ❇✛♦✗ ✘✯✴❇ ✻ ✳♦ ❍■ ✪✤ ✩✫✯❣ ❯✳✤✛
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r ☎✆ ✝✞✟ ✞✠ ✠✡☛ ☎ ☞✌ N ✌ ☎ ☛❞ ✞❞ ✍✎ ✏ ✌✑ ☎ ☎ ❞✒ ✓ ☞✌✔✕ ✖ ☎✕ ☞❞✗ ☎✘ ☎✕✟ ✌ ☎ ✙☎✒ ✚ ✛✜ ✢✙ ✛✠✕✜ ✠✣✏ ☛r ✤❞

f  ❞✒ ✓ ☛✜r ♦✟r ✍✎ ✏  A ❞✒ ✓ ☞✌✔✕ ✖ ☎✕ ☛❞ ✞❞ ✌ ☎ ✝✥ ☞r ☞✢✜ ✢ ✛ ✠✕✜ ✠ ✣✦ ☛r ✧ f ☛ ☎★✩ ☎✪ ✌ ✛ ✠✕✜ ✠✣✦

♠ ✫✬ ✭✮✯✬ 8 ☞✔ ❢ ✌✕☞✰✤ ☞✌ f (x) = 2x ⑥ ☎ ✙☎ ✝✥✪ ✱ ☎ ✝✓✚ ✛ f : N ✲ N, ✤❞ ✣✓✌✕ ✠✣ ✳✌r✡ ☛ ☎★✩ ☎✪ ✌

✛✠✕✜ ✠ ✣✦

✭❣ ✝✓✚ ✛  f  ✤❞ ✣✓✌✕ ✠✣✏ ✴ ✞ ☎✒ ✜ ☞✌  f (x
1
) = f (x

2
) ✵ 2x

1
 = 2x

2
 ✵ x

1
 = x

2
. ✝✡ ✛ ✧,  f   ☛ ☎★✩ ✪ ✌ ✛ ✠✕✜

✠✣✏ ✴ ✞☎✒✜ ☞✌ 1 ✶ N, ❞✒ ✓ ☞✚✤ N ❡✒ ✜ ✤✒✔✒ ☞✌✔✕ x ✌ ☎ ☛ ☞✷r ✆❞ ✛ ✠✕✜ ✠ ✣ r ☎ ☞✌ f (x) = 2x = 1 ✠ ☎✒ ✦

♠ ✫✬✭✮ ✯✬ 9  ☞✔ ❢ ✌✕ ☞✰✤ ☞✌ f (x) = 2x ⑥ ☎ ✙☎ ✝✥✪ ✱ ☎ ✝✓✚ ✛  f : R ✲ R, ✤❞ ✣✓✌✕ r ✘ ☎ ☎ ☛ ☎★✩ ☎✪ ✌ ✠✣✦

✭❣  f ✤❞ ✣✓✌✕ ✠ ✣✏ ✴ ✞ ☎✒ ✜ ☞✌ f (x
1
) = f (x

2
) ✵ 2x

1
 = 2x

2
 ✵ x

1
 = x

2
✸ ✔ ☎✘ ☎ ✠✕✏ R ❡✒ ✜ ✝✥ ✪✱ ☎ ☞✌✔✕

✖ ☎✕ ❞ ☎✷r ☞❞✌ ✔✜❍ ✞☎  y ❞✒ ✓ ☞✚✤ R ❡✒✜
2

y
 ✌ ☎ ☛ ☞✷r ✆❞ ✠ ✣✏ ✰✠ ☎✹ f (

2

y
) = 2 . (

2

y
) = y ✠✣✦ ☛r ✧ f

☛ ☎★✩ ☎✪ ✌ ✖ ☎✕ ✠ ✣✦

✈✺ ✻✼ ✽✾ ✿ ❀ ❁❂

♠✫✬✭✮ ✯✬ 10  ☞✔ ❢ ☞✌ ☞✰✤ ☞✌ f (1) = f (2) = 1 r ✘ ☎ ☎ x > 2  ❞✒ ✓ ☞✚✤ f (x) = x – 1 ⑥ ☎ ✙☎ ✝✥✪✱ ☎

✝✓✚ ✛ f : N ✲ N, ☛ ☎★✩ ☎✪ ✌ r ☎✒ ✠ ✣ ✳✌r✡ ✤❞ ✣✓✌✕ ✛ ✠✕✜ ✠✣✦

✭❣  f ✤❞ ✣✓✌✕ ✛ ✠✕✜ ✠✣✏ ✴ ✞☎✜✒ ☞✌ f (1) = f (2) = 1, ✝✙✜r ✡  f  ☛ ☎★✩ ☎✪ ✌ ✠✣✏ ✴ ✞☎✒✜ ☞✌ ☞✌✔✕ ✝✥✪ ✱ ☎

y ✶ N, y ❃ 1, ❞✒ ✓ ☞✚✤✏ ✠❡ x ✌ ☎✒  y + 1  ♣✡ ✛ ✚✒r✒ ✠✣✜✏ r ☎ ☞✌  f  (y+ 1) = y + 1 – 1 = y ✔ ☎✘ ☎ ✠✕

1 ✶ N ❞✒ ✓ ☞✚✤ f  (1) = 1 ✠✣✦

♠ ✫✬✭✮ ✯✬ 11  ☞✔ ❢ ✌✕ ☞✰✤ ☞✌  f (x) = x2  ⑥ ☎ ✙☎ ✝☞✙✖ ☎ ☎ ☞❄ ☎r ✝✓✚ ✛ f : R ✲ R, ✛ r ☎✒ ✤❞ ✣✓✌✕ ✠ ✣ ☛ ☎✣ ✙

✛ ☛ ☎★✩ ☎✪ ✌ ✠✣✦
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❣✠ ❉✡☛☞✌✍✎ f (– 1) = 1 = f (1), ❜✏✍✑✒  f ✒✥✓✔✎✕

✉✖✕✌ ✖✓✗ ✘✙✉✚ ✏✖✘✛☛✌✜ R ✎☛ ❞✥✡✥ ✢✣✤ ✘✛☛✌✜ R ✥☞✔

✍✎✏✕ ❢☛✕ ❞✥✡✥ x ✎☛ ✘✛✍✜✍✦✌✦ ✉✖✕✌ ✖✓ ✧❉✡☛☞✌★✩✗

❞✜✚ f ❞☛✪✫☛✬✎ ✉✖✕✌ ✖✓✗

♠✭✮❣✯✰✮ 12  ✍✏✱ ✎✕✍✲✒ ✍✎ ✉✕✳☞ ✘✍✴❢☛☛✍✵☛✜ ✘✔✑✉

f : N ✶ N, ✒✥✓✔✎✕ ✜✷☛☛ ❞☛✪✫☛✬✎ ✬☛☞✉☛☞✌ ✖✕ ✖✓

f x
x x

x x
( )

,

,
❂

✸

❾

✹
✺
✻

✼✻

1

1

❀✽♥ ✽♦✾❦❡ ✿❙

❀✽♥ ❁❡ ✿❙

❣✠   ❃☛✉ ✑✕✍✲✒  f (x
1
) = f (x

2
) ✖✓✗ ✉☛☞❄ ✎✕✍✲✒ ✍✎ ✡✍✬ x

1
 ✍✥✵☛❃ ✖✓ ✜✷☛☛ x

2
 ✏❃ ✖✓✤ ✜☛☞ x

1
 + 1

= x
2
 – 1, ❞✷☛☛✈✜❅ x

2
 – x

1
 = 2 ✲☛☞ ❞✏t❢☛✥ ✖✓✗ ❜✏ ✘✛✎☛✴ x

1
 ✥☞✔ ✏❃ ✜✷☛☛ x

2
 ✥☞✔ ✍✥✵☛❃ ✖☛☞✉☞ ✎✕ ❢☛✕

✏✌❢☛☛✥✉☛ ✉✖✕✌ ✖✓✗ ❜✏✍✑✒ x
1
 ✜✷☛☛ x

2
 ✬☛☞✉☛☞✌ ✖✕ ✡☛ ✜☛☞ ✍✥✵☛❃ ✖☛☞✌❆☞ ✡☛ ✏❃ ✖☛☞✌❆☞✗ ❃☛✉ ✑✕✍✲✒ ✍✎ x

1

✜✷☛☛ x
2
 ✬☛☞✉☛☞✌ ✍✥✵☛❃ ✖✓✌✤ ✜☛☞ f (x

1
) = f (x

2
) ❇ x

1
 + 1 = x

2
 + 1 ❇ x

1
 = x

2
. ❜✏✕ ✘✛✎☛✴ ✡✍✬ x

1
 ✜✷☛☛

x
2
 ✬☛☞✉☛☞✌ ✏❃ ✖✓✌✤ ✜☛☞ ❢☛✕ f (x

1
) = f (x

2
) ❇ x

1
 – 1 = x

2
 – 1 ❇ x

1
 = x

2
❈ ❞✜✚ f  ✒✥✓✔✎✕ ✖✓✗ ✏☛✷☛ ✖✕

✏✖✘✛☛✌✜ N ✎✕ ✎☛☞❜✈ ❢☛✕ ✍✥✵☛❃ ✏✌❊✡☛ 2r + 1, ✘✛☛✌✜ N ✎✕ ✏✌❊✡☛ 2r + 2 ✎☛ ✘✛✍✜✍✦✌✦ ✖✓ ❞☛✓✴ ✏✖✘✛☛✌✜

N ✎✕ ✎☛☞❜✈ ❢☛✕ ✏❃ ✏✌❊✡☛ 2r,  N ✎✕ ✏✌❊✡☛ 2r – 1 ✎☛ ✘✛✍✜✍✦✌✦ ✖✓✗ ❞✜✚ f ❞☛✪✫☛✬✎ ✖✓✗

♠✭✮❣✯✰✮ 13 ✍✏✱ ✎✕✍✲✒ ✍✎ ❞☛✪✫☛✬✎ ✘✔✑✉ f : {1, 2, 3} ✶ {1, 2, 3} ✏✬✓✥ ✒✥✓✔✎✕ ✘✔✑✉ ✖☛☞✜☛ ✖✓✗

❣✠ ❃☛✉ ✑✕✍✲✒ ✍✎ f ✒✥✓✔✎✕ ✉✖✕✌ ✖✓✗ ❞✜✚ ❜✏✥☞✔ ✘✛☛✌✜ ❃☞✌ ✎❃ ✏☞ ✎❃ ✬☛☞ ❞✥✡✥ ❃☛✉ ✍✑✡☛ ✍✎

❋ ✜✷☛☛ ✣ ✎☛ ❞✍●✜❍✥ ✖✓ ✍✲✉✥☞✔ ✏✖✘✛☛✌✜ ❃☞✌ ✘✛✍✜✍✦✌✦ ✏❃☛✉ ✖✓✗ ✏☛✷☛ ✖✕ f ✥☞✔ ❞✌✜❆✈✜ ■ ✎☛ ✘✛✍✜✍✦✌✦

✥☞✔✥✑ ✒✎ ✖✕ ❞✥✡✥ ✖✓✗ ❞✜✚✤ ✘✍✴✏✴ ❃☞✌✤ ✏✖✘✛☛✌✜ {1, 2, 3} ✥☞✔✤ ❞✍❏✎✜❃ ✬☛☞ ✖✕ ❞✥✡✥ ✖☛☞ ✏✎✜☞

✖✓✌✤ ✍✲✏✏☞ ✘✛✎❄ ✖☛☞✜☛ ✖✓ ✍✎  f  ❞☛✪✫☛✬✎ ✉✖✕✌ ✖✓✤ ✲☛☞ ✍✎ ✒✎ ✍✥✴☛☞❏☛☞✍❉✜ ✖✓✗ ❞✜✚ f  ✎☛☞ ✒✥✓✔✎✕

✖☛☞✉☛ ✖✕ ✳☛✍✖✒✗

♠✭✮❣✯✰✮ 14 ✍✏✱ ✎✕✍✲✒ ✍✎ ✒✎ ✒✥✓✔✎✕ ✘✔✑✉  f : {1, 2, 3} ✶ {1, 2, 3}❞✍✉✥☛✡✈ ❑✘ ✏☞

❞☛✪✫☛✬✎ ❢☛✕ ✖✓✗

❣✠ ✳▲▼✍✎ f ✒✥✓✔✎✕ ✖✓✤ ❜✏✍✑✒ {1, 2, 3} ✥☞✔ ✜✕✉ ❞✥✡✥ f  ✥☞✔ ❞✌✜❆✈✜ ✏✖✘✛☛✌✜ {1, 2, 3}  ✥☞✔ ✜✕✉

❞✑❆✢❞✑❆ ❞✥✡✥☛☞✌ ✏☞ ◆❃❖☛✚ ✏✌✦✌✍❏✜ ✖☛☞✌❆☞✗ ❞✜✚  f  ❞☛✪✫☛✬✎ ❢☛✕ ✖✓✗

P◗❘❚❯❱❲   ❳✬☛✖✴❨☛ ❋■ ✜✷☛☛ ❋❩ ❃☞✌ ✘✛☛❬✜ ✘✍✴❨☛☛❃ ✍✎✏✕ ❢☛✕ ●✥☞✪✫ ✘✍✴✍❃✜ (finite) ✏❃✙✪✳✡ X, ✥☞✔

✍✑✒ ✏❍✡ ✖✓✤ ❞✷☛☛✈✜❅ ✒✎ ✒✥✓✔✎✕ ✘✔✑✉ f : X ✶ X  ❞✍✉✥☛✡✈✜✚ ❞☛✪✫☛✬✎ ✖☛☞✜☛ ✖✓ ✜✷☛☛ ✘✛❍✡☞✎

✘✍✴✍❃✜ ✏❃✙✪✳✡  X  ✥☞✔ ✍✑✒ ✒✎ ❞☛✪✫☛✬✎ ✘✔✑✉  f : X ✶ X ❞✍✉✥☛✡✈✜✚ ✒✥✓✔✎✕ ✖☛☞✜☛ ✖✓✗ ❜✏✥☞✔

❭❪❫❴❵❛❝ ❤✐❥
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❢☎✆✝✞✟ ✠ ✡☛ ☞ ✝✌☛ ✍ ✟ ✎☛☛ ✏ ✑ ✒✓ ✔ ✆✕✖ ☞☛ ✓✟ ☛ ☞ ✗ ❢ ✘ ❢ ✘✒✞ ✙ ✆❢ ✝❢✚✟ (Infinite) ✒✚ ✥✛✜✢ ☎✓✣ ❢ ✤✦ ✢☞

✒☞ ✞ ❧☞ ✞✧ ★☛ ✞ ☞☛ ✓ ✒✘✟☛ ☞ ✗✩ ☎☛ ✔✟ ☎ ✚✓✧ ✢☞ ✆❢✝❢✚✟ ✟✎☛☛ ✙ ✆❢✝❢✚✟ ✒✚ ✥✛✜✢☛ ✓✧ ☎✓✣ ✪✞✜ ✦✘ ✙❢★☛ ✤✫☛❢ ✌☛ ✘

(characteristic) ✙ ✧✟ ✝ ☞ ✗✩

✐✬✭✮✯ ✰✱✲ ✳✴ ✵

1. ❢ ✒✶ ✘✞❢✷✦ ❢ ✘ f (x) = 
1

x
 ⑥☛ ✝☛ ✆❢ ✝★☛ ☛ ❢✕☛ ✟ ✆✣✤ ❧  f : R✸✸✸✸✸ ✹ R✸✸✸✸✸ ✦ ☎✗✣✘✞ ✟ ✎☛ ☛ ✙ ☛✛ ✺☛ ✡ ✘

☞ ✗❣ ✷☞☛ ✻ R✸✸✸✸✸ ✒★☛ ✞ ✼ ✌☛ ✓✟ ✝ ☎☛ ✔✟❢ ☎✘ ✒✧✽✢ ☛ ✙☛ ✓✧ ✘☛ ✒✚ ✥✛✜✢ ☞ ✗✩ ✢❢ ✡ ✆✾☛ ✧✟ R✸✸✸✸✸ ✘☛ ✓ N ✒✓ ✪✡ ✤

❢ ✡✢☛ ✷☛ ✦❣ ✷ ✪ ❢ ✘ ✒☞ ✆✾☛ ✧✟ ✆✿ ☎❀ ☎✟ R✸✸✸✸✸☞ ✞ ✝☞ ✓❣ ✟ ☛ ✓ ★☛ ✞ ❁✢☛ ✢☞ ✆❢✝✌☛ ☛ ✚ ✒❂✢ ☞ ☛ ✓❃☛ ❄

2. ❢ ❧❅ ❧❢✤❢✽ ☛✟ ✆✣✤❧☛ ✓✧ ✘✞ ✦ ☎✗ ✣✘ ❆Injective❇ ✟ ✎☛ ☛ ✙☛ ✛ ✺☛ ✡ ✞ ❆Surjective❇ ❃ ✥✌☛ ☛ ✓ ✧ ✘✞ ✷☛ ✻✜

✘✞❢✷✦ ❞

(i) f (x) = x2    ⑥☛ ✝☛ ✆✾ ✡❈☛    f : N ✹ N ✆✣✤ ❧ ☞ ✗✩

(ii) f (x) = x2    ⑥☛ ✝☛ ✆✾ ✡❈☛    f : Z ✹ Z ✆✣✤❧ ☞ ✗✩

(iii) f (x) = x2    ⑥☛ ✝☛ ✆✾ ✡❈☛    f : R ✹ R ✆✣✤ ❧ ☞ ✗✩

(iv) f (x) = x3    ⑥☛ ✝☛ ✆✾ ✡❈☛    f : N ✹ N ✆✣✤ ❧ ☞ ✗✩

(v) f (x) = x3    ⑥☛ ✝☛ ✆✾ ✡❈☛    f : Z ✹ Z ✆✣✤❧ ☞ ✗✩

3. ❢ ✒✶ ✘✞❢✷✦ ❢ ✘  f (x) = [x] ⑥☛ ✝☛ ✆✾✡ ❈☛ ✚☞ ❈☛ ✚ ✆✿✌☛ ☛ ❉ ✘ ✆✣✤ ❧  f : R ✹ R, ❧ ✟☛ ✓ ✦ ☎✗✣✘✞ ☞ ✗

✙ ☛ ✗ ✝ ❧ ✙ ☛ ✛ ✺ ☛ ✡ ✘ ☞ ✗ ❣ ✷ ☞ ☛ ✻ [x], x  ✒ ✓ ✘✚ ✢ ☛ ✠ ✒ ☎ ✓ ✣ ✪ ✝☛ ✪ ✝ ✚ ☞ ❈ ☛ ✚ ✆ ✿ ✌☛ ☛ ❉ ✘ ✘☛ ✓ ❢ ❧ ❊❢ ✆ ✟

✘ ✝✟ ☛ ☞ ✗✩

4. ❢ ✒✶ ✘✞❢✷✦ ❢ ✘ f (x) = | x | ⑥☛ ✝☛ ✆✾✡ ❈☛ ✚ ☛ ✆☛ ✧✘ ✆✣✤❧  f : R ✹ R, ❧ ✟ ☛ ✓ ✦ ☎✗✣✘✞ ☞ ✗ ✙☛ ✗✝

❧ ✙ ☛ ✛ ✺ ☛ ✡ ✘ ☞ ✗❣ ✷ ☞ ☛ ✻ | x | ✪ ✝☛ ✪ ✝ x, ✢ ❢ ✡ x ❋ ❧ ✢ ☛ ● ☛ ✿ ❍✢ ☞ ✗ ✟ ✎ ☛ ☛ | x | ✪ ✝ ☛ ✪ ✝ – x, ✢ ❢ ✡

x ✼ ✌☛ ☞ ✗✩

5. ❢ ✒✶ ✘✞❢✷✦ ❢ ✘  f : R ✹ R,

1, 0

( ) 0, 0

–1, 0,

x

f x x

x

■ ❏♥

■ ❏♥

■ ❏♥

⑥☛ ✝☛ ✆✾✡ ❈☛ ❢✜☞ ❑❧ ✆✣✤ ❧ ❧ ✟ ☛ ✓ ✦ ☎✗✣✘✞ ☞ ✗ ✙☛ ✗✝ ❧ ✙☛ ✛ ✺☛ ✡ ✘ ☞ ✗✩

6. ✚☛ ❧ ✤ ✞❢✷✦ ❢✘ A = {1, 2, 3}, B = {4, 5, 6, 7} ✟ ✎☛ ☛  f = {(1, 4), (2, 5), (3, 6)} A ✒✓  B

✟ ✘ ✦ ✘ ✆✣✤ ❧ ☞ ✗✩ ❢ ✒✶ ✘✞❢✷✦ ❢ ✘ f ✦☎✗✣✘✞ ☞ ✗✩
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7. ❢✠✡ ✠❢☛ ❢☞ ✌ ✍ ✎✏✑ ✒✏ ✓✔✕ ✖ ✏✗ ❢✘ ✙✌ ❢✍ ✎✏✑ ✚ ✍ ☛✌ ✛✜ ❢✗ ✢ ✖✌ ❢✣✜ ✤✥✜ ✓✦ ☛✠ ✜ ✧★✦✗✩✪ ✫ ✌✬✭ ✌ ✣✗

✫ ✙✌✧✌ ✜ ✧★✦✗✩ ✫✌ ✬✭✌ ✣✩ (bijective) ✤ ★✑ ✮ ✫✓ ✠ ✏ ✯✰ ✌✱ ✗ ✌ ✫✌ ★❢✲✕ ✖ ✳ ✌✩ ✚ ✍ ☛ ✌✛✜ ✮

(i) f (x) = 3 – 4x ⑥ ✌✱✌ ✓ ❢✱✳ ✌ ✌❢✴✌ ✍ ✓✦ ☛ ✠  f : R ✵ R ✤★✮

(ii) f (x) = 1 + x2  ⑥ ✌✱✌ ✓ ❢✱✳ ✌✌ ❢✴✌ ✍ ✓✦ ☛✠ f : R ✵ R ✤ ★✮

8. ✎✌ ✠ ☛✩❢❡✜ ❢✗ A ✍ ✙✌ ✌ B ✣ ✌✏ ✒✎✥✬✲ ✖ ✤★✑ ✮ ❢✒♥ ✗✩ ❢❡✜ ❢✗ f : A × B ✵ B × A, ✛ ✒ ✓✔✗ ✌✱

❢✗ f (a, b) = (b, a) ✜✗ ✜✧★✦✗✩ ✫✌ ✬✭✌ ✣✩ (bijective) ✓✦ ☛ ✠ ✤ ★✮

9. ✎✌ ✠ ☛✩ ❢❡✜ ❢✗ ✒✎✘ ✍ n ✶ N ✧✏✦ ❢☛✜✪  f (n) = 

1
,

2

,
2

n
n

n
n

❀ ✷✸ ✷♦✹❦✺ ❣❙

❀ ✷✸ ✻✺ ❣❙

⑥ ✌✱ ✌ ✓ ❢✱✳ ✌ ✌ ❢✴✌✍ ✜✗ ✓✦ ☛ ✠  f : N ✵ N ✤ ★✮ ✚ ✍ ☛ ✌✛✜ ❢✗ ✢ ✖✌ ✓✦☛ ✠ f ✜✧★✦✗✩ ✫ ✌✬✭ ✌ ✣✩

(bijective) ✤ ★✮ ✫✓ ✠ ✏ ✯✰ ✌✱ ✗ ✌ ✫✌ ★❢✲✕ ✖ ✳ ✌✩ ✚ ✍☛ ✌ ✛✜ ✮

10. ✎✌ ✠ ☛✩ ❢❡✜ ❢✗ A = R – {3} ✍✙ ✌✌ B = R – {1} ✤ ★✑ ✮ f (x) = 
2

3

x

x

✼✽ ✾
✿ ❁

✼❂ ❃
⑥ ✌✱ ✌ ✓ ❢✱✳ ✌ ✌ ❢✴✌ ✍ ✓✦ ☛ ✠

f : A ✵ B ✓✱ ❢✧✲ ✌✱ ✗✩ ❢❡✜✮ ✢ ✖✌ f ✜✧★✦✗✩ ✍✙✌ ✌ ✫✌ ✬✭✌ ✣✗ ✤ ★❄ ✫✓ ✠✏ ✯✰ ✌✱ ✗ ✌ ✫✌ ★❢✲✕ ✖

✳ ✌✩ ✚ ✍☛ ✌ ✛✜ ✮

11. ✎✌ ✠ ☛✩ ❢❡✜ ❢✗  f : R ✵ R ,  f(x) = x4 ⑥ ✌✱ ✌ ✓ ❢✱✳ ✌ ✌ ❢✴✌ ✍ ✤★✮ ✒✤✩ ✯✰ ✌✱ ✗ ✌ ✲ ✖ ✠ ✗✩❢❡✜ ✮

(A) f ✜ ✧★✦✗✩ ✫✌ ✬✭✌ ✣✗ ✤ ★        (B) f ✚ ✤✥✜✗ ✫✌ ✬✭ ✌✣✗ ✤★

(C) f ✜✧★✦✗✩ ✤ ★ ❅✗ ✍✥ ✫✌ ✬✭ ✌ ✣✗ ✠ ✤✩✑ ✤★  (D) f ✠ ✍ ✌✏ ✜ ✧★✦✗✩ ✤★ ✫✌ ★✱ ✠ ✫✌ ✬✭✌ ✣✗ ✤★✮

12. ✎✌ ✠ ☛✩ ❢❡✜ ❢✗ f (x) = 3x ⑥ ✌✱✌ ✓ ❢✱✳ ✌ ✌❢✴✌ ✍ ✓✦ ☛ ✠  f : R ✵ R ✤★ ✮ ✒✤✩ ✯✰ ✌✱ ✲ ✥ ❢✠✜❆

(A) f  ✜✧★✦✗✩ ✫✌ ✬✭ ✌✣✗ ✤★ (B) f ✚ ✤✥✜✗ ✫✌ ✬✭ ✌✣✗ ✤★

(C) f ✜ ✧★✦✗✩ ✤ ★ ✓✱✑ ✍✥ ✫✌ ✬✭✌ ✣✗ ✠ ✤✩✑ ✤★ (D) f ✠ ✍✌ ✏ ✜ ✧★✦✗✩ ✤ ★ ✫✌ ★✱ ✠ ✫✌ ✬✭ ✌✣✗ ✤★

1.4  ✐❇ ❈❉❊ ❋● ❍❊ ■●❏❊ ❋❑❉ ▲ ▼❊ ❊ ◆❏ ❖P◗❘ ❚❊ ❯❏ ✐ ❇ ❈❉ (Composition of Functions and

Invertible Function)

✛✒ ✫ ✠✥ ✬✭✏ ✣ ✎✏✑ ✤ ✎ ✣ ✌ ✏ ✓✦ ☛ ✠✌ ✏✑ ✧✏✦ ✒✑ ✖ ✌ ✏❡✠ ✍ ✙✌ ✌ ❢✗✒✩ ✜ ✧★✦✗✩ ✫✌ ✬✭ ✌ ✣✩ (bijective) ✓✦ ☛✠ ✧✏✦

✓✔ ❢✍ ☛ ✌✏ ✎ (Inverse) ✗ ✌ ✫❱ ✖✖ ✠ ✗✱ ✏✑ ❲✏✮ ✒✠❳ ❨ ❩ ❩❬ ✗✩ ❢✗✒✩ ✚ ✌ ✏❭ ❪ ❫✓ ❢✱ ✴✌ ✣❳❳ ❴ ✗✩ ✗❵ ✌ ✌ X ✗✩ ✓✱✩❵ ✌ ✌

✎✏✑ ✚ ★❛ ✲ ✥✧✏✦ ✒✳ ✌✩ ❢✧❜✌ ❢✙✌❪ ✖✌ ✏✑ ✧✏✦ ✒✎✥ ✬✲ ✖  A ✓✱ ❢✧✲ ✌✱ ✗✩❢❡✜ ✮ ✚ ✌ ✏❭ ❪ ✗✩ ✓✱✩❵ ✌ ✌ ✎✏✑ ✚ ★❛ ✠ ✏ ✧✌☛ ✏ ✓✔ ✕ ✖✏✗

❢✧❜✌✙✌✩❪ ✗✌ ✏ ✚ ✌ ✏❭❪ ⑥ ✌✱✌ ✜✗ ✱ ✌✏☛ ✠✑✚✱ ❢✣ ✖✌ ❡✌ ✍✌ ✤★✪ ❢❡✒✏ ❢✧❜✌ ✙✌✩❪ ✓✱✩❵ ✌ ✌ ✧✏✦ ✒✎✖ ✫✓✠✩ ✯✰ ✌✱ ✓ ✥❢✘ ✍✗ ✌

✓✱ ❢☛☞ ✌ ✍✌ ✤ ★✮ ❲✌ ✏✓ ✠✩ ✖✍ ✌ ✱☞ ✌ ✠ ✏ ✧✏✦ ❢☛✜ ✚ ✌ ✏❭ ❪ ❢✧❜✌ ❢✙✌❪ ✖✌ ✏✑ ✧✏✦ ✱ ✌ ✏☛ ✠✑ ✚✱ ✌ ✏✑ ✗ ✌ ✏ ❢✧❝✓ (deface) ✗✱✧✏✦✪
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✐☎✆✝✞✟ ✠✡✞☛ ☞✌✍✠ ✟✡✞ ✎✟ ☞✟☛✏ ✑✌✡✒✞✓✔✕✟ ☞✌✍✠ (Fake Code Number) ✥✞✌ ✍✖☛ ✖✞✕✡ ✗✘✌✙ ✥✡☞

☛✏✔②✎ ✔✟ B ✚ N ✑✥❧✕ ✠✡✞☛ ☞✌✍✠✡✞✌ ✟✡ ✑✥✛✜✢✝ ✗✘✣ ✕✤✡✡ C ✚ N ✑✥❧✕ ✑✡✌✒✞✓✔✕✟ ☞✌✍✠✡✞✌ ✟✡

✑✥✛✜✢✝ ✗✘✙ ✦✑✑✞ ✖✡✞ ✐✓☛☞ f : A ✧ B ✕✤✡✡  g : B ✧ C ✍☞✕✞ ✗✘✌ ②✡✞ ❝✥★✡✩ f (a) = ✔✒❢✡✤✡✏✪ a

✟✡✞ ✔✖✝✡ ❞✝✡ ✠✡✞☛ ☞✌✍✠ ✕✤✡✡ g (b) = ✠✡✞☛ ☞✌✍✠ b ✟✡✞ ✍✖☛ ✟✠ ✔✖✝✡ ❞✝✡ ✑✡✌✒✞✓✔✕✟ ☞✌✍✠✣ ✫✡✠✡

✐✔✠✬✡✡✔✭✡✕ ✗✘✌✙ ✦✑ ✐☎✔❝✝✡ ✥✞✌ ✐✓☛☞ f ✫✡✠✡ ✐☎✆✝✞✟ ✔✒❢✡✤✡✏✪ ✒✞✓ ✔☛✎ ✎✟ ✠✡✞☛ ☞✌✍✠ ✔☞✮✡✪✔✠✕ ✗✡✞✕✡ ✗✘

✕✤✡✡ ✐✓☛☞ g ✫✡✠✡ ✐☎✆✝✞✟ ✠✡✞☛ ☞✌✍✠ ✒✞✓ ✔☛✎ ✎✟ ✑✡✌✒✞✓✔✕✟ ☞✌✍✠ ✔☞✮✡✪✔✠✕ ✗✡✞✕✡ ✗✘✙ ⑥✕✩ ✦☞ ✖✡✞☞✡✞✌

✐✓☛☞✡✞✌ ✒✞✓ ✑✌✝✡✞②☞ ✑✞ ✐☎✆✝✞✟ ✔✒❢✡✤✡✏✪ ✟✡✞ ⑥✌✕✕✩ ✎✟ ✑✡✌✒✞✓✔✕✟ ☞✌✍✠ ✑✞ ✑✌✍✌✮ ✟✠ ✔✖✝✡ ②✡✕✡ ✗✞✙

✦✑✑✞ ✔☞❜☞✔☛✔✯✡✕ ✐✔✠✬✡✡✭✡✡ ✐☎✡✰✕ ✗✡✞✕✏ ✗✘✙

✱✲✳✴✵✵✶✵✵ 8 ✥✡☞ ☛✏✔②✎ ✔✟ f : A ✧ B ✕✤✡✡ g : B ✧ C ✖✡✞ ✐✓☛☞ ✗✘✌✙ ✕✍ f ⑥✡✘✠ g ✟✡ ✑✌✝✡✞②☞✣

gof ✫✡✠✡ ✔☞✷✔✐✕ ✗✡✞✕✡ ✗✘✣ ✕✤✡✡ ✐✓☛☞ gof : A ✧ C, gof (x) = g (f (x)), ✸  x ✹ A ✫✡✠✡

✐✔✠✬✡✡✔✭✡✕ ✗✡✞✕✡ ✗✘✙

✈✺✻✼✽✾✿ ❀❁❂

♠❃✵❄✳❅✵ 15 ✥✡☞ ☛✏✔②✎ ✔✟ f : {2, 3, 4, 5} ✧ {3, 4, 5, 9} ⑥✡✘✠ g : {3, 4, 5, 9} ✧ {7, 11, 15}

✖✡✞ ✐✓☛☞ ✦✑ ✐☎✟✡✠ ✗✘✌ ✔✟ f (2) = 3, f (3) = 4, f (4) =  f (5) = 5 ⑥✡✘✠ g (3) = g (4) = 7 ✕✤✡✡

g (5) =  g (9) = 11, ✕✡✞ gof ❆✡✕ ✟✏✔②✎✙

❄❣  ✝✗✡❇ gof (2) =  g (f (2)) = g (3) = 7, gof (3) =  g (f (3)) = g (4) = 7, gof (4) =  g (f (4))

= g (5) = 11 ⑥✡✘✠ gof (5) =  g (5) = 11.

♠❃✵❄✳❅✵ 16 ✝✔✖ f : R ✧ R ✕✤✡✡ g : R ✧ R ✐✓☛☞ ❝✥★✡✩ f (x) = cos x ✕✤✡✡ g (x) = 3x2 ✫✡✠✡

✐✔✠✬✡✡✔✭✡✕ ✗✘ ✕✡✞ gof ⑥✡✘✠ fog ❆✡✕ ✟✏✔②✎✙ ✔✑❑ ✟✏✔②✎ gof  ❈ fog.

❄❣ ✝✗✡❇ gof (x) =  g (f (x)) = g (cos x) = 3 (cos x)2 = 3 cos2 x. ✦✑✏ ✐☎✟✡✠, fog (x) =

f (g (x)) =  f (3x2) = cos (3x2) ✗✘✌✙ ☞✡✞❉ ✟✏✔②✎ ✔✟ x = 0 ✒✞✓ ✔☛✎ 3cos2 x ❈ cos 3x2 ✗✘✙ ⑥✕✩
gof ❈ fog.

♠❃✵❄✳❅✵ 17 ✝✔✖
3 4

( )
5 7

x
f x

x

❊
❋

●
 ✫✡✠✡ ✐✔✠✬✡✡✔✭✡✕ ✐✓☛☞

7 3
:

5 5
f

❍ ■ ❍ ■
❏ ▲ ❏▼ ◆ ▼ ◆
❖ P ❖ P

R R ✕✤✡✡

7 4
( )

5 3

x
g x

x

◗
❘

❙
 ✫✡✠✡ ✐✔✠✬✡✡✔✭✡✕ ✐✓☛☞ 

3 7
:

5 5
g

❚ ❯ ❚ ❯
❱ ❲ ❱❳ ❨ ❳ ❨
❩ ❬ ❩ ❬

R R   ✐☎✖❭✡ ✗✘✌✣ ✕✡✞ ✔✑❑ ✟✏✔②✎ ✔✟
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fog = I
A 
r✠✡✡ gof = I

B
, ❜☛ ☞✌✍✡✎ ✏✍ I

A
 (x) = x, ✑ x ✒ A ✈✡✓✎ I

B
 (x) = x, ✑ x ✒ B,  t✔✡✕

A = R – 
3

5

✖ ✗
✘ ✙
✚ ✛

, B = R – 
7

5

✜ ✢
✣ ✤
✥ ✦

✔✓❣✧  I
A 
r✠✡✡ I

B 
✍✡❞ ★✩✪✡✫ ☛✩✬✭✮✯ A r✠✡✡ B ☞✎ r✐☛✩✍ (Identity)

☞✰✱✲ ✍✔r❞ ✔✓❣✧

✳✴  ✯✔✡✕ ☞✎

(3 4)
7 4

(5 7)3 4
( )

(3 4)5 7
5 3

(5 7)

x

xx
gof x g

xx

x

✵✶ ✷
✵✸ ✹✺✵✶ ✷ ✻ ✼✽ ✽✸ ✹

✵✺✻ ✼ ✶ ✷
✺✸ ✹✺✻ ✼

 = 
21 28 20 28 41

15 20 15 21 41

x x x
x

x x

✾ ✾ ✿
❀ ❀

✾ ✿ ✾

❜☛❁ ☞✌✍✡✎❂ 

(7 4)
3 4

(5 3)7 4
( )

(7 4)5 3
5 7

(5 3)

x

xx
fog x f

xx

x

✵✶ ✷
✵✸ ✹✺✵✶ ✷ ✻ ✼✽ ✽✸ ✹

✵✺✻ ✼ ✶ ✷
✺✸ ✹✺✻ ✼

 = 
21 12 20 12 41

35 20 35 21 41

x x x
x

x x

❃ ❃ ❄
❅ ❅

❃ ❄ ❃

✈r✫  gof (x) = x, ✑ x ✒ B ✈✡✓✎  fog (x) = x, ✑ x ✒ A, ✏t☛✍✡ r✡✐☞✯❢ ✯✔ ✔✓ ✏✍

gof = I
B
 ✈✡✓✎ fog = I

A
.

♠❆❇✳❈❉❇ 18 ✏☛❊ ✍❁✏t❋ ✏✍ ✯✏● f : A ❍ B r✠✡✡ g : B ❍ C ❋■✓✰✍❁ ✔✓❣❂ r✡❞ gof : A ❍ C

❏✡❁ ❋■✓✰✍❁ ✔✓✧

✳✴ gof (x
1
) = gof (x

2
)

❑ g (f (x
1
)) = g(f (x

2
))

❑ f (x
1
) = f (x

2
), ▲✯✡❞❣✏✍ g ❋■✓✰✍❁ ✔✓

❑ x
1
 = x

2
, ▲✯✡❞❣✏✍ f ❋■✓✰✍❁ ✔✓

✈r✫ gof  ❏✡❁ ❋■✓✰✍❁ ✔✓✧

♠❆❇✳❈❉❇ 19 ✏☛❊ ✍❁✏t❋ ✏✍ ✯✏●  f : A ❍ B r✠✡✡  g : B ❍ C ✈✡✭▼✡●✍ ✔✓❣❂ r✡❞ gof : A ❍C

❏✡❁ ✈✡✭▼✡●✍ ✔✓✧

✳✴  ✩✡✲ ✱❁✏t❋ ✏✍ ❋✍ ❡■❞✭▼ ✈■✯■ z ✒ C ✔✓✧  g ■❞✰ ✈❣r♦❢r z ■❞✰ ❋✍ ☞◆■❢ ☞✌✏r✏❖❣❖

(Pre-image) y ✒ B ✍✡ ✈✏❡r✐■ ❜☛ ☞✌✍✡✎ ✔✓ ✏✍❂ g (y) = z, ▲✯✡❞❣✏✍ g ✈✡✭▼✡●✍ ✔✓✧ ❜☛❁ ☞✌✍✡✎

y ✒ B ■❞✰ ✏✱❋ A  ✩❞❣ ❋✍ ✈■✯■ x ✍✡ ✈✏❡r✐■ ❜☛ ☞✌✍✡✎ ✔✓ ✏✍❂ f (x) = y, ▲✯✡❞❣✏✍ f ✈✡✭▼✡●✍

✔✓✧ ✈r✫ gof (x) = g (f (x)) = g (y) = z, ✏t☛☛❞ ☞✌✩✡✏P✡r ✔✡❞r✡ ✔✓ ✏✍  gof ✈✡✭▼✡●✍ ✔✓✧
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♠☎✆✝✞✟✆ 20  f ✥✠✡✡ g ✱☛☞☛ ✌✡☛ ✍✎✏✑✡☛✒ ✍✓ ✔✕✖✡✓ ✗✘✔✙✱ ✔✗ gof ✍✔✓✚✡✡✔✛✡✥ ✜✢ ✥✠✡✡ ✱✕✢✎✗✘ ✜✢✣

❉✤✡ f ✥✠✡✡ g ✌✡☛✑✡☛✒ ♥✔✑✕✡✤✦✥✧ ✱✕✢✎✗✘ ✜✢✒★

✝❣ ✍✎✏✑  f : {1, 2, 3, 4} ✩ {1, 2, 3, 4, 5, 6} f (x) = x, ✪ x ⑥✡✓✡ ✍✔✓✚✡✡✔✛✡✥ ♥✡✢✓ g (x) = x,

x = 1, 2, 3, 4 ✥✠✡✡ g (5) = g (6) = 5 ⑥✡✓✡ ✍✔✓✚✡✡✔✛✡✥ g : {1, 2, 3, 4, 5, 6} ✩ {1, 2, 3, 4, 5, 6} ✍✓

✔✕✖✡✓ ✗✘✔✙✱✣ ✤✜✡❢ gof : {1, 2, 3, 4} ✩ {1, 2, 3, 4, 5, 6} ✍✔✓✚✡✡✔✛✡✥ ✜✢ ✥✠✡✡  gof (x) = x, ✪ x,

✔✙☞☞☛ ✍✫✬✡✔✭✡✥ ✜✡☛✥✡ ✜✢ ✔✗ gof ✱✕✢✎✗✘ ✜✢✣ ✮✗✥✯ g ▲✍✛✰✥✤✡ ✱✕✢✎✗✘ ✑✜✘✒ ✜✢✣

♠☎✆✝✞✟✆ 21 ✤✔✌ gof  ♥✡✈✲✌✗ ✜✢✳ ✥✡☛ ❉✤✡  f ✥✠✡✡ g ✌✡☛✑✡☛✒ ♥✔✑✕✡✤✦✥✧ ♥✡✈✲✡✌✗ ✜✢✒?

✝❣   f : {1, 2, 3, 4} ✩ {1, 2, 3, 4} ✥✠✡✡  g : {1, 2, 3, 4} ✩ {1, 2, 3} ✍✓ ✔✕✖✡✓ ✗✘✔✙✱✳ ✙✡☛✳

Ø✬✴✡✧  f (1) = 1, f (2) = 2,  f (3) = f (4) = 3, g (1) = 1, g (2) = 2 ✥✠✡✡ g (3) = g (4) = 3. ⑥✡✓✡

✍✔✓✚✡✡✔✛✡✥ ✜✢✒✣ ✤✜✡❢ ☞✓✏✥✡ ☞☛ ✌☛✐✡✡ ✙✡ ☞✗✥✡ ✜✢ ✔✗  gof  ♥✡✈✲✡✌✗ ✜✢✳ ✮✗✥✯ f ♥✡✈✲✡✌✗ ✑✜✘✒ ✜✢✣

✵✶✷✸✹✺✻  ✤✜ ☞❀✤✡✔✍✥ ✔✗✤✡ ✙✡ ☞✗✥✡ ✜✢ ✔✗ ✼✤✡✍✗ ✽✍ ☞☛ gof  ✕☛✎ ✱✕✢✎✗✘ ✜✡☛✑☛ ✗✡ ✥✡❀✍✤✦ ✜✢

✔✗ f ✱✕✢✎✗✘ ✜✡☛✥✡ ✜✢✣ ✾☞✘ ✍✫✗✡✓ gof ♥✡✈✲✡✌✗ ✜✡☛✑☛ ✗✡ ✥✡❀✍✤✦ ✜✢ ✔✗ g ♥✡✈✲✡✌✗ ✜✡☛✥✡ ✜✢✣

♥✿ ✜✬ ✾☞ ♥✑✯✈✲☛✌ ✕☛✎ ✍✫✡✓✒✚✡ ✬☛✒ ✿✡☛❁✦ ✗✘ ✍✓✘❂✡✡ ✕☛✎ ☞✒✌✚✡✦ ✬☛✒ ✕✔✭✡✦✥ ✍✎✏✑ f ♥✡✢✓ g ✍✓ ✿✡✓✘✗✘

☞☛ ✔✕✖✡✓ ✗✓✑✡ ✖✡✜✥☛ ✜✢✒✣ ✿✡☛❁✦ ✗✘ ✗❂✡✡ X ✗✘ ✍✓✘❂✡✡ ✬☛✒ ✿✢❞✑☛ ✕✡✏☛ ✍✫❀✤☛✗ ✔✕❃✡✠✡✘✦ ✗✡☛ ✍✎✏✑ f

✕☛✎ ♥✒✥♦✦✥ ✱✗ ✓✡☛✏ ✑✒✿✓ ✍✫✌✡✑ ✔✗✤✡ ✙✡✥✡ ✜✢ ♥✡✢✓ ✍✫❀✤☛✗ ✓✡☛✏ ✑✒✿✓ ✗✡☛ g ✕☛✎ ♥✒✥♦✦✥ ✱✗ ☞✡✒✕☛✎✔✥✗

✑✒✿✓ ✍✫✌✡✑ ✔✗✤✡ ✙✡✥✡ ✜✢✣ ✉❄✡✓ ✍✯✔▲✥✗✡♥✡☛✒ ✕☛✎ ✬❅❆✤✡✒✗✑ ✕☛✎ ✿✡✌ ✍✓✘❂✡✗ ✍✫❀✤☛✗ ✬❅❆✤✡✒✔✗✥ ✍✯✔▲✥✗✡

✍✓ ☞✡✒✕☛✎✔✥✗ ✑✒✿✓ ✕☛✎ ☞✬❂✡ ✍✫✡❇✥✡✒✗ ✔✏✐✡ ✗✓ ✿✡☛❁✦ ✕☛✎ ✗✡✤✡✦✏✤ ✬☛✒ ✍✫▲✥✯✥ ✗✓✥✡ ✜✢✣ ✿✡☛❁✦ ✕☛✎

♥✔❈✗✡✓✘✳ g ✕☛✎ ✔✕✍✓✘✥ ✍✫✔Ø✤✡ ⑥✡✓✡✳ ✍✫❀✤☛✗ ☞✡✒✕☛✎✔✥✗ ✑✒✿✓ ✗✡☛ ✿✌✏ ✗✓ ✍✯✑✧ ☞✒♦✥ ✓✡☛✏ ✑✒✿✓ ✍✫✌✡✑

✗✓ ✌☛✥☛ ✜✢✒ ♥✡✢✓ ✾☞ ✍✫✗✡✓ ✍✫✡❇✥✡✒✗ ☞✡✒✕☛✎✔✥✗ ✑✒✿✓ ✕☛✎ ✿✙✡✱ ☞✘❈☛ ✓✡☛✏ ✑✒✿✓ ☞☛ ☞✒✿✒✔❈✥ ✜✡☛ ✙✡✥✡ ✜✢✣

✍✯✑✧✳ f  ✗✘ ✔✕✍✓✘✥ ✍✫✔Ø✤✡ ⑥✡✓✡✳ ✍✫❀✤☛✗ ✓✡☛✏ ✑✒✿✓ ✗✡☛ ✉☞ ✓✡☛✏ ✑✒✿✓ ✕✡✏☛ ✔✕❃✡✠✡✘✦ ☞☛ ✿✌✏ ✔✌✤✡

✙✡✥✡ ✜✢✣ ✾☞☞☛ ✍✫✡❇✥✡✒✗ ☞✘❈☛ ☞✒✿✒✔❈✥ ✔✕❃✡✠✡✘✦ ✕☛✎ ✑✡✬ ✔✑❈✡✦✔✓✥ ✜✡☛ ✙✡✥✡ ✜✢✣ ✜✬ ✌☛✐✡✥☛ ✜✢ ✒ ✔✗ f ✥✠✡✡

g, ✕☛✎ ☞✒✤✡☛✙✑ ⑥✡✓✡ gof, ✍✫✡❇✥ ✗✓✥☛ ☞✬✤✳ ✍✜✏☛ f ♥✡✢✓ ✔✍✎✓ g  ✗✡☛ ✍✫✤✯❉✥ ✗✓✥☛ ✜✢✒✳ ✙✿ ✔✗ ☞✒✤✯❉✥

gof, ✗✘ ✔✕✍✓✘✥ ✍✫✔Ø✤✡ ✬☛✒✳ ✍✜✏☛ g ✗✘ ✔✕✍✓✘✥ ✍✫✔Ø✤✡ ♥✡✢✓ ✔✍✎✓ f ✗✘ ✔✕✍✓✘✥ ✍✫✔Ø✤✡ ✗✓✥☛ ✜✢✒✣

♠☎✆✝✞✟✆ 22 ✬✡✑ ✏✘✔✙✱ ✔✗  f : {1, 2, 3} ✩ {a, b, c} ✱✗ ✱✕✢✎✗✘ ✥✠✡✡ ♥✈✲✡✌✗ ✍✎✏✑ ✾☞

✍✫✗✡✓ ✜✢ ✔✗ f (1) = a, f (2) = b ♥✡✢✓ f (3) = c, ✥✡☛ ✔☞r ✗✘✔✙✱ ✔✗ ✍✎✏✑ g : {a, b, c} ✩ {1, 2, 3}

✗✡ ✱☛☞✡ ♥✔▲✥❀✕ ✜✢ ✳ ✥✡✔✗ gof = I
X
 ✥✠✡✡ fog = I

Y
, ✙✜✡ ❢ X =  {1, 2, 3} ✥✠✡✡

Y = {a, b, c}✜✡☛✣

✝❣  ✍✎✏✑ g : {a, b, c} ✩ {1, 2, 3} ✜✢ ✙✜✡❢ g (a) = 1, g (b) = 2 ♥✡✢✓ g (c) = 3, ✍✓ ✔✕✖✡✓

✗✘✔✙✱✣ ✤✜ ☞❀✤✡✔✍✥ ✗✓✑✡ ☞✓✏ ✜✢ ✔✗ ☞✒✤✯❉✥ ✍✎✏✑ gof = I
X
 , X ✍✓ ✥❀☞✬✗ ✍✎✏✑ ✜✢ ♥✡✢✓

☞✤✒✯❉✥ ✍✎✏✑ fog = I
Y
 , Y ✍✓ ✥❀☞✬✗ ✍✎✏✑ ✜✒✢✣
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❢✠✡☛☞✌✍  ❀✎ ✏✑ ✒✓✔✕✑ ✖✗❀ ✎✘ ✙✑ ✚✛❀✜✢✣✖ ✚✤✓✎✒✥✓ ✦✔✧ ★✙✥✓✢✖ ✛✙✒✥✓✓✦ ✙✑✩✪ ✫✓✪ ✬★✔✭✮ ✏★✘✯✑✪

✖✗✓✓ r✓✭✮✓✤✑ ✛✯✰✱ f : X ✲ Y ★✔✯ ✙✰✏ ✩♦❀ ✎✓✔✖✓ ✎✘✳ ★✔✯★✰ ❀✎✪ ✱✎✪✧ r✙✛✖✜ ✴✩✑✓ ✙★✰✓✔✦

✵converse✶ ✫✓✪ ✩♦❀ ✎✓✔✖✓ ✎✘✷ r✗✓✓✢✖✸✷ ❀✙✤ f : X ✲ Y ✏✑ ✏✔✩✓ ✛✯✰✱ ✎✘ ✙✑ ✙✑✩✪ ✛✯✰✱

g : Y ✲ X ✑✓ r✙✬✖♦★ ✴✩ ✛❞✑✓✒ ✎✘ ✙✑ gof = I
X
 ✖✗✓✓ fog = I

Y
, ✖✓✔ f ✏★✘✯✑✪ ✖✗✓✓ r✓✭✮✓✤✑

✎✓✔✖✓ ✎✘✳

✚✛❀✜✢✣✖ ✛✙✒✕✕✓✢✷ ✚✤✓✎✒✥✓ ♠♠ ✖✗✓✓ ✙✹✺✛✥✓✪ ✙✱✻✱✙✰✙✼✓✖ ✛✙✒✫✓✓✽✓✓ ★✔✯ ✙✰✏ ✛❞✔✙✒✖ ✑✒✖✔ ✎✘✧✾

✐✿❁❂❃❃❄❃❃ 9 ✛✯✰✱ f : X ✲ Y ❖❅❆❇❈❉❊❃❋❅ (Invertible) ✑✎✰✓✖✓ ✎✘✷ ❀✙✤ ✏✑ ✛✯✰✱

g : Y ✲ X ✑✓ r✙✬✖♦★ ✴✩ ✛❞✑✓✒ ✎✘ ✙✑ gof = I
X
 ✖✗✓✓ fog = I

Y
✎✘✳ ✛✯✰✱ g ✑✓✔ ✛✯✰✱ f  ✑✓

✛❞✙✖✰✓✔✦ (Inverse) ✑✎✖✔ ✎✘✧ r✓✘✒ ✴✩✔ ✛❞✖✪✑ f –1 ⑥✓✒✓ ✛❞✑✹ ✑✒✖✔ ✎✘✧✳

r✖✾✷ ❀✙✤  f ●❀✜♦❍✦✥✓✪❀ ✎✘✷ ✖✓✔ f r✙✱★✓❀✢✖✾ ✏★✘✯✑✪ ✖✗✓✓ r✓✭✮✓✤✑ ✎✓✔✖✓ ✎✘ r✓✘✒ ✙★✰✓✔✦✖✾✷

❀✙✤ f ✏★✘✯✑✪ ✖✗✓✓ r✓✭✮✓✤✑ ✎✘✷ ✖✓✔ f r✙✱★✓❀✢✖✾ ●❀✜♦❍✦✥✓✪❀ ✎✓✔✖✓ ✎✘✳ ❀✎ ✖✗❀✷ f  ✑✓✔ ✏★✘✯✑✪

✖✗✓✓ r✓✭✮✓✤✑ ✙✩■ ✑✒★✔✯✷ ●❀✜♦❍✦✥✓✪❀ ✛❞✦✓✙✥✓✖ ✑✒✱✔ ✦✔✧ ✦✎♦★✛❏✥✓✢ ❑✛ ✩✔ ✩✎✓❀✑ ✎✓✔✖✓ ✎✘✷ ✙★▲✓✔✽✓

❑✛ ✩✔ ▼◆ f ✑✓ ✛❞✙✖✰✓✔✦ ★✓✬✖★ ✦✔✧ P✓✖ ✱✎✪✧ ✑✒✱✓ ✎✓✔✳

◗❘❃❙❁❊❃ 23 ✦✓✱ ✰✪✙▼✏ ✙✑ f : N ✲ Y,  f (x) = 4x + 3, ⑥✓✒✓ ✛✙✒✫✓✓✙✽✓✖ ✏✑ ✛✯✰✱ ✎✘✷ ▼✎✓❚

Y = {y ❯ N : y = 4x + 3 ✙✑✩✪ x ❯ N ★✔✯ ✙✰✏}✳ ✙✩■ ✑✪✙▼✏ ✙✑ f  ●❀✜♦❍✦✥✓✪❀ ✎✘✳ ✛❞✙✖✰✓✔✦

✛✯✰✱ ✫✓✪ P✓✖ ✑✪✙▼✏✳

❙❣  Y ★✔✯ ✙✑✩✪ ✬★✔✭✮ r★❀★ y ✛✒ ✙★✕✓✒ ✑✪✙▼✏✳ Y, ✑✪ ✛✙✒✫✓✓✽✓✓ ⑥✓✒✓✷ ✛❞✓✧✖ N  ★✔✯ ✙✑✩✪ r★❀★

x ★✔✯ ✙✰✏ y = 4x + 3 ✎✘✳ ✴✩✩✔ ✙✱✽✑✽✓✢ ✙✱✑✰✖✓ ✎✘ ✙✑
( 3)

4

y
x

❱
❲ ✎✘✳ r◆

( 3)
( )

4

y
g y

❱
❲  ⑥✓✒✓

g : Y ✲ N  ✑✓✔ ✛✙✒✫✓✓✙✽✓✖ ✑✪✙▼✏✳ ✴✩ ✛❞✑✓✒ gof (x) = g (f (x)) = g (4x + 3) = 
(4 3 3)

4

x
x

❳ ❱
❲

✖✗✓✓  fog (y) = f (g (y)) = f
( 3) 4 ( 3)

3
4 4

y y❨ ❨❩ ❬
❭ ❪❫ ❴

❵ ❛
 = y – 3 + 3 = y ✎✘✳ ✴✩✩✔ ✬✛✽✹ ✎✓✔✖✓

✎✘ ✙✑ gof = I
N
 ✖✗✓✓ fog = I

Y
, ✙▼✩✑✓ ✖✓♦✛❀✢ ❀✎ ✎✜r✓ ✙✑ f ●❀✜♦❍✦✥✓✪❀ ✎✘ r✓✘✒ ✛✯✰✱ g ✛✯✰✱

f ✑✓ ✛❞✙✖✰✓✔✦ ✎✘✳

◗❘❃❙❁❊❃ 24 ✦✓✱ ✰✪✙▼✏ ✙✑  Y = {n2 : n ❯ N} ❜ N✎✘✳ ✛✯✰✱  f : N  ✲ Y ▼✎✓❚  f (n) = n2

✛✒ ✙★✕✓✒ ✑✪✙▼✏✳ ✙✩■ ✑✪✙▼✏ ✙✑  f ●❀✜♦❍✦✥✓✪❀ ✎✘✳ f ✑✓ ✛❞✙✖✰✓✔✦ ✫✓✪ P✓✖ ✑✪✙▼✏✳

❙❣  Y ✑✓ ✏✑ ✬★✔✭✮ r★❀★ y, n2 ★✔✯ ❑✛ ✑✓ ✎✘ ▼✎✓❚ n ❯ N . ✴✩✑✓ ✖✓♦✛❀✢ ❀✎ ✎✘ ✙✑  n = y

✴✩✩✔ g (y) = y ⑥✓✒✓ ✛✙✒✫✓✓✙✽ ✓✖ ✏✑ ✛✯✰✱ g : Y ✲ N  ✛❞ ✓✺✖ ✎✓✔✖ ✓ ✎ ✘✳ r◆
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gof (n) = g (n2) = 2
n = n ✈☎✆✝ fog (y) = ✞ ✟ ✞ ✟

2

f y y y✠ ✠ , ❢✡☛☛☞ ✌✍✎☎❢✏☎✑ ✒☎☞✑☎ ✒✆ ❢✓

gof = I
N
 ✑r☎☎ fog = I

Y
✒✆❣ ✈✑✔ f ✥✕✖✗✘✎✏☎✙✕ ✒✆ ✑r☎☎ f –1 = g.

♠✚✛✜✢✣✛ 25 ✎☎❡ ✤✙❢✡✦ ❢✓  f : N  ✧ R ,  f (x) = 4x2 + 12x + 15 ⑥☎✝☎ ✌❢✝★☎☎❢✩☎✑ ✦✓ ✌✪✤❡
✒✆❣ ❢☛✫ ✓✙❢✡✦ ❢✓ f : N✧ S, ✡✒☎t S, f ✓☎ ✌❢✝☛✝ ✒✆✬ ✥✕✖✗✘✎✏☎✙✕ ✒✆❣ f ✓☎ ✌✍❢✑✤☎☞✎ ★☎✙ ❞☎✑
✓✙❢✡✦❣

✜✭ ✎☎❡ ✤✙❢✡✦ ❢✓  f ✮☞✪ ✌❢✝☛✝ ✓☎ y ✦✓ ✱✮☞✯✰ ✈✮✕✮ ✒✆❣ ✲☛❢✤✦ y = 4x2 + 12x + 15, ✡✒☎t

x ✳ N✴ ✲☛✓☎ ✑☎✗✌✕❜ ✕✒ ✒✆ ❢✓ y = (2x + 3)2 + 6. ✈✑✦✮
✵ ✶✷ ✸✹6 3

2

y
x

✺ ✺
✻ .

✈✼✬ ✦✓ ✌✪✤❡ g : S ✧ N ,  g (y) = 
✽ ✾✿ ❀❁6 3

2

y ✺ ✺
 ⑥☎✝☎ ✌❢✝★☎☎❢✩☎✑ ✓✙❢✡✦❣

✲☛ ✌✍✓☎✝ gof (x) = g (f (x)) = g (4x2 + 12x + 15) = g ((2x + 3)2 + 6))

=
❂❃ ❄❅ ❆ ❇2(2 3) 6 6 3 2 3 3

2 2

x x
x

❈ ❈ ❉ ❉ ❈ ❉✠ ✠

✈☎✆✝ fog (y) =
❊ ❋● ❍ ❊ ❋● ❍

2

6 3 2 6 3
3 6

2 2

y y
f

■ ❏ ■ ❏❑ ❑ ❑ ❑▲ ▼ ▲ ▼◆ ❖ ❖▲ ▼ ▲ ▼P ◗ P ◗

= ❘ ❙❚ ❯❱ ❘ ❙
2 2

6 3 3 6 6 6y y❉ ❉ ❈ ❈ ✠ ❉ ❈  = y – 6 + 6 = y.

✈✑✔      gof = I
N
 ✑r☎☎ fog =I

S
✒✆❣ ✲☛✓☎ ✑☎✗✌✕❜ ✕✒ ✒✆ ❢✓ f ✥✕✖✗✘✎✏☎✙✕ ✒✆ ✑r☎☎ f –1 = g ✒✆❣

♠✚✛✜✢✣✛ 26 ✑✙❡ ✌✪✤❡ f : N ✧ N, g : N ✧ N ✑r☎☎ h : N ✧ R ✌✝ ❢✮✐☎✝ ✓✙❢✡✦ ✡✒☎t
f (x) = 2x, g (y) = 3y + 4 ✑r☎☎ h (z) = sin z, ❲ x, y ✑r☎☎ z ✳ N✴ ❢☛✫ ✓✙❢✡✦ ❢✓
ho(gof) = (hog) of.

✜✭ ✕✒☎t

   ho(gof) (x) = h(gof (x)) = h(g (f (x))) = h (g (2x))

= h(3(2x) + 4) = h(6x + 4) = sin (6x + 4), x❲ ❳N

☛☎r☎ ✒✙✬ ((hog)o f ) (x) = (hog) ( f (x)) = (hog) (2x) = h ( g (2x))

= h(3(2x) + 4) = h(6x + 4) = sin (6x + 4), ❲ x ✳ N
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❜ ✠✠✡ ☛☞✌✍ ✎✏✍ ✑ ✒✍ ✡✑✍ ✒✓ ✎✔ ho(gof) = (hog) o f

❀ ✒ ☛✎✕ ✏✍ ✍✌ ✖❀✍ ☛✔ ✎✗✘✍ ✎✑ ✌ ✡✙ ✚✍ ✛ ✠✜❀ ✒✍ ✡✑✍ ✒ ✓✢

✐✣✤✥✦ 1 ❀ ✎✧ f : X ★ Y, g : Y ★ Z ✑✘✍ ✍ ✍  h : Z ★ S ✑✛ r ☛✩✪ r ✒✓✙ ✫ ✑✍ ✡

ho(gof) = (hog) o f

♠✐✐✬ ✭✮ ❀ ✒✍ ✯ ✒✌ ✧ ✡✰ ✍ ✑ ✡ ✒✓✙ ✎✔

ho(gof) (x) = h(gof (x)) = h(g (f (x))), ✱ x in X

✑✘✍✍ (hog) of (x) = hog (f (x)) = h(g (f (x))), ✱ x in X

✈✑✲ ho(gof) = (hog) o f

♠ ✳✮ ✴✵✶✮ 27  f : {1, 2, 3} ★ {a, b, c} ✑✘✍ ✍  g : {a, b, c} ★ {✠✡✷✫ ✸ ✡✙✧ ✫ ✎ ✷✹ ✪✛}  f (1) = a,

f (2) = b, f (3) = c, g(a) = ✠✡✷, g(b) = ✸✡✙✧ ✑✘✍ ✍ g(c) = ✎ ✷✹ ✪✛ ❢✍ ✕✍ ☛✎✕✚ ✍ ✍✎ ✺✍ ✑ ☛✩✪ r✍ ✡✙ ☛✕ ✎✻✼✍✕

✔✛✎❞✽✢ ✎ ✠✾ ✔✛✎❞✽ ✎✔ f, g ✈✍ ✓✕ gof ✖❀ ❖ ✜✿✌ ✏✍ ✛❀ ✒✓✙✢ f –1, g–1 ✑✘✍ ✍ (gof)–1 ❑✍ ✑ ✔✛✎❞✽ ✑✘✍ ✍

☛☞ ✌✍✎ ✏✍ ✑ ✔✛✎❞✽ ✎✔ (gof) –1 = f –1og–1 ✒✓✢

✴❣ r✍ ✡✉ ✔✛✎❞ ✽ ✎✔ ☛✎✕✚✍ ✍ ✺✍✍ ❢ ✍ ✕✍ f ✈✍ ✓✕ g ✽✻ ✓✩✔✛ ✈✍ ❁❂ ✍✧ ✛ ☛✩ ✪r ✒✓✙✢ ✌✍ r ✪✛✎❞✽ ✎✔

f –1: {a, b, c} ★ (1, 2, 3} ✈ ✍ ✓✕ g–1 : {✠✡ ✷✫ ✸✡✙✧ ✫ ✎ ✷✹ ✪✛} ★ {a, b, c} ❜ ✠ ☛☞✔✍✕ ☛✎✕✚✍ ✍ ✎✺✍ ✑ ✒ ✓✙ ✎✔

f –1{a} = 1, f –1{b} = 2,  f –1{c} = 3,  g –1{✠✡✷} = a,  g –1{✸ ✡✙ ✧} = b ✈✍ ✓✕ g –1{✎✷✹ ✪✛} = c.

❀ ✒ ✠✜❀✍ ✎☛ ✑ ✔✕ r✍ ✠✕ ✪ ✒✓ ✎✔  f –1o f  = I
{1, 2, 3}

, f o f –1 = I
{a, b, c}

, g –1og = I
{a, b, c}

 ✈ ✍ ✓✕

g o g–1 = I
D
, ❞ ✒✍ ✯  D = {✠✡ ✷, ✸ ✡✙✧, ✎ ✷✹ ✪✛}✢ ✈ ✷,  gof : {1, 2, 3} ★ {✠✡ ✷, ✸ ✡✙✧, ✎ ✷✹ ✪✛}

gof (1) = ✠✡✷, gof (2) = ✸ ✡✙✧, gof (3) = ✎ ✷✹ ✪✛ ❢✍ ✕✍ ☛☞✧ ❃✍ ✒✓✢

✒✌ (gof)–1 : {✠✡✷ ✫ ✸ ✡✙✧ ✫ ✎ ✷✹ ✪✛} ★ {1, 2, 3} ✔✍ ✡ (gof)–1 (✠✡✷) = 1,
 
(gof)–1 (✸ ✡✙ ✧) = 2

✑✘✍ ✍ (go f)–1 (✎ ✷✹ ✪✛) = 3 ❢✍ ✕✍ ☛✎✕✚✍ ✍ ✎✺✍ ✑ ✔✕ ✠✔ ✑✡ ✒ ✓✙✢ ❀ ✒ ✠✕ ✪✑✍ ✠✡ ☛☞✌✍ ✎ ✏✍ ✑ ✎✔❀✍ ❞✍ ✠✔ ✑✍

✒ ✓ ✎✔ (g o f)–1 o (g o f) = I
{1, 2, 3}

 ✑✘✍ ✍ (g o f) o (g o f)–1 = I
D
 ✒✍ ✡✸✍ ✢

❜ ✠ ☛☞✔✍ ✕ ☛☞✌✍ ✎ ✏✍ ✑ ✒✍ ✡✑✍ ✒✓ ✎✔ f, g ✑✘✍ ✍ gof  ✖❀ ❖✜✿✌ ✏✍ ✛❀ ✒ ✓✙✢

✈✷ f –1og–1 (✠ ✡✷) = f –1(g–1(✠✡✷)) = f –1(a) = 1 = (gof)–1 (✠✡✷)

f –1og–1 (✸ ✡✙✧) = f –1(g–1(✸ ✡✙✧)) = f –1(b) = 2 = (gof)–1 (✸ ✡✙✧) ✑✘✍ ✍

f –1og–1 (✎ ✷✹ ✪ ✛) = f –1(g–1(✎ ✷✹ ✪✛)) = f –1(c) = 3 = (gof)–1 (✎ ✷✹✪✛)

✈✑✲                   (gof)–1 = f –1og–1

❄☛❀ ❖❅❆ ✑ ☛✎✕✏✍ ✍ ✌ ✖❀✍ ☛✔ ✎✗✘✍ ✎ ✑ ✌ ✡✙ ✚ ✍ ✛ ✠✜❀ ✒✍ ✡✑✍ ✒✓✢

✐✣✤✥✦ 2 ✌✍ r ✪✛✎❞✽ ✎✔ f : X ★ Y ✑✘✍ ✍ g : Y ★ Z ✧ ✍ ✡ ✖❀ ❖✜✿ ✌ ✏✍✛❀ ☛✩ ✪ r ✒✓✙ ✫ ✑✍ ✡ gof  ✚✍ ✛

✖ ❀ ❖✜✿ ✌ ✏✍✛❀ ✒✍ ✡✸✍ ✑✘✍✍ (gof)–1 = f –1og–1

♠✐✐✬ ✭✮ gof ✔✍ ✡ ✖❀ ❖✜✿✌ ✏✍ ✛❀ ✑✘✍ ✍ (gof)–1 = f –1og–1, ✔✍ ✡ ✎ ✠✾ ✔✕ r ✡ ✻ ✡✩ ✎ ✪✽ ❀ ✒ ☛☞ ✌✍✎ ✏✍ ✑ ✔✕ r✍

☛❀✍ ❅❇ ✑ ✒ ✓ ✎✔ ( f –1og–1)o(gof) = I
X
 ✑✘✍ ✍ (gof)o( f –1og–1) = I

Z
 ✒✓✢
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✈☎ (f –1og–1)o(gof) = ((f –1og–1) og) of, ✐✆✝✞✟ 1 ⑥✠✡✠

= (f –1o(g–1og)) of, ✐✆✝✞✟ 1 ⑥✠✡✠

= (f –1 oI
Y
) of,  g–1 ❞☛ ✐☞✡✌✠✠✍✠✠ ⑥✠✡✠

= I
X

❜✎☛ ✐✆❞✠✡✏ ✟✑ ✐✆✝✠☞✒✠✓ ☞❞✟✠ ✔✠ ✎❞✓✠ ✑✕ ☞❞✏ (gof ) (f –1 og –1) = I
Z

♠✖✗✘✙✚✗ 28  ✝✠❡ ✛☛☞✔✜ ☞❞ S = {1, 2, 3}✑✕❣ ☞❡❢✠✢☞✡✓ ❞☛☞✔✜ ☞❞ ✣✟✠ ❡☛✤✞ ✐☞✡✌✠✠☞✍✠✓ ✐✥✛❡

f : S ✦ S ♦✞✥ ✐✆☞✓✛✠✞✝ ✐✥✛❡ ✑✧✕❣ f –1, ❑✠✓ ❞☛☞✔✜ ✟☞★ ❜✎❞✠ ✈☞✩✓✪♦ ✑✕❣

(a) f  = {(1, 1), (2, 2), (3, 3)}

(b) f = {(1, 2), (2, 1), (3, 1)}

(c) f = {(1, 3), (3, 2), (2, 1)}

✘✫

(a) ✟✑ ✎✡✛✓✠ ✎✞ ★✞❀✠✠ ✔✠ ✎❞✓✠ ✑✕ ☞❞  f  ✜♦✕✥❞☛ ✈✠✬✭✠★☛ ✑✕✏ ❜✎☞✛✜ f  ❖✟✮✪✯✝✒✠☛✟ ✑✕ ✓✰✠✠

f ❞✠ ✐✆☞✓✛✠✞✝  f –1 = {(1, 1), (2, 2), (3, 3)} = f ⑥✠✡✠ ✐✆✠✱✓ ✑✠✞✓✠ ✑✕❣

(b) ✣✟✠✞✧☞❞  f (2) = f (3) = 1,  ✈✓✜♦ f ✜♦✕✥❞☛ ❡✑☛✧ ✑✕✏ ✈✓✲ f  ❖✟✮✪✯✝✒✠☛✟ ❡✑☛✧ ✑✕❣

(c) ✟✑ ✎✡✛✓✠ ✐✳♦✢❞ ★✞❀✠✠ ✔✠ ✎❞✓✠ ✑✕ ☞❞  f  ✜♦✕✥❞☛ ✓✰✠✠ ✈✠✬✭✠★❞ ✑✕✏ ✈✓✜♦ f  ❖✟✮✪✯✝✒✠☛✟

✑✕ ✓✰✠✠  f –1 = {(3, 1), (2, 3), (1, 2)}✑✕❣

✴✵✶✷✸✹✺✻ ✼✽✾

1. ✝✠❡ ✛☛☞✔✜ ☞❞  f : {1, 3, 4} ✦ {1, 2, 5} ✓✰✠✠ g : {1, 2, 5} ✦ {1, 3},

f = {(1, 2), (3, 5), (4, 1)} ✓✰✠✠  g = {(1, 3), (2, 3), (5, 1)} ⑥✠✡✠ ✐✆★✿✠ ✑✕✧❣  gof ❑✠✓

❞☛☞✔✜❣

2. ✝✠❡ ✛☛☞✔✜ ☞❞  f, g ✓✰✠✠ h, R ✎✞ R ✓❞ ☞★✜ ✐✥✛❡ ✑✕✧❣ ☞✎r ❞☛☞✔✜ ☞❞

(f + g)oh = foh + goh

(f . g)oh = (foh) . (goh)

3. gof ✓✰✠✠ fog ❑✠✓ ❞☛☞✔✜✏ ✟☞★

(i) f (x) = | x | ✓✰✠✠  g(x) = | 5x – 2 |

(ii) f (x) = 8x3 ✓✰✠✠ g(x) = 

1

3x
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4. ❀✠✡  f (x) = 
(4 3)

(6 4)

x

x

☛

☞
, 

2

3
x ✌ , r✍✎ ✠✏✑ ✒✓✠✔✕ ✠✒ ✏✖✍✓

2

3
x✌   ♦✎✗ ✠✘✕ fof (x) = x ❣✙✚

f  ✒✍ ❞✛✠r✘✍✎✜ ❞✗✘✢ ✣❀✍ ❣✙?

5. ✒✍✤✥✍ ✏✠❣r ✦r✘✍✧✕ ✠✒ ✣❀✍ ✠✢★✢✠✘✠✩✍r ❞✗✘✢✍✎✪ ♦✎✗ ❞✛✠r✘✍✎✜ ❣✙✪✫

(i) f : {1, 2, 3, 4} ✬ {10} ✔❣✍t

f  = {(1, 10), (2, 10), (3, 10), (4, 10)}

(ii) g : {5, 6, 7, 8} ✬ {1, 2, 3, 4} ✔❣✍t

g = {(5, 4), (6, 3), (7, 4), (8, 2)}

(iii) h : {2, 3, 4, 5} ✬ {7, 9, 11, 13} ✔❣✍t

h = {(2, 7), (3, 9), (4, 11), (5, 13)}

6. ✠✏✑ ✒✓✠✔✕ ✠✒  f : [–1, 1] ✬ R,  f (x) = 
( 2)

x

x ✭
, ⑥✍✤✍ ❞✛✡✮✍ ❞✗✘✢ ✕♦✙✗✒✓ ❣✙✚ ❞✗✘✢

f : [–1, 1] ✬ ( f  ✒✍ ❞✠✤✏✤✯✰ ✒✍ ❞✛✠r✘✍✎✜ ❞✗✘✢ ✱✍r ✒✓✠✔✕✚

(✏✪♦✎✗r  y ✲ ❞✠✤✏✤  f,  ♦✎✗ ✠✘✕✰ [–1, 1] ♦✎✗ ✠✒✏✓  x ♦✎✗ ✳✪r✴✵r  y = f (x) = 
2

x

x ✶
, ✳✈✍✍✵r✷

x = 
2

(1 )

y

y✸
)

7. f (x) = 4x + 3   ⑥✍✤✍ ❞✛✡✮✍ ❞✗✘✢ f : R ✬ R ❞✤ ✠♦✐✍✤ ✒✓✠✔✕✚ ✠✏✑ ✒✓✠✔✕ ✠✒  f

❖❀✹✺✻✜✥✍✓❀ ❣✙✚  f ✒✍ ❞✛✠r✘✍✎✜ ❞✗✘✢ ✱✍r ✒✓✠✔✕✚

8. f (x) = x2 + 4   ⑥✍✤✍ ❞✛✡✮✍ ❞✗✘✢ f : R
+
 ✬ [4, ✼) ❞✤ ✠♦✐✍✤ ✒✓✠✔✕✚ ✠✏✑ ✒✓✠✔✕ ✠✒  f

❖❀✹✺✻✜✥✍✓❀ ❣✙ r✈✍✍ f ✒✍ ❞✛✠r✘✍✎✜  f –1 , f –1(y)  = 4y ✽ , ⑥✍✤✍ ❞✛✍✾r ❣✍✎r✍ ❣✙✰ ✔❣✍t R
+

✏✖✍✓ ✿✥✍✎r✤ ♦✍❁r✠♦✒ ✏✪✩❀✍✳✍✎ ✪ ✒✍ ✏✜✹❂✐❀ ❣✙✚

9. f (x) = 9x2 + 6x – 5 ⑥✍✤✍ ❞✛✡✮✍ ❞✗✘✢  f : R
+
 ✬ [– 5, ✼) ❞✤ ✠♦✐✍✤ ✒✓✠✔✕✚ ✠✏✑ ✒✓✠✔✕

✠✒  f ❖❀✹✺✻✜✥✍✓❀ ❣✙ r✈✍✍ f –1(y) = 
❃ ❄6 1

3

y❅ ❆❇ ❈
❉ ❊
❋ ●

 ❣✙✚

10. ✜✍✢ ✘✓✠✔✕ ✠✒ f : X ✬ Y ✕✒ ❖❀✹✺✻✜✥✍✓❀ ❞✗✘✢ ❣✙✚ ✠✏✑ ✒✓✠✔✕ ✠✒  f ✒✍ ❞✛✠r✘✍✎✜
❞✗✘✢ ✳✠⑥r✓❀ ❍unique✯ ❣✙✚ ❍✏✪♦✎✗r✫ ✒■❞✢✍ ✒✓✠✔✕ ✠✒ f ♦✎✗ ✡✍✎ ❞✛✠r✘✍✎✜ ❞✗✘✢ g

1

r✈✍✍ g
2
 ❣✙✪✚ r✦ ✏✖✍✓ y ✲ Y ♦✎✗ ✠✘✕ fog

1
(y) = 1

Y
(y) = fog

2
(y) ❣✙✚ ✳✦ f  ♦✎✗ ✕♦✙✗✒✓ ✴✹✥✍

✒✍ ❞✛❀✍✎✴ ✒✓✠✔✕)
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11. f : {1, 2, 3} ✌ {a, b, c}, f (1) = a, f (2) = b r☎✆✆ f (3) = c. ⑥✆✝✆ ✞✟✠Ù✆ ✞✡☛☞ f  ✞✝ ✐✍✎✆✝

❞✏✐✑✒✓ f –1 ❑✆r ❞✏✐✑✒ ✔✆✕✝ ✐✖✗ ❞✏✐✑✒ ✐❞ (f –1)–1 = f ✥✕✓

12. ❡✆☞ ☛✏✐✑✒ ✐❞  f : X ✌ Y ✒❞ ✱✘✙✚✛❡✜✆✏✘ ✞✡☛☞ ✥✕✢ ✐✖✗ ❞✏✐✑✒ ✐❞ f –1 ❞✆ ✞✟✐r☛✆✣❡

f, ✥✕ ✔☎✆✆❣r✤  (f –1)–1 = f ✥✕✓

13. ✘✐✠ f : R ✌ R, f (x) = 

1

3 3(3 )x✦ , ⑥✆✝✆ ✞✟✠Ù✆ ✥✕✧ r✆✣  fof (x) ❝✝✆❝✝ ✥✕✓

(A)
1

3x
(B) x3 (C) x          (D)  (3 – x3)

14. ❡✆☞ ☛✏✐✑✒ ✐❞ f (x) = 
4

3 4

x

x ★
 ⑥✆✝✆ ✞✐✝✩✆✆✐✪✆r ✒❞ ✞✡☛☞  f : R – 

4

3

✫ ✬
✭✮ ✯

✰ ✲
 ✌ R ✥✕✓ f ❞✆

✞✟✐r☛✆✣❡✧ ✔☎✆✆❣r✤ ✞✟✐r✐✎✳✆ (Map) g : ✞✐✝✖✝ f ✌ R – 
4

3

✴ ✵
✶✷ ✸

✹ ✺
, ✐☞❢☞✐☛✐✻✆r ❡✣✢ ✖✣ ✐❞✖✍✣✡

⑥✆✝✆ ✞✟✆✼r ✥✆✣✽✆✾

(A)
3

( )
3 4

y
g y

y
✿

✭
(B)

4
( )

4 3

y
g y

y
✿

✭

(C)
4

( )
3 4

y
g y

y
✿

✭
(D)

3
( )

4 3

y
g y

y
✿

✭

1.5  ❀❁❂❃❄❅❄❆❇ ❈❉❀❊❋❄●❍ (Binary Operations)

✔✞☞✣ ✈✍■✡☛ ✍✣✡ ✐✠☞✆✣✢ ❡✣✢ ✥✏ ✔✆✞ ✎✆✝ ❡■☛ ✖✢✐✛✘✆✔✆✣✢✧ ☞✆❡r✾ ✘✆✣✽✧ ✔✢r✝✧ ✽✙✜✆✆ r☎✆✆ ✩✆✆✽ ✖✣ ✞✐✝✐✎r

✥✆✣ ✎✙✍✣✡ ✥✕✢✓ ❏☞ ✖✢✐✛✘✆✔✆✣✢ ❞✏ ❡✙✻✘ ✐✍▲✆✣✪✆r✆ ✘✥ ✥✕ ✐❞ ✠✆✣ ✠✏ ✽❏❣ ✖✢✻✘✆✔✆✣✢ a r☎✆✆ b, ✖✣ ✥❡ ✒❞

✖✢✻✘✆ a + b ✘✆ a – b ✘✆ ab ✘✆
a

b
, b ▼ 0 ❞✆✣ ✖✢❝✗ (Associate) ❞✝ ✠✣r✣ ✥✕✢✓ ✘✥ ❝✆r ☞✆✣◆

❞✏✐✑✒ ✐❞✧ ✒❞ ✖❡✘ ❡✣✢✧ ✍✣✡✍☛ ✠✆✣ ✖✢✻✘✆✒❖ ✥✏ ✑✆✣P◗✏ ✘✆ ✽✙✜✆✆ ❞✏ ✑✆ ✖❞r✏ ✥✕✢✓ ✑❝ ✥❡✣✢ r✏☞

✖✢✻✘✆✔✆✣✢ ❞✆✣ ✑✆✣P◗☞✣ ❞✏ ✔✆✍▲✘❞r✆ ✥✆✣r✏ ✥✕✧ r✆✣ ✥❡ ✞✥☛✣ ✠✆✣ ✖✢✻✘✆✔✆✣✢ ❞✆✣ ✑✆✣P◗r✣ ✥✕✢ ✔✆✕✝ ✞✟✆✼r

✘✆✣✽✞✡☛ ❞✆✣ ✐✞✡✝ r✏✖✝✏ ✖✢✻✘✆ ❡✣✢ ✑✆✣P◗ ✠✣r✣ ✥✕✢✓ ✔r✾ ✘✆✣✽✧ ✽✙✜✆✆✧ ✔✢r✝ r☎✆✆ ✩✆✆✽ ✐⑥✔✆❘✆✝✏ ✖✢✐✛✘✆

✍✣✡ ♦✠✆✥✝✜✆ ✥✕✢✧ ❙✘✆✣✢✐❞ ❚✐⑥✔✆❘✆✝✏❯ ❞✆ ✔☎✆❣ ✥✕ ❚✠✆✣ ✔✆❘✆✝ ✍✆☛✏❯✓ ✘✐✠ ✥❡ ✒❞ ✱✘✆✞❞ ✞✐✝✩✆✆✪✆✆

✎✆✥r✣ ✥✕✢✧ ✐✑✖❡✣✣ ✘✥ ✎✆✝✆✣✢ ✖✢✐✛✘✆✒❖ ✩✆✏ ✔✆ ✑✆r✏ ✥✕✢✧ r✆✣ ✥❡✣✢ ✖✢✻✘✆✔✆✣✢ ✍✣✡ ✖❡✙♣✎✘ ✍✣✡ ✈☎✆✆☞ ✞✝ ✒❞

✈✍✣♣❱ ✖❡✙♣✎✘ X ☛✣☞✆ ✎✆✐✥✒ ✔✆✕✝ r❝ ✱✘✆✞❞ ❲✞ ✖✣ ✐⑥✔✆❘✆✝✏ ✖✢✐✛✘✆✧ ✍✙✡❱ ✔❳✘ ☞✥✏✢ ✔✐✞r✙✧

X ✍✣✡ ✠✆✣ ✔✍✘✍✆✣✢ a r☎✆✆ b ❞✆✣ X ✍✣✡ ✥✏ ✐❞✖✏ ✔✍✘✍ ✖✣ ✖✢❝✗ ❞✝☞✆ ✥✕✓ ❏✖✖✣ ✐☞❢☞✐☛✐✻✆r ✱✘✆✞❞

✞✐✝✩✆✆✪✆✆ ✞✟✆✼r ✥✆✣r✏ ✥✕✾
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✐✠✡ ☛☞ ☞✌ ☞ ☞ 10 ❢✍✎✏ ✎✑✒✓✔ ✕ A ✑✥ ✖ ✗✍ ❢✘ ✙✚ ✛✚✜ ✏ ✎✖❢✢ ✕ ✚ ✣✤ ✗✍ ✱✦✧ ★ ✣ : A × A ✩ A ❣ ✪✫ ❣✑

✣ (a, b) ✍ ✚✥ a ✣ b ✘ ✚✜ ✚ ❢ ★⑥❢✱✬ ✍✜✬ ✥ ❣ ✪✖✫

♠ ✭ ☞✮✡ ✯ ☞ 29 ❢✎✰ ✍ ✏❢ ✲✗ ❢✍  R ✑✥ ✖ ✕✚✥ ❡✳ ✙ ✖✬✜ ✙✚ ✪✜ ❡✒ ✴✚ ✚ ❢✘ ✙✚ ✛✚✜ ✏ ✎✖❢✢ ✕ ✚✗✵ ❣ ✪✖✳ ✶✍✬✒ ✷ ✚ ✚❡ R ✑✥ ✖

❢✘ ✙✚ ✛✚✜ ✏ ✎✖❢✢ ✕ ✚ ★❣ ✏✖ ❣ ✪✫ ✎✚✸ ✚ ❣ ✏ ❢ ✎✰ ✍✏❢ ✲✗ ❢✍ ✷✚ ✚ ❡ ✹ ✴✚✥ ✬✜ ✺ ✚✻✬❢✺✍ ✎✖✼ ✕ ✚ ✙✚✥ ✖ ✺✥✦ ✎✑✒✓✔ ✕

R ✑✥ ✖ ❢✘ ✙ ✚✛✚✜ ✏ ✎✖❢✢ ✕ ✚ ❣ ✪✫

✮✽ + : R × R ✩ R , (a, b) ✩ a + b ✘ ✚✜ ✚ ✱❢✜ ✷ ✚ ✚❢ ✾✚✬ ❣ ✪

– : R × R ✩ R,  (a, b) ✩ a – b ✘ ✚✜ ✚ ✱❢✜ ✷✚ ✚❢ ✾✚✬ ❣ ✪

× : R × R ✩ R,  (a, b) ✩ ab ✘ ✚✜ ✚ ✱❢✜ ✷ ✚ ✚❢ ✾✚✬ ❣ ✪

❉ ✕✚✥ ✖❢✍  ‘+’, ‘–’ ✙✚ ✪✜  ‘×’ ✱✦ ✧★ ❣ ✪✖ ✳ ✙✬ ✿ ✕✥ R ✑✥ ✖ ❢✘ ✙✚ ✛✚✜ ✏ ✎✖❢✢ ✕✚✗ ✵ ❣ ✪✖✫

      ✱✜ ✖✬✒ ÷ : R × R ✩ R, (a, b) ✩ 
a

b
, ✗✍ ✱✦ ✧ ★ ★❣ ✏✖ ❣ ✪✳ ❉ ✕ ✚✥ ✖❢✍ b = 0 ✺✥✦ ❢ ✧✗

a

b

✱❢✜ ✷ ✚✚❢ ✾✚✬ ★❣ ✏✖ ❣ ✪✫

 ✬✸ ✚✚❢✱  ÷ : R❀ × R❀ ✩ R❀,  (a, b) ✩ 
a

b
   ✘ ✚✜ ✚ ✱❢✜ ✷✚ ✚❢✾✚✬ ✗✍ ✱✦ ✧ ★ ❣ ✪ ✙✚ ✪✜ ❁ ✎❢ ✧✗

✕❣ R❀  ✑✥ ✖ ✗✍ ❢✘ ✙✚ ✛✚✜ ✏ ✎✖❢✢ ✕✚ ❣ ✪✫

♠ ✭ ☞✮✡ ✯ ☞ 30   ❢✎✰ ✍ ✏❢ ✲✗ ❢✍ ✙✖✬✜ ❂❃ ✕✺✍ ✧★ ❄ ✬✸ ✚ ✚ ✷✚ ✚ ❡ N ✑✥ ✖ ❢✘ ✙✚ ✛✚✜ ✏ ✎✖❢✢ ✕✚ ★❣ ✏✖ ❣ ✪✫

✮✽  – : N × N ✩ N, (a, b) ✩ a – b,  ✘ ✚✜ ✚ ✱ ❅❆ ❇ ✚ ✗✍ ❢✘ ✙✚ ✛✚✜ ✏ ✎✖❢✢ ✕ ✚ ★❣ ✏✖ ❣ ✪✳ ❉ ✕ ✚✥ ✖❢✍ ‘–’

✺✥ ✦ ✙✖✬ ❡♦✬ ❂❈ ✳ ❊ ❄ ✍ ✚ ✱ ❅❢✬ ❢❋ ✖❋  3 – 5 = – 2 ● N.  ❁ ✎✏ ✱ ❅✍ ✚✜ ✳ ÷ N × N ✩ N, (a, b) ✩ 
a

b

✘✚✜✚ ✱❅❆❇✚ ✗✍ ❢✘ ✙✚✛✚✜✏ ✎✖❢✢✕✚ ★❣✏✖ ❣ ✪✳ ❉✕✚✥✖❢✍ ❍÷■ ✺✥✦ ✙✖✬❡♦✬ (3 ¸ 5) ✍✚ ✱❅❢✬❢❋✖❋  3 ÷ 5=
3

5
● N.

♠ ✭ ☞✮✡ ✯ ☞  31 ❢ ✎✰ ✍ ✏❢✲✗ ❢✍ ✣ : R × R ✩ R, (a, b) ✩ a + 4b2 ✘ ✚✜ ✚ ✱ ❅❆ ❇✚ ✗✍ ❢✘ ✙✚ ✛✚✜ ✏

✎ ✖❢✢ ✕✚ ❣ ✪✫

✮✽ ✔ ❏✵❢✍ ✣ ✱ ❅❑ ✕✥✍ ✕✒ ▲✑ (a, b) ✍ ✚✥ R ✺✥✦ ✗✍ ✙❢✘ ✬ ✏✕ ✙✺ ✕✺ a + 4b2 ✬ ✍ ✧✥ ✲✚✬ ✚ ❣ ✪✳ ✙✬ ✿

✣ R ✑✥ ✖ ✗✍ ❢✘ ✙✚ ✛✚✜✏ ✎✖❢✢ ✕ ✚ ❣ ✪✫

♠ ✭ ☞✮✡ ✯ ☞  32 ✑ ✚★ ✧ ✏❢✲✗ ❢✍ P, ❢✍ ✎✏ ✱ ❅❆ ❇✚ ✎✑✒✓✔ ✕ X ✺✥✦ ✎✑✻ ✬ ▼✱ ✎✑✒✓✔ ✕ ✚✥ ✖ ✍ ✚✳ ✎✑✒✓✔ ✕ ❣ ✪✫
❢✎✰ ✍ ✏❢✲✗ ❢✍ ◆ : P × P ✩ P, (A, B) ✩ A ◆ B ✘ ✚✜ ✚ ✱ ❅❆ ❇✚ ✬✸ ✚ ✚ ❖ : P × P ✩ P,

(A, B) ✩ A ❖ B ✘ ✚✜ ✚ ✱❢✜ ✷ ✚✚❢ ✾✚✬ ✱✦ ✧★ ✳ P ✑ ✥ ✖ ❢✘ ✙✚ ✛✚✜ ✏ ✎✖❢✢ ✕ ✚✗ ✵ ❣ ✪✖ ✫

✮✽ ❉ ✕✚✥ ✖❢✍ ✎❢P✑ ✧★ ✎✖❢✢ ✕✚ ❂Union Operation❄  ◆ ✤ P × P ✺✥ ✦ ✱ ❅❑ ✕✥✍ ✕✒ ▲✑ (A, B) ✍ ✚✥  P ✺✥ ✦

✗✍ ✙❢✘ ✬ ✏✕ ✙✺ ✕✺  A ◆ B  ✬✍ ✧✥ ✲✚✬ ✏ ❣ ✪ ✳ ❁✎❢ ✧✗ ◆ ✤ ✎✑✒ ✓✔ ✕ P ✑✥ ✖ ✗✍ ❢✘ ✙✚ ✛✚✜ ✏ ✎✖❢✢ ✕ ✚
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❣☎ ✆ ✝ ✞✟ ✠✡☛☞ ✌ ✞✍✎✏✑ ✒✓ (Intersection) ✞✥✏ ✔✕☞ ✖ , P × P ✍ ♦✗ ✠ ✡✘ ✕♦☛ ✕✙✚ ✛ (A, B) ☛☞ ♦ P ✍ ♦✗ ✜☛

✈✏✢ ✣ ✟✕ ✈✍ ✕✍ A ✖ B ✣☛ r ♦ ✤☞ ✣ ✟ ❣ ☎ ✦ ✈ ✣✜✍ ✖ ✧ ✞✛✙❧★ ✕ P ✛♦✥ ✜☛ ✏✢ ✈☞ ❡☞ ✌✟ ✞✥✏ ✔✕☞ ❣ ☎ ✆

♠ ✩✪ ✫✬✭✪  33 ✏ ✞❢ ☛ ✟✏ ✤✜ ✏☛ (a, b) ✮ ✈✏❡☛ ✣ ✛ {a, b} ✢ ☞ ✌☞ ✠✏✌⑥☞ ☞✏ ✒☞ ✣  ✯  : R × R ✮ R ✣✰☞ ☞

(a, b) ✮ ✏ ✑✱ ✑✣ ✛ {a, b} ✢☞ ✌☞ ✠✏ ✌⑥☞ ☞ ✏ ✒☞ ✣ ✲  : R × R ✮ R ✏✢ ✈☞ ❡☞ ✌✟ ✞✥✏ ✔✕☞ ✜✳ ❣☎ ✥✆

✫✴ ✵ ✕☞ ♦✥✏☛ ✯ ,  R × R  ✍ ♦✗ ✠ ✡ ✘✕♦☛ ✕✙✚ ✛ (a, b) ☛☞ ♦ ✞✛✙ ❧★ ✕ R ✍ ♦✗ ✜☛ ✈✏✢ ✣ ✟✕ ✈ ✍✕✍ ✦ ✑☞ ✛✣✶

a ✣✰ ☞☞ b ✛♦ ✥ ✞♦ ✈✏❡☛ ✣✛✦ ✠ ✌ r ♦ ✤☞ ✣☞ ❣☎ ✦ ✈ ✣✜✍ ✯  ✜☛ ✏✢✈ ☞❡☞ ✌✟ ✞✥✏ ✔✕☞ ❣☎ ✥ ✝ ✞✟ ✠ ✡☛☞ ✌ ✍ ♦✗ ✣✍✎ ✗

✢ ☞ ✌☞ ✕❣ ☛❣☞ ✤☞ ✞☛ ✣☞ ❣ ☎ ✏☛ ✲  ⑥☞ ✟ ✜☛ ✏✢ ✈☞ ❡☞ ✌✟ ✞✥✏ ✔✕☞ ❣☎ ✆

✷ ✸✹✺✻ ✼✽  ✾ (4, 7) = 7, ✯ (4, – 7) = 4, ✲ (4, 7) = 4 ✣✰☞ ☞ ✲ (4, – 7) = – 7 ❣ ☎ ✆

✤t ✏☛✞ ✟ ✞✛✙ ❧★ ✕ A ✛♦✥ ✈ ✍ ✕✍☞ ♦✥ ☛ ✟ ✞✥✿ ✕☞ ☛ ✛ ❣☞ ♦✣ ✟ ❣☎ ✦ ✣☞ ♦ ❣ ✛ ✞✛✙❧★ ✕ A ✛♦✥ ✜☛

✏✢ ✈☞ ❡☞ ✌✟ ✞✥✏ ✔✕☞ ❀ ☛☞ ♦ ✜☛ ✞☞ ✌❞☞ ✟ ✢ ☞ ✌☞ ❁✕ ✵✣ ☛ ✌ ✞☛ ✣♦ ❣ ☎ ✥✦ ✏✤ ✞♦ ✞✥✏✔ ✕☞ ❀ ☛ ✟ ✞✥✏ ✔✕☞ ✞☞ ✌❞☞ ✟

☛❣ ✣♦ ❣☎ ✥✆ ❂ ❃☞ ❣ ✌❞☞ ☞ ✰☞ ✎ A = {1, 2, 3} ✠ ✌ ✏✍★☞ ✌ ☛ ✟✏✤✜ ✆ ✣t ❂ ❃☞❣ ✌❞☞ ✐ ✐ ✛♦✥ ✠✏✌⑥☞☞ ✏ ✒☞ ✣ A ✛♦✥ ✞✥✏ ✔✕☞

✯  ✏ ✑✱ ✑✏ r✏✿☞ ✣ ✞☞ ✌❞☞ ✟ ❄ ✞☞ ✌❞☞ ✟ ❅ ❆❅❇ ✢ ☞ ✌☞ ❁✕ ✵✣ ☛ ✟ ✤☞ ✞☛✣ ✟ ❣☎ ✆ ✕❣ ☞ ✳ ✞✥✏ ✔✕☞ ✞☞ ✌❞☞ ✟ ✛♦ ✥ ✯  (1,

3) = 3, ✯  (2, 3) = 3, ✯  (1, 2) = 2.

❈ ❉ ❊❋ ❉● 1.1

✕❣ ☞ ✳ ✞✥✏ ✔✕☞ ✞☞ ✌❞☞ ✟ ✛♦ ✥ ✐ ✠ ✥✏ ✵✣ ✕☞ ✳ ✣✰☞ ☞ ✐ ❍✣ ✥⑥☞ ❣ ☎ ✥✦ ✏✤ ✞✛♦✥ ❄i, j❇✍ ✟✥ ✠ ✡✏✍✏ ✒■ ✞✛✙ ❧★ ✕ A ✍♦ ✗

i✍♦ ✥ ✣✰☞ ☞ j✍ ♦✥ ✈✍ ✕✍☞ ♦✥ ✛♦✥ ✞♦ ✈✏❡☛✣ ✛ ❣ ☞ ♦✣☞ ❣ ☎ ✆ ✝ ✞☛☞ ❁✕☞ ✠☛ ✟☛ ✌❞☞ ✏☛ ✞✟ ⑥☞ ✟ ✞☞ ✛☞ ❏ ✕ ✞✥✏ ✔✕☞

* : A ×  A ✮ A ✍ ♦✗ ✏ r✜ ✏☛ ✕☞ ✤☞ ✞☛ ✣☞ ❣ ☎ ✆ ✕✏❃ A = {a
1
, a

2
, ..., a

n
}❣ ☎ ✣☞ ♦ ✞✥✏ ✔✕☞ ✞☞ ✌❞☞ ✟ ✛♦✥

n ✠ ✥✏ ✵ ✣✕☞ ✳ ✣✰ ☞☞ n ❍✣✱ ⑥☞ ❣ ☞ ♦✥▲♦ ✣✰☞ ☞ (i, j)✍ ✟✥ ✠ ✡✏✍✏ ✒■ a
i
 ❀ a

j 
❣ ☞ ♦ ▲✟✆ ✏✍r☞ ♦✛✣✶ n ✠ ✥✏ ✵ ✣✕☞ ♦✥ ✘☞✰ ☞☞  n ❍✣ ✥⑥☞☞ ♦✥

✍☞ r ♦ ✠ ✡❃❑☞ ✏☛ ✞✟ ✞✥✏ ✔ ✕☞ ✞☞ ✌❞☞ ✟✦ ✏ ✤✞☛ ✟ ✠ ✡✘✕ ♦☛ ✠ ✡✏✍✏ ✒■ A = {a
1
, a

2
, ..., a

n
}, ☛☞ ✜☛ ✈✍ ✕✍ ❣☎ ✦

✍♦ ✗ ✏r✜ ❣ ✛ ✜☛ ✏✢ ✈☞ ❡☞ ✌✟ ✞✥✏ ✔✕☞ ❀ : A × A ✮ A ✠✏ ✌⑥☞ ☞ ✏✒☞ ✣ ☛ ✌ ✞☛ ✣♦ ❣☎ ✥ ✦ ✝ ✞ ✠ ✡☛☞ ✌ ✏☛

a
i
 ❀ a

j
 = ✞✥✏ ✔✕☞ ✞☞ ✌❞☞ ✟ ☛ ✟ i✍ ✟✥ ✠ ✥✏ ✵ ✣ ✣✰☞☞ j✍ ♦✥ ❍✣✱ ⑥☞ ☛ ✟ ✠ ✡✏✍✏✒■ ✕☞ ✳ ❣ ☎ ✥✆

❣ ✛ ✑☞ ♦■ ☛✌✣ ♦ ❣ ☎ ✥ ✏☛ 3 ✣✰☞ ☞ 4 ☛☞ ♦ ✏☛ ✞✟ ⑥☞ ✟ ✔✛ ❄order❇ ✛♦✥ ✤☞ ♦▼ ◆♦ ✥✦ ✠✏ ✌❞☞☞ ✛ ❄ ✕☞ ♦▲✠ ✗r❇ ✞✛☞ ✑

✌❣ ✣☞ ❣ ☎ ✦ ✈✰☞ ☞ ✎✣❥ 3 + 4 = 4 + 3, ✠ ✌✥✣✙ ✐ ✣✰☞ ☞ ❖ ☛☞ ♦ P☞ ■☞ ✑ ♦ ✛♦✥ ✏✍✏ ⑥☞ ❏ ✑ ✔✛ ✏✍✏⑥☞❏ ✑ ✠✏ ✌❞☞ ☞ ✛ ❃♦ ✣♦ ❣ ☎ ✥✦

✈ ✰☞ ☞ ✎ ✣❥ 3 – 4 ◗ 4 – 3. ✝ ✞✟ ✠✡☛☞ ✌ ✐ ✣✰☞ ☞ ❖ ▲✙ ❞☞ ☞ ☛ ✌✑ ♦ ✛♦✥ ✔✛ ✛❣ ✘✍✠❜ ❞☞ ✎ ✑❣ ✟✥ ❣☎ ✦ ✠ ✌✥✣✙ ✐ ✣✰☞ ☞ ❖

✍ ♦ ✗ ⑥☞ ☞ ▲ ✛♦ ✥ ✏✍✏ ⑥☞ ❏ ✑ ✔ ✛ ✏✍✏ ⑥☞ ❏ ✑ ✠✏ ✌❞☞ ☞ ✛ ❃ ♦✣ ♦ ❣ ☎ ✥✆ ✈ ✣✶ ✐ ✣✰☞ ☞ ❖ ☛☞ ✕☞ ♦▲ ✣✰☞ ☞ ▲✙ ❞☞☞ ✈✰☞ ✎✠❜ ❞☞ ✎ ❣☎ ❘☛ ✣✙

✐ ✘☞ ☞ ❖ ☛☞ ✈ ✥ ✣✌ ✣✰ ☞☞ ⑥☞ ☞ ▲ ✈ ✰☞ ✎❣ ✟✑ ❣ ☎ ✆ ✈ ✥✣ ✌ ✣✰☞ ☞ ⑥☞ ☞ ▲ ✍ ♦✗ ✏ r✜ ❣ ✛♦✥ ✏ r ✿☞ ✑☞ ✠ ▼ ◆✣☞ ❣ ☎ ✏☛ ❙✐ ✛♦✥

✯ 1 2 3

1 1 2 3

2 2 2 3

3 3 3 3
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✠✡ ☛ ☞✌✍✌✎✏✑ ✒✌ ✓☛ ✔✡✕ ✠✡ ✖ ☞✌✍✌✎✏✑ ✗✘✌✙✌ ✓✖ ✚✌✡ ☛ ✠✡ ✛✌✌✜ ✚✢✣✤✏✑ ✒✌ ✓☛ ✚✌✡ ✖ ✠✡ ✛✌✌✜ ✚✢✣✤✏✑✥

✎✠✠✡ ✣❜✦❜✣✧✣★✌✩ ✪✣✫✛✌✌✬✌✌ ✪✭✌✮✩ ✯✌✡✩✢ ✯✰✱

✐✲✳✴✵✵✶✵✵ 11 ✠✔✷✸✹✒ X ✔✡✕ ✏✚ ✣❡✗✌✺✌✫✢ ✠✕✣✻✒✌ ✼ ✻✔✣✙✣❜✔✡✒ (Commutative) ✚✯✧✌✩✢ ✯✰✽

✒✣❀ ✪✭✾✒✡✚ a, b ✿ X ✙✡❁ ✣✧✏ a ✼ b = b ✼ a ✯✌✡✥

♠❂✵❃✳❄✵ 34 ❢❅❆ ❇❈❢❉❊ ❢❇ + : R × R ❋ R ✩✘✌✌ × : R × R ❋ R ✻✔✣✙✣❜✔✡✒ ✣❡✗✌✺✌✫✢

✠✕✣✻✒✌✏● ✯✰✽ ✪✫✕✩✷ – : R × R ❋ R ✩✘✌✌ ÷ : R❍ × R❍ ❋ R❍ ✻✔✣✙✣❜✔✡✒ ❜✯✢✕ ✯✰✕✥

❃❣ ■✒✌✡✕✣✚ a + b = b + a ✩✘✌✌ a × b = b × a, ❏ a, b ✿ R, ✗✩✏✙ ‘+’ ✩✘✌✌ ‘×’ ✻✔✣✙✣❜✔✡✒

✣❡✗✌✺✌✫✢ ✠✕✣✻✒✌✏● ✯✰ ✕✥ ✩✘✌✌✣✪ ‘–’ ✻✔✣✙✣❜✔✡✒ ❜✯✢✕ ✯✰✽ ■✒✌✡✕✣✚ 3 – 4 ❑ 4 – 3.

✎✠✢ ✪✭✚✌✫ 3 ÷ 4 ❑ 4 ÷ 3, ✣✤✠✠✡ ▲✪✬✍ ✯✌✡✩✌ ✯✰ ✣✚ ‘÷’ ✻✔✣✙✣❜✔✡✒ ❜✯✢✕ ✯✰✥

♠❂✵❃✳❄✵ 35 ✣✠▼ ✚✢✣✤✏ ✣✚ a ✼ b = a + 2b ❡✌✫✌ ✪✣✫✛✌✌✣✬✌✩ ✼ : R × R ❋ R ✻✔✣✙✣❜✔✡✒

❜✯✢✕ ✯✰✥

❃❣ ■✒✌✡✕✣✚ 3 ✼ 4 = 3 + 8 = 11 ✗✌✰✫ 4 ✼ 3 = 4 + 6 = 10, ✗✩✱ ✠✕✣✻✒✌ ✼ ✻✔✣✙✣❜✔✡✒ ❜✯✢✕ ✯✰✥

✒✣❀ ✯✔ ✠✔✷✸✹✒ X  ✙✡❁ ✩✢❜ ✗✙✒✙✌✡✕ ✚✌✡ X ✔✡✕ ✪✣✫✛✌✌✣✬✌✩ ✣✚✠✢ ✣❡✗✌✺✌✫✢ ✠✕✣✻✒✌ ✙✡❁ ❡✌✫✌

✠✕◆▼ ✚✫❜✌ ✹✌✯✩✡ ✯✰✕ ✩✌✡ ✏✚ ▲✙✌✛✌✌✣✙✚ ✠✔▲✒✌ ❖P✩✢ ✯✰✥ ◗✒✕✤✚ a ✼ b ✼ c ✚✌ ✗✘✌❞

(a ✼ b) ✼ c ✗✘✌✙✌ a ✼ (b ✼ c) ✯✌✡ ✠✚✩✌ ✯✰ ✗✌✰✫ ✒✯ ❀✌✡❜✌✡✕ ◗✒✤✕✚✽ ✗✌✙❘✒✚ ❜✯✢✕ ✯✰✽ ✣✚ ✠✔✌❜

✯✌✡✕✥ ❖❀✌✯✫❙✌✌✘✌❞ (8 – 5) – 2 ❑ 8 – (5 – 2). ✎✠✣✧✏✽ ✩✢❜ ✠✕★✒✌✗✌✡✕ ❚✽ ❯ ✗✌✰✫ ✖ ✚✌ ✣❡✗✌✺✌✫✢ ✠✕✣✻✒✌

✓◗✒✙✚✧❜✑ ✙✡❁ ❡✌✫✌ ✠✕◆✕✺ ✗✘✌❞✯✢❜ ✯✰ ✤◆ ✩✚ ✣✚ ✚✌✡✬P✚ ❫Bracket❱ ✚✌ ✪✭✒✌✡✜ ❜✯✢✕ ✣✚✒✌ ✤✌✏✥

✪✫✕✩✷ ✒✌✡✜ ✚✢ ✠✕✣✻✒✌ ✔✡✕✽ 8 + 5 + 2 ✚✌ ✔✌❜ ✠✔✌❜ ✯✌✡✩✌ ✯✰✽ ✹✌✯✡ ✯✔ ✎✠✡ ( 8 + 5) + 2 ✗✘✌✙✌

8 + (5 + 2) ✪✭✚✌✫ ✠✡ ✣✧★✌✡✕✥ ✗✩✱ ✩✢❜ ✒✌ ✩✢❜ ✠✡ ✗✣✺✚ ✠✕★✒✌✗✌✡✕ ✚✌ ✒✌✡✜ ✚✢ ✠✕✣✻✒✌ ❡✌✫✌

✠✕◆✕✺✽ ✣◆❜✌ ✚✌✡✬P✚✌✡✕ ✙✡❁ ✪✭✒✌✡✜ ✣✚✏ ✛✌✢✽ ✗✘✌❞✪❲❙✌❞ ✯✰✥ ✎✠✠✡ ✣❜✦❜✣✧✣★✌✩ ✪✣✫✛✌✌✬✌✌ ✪✭✌✮✩ ✯✌✡✩✢ ✯✰✱

✐✲✳✴✵✵✶✵✵ 12 ✏✚ ✣❡✗✌✺✌✫✢ ✠✕✣✻✒✌ ✼ : A × A ❋ A ✠✌✯✹✒❞ ❫Associative❱ ✚✯✧✌✩✢ ✯✰✽ ✒✣❀

(a ✼ b) ✼ c = a ✼ (b ✼ c), ❏ a, b, c, ✿ A.

♠❂✵❃✳❄✵ 36 ✣✠▼ ✚✢✣✤✏ ✣✚ R ✔✡✕ ✒✌✡✜ ✩✘✌✌ ✜✷❙✌✌ ✠✌✯✹✒❞ ✣❡✗✌✺✌✫✢ ✠✕✣✻✒✌✏● ✯✰✕✥ ✪✫✕✩✷ ◗✒✙✚✧❜

✩✘✌✌ ✛✌✌✜ R  ✔✡✕ ✠✌✯✹✒❞ ❜✯✢✕ ✯✰✥

❃❣ ✒✌✡✜ ✩✘✌✌ ✜✷❙✌✌ ✠✌✯✹✒❞ ✯✰✕✽ ■✒✌✡✕✣✚ (a + b) + c = a + (b + c) ✩✘✌✌ (a×b) × c = a × (b × c),

❏  a, b, c ✿ R ✯✰✥ ✩✘✌✌✣✪ ✗✕✩✫ ✩✘✌✌ ✛✌✌✜ ✠✌✯✹✒❞ ❜✯✢✕ ✯✰✕✽ ■✒✌✡✕✣✚ (8 – 5) – 3 ❑ 8 – (5 – 3) ✩✘✌✌

(8 ÷ 5) ÷ 3 ❑ 8 ÷ (5 ÷ 3).

♠❂✵❃✳❄✵ 37 ✣✠▼ ✚✢✣✤✏ ✣✚ a ✼ b ❋ a + 2b ❡✌✫✌ ✪✭❀⑥✌ ✼ : R × R ❋ R ✠✌✯✹✒❞ ❜✯✢✕ ✯✰✥

❃❣  ✠✕✣✻✒✌ ✼ ✠✌✯✹✒❞ ❜✯✢✕ ✯✰✽ ■✒✌✡✕✣✚

(8 ✼ 5) ✼ 3 = (8 + 10) ✼ 3 = (8 + 10) + 6 = 24,

✤◆✣✚ 8 ✼ (5 ✼ 3) = 8 ✼ (5 + 6) = 8 ✼ 11 = 8 + 22 = 30.
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❢☎✆✝✞✟✠ ✡☛☞✌ ✡✍✎✏✑✏✒✌ ☞✓✡✔✕✏ ☛✏ ☞✏✖✗✕✘ ✙✚✛✏✑✜✘ ✢☞ ✎✣✏✘ ✜✤✓ ✎✥✕✓✦ ✜✖✥✧★✩✛✏✘ ✖✪ ✡☛ ✖✜ ✫✕✓✬☛

a
1
 ✭ a

2 
✭ ... ✭ a

n
 ✡✮✯✏ ☞☛✦✤ ✖✪✓✰ ✱✕✏✤✓✡☛ ✢☞ ✙✚✛✏✑✜✘ ✧✤✲ ☛✏✒✛✏ ✕✖ ☞✓✡✳✴✑ ✵✖✌✓ ✒✖ ✬✏✦✏ ✖✪✶ ★✒✓✦✚

✢☞ ✙✚✛✏✑✜✘ ✧✤✲ ✎❜✏✏✧ ✜✤✓✰ ✫✕✓✬☛ a
1
 ✭ a

2 
✭ ... ✭ a

n
 ☞✓✡✳✴✑ (Ambiguous) ✒✖✦✏ ✖✪✰ ✬✷ ✦☛ ✡☛

☛✏✤❞✸☛ ☛✏ ★✹✕✏✤✙ ✵ ✡☛✕✏ ✬✏✺✶  ▲✜✒✛✏ ☛✌✡✬✺ ✡☛ ★✩✧✘✧✦✌✘ ☛✻✏✏✎✏✤✓ ✜✤✓✰ ✬✷ ☛❜✏✌ ✎✓✦✒ ✕✏ ❜✏✏✙ ☛✌

☞✓✡✔✕✏✺❧ ✎✣✏✧✏ ✺☛ ☞✤ ✎✡✑☛ ☞✓✡✔✕✏✺❧ ☞✓★✐✵ ☛✌ ✙✢✼ ✣✏✌✓✰ ✦✷ ☛✏✤❞✸☛✏✤✓ ☛✏ ★✹✕✏✤✙ ✡☛✕✏ ✙✕✏ ✣✏✏✶

R ✜✤✓ ✡✍✎✏✑✏✒✌ ☞✓✡✔✕✏ ❡✽✾ ☞✤ ☞✓✷✓✡✑✦ ☞✓✯✕✏ ✿✏✩✐✕ (zero) ☛✌ ✺☛ ✒✏✤✗☛ ✡✧✿✏✤❞✏✦✏ ✕✖ ✖✪ ✡☛

a + 0 = a = 0 + a, ❀  a ❁ R, ✎✣✏✏✘✦✈, ✡☛☞✌ ❜✏✌ ☞✓✯✕✏ ✜✤✓ ✿✏✩✐✕ ☛✏✤ ✬✏✤❂❃✵✤ ★✒ ✧✖ ☞✓✯✕✏ ✎★✡✒✧✡✦✘✦

✒✖✦✌ ✖✪✶ ★✒✓✦✚ ✙✚✛✏✏ ☛✌ ✡▲✣✏✡✦ ✜✤✓ ✕✖ ❜✏✩✡✜☛✏ (Role) ☞✓✯✕✏ ❄ ✍✏✒✏ ✎✳✏ ☛✌ ✬✏✦✌ ✖✪✰ ✱✕✏✤✓✡☛

a × 1 = a = 1 × a, ❀  a ❁ R ✖✪✶ ✢☞☞✤ ✡✵❣✵✡✮✡✯✏✦ ★✡✒❜✏✏❞✏✏ ★✹✏❅✦ ✖✏✤✦✌ ✖✪✶

❆❇❈❉❊❊❋❊❊ 13 ✡☛☞✌ ★✹✳●✏ ✡✍✎✏✑✏✒✌ ☞✓✡✔✕✏ ✭ : A × A ❍ A, ✧✤✲ ✡✮✺✰ ✺☛ ✎✧✕✧  e ❁ A, ✕✡✳

✢☞☛✏ ✎✡▲✦✥✧ ✖✪✰ ✦✥☞✜☛ (Identity) ☛✖✮✏✦✏ ✖✪✰ ✕✡✳ a ✭ e = a = e ✭ a, ❀  a ❁ A ✖✏✤✶

♠■❊❏❈❑❊ 38 ✡☞▼ ☛✌✡✬✺ ✡☛ R ✜✤✓ ✿✏✩✐✕ ◆❖P ✕✏✤✙ ☛✏ ✦✥☞✜☛ ✖✪ ✦✣✏✏ ❄ ✙✚✛✏✏ ☛✏ ✦✥☞✜☛ ✖✪✶ ★✒✓✦✚

☞✓✡✔✕✏✎✏✤✓ – : R × R ❍ R ✎✏✪✒ ÷ : R◗ × R◗ ❍ R◗ ✧✤✲ ✡✮✺ ☛✏✤✢✘ ✦✥☞✜☛ ✎✧✕✧ ✵✖✌✓ ✖✪✶

❏❘  a + 0 = 0 + a = a ✎✏✪✒ a × 1 = a = 1 × a, ❀ a ❁ R ☛✏ ✦✏✥★✕✘ ✖✪ ✡☛ ❖ ✦✣✏✏ ❄ ✔✜✿✏❙

‘+’ ✦✣✏✏ ‘×’, ✧✤✲ ✦✥☞✜☛ ✎✧✕✧ ✖✪✓✶ ☞✏✣✏ ✖✌ R ✜✤✓ ✺✤☞✏ ☛✏✤✢✘ ✎✧✕✧ e ✵✖✌✓ ✖✪ ✡☛ a – e =

e – a, ❀ a ❁ R ✖✏✤✶ ✢☞✌ ★✹☛✏✒ ✖✜✤✓ R◗ ✜✤✓ ☛✏✤✢✘ ✺✤☞✏ ✎✧✕✧ e ✵✖✌✓ ✡✜✮ ☞☛✦✏ ✖✪ ✡☛

a ÷ e = e ÷ a, ❀ a ❁ R◗ ✖✏✤✶ ✎✦❙ ‘–’ ✦✣✏✏ ‘÷’ ✧✤✲ ✦✥☞✜☛ ✎✧✕✧ ✵✖✌✓ ✖✏✤✦✤ ✖✪✓✶

❢☎✆✝✞✟✠  R ✜✤✓ ✿✏✩✐✕ ◆❖P ✑✵ ☞✓✡✔✕✏ ☛✏ ✦✥☞✜☛ ✖✪✰ ❚☛✦✚ ✕✖ N ✜✤✓ ✑✵ ☞✓✡✔✕✏ ☛✏ ✦✥☞✜☛ ✵✖✌✓

✖✪✰ ✱✕✏✤✓✡☛ 0 ❯ N ✧✏▲✦✧ ✜✤✓ N ✜✤✓ ✑✵ ☞✓✡✔✕✏ ☛✏ ☛✏✤✢✘ ✦✥☞✜☛ ✵✖✌✓ ✖✏✤✦✏ ✖✪✶

✖✜ ★✚✵❙ ✳✤✯✏✦✤ ✖✪✓ ✡☛ ✑✵ ☞✓✡✔✕✏ + : R × R ❍ R ✧✤✲ ✡✮✺✰ ✡☛☞✌ ★✹✳●✏ a ❁ R ☞✤

☞✓✷✓✡✑✦ R ✜✤✓ – a ☛✏ ✎✡▲✦✥✧ ✢☞ ★✹☛✏✒ ✖✪ ✡☛ a + (– a) = 0 (‘+’ ☛✏ ✦✥☞✜☛) = (– a) + a.

✢☞✌ ★✹☛✏✒ R ✜✤✓ ✙✚✛✏✏ ☞✓✡✔✕✏ ✧✤✲ ✡✮✺✰ ✡☛☞✌ ★✹✳●✏ a ❁ R, a ❱ 0  ☞✤ ☞✓✷✓✡✑✦ ✖✜ R ✜✤✓ 
1

a
 ☛✏✤

✢☞ ★✹☛✏✒ ✗✚✵ ☞☛✦✤ ✖✪✓ ✡☛ a × 
1

a
 = 1(‘×’ ☛✏ ✦✥☞✜☛) = 

1

a
× a ✖✏✤✶  ✢☞☞✤ ✡✵❣✵✡✮✡✯✏✦ ★✡✒❜✏✏❞✏✏

★✹✏❅✦ ✖✏✤✦✌ ✖✪✶

❆❇❈❉❊❊❋❊❊ 14 A ✜✤✓ ✦✥☞✜☛ ✎✧✕✧ e ✧✏✮✤ ✺☛ ★✹✳●✏ ✡✍✎✏✑✏✒✌ ☞✓✡✔✕✏   ✭ : A × A ❍ A ✧✤✲ ✡✮✺

✡☛☞✌ ✎✧✕✧ a ❁ A ☛✏✤ ☞✓✡✔✕✏ ✭ ✧✤✲ ☞✓✳❜✏✘ ✜✤✓ ✫✕✚✥✔✜✛✏✌✕ ☛✖✦✤ ✖✪✓✰ ✕✡✳ A ✜✤✓ ✺☛ ✺✤☞✤ ✎✧✕✧

b ☛✏ ✎✡▲✦✥✧ ✖✪ ✡☛ a ✭ b = e = b ✭ a ✖✏✤ ✦✏✤  b ☛✏✤ a ☛✏ ★✹✡✦✮✏✤✜ (Inverse) ☛✖✦✤ ✖✪✓✰ ✡✬☞✤

★✹✦✌☛ a–1 ✍✏✒✏ ✡✵⑥✡★✦ ☛✒✦✤ ✖✪✓✶
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♠✠✡☛☞✌✡ 39 ❢✍✎ ✏✑❢✒✓ ❢✏ R ❡✔✕ ✖✗ ✍✕❢✘✙✚ ‘+’ ♦✔✛ ❢✜✓ – a ✏✚  ✐✢❢✣✜✚✔❡ a ❣✤ ✥✚✤✦ R ❡✔✕

①✧★✚✚ ✍✕❢✘✙✚ ‘×’ ♦✔✛ ❢✜✓ a ✩ 0 ✏✚ ✐✢❢✣✜✚✔❡
1

a
❣✤✪

☛✫ ✬✙✚✔✕❢✏ a + (– a) = a – a = 0 ✣r✚✚  (– a) + a = 0, ❜✍❢✜✓ – a ✖✗ ✍✕❢✘✙✚ ♦✔✛ ❢✜✓ a

✏✚ ✐✢❢✣✜✚✔❡ ❣✤✪ ❜✍✑ ✐✢✏✚✦❞ a ✩ 0, ♦✔✛ ❢✜✓ a ×
1

a
= 1 = 

1

a
× a, ❢✒✍✏✚ ✣✚✭✐✙✮ ✙❣ ❣✤ ❢✏

1

a

①✧★✚✚ ✍✕❢✘✙✚ ♦✔✛ ❢✜✓ a ✏✚ ✐✢❢✣✜✚✔❡ ❣✤✪

♠✠✡☛☞✌✡ 40 ❢✍✎ ✏✑❢✒✓ ❢✏ N ❡✔✕ ✖✗ ✍✕❢✘✙✚ '+' ♦✔✛ ❢✜✓  a ✯ N ✏✚ ✐✢❢✣✜✚✔❡ – a ✗❣✑✕ ❣✤

✥✚✤✦ N ❡✔✕ ①✧★✚✚ ✍✕❢✘✙✚ ‘×’ ♦✔✛ ❢✜✓ a ✯ N,  a ✩ 1 ✏✚ ✐✢❢✣✜✚✔❡
1

a
✗❣✑✕ ❣✤✪

☛✫ ✬✙✚✔✕❢✏ – a ✰ N,  ❜✍❢✜✓ N ❡✔✕ ✖✗ ✍✕❢✘✙✚ ♦✔✛ ❢✜✓  a ✏✚ ✐✢❢✣✜✚✔❡ – a ✗❣✑✕ ❣✚✔ ✍✏✣✚ ❣✤

✙❀❢✐  – a, ✐✢❢✣✱✕✖ a + (– a) = 0 = (– a) + a ✏✚✔ ✍✕✣✧✲✳ ✏✦✣✚ ❣✤✪ ❜✍✑ ✐✢✏✚✦❞ N ❡✔✕ a ✩ 1 ♦✔✛

❢✜✓
1

a
 ✰ N,  ❢✒✍✏✚ ✥r✚✮ ✙❣ ❣✤ ❢✏ ✴ ♦✔✛ ✥❢✣❢✦✬✣ N ♦✔✛ ❢✏✍✑ ✵✚✑ ✥♦✙♦ ✏✚ ✐✢❢✣✜✚✔❡ N

❡✔✕ ①✧★✚✚ ✍✕❢✘✙✚ ♦✔✛ ❢✜✓ ✗❣✑✕ ❣✚✔✣✚ ❣✤✪

✶✷✚❣✦★✚ ✸✹❞ ✸✺❞ ✸✻ ✣r✚✚ ✸✼ ✍✔ ✽✐✲✳ ❣✚✔✣✚ ❣✤ ❢✏ R ❡✔✕ ✖✗ ✍✕❢✘✙✚ ✘❡❢♦❢✗❡✙ ✣r✚✚ ✍✚❣✾✙✮

❢✿✥✚✖✚✦✑ ✍✕❢✘✙✚ ❣✤❞ ❢✒✍❡✔✕ 0 ✣✭✍❡✏ ✥♦✙♦ ✣r✚✚ a ✯ R, ❁ a ✏✚ ✐✢❢✣✜✚✔❡ ✥♦✙♦ – a ❣✚✔✣✚

❣✤✪

❂❃❄❅❆❇❈❉ ❊❋●

1. ❢✗✖✚✮❢✦✣ ✏✑❢✒✓ ❢✏ ✬✙✚ ❢✗❍✗❢✜❢■✚✣ ✐✢✏✚✦ ✍✔ ✐❢✦✵✚✚❢✲✚✣ ✐✢✭✙✔✏ ✍✕❢✘✙✚ ❏ ✍✔ ✓✏

❢✿✥✚✖✚✦✑ ✍✕❢✘✙✚ ✐✢✚❑✣ ❣✚✔✣✑ ❣✤ ✙✚ ✗❣✑✕✪ ✶✍ ✷▲✚✚ ❡✔✕ ✒✱ ❏ ✓✏ ❢✿✥✚✖✚✦✑ ✍✕❢✘✙✚ ✗❣✑✕ ❣✤❞

✥✚✤❢✾✭✙ ✵✚✑ ✱✣✜✚❜✓✪

(i) Z+ ❡✔✕,  a ❏ b = a – b ✿✚✦✚ ✐❢✦✵✚✚❢✲✚✣ ✍✕❢✘✙✚ ❏

(ii) Z+ ❡✔✕,  a ❏ b = ab ✿✚✦✚ ✐❢✦✵✚✚❢✲✚✣ ✍✕❢✘✙✚ ❏

(iii) R ❡✔✕❞ ✍✕❢✘✙✚ ❏❞  a ❏ b = ab2 ✿✚✦✚ ✐❢✦✵✚✚❢✲✚✣

(iv) Z+ ❡✔✕,  ✍✕❢✘✙✚ ❏❞  a ❏ b = | a – b | ✿✚✦✚ ✐❢✦✵✚✚❢✲✚✣

(v) Z+  ❡✔✕, ✍✕❢✘✙✚ ❏, a ❏ b = a ✿✚✦✚ ✐❢✦✵✚✚❢✲✚✣

2. ❢✗❍✗❢✜❢■✚✣ ✐❢✦✵✚✚❢✲✚✣ ✐✢✭✙✔✏ ❢✿✥✚✖✚✦✑ ✍✕❢✘✙✚ ❏ ♦✔✛ ❢✜✓ ❢✗✖✚✮❢✦✣ ✏✑❢✒✓ ❢✏ ✬✙✚ ❏

❢✿✥✚✖✚✦✑ ✘❡❢♦❢✗❡✙ ❣✤ ✣r✚✚ ✬✙✚ ❏ ✍✚❣✾✙✮ ❣✤✪
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(i) Z  ❡☎✆,  a ✒ b = a – b ⑥✝✞✝ ✟✠✞✡✝✝✠☛✝☞

(ii) Q  ❡☎✆, a ✒ b = ab + 1 ⑥✝✞✝ ✟✠✞✡✝✝✠☛✝☞

(iii) Q  ❡☎✆,  a ✒ b = 
2

ab
 ⑥✝✞✝ ✟✠✞✡✝✝✠☛✝☞

(iv) Z+ ❡☎✆,  a ✒ b = 2ab ⑥✝✞✝ ✟✠✞✡✝✝✠☛✝☞

(v) Z+ ❡☎✆, a ✒ b = ab ⑥✝✞✝ ✟✠✞✡✝✝✠☛✝☞

(vi) R – {– 1} ❡☎✆, a ✒ b = 
1

a

b ✌
⑥✝✞✝ ✟✠✞✡✝✝✠☛✝☞

3. ❧❡✍✎✏✑ {1, 2, 3, 4, 5} ❡☎✆ a ✓  b = ✠❢✔❢☞❡ {a, b} ⑥✝✞✝ ✟✠✞✡✝✝✠☛✝☞ ✠⑥✕✝✖✝✞✗ ❧✆✠✘✑✝ ✟✞

✠✙✏✝✞ ✚✗✠✛✜✢ ❧✆✠✘✑✝ ✓ ✙☎♦ ✠✣✜ ❧✆✠✘✑✝ ❧✝✞✤✝✗ ✠✣✠✥✝✜✢

4. ❧❡✍✎✏✑ {1, 2, 3, 4, 5} ❡☎✆✦ ✠❢✔❢✠✣✠✥✝☞ ❧✆✠✘✑✝ ❧✝✞✤✝✗ ✧❧✝✞✤✝✗ ★✩✪✫ ⑥✝✞✝ ✟✠✞✡✝✝✠☛✝☞✦

✠⑥✕✝✖✝✞✗ ❧✆✠✘✑✝  ✒ ✟✞ ✠✙✏✝✞ ✚✗✠✛✜ ☞✐✝✝

(i) (2 ✒ 3) ✒ 4 ☞✐✝✝ 2 ✒ (3 ✒ 4) ✚✝ ✟✠✞✚✣❢ ✚✗✠✛✜✢

(ii) ❉✑✝ ✒ ✘❡✠✙✠❢❡☎✑ Ø✬✭

(iii) (2 ✒ 3) ✒ (4 ✒ 5) ✚✝ ✟✠✞✚✣❢ ✚✗✠✛✜✢

(❧✆✙☎♦☞✮ ✠❢✔❢ ❧✝✞✤✝✗ ✚✝ ✟✯✑✝☎✰ ✚✗✠✛✜✢✫

✱✲✳✴✲✵ ✶✷✸

5. ❡✝❢ ✣✗✠✛✜ ✠✚ ❧❡✍✎✏✑ {1, 2, 3, 4, 5} ❡☎✆ ✜✚ ✠⑥✕✝✖✝✞✗ ❧✆✠✘✑✝ ✒✹, a ✒✹ b = a ☞✐✝✝ b

✚✝ HCF  ⑥✝✞✝ ✟✠✞✡✝✝✠☛✝☞ Ø✬✢ ❉✑✝ ❧✆✠✘✑✝ ✒✹ ♠✟✺✑✍❉☞ ✟✯✻❢ ✼ ❡☎✆ ✟✠✞✡✝✝✠☛✝☞ ❧✆✠✘✑✝ ✒ ✙☎♦

❧❡✝❢ Ø✬✭ ✕✟❢☎ ♠✽✝✞ ✚✝ ✕✝✬✠✏✾✑ ✡✝✗ ✿☞✣✝❀✜✢

6. ❡✝❢ ✣✗✠✛✜ ✠✚ N ❡☎✆ ✜✚ ✠⑥✕✝✖✝✞✗ ❧✆✠✘✑✝ ✒✦ a ✒ b = a ☞✐✝✝ b ✚✝ LCM  ⑥✝✞✝ ✟✠✞✡✝✝✠☛✝☞

Ø✬✢ ✠❢✔❢✠✣✠✥✝☞ ❣✝☞ ✚✗✠✛✜✮

(i) 5 ✒ 7,   20 ✒ 16 (ii) ❉✑✝ ❧✆✠✘✑ ✒ ✘❡✠✙✠❢❡☎✑ Ø✬ ?

* 1 2 3 4 5

1 1 1 1 1 1

2 1 2 1 2 1

3 1 1 3 1 1

4 1 2 1 4 1

5 1 1 1 1 5
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(iii) ❉ ✠✡ ✒ ☛✡ ☞✌ ✠✍ ☞✎? (iv) N ❡✏✑ ✒ ❞✡ ✓✔ ☛❡ ❞ ✕✖✠✖ ✗✡ ✓ ❞✘✙✚✛

(v) N ✖✏ ♦ ❞✡ ✎✜ ☛✏ ✕✖✠✖ ✒ ☛✑✙ ✢✠✡ ✖✏ ♦ ✙✣✛ ✤✠✥✔ ✢❡ ✦✡✘ ✠ ☞✎✑✧

7. ❉ ✠ ✡ ☛❡ ✥ ★ ✌ ✠ {1, 2, 3, 4, 5} ❡ ✏ ✑ a ✒ b = a ✓ r ✡ ✡ b ❞✡ LCM  ⑥ ✡ ✩ ✡ ✪✙ ✩ ✫ ✡ ✡ ✙ ✬ ✡ ✓ ✒ ✛ ❞

✙ ⑥ ✕ ✡ ❢✡ ✩✘ ☛✑ ✙ ✢✠✡ ☞✎✧ ✕ ✪✜✏ ❦✭✡ ✩ ❞✡ ✕✡ ✎✙✌✔ ✠ ✫✡ ✘ ✮ ✓✣✡ ✯✛ ✰

8. ❡✡ ✜ ✣✘✙✚✛ ✙ ❞ N ❡✏✑ a ✒ b = a ✓ r✡ ✡ b ❞✡ HCF  ⑥ ✡ ✩✡ ✪✙✩ ✫✡ ✡ ✙✬✡ ✓ ✛ ❞ ✙⑥ ✕✡ ❢✡✩✘ ☛✑✙ ✢✠✡

☞ ✎✰ ❉ ✠✡ ✒ ✢❡✙✖✙ ✜❡✏ ✠ ☞ ✎✧ ❉ ✠✡ ✒ ☛✡ ☞✌✠ ✍ ☞✎✧ ❉ ✠✡  N ❡ ✏✑ ✯ ☛ ✙⑥ ✕✡ ❢✡ ✩✘ ☛✑✙ ✢✠✡ ✖✏ ♦ ✓✔ ☛❡ ❞

❞✡ ✕✙ ✱✓✔✖ ☞ ✎✧

9. ❡✡ ✜ ✣✘✙✚✛ ✙ ❞ ✪✙✩❡✏ ✠ ☛✑ ✲ ✠✡ ✕✡ ✏✑ ✖✏ ♦ ☛❡✥★ ✌ ✠ Q ❡✏✑ ✙✜ ✳✜✙ ✣✙✲ ✡ ✓ ✪✴ ❞✡✩ ☛✏ ✪✙✩✫✡ ✡✙✬✡ ✓  ✒ ✛ ❞

✙⑥ ✕✡ ❢✡✩✘ ☛✑✙ ✢✠✡ ☞✎✵

(i) a ✒ b = a – b (ii) a ✒ b = a2 + b2

(iii) a ✒ b = a + ab (iv) a ✒ b = (a – b)2

(v) a ✒ b = 
4

b
a

(vi) a ✒ b = ab2

✗✡ ✓ ❞✘✙✚✛ ✙ ❞ ✯ ✜❡ ✏✑ ☛✏ ❞✡ ✎✜ ☛✘ ☛✑ ✙✢ ✠✡ ✛❑ ✢❡✙✖✙ ✜❡✏ ✠ ☞ ✎✑ ✕✡ ✎✩ ❞✡ ✎ ✜☛✘ ☛✡ ☞✌✠ ✍ ☞ ✎✑ ✰

10. ✪✴✐ ✜ ✶ ❡✏✑ ✷✘ ✸✯ ✍ ☛✑✙ ✢✠✡ ✕✡ ✏✑ ❡✏✑ ✙ ❞☛✘ ❞✡ ✓✔ ☛❡ ❞ ☞✎✹ ✖ ☞ ✮✓✣✡ ✯ ✛✰

11. ❡✡ ✜ ✣✘✙✚✛ ✙ ❞ A = N × N ☞ ✎ ✓r✡✡ A ❡✏✑ (a, b) ✒ (c, d) = (a + c, b + d) ⑥✡ ✩✡ ✪✙✩ ✫✡ ✡ ✙✬✡ ✓

✛ ❞ ✙⑥ ✕✡ ❢✡ ✩✘ ☛✑✙ ✢✠✡ ☞✎✰ ✙ ☛✺ ❞✘✙✚✛ ✙ ❞ ✒ ✢❡✙✖✙ ✜❡ ✠ ✓ r✡✡ ☛✡ ☞ ✌✠✍ ☞ ✎✰ A ❡✏✑ ✒ ❞✡

✓✔ ☛❡ ❞ ✕✖ ✠✖ ✹ ✠✙ ✷ ❞✡ ✏✯ ✍ ☞✎✹ ✓✡ ✏ ✗✡ ✓ ❞✘✙✚✛ ✰

12. ✮ ✓✣✡ ✯✛ ✙ ❞ ❉ ✠✡ ✙ ✜✳✜✙ ✣✙✲ ✡ ✓ ❞r✡ ✜ ☛✔ ✠ ☞ ✎✑ ✠✡ ✕☛✔ ✠ ☞✎✑ ✰ ✕✡ ✎✙ ✌✔ ✠ ✫✡✘ ✮✓ ✣✡✯ ✛ ✰

(i) ☛❡✥★ ✌✠ N ❡✏✑ ✙❞☛✘ ✫✡ ✘ ✱✖✏★ ✻ ✙⑥ ✕✡ ❢✡✩✘ ☛✑✙ ✢✠✡ ✒ ✖✏ ♦ ✙ ✣✛ a ✒ a = a, ✼ a ✽ N

(ii) ✠✙✷  N ❡✏✑ ✒ ✛ ❞ ✢❡✙✖✙✜❡✏ ✠ ✙⑥ ✕✡ ❢✡ ✩✘ ☛✑✙ ✢✠✡ ☞✎✹ ✓✡✏ a ✒ (b ✒ c) = (c ✒ b) ✒ a

13. a ✒ b = a3 + b3 ✪✴❞✡✩ ☛✏ ✪✙✩ ✫✡ ✡✙✬✡ ✓ N ❡✏✑ ✛ ❞ ✙⑥ ✕✡ ❢✡ ✩✘ ☛✑✙ ✢✠✡ ✒ ✪✩ ✙✖✌✡✩ ❞✘✙✚✛ ✰ ✕✮

✙ ✜ ✳✜✙ ✣✙✲✡ ✓ ❡✏✑ ☛✏ ☛☞✘ ❦✭✡ ✩ ❞✡ ✌✠ ✜ ❞✘✙✚ ✛

(A) ✒ ☛✡ ☞✌ ✠✍ ✓ r✡ ✡ ✢❡ ✙✖✙ ✜❡✏ ✠ ✷✡ ✏ ✜✡✏ ✑ ☞✎

(B) ✒ ✢❡✙✖✙ ✜❡✏ ✠ ☞ ✎ Ø❞✓✥ ☛✡ ☞ ✌✠✍ ✜ ☞✘✑ ☞✎

(C) ✒ ☛✡ ☞✌ ✠✍ ☞ ✎ Ø❞✓✥ ✢❡ ✙✖✙ ✜❡✏ ✠ ✜ ☞✘✑ ☞✎

(D) ✒ ✜ ✓✡ ✏ ✢❡✙✖✙ ✜❡✏ ✠ ☞✎ ✕✡ ✎✩ ✜ ☛✡ ☞✌✠ ✍ ☞ ✎
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❢☎❢☎✆ ✝✞✟✠✡☛✟

♠☞✌✍✎✏✌ 41 ❀✑✒ R
1

 r✓✔✔ R
2
 ❧✕✖✗✘❀ A ✕❡✙ r✖✚❀r✔ ❧✙✛✙✜ ✢✣✙✤ r✔❡ ✑❧✥ ✦✧✑★✩ ✑✦ R

1
 ✪ R

2
 ❍✔✧ ✩✦

r✖✚❀r✔ ❧✙✛✙✜ ✢✣✫

✍❣ ✬❀✔❡✙✑✦ R
1

 r✓✔✔ R
2
 r✖✚❀r✔ ❧✙✛✙✜ ✢✣ ✭❧✑✮✩ (a, a) ✯ R

1
, r✓✔✔ (a, a) ✯ R

2
, ✰ a ✯ A ✭❧✦✔

r✔✱✲❀✳ ✢✣ ✑✦ (a, a) ✯ R
1 
✪ R

2
,✰ a, ✑★❧❧❡ ✑❧✥ ✢✔❡r✔ ✢✣ ✑✦ R

1 
✪ R

2
 ▲✴r✖✚❀ ✢✣✫ ✲✖✵✶

(a, b) ✯ R
1 
✪ R

2
 ✷ (a, b) ✯ R

1
 r✓✔✔ (a, b) ✯ R

2
 ✷ (b, a) ✯ R

1
 r✓✔✔ (b, a) ✯ R

2
 ✷

(b, a) ✯ R
1
 ✪ R

2
, ✈r✶ R

1 
✪ R

2
 ❧✕✑✕r ✢✣✫ ✭❧✧ ✲✸✦✔✹ (a, b) ✯ R

1
 ✪ R

2
 r✓✔✔ (b, c) ✯ R

1 
✪ R

2

✷ (a, c) ✯ R
1
 r✓✔✔ (a, c) ✯ R

2
 ✷ (a, c) ✯ R

1 
✪ R

2
✺ ✭❧❧❡ ✑❧✥ ✢✔❡r✔ ✢✣ ✑✦ R

1 
✪ R

2
 ❧✙✻✔✕✦

✢✣✫ ✈r✶ R
1 
✪ R

2
 ✩✦ r✖✚❀r✔ ❧✙✛✙✜ ✢✣✫

♠☞✌✍✎✏✌ 42  ✕✔✵ ✮✧✑★✩ ✑✦ ❧✕✖✗✘❀ A  ✕❡✙ ✜✵ ✲✼✽✔✔✾✦✔❡✙ ✴❡✿ ✻✑✕r ❀✖❁✕✔❡✙ ❂ordered pairs❃✦✔

✩✦ ❧✙✛✙✜ R, (x, y) R (u, v),  ❀✑✒ ✈✔✣✹ ✴❡✿✴✮ ❀✑✒✤ xv = yu  ⑥✔✹✔ ✲✑✹❍✔✔✑❄✔r ✢✣✫ ✑❧✥ ✦✧✑★✩

✑✦ R  ✩✦ r✖✚❀r✔ ❧✙✛✙✜ ✢✣✫

✍❣  ▲✲❄❅r❀✔ (x, y) R (x, y), ✰ (x, y) ✯ A,  ✬❀✔❡✙✑✦ xy = yx ✢✣✫ ✭❧❧❡ ▲✲❄❅ ✢✔❡r✔ ✢✣ ✑✦ R

▲✴r✖✚❀ ✢✣✫ ✲✖✵✶ (x, y) R (u, v) ✷ xv = yu ✷ uy = vx  ✈✔✣✹ ✭❧✑✮✩ (u, v) R (x, y)✢✣✫  ✭❧❧❡

▲✲❄❅ ✢✔❡r✔ ✢✣ ✑✦ R  ❧✕✑✕r ✢✣✫ ✭❧✧ ✲✸✦✔✹ (x, y) R (u, v)  r✓✔✔ (u, v) R (a, b) ✷ xv = yu

r✓✔✔ ub = va ✷ 
a a

xv yu
u u
❆ ✷

b a
xv yu

v u
❇  ✷ xb = ya  ✈✔✣✹ ✭❧✑✮✩ (x, y) R (a, b)✢✣✫

✈r✩✴ R   ❧✙✻✔✕✦ ✢✣✫ ✈r✶ R  ✩✦ r✖✚❀r✔ ❧✙✛✙✜ ✢✣✫

♠☞✌✍✎✏✌ 43 ✕✔✵ ✮✧✑★✩ ✑✦ X = {1, 2, 3, 4, 5, 6, 7, 8, 9}✢✣✫ ✕✔✵ ✮✧✑★✩ ✑✦ X ✕❡✙

R
1
 = {(x, y) : x – y ❧✙❈❀✔ ❉ ❧❡ ❍✔✔❊❀ ✢✣} ⑥✔✹✔ ✲✸✒❋✔ ✩✦ ❧✙✛✙✜ R

1
 ✢✣ r✓✔✔ R

2
 = {(x, y): {x, y}

● {1, 4, 7} ❀✔ {x, y} ● {2, 5, 8} ❀✔ {(x, y} ● {3, 6, 9} ⑥✔✹✔ ✲✸✒❋✔ X ✕❡✙ ✩✦ ✈■❀ ❧✙✛✙✜ R
2

✢✣✫ ✑❧✥ ✦✧✑★✩ ✑✦ R
1
 = R

2
✢✣✫

✍❣  ✵✔❡❅ ✦✧✑★✩ ✑✦ {1, 4, 7}, {2, 5, 8} r✓✔✔ {3, 6, 9} ❧✕✖✗✘❀✔❡✙ ✕❡✙ ❧❡ ✲✸✱❀❡✦ ✦✔ ✈✑❍✔✮❏✔✽✔

❂characterstic❃ ❀✢ ✢✣ ✑✦ ✭✵✴❡✿ ✑✦❧✧ ❍✔✧ ✒✔❡ ✈✴❀✴✔❡ ✙ ✦✔ ✈✙r✹ ❉ ✦✔ ✩✦ ❑✖✽✔★ ✢✣✫ ✭❧✑✮✩
(x, y) ✯ R

1
 ✷ x – y ❧✙❈❀✔ ❉ ✦✔ ❑✖✽✔★ ✢✣ ✷ {x, y} ● {1, 4, 7} ❀✔ {x, y} ● {2, 5, 8}

❀✔ {x, y} ● {3, 6, 9} ✷ (x, y) ✯ R
2
✤ ✈r✶ R

1
 ● R

2
✺ ✭❧✧ ✲✸✦✔✹ {x, y} ✯ R

2
 ✷ {x, y} ●

{1, 4, 7} ❀✔ {x, y} ● {2, 5, 8} ❀✔ {x, y} ● {3, 6, 9} ✷ x – y ❧✙❈❀✔ ❉ ❧❡ ❍✔✔❊❀ ✢✣ ✷ {x, y}

✯ R
1
✺ ✭❧❧❡ ▲✲❄❅ ✢✔❡r✔ ✢✣ ✑✦ R

2
 ● R

1
✺ ✈r✶ R

1
 = R

2 
✢✣✫

♠☞✌✍✎✏✌ 44 ✕✔✵ ✮✧✑★✩ ✑✦  f : X ▼ Y ✩✦ ✲✿✮✵ ✢✣✫ X ✕❡✙ R = {(a, b): f (a) = f (b)} ⑥✔✹✔

✲✸✒❋✔ ✩✦ ❧✙✛✙✜ R ✲✑✹❍✔✔✑❄✔r ✦✧✑★✩✫ ★✔✐✑✘✩ ✑✦ ✬❀✔ R ✩✦ r✖✚❀r✔ ❧✙✛✙✜ ✢✣✫
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❣✠  ✐✡☛☞✌✍ a ✎ X ♦✌✏ ✑✒✓ (a, a) ✎ R, ❉☞✔✌✕✑✍ f (a) = f (a), ✑❢✖✖✌ ✗✐✘✙ ✚✔✌✛✔ ✚✜ ✑✍ R ✗♦✛▲✢☞

✚✜✣ ✤✖✥ ✐✡✍✔✦✧ (a, b) ✎ R ★ f (a) = f (b) ★ f (b) = f (a) ★ (b, a) ✎ R✲ ✤✖✑✒✓ R ✖✩✑✩✛

✚✜✣ ✐▲✪✫ (a, b) ✎ R ✛r✔✔ (b, c) ✎ R ★ f (a) = f (b) ✛r✔✔ f (b) = f (c) ★ f (a) = f (c) ★

(a, c) ✎ R, ✑❢✖✍✔ ✛✔☛✐☞✬ ✚✜ ✑✍ R ✖✕✭✔✩✍ ✚✜✣ ✮✛✫ R ✓✍ ✛▲✢☞✛✔ ✖✕✱✕✯ ✚✜✣

♠✰✳❣✴✵✳ 45 ✑✪✯✔✬✑✦✛ ✍✥✑❢✓ ✑✍ ✖✩▲✶✷☞ R ✩✌✕ ✐✡❡✸✔ ✑✪✹✪✑✒✑✺✔✛ ✑✻✮✔✯✔✦✥ ✖✕✑✭☞✔✮✔✌✕ ✩✌✕ ✖✌ ✍✔✜✪

✖✥ ✖✔✚✷☞✬ ✚✜✕ ✮✔✜✦ ✍✔✜✪ ✖✥ ✭✩✑♦✑✪✩✌☞ ✚✜✕✣

(a) a ✼ b = 1, ✽  a, b ✎ R (b)  a ✼ b = 
( )

2

a b✾
 ✽  a, b ✎ R

❣✠

(a) ✗✐✘✙✛☞✔ ✐✑✦✿✔✔✘✔✔ ✻✔✦✔  a ✼ b = b ✼ a = 1, ✽ a, b ✎ R✲ ✖✔r✔ ✚✥ (a ✼ b) ✼ c =

(1 ✼ c) =1 ✛r✔✔ a ✼ (b ✼ c) = a ✼ (1) = 1, ✽  a, b, c ✎ R ✮✛✫ R ✖✔✚✷☞✬ ✛r✔✔

✭✩✑♦✑✪✩✌☞ ❡✔✌✪✔✌✕ ✚✜✣

(b) a ✼ b = 
2 2

a b b a❀ ❀
❁  = b ✼ a,  ❂ a, b ✎ R, ✑❢✖✖✌ ✗✐✘✙ ✚✔✌✛✔ ✚✜ ✑✍ ✼ ✭✩✑♦✑✪✩✌☞

✚✜✣ ✐▲✪✫

(a ✼ b) ✼ c =
2

a b❃❄ ❅
❆ ❇
❈ ❊

✼ c.

=
22

2 4

a b
c

a b c

❋● ❍
❋■ ❏ ❋ ❋❑ ▼ ◆ .

➥✍✛▲ a ✼ (b ✼ c) =
2

b c
a

❖P ◗
❘ ❙ ❚

❯ ❱

=
2 22

2 4 4

b c
a

a b c a b c

❲
❲

❲ ❲ ❲ ❲
❳ ❨  ❩✖✔✩✔❬☞✛✫❭

✮✛✫ ✼ ✖✔✚✷☞✬ ✪✚✥✕ ✚✜✣

♠✰✳❣✴✵✳ 46 ✖✩▲✶✷☞ A = {1, 2, 3} ✖✌ ✗♦☞✕ ✛✍ ✖✿✔✥ ✓♦✜✏✍✥ ✐✏✒✪ ✍✥ ✖✕✺☞✔ ❪✔✛ ✍✥✑❢✓✣

❣✠  {1, 2, 3} ✖✌ ✗♦☞✕ ✛✍ ✓♦✜✏✍✥ ✐✏✒✪ ♦✌✏♦✒ ✛✥✪ ✐✡✛✥✍✔✌✕ 1, 2, 3 ✍✔ ✭✩✷☞ ✚✜✣ ✮✛✫

{1, 2, 3} ✖✌ ✗♦☞✕ ✛✍ ♦✌✏ ✐✡✑✛✑✷❫✔✔✌✕ ❩Maps❭ ✍✥ ♦▲✏✒ ✖✕✺☞✔ ✛✥✪ ✐✡✛✥✍✔✌✕ ❴✧ ❵ ✧ ❛ ♦✌✏ ✭✩✷☞✔✌✕

✍✥ ♦▲✏✒ ✖✕✺☞✔ ♦✌✏ ✱✦✔✱✦ ✚✔✌❞✥✧ ❢✔✌ ✑✍ 3! = 6 ✚✜✣
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♠☎✆✝✞✟✆  47 ❡✠✡ ☛☞✌✍✎ ✌✏ A = {1, 2, 3} ❣✑✒ ✓✔ ✌✕✖ ✏☞✌✍✎ ✌✏ ✎✗✕✗ ✕✘✔✘✙✠✗✘ ✏☞ ✕✘✚✛✠ ✜✠✢

❣✑✣ ✌✍✡❡✗✘ ✤✥✣ ✦✧ ✓★✠✠ ✤✦✣ ✩✧ ❣✑✘ ✪✠✑✢ ✍✠✗ ✫✬✓✭✮✛ ✓★✠✠ ✕✘✯✠❡✏ ✓✠✗ ❣✑✘ ✰✏✓✭ ✕❡✌❡✓ ✡❣☞✘ ❣✑✘✒

✝✱  {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1, 3)}, (1, 2) ✓★✠✠ (2, 3)  ✪✬✛✬✠✗✘ ✬✠☛✠ ✬❣ ✕✔✕✗ ✈✠✗✲✠

✕✘✔✘✙ R
1
 ❣✑✣ ✍✠✗ ✫✬✓✭✮✛ ✓★✠✠ ✕✘✯✠❡✏ ❣✑ ✰✏✓✭ ✕❡✌❡✓ ✡❣☞✘ ❣✑✒ ✪✔ ✛✌✳ R

1
 ❡✗✘ ✛✭✴❡ ✤✦✣ ✥✧ ✔✵✶✠

✳✗✘✣ ✓✠✗ ♥✷✠✸✓ ✕✘✔✘✙ R
2 
✪✔ ✹✠☞ ✫✬✓✭✮✛ ✓★✠✠ ✕✘✯✠❡✏ ❣✑ ♥✢✘✓✭ ✕❡✌❡✓ ✡❣☞✘ ❣✑✒ ✺✕☞ ♥✷✏✠✢, ❣❡ R

1

❡✗✘ (3, 2) ✔✵✶✠ ✏✢ R
3 
♥✷✠✸✓ ✏✢ ✕✏✓✗ ❣✑✘✣ ✌✍✡❡✗✘ ✪✹✠☞✐✲ ✻✭✼✠✙❡✽ ❣✑✘✒ ✓★✠✠✌♥ ❣❡ R

1
❡✗✘ ✌✏✾❣☞✘ ✳✠✗ ✛✭✴❡✠✗✘

(2, 1), (3, 2) ✛✠ ✎✏ ✛✭✴❡ (3, 1) ✏✠✗ ✡❣☞✘ ✔✵✶✠ ✕✏✓✗ ❣✑✘✣ ✿✛✠✗✘✌✏ ✎✗✕✠ ✏✢✡✗ ♥✢ ❣❡✣ ✕✘✯✠❡✏✓✠

✔✡✠✎ ✢✚✠✡✗ ✬✗❝ ✌☛✎✣ ❀✠✗✐✠ ✛✭✴❡ ✏✠✗ ☛✗✡✗ ✬✗❝ ✌☛✎ ✔✠❁✛ ❣✠✗ ✍✠✎❂✻✗ ✪✠✑✢ ✺✕ ♥✷✌✯✛✠ ❃✠✢✠ ♥✷✠✸✓ ✕✘✔✘✙

✕❡✌❡✓ ✹✠☞ ❣✠✗ ✍✠✎✻✠✣ ✍✠✗ ✪✹✠☞✐✲ ✡❣☞✘ ❣✑✒ ✪✓❧ ✪✹✠☞✐✲ ✕✘✔✘✙✠✗✘ ✏☞ ✬✭❝☛ ✕✘✚✛✠ ✓☞✡ ❣✑✒

♠☎✆✝✞✟✆  48 ✌✕✖ ✏☞✌✍✎ ✌✏ ✕❡✭❢✜✛ {1, 2, 3} ❡✗✘ (1, 2) ✓★✠✠ (2, 1) ✏✠✗ ✪✾✓✌✬✽✐✲ ✏✢✡✗ ✬✠☛✗

✓✭✮✛✓✠ ✕✘✔✘✙✠✗✘ ✏☞ ✕✘✚✛✠ ✦ ❣✑✒

✝✱ (1, 2) ✓★✠✠ (2, 1) ✏✠✗ ✪✘✓✌✬✽✐✲ ✏✢✡✗ ✬✠☛✠ ✕✔✕✗ ✈✠✗✲✠ ✓✭✮✛✓✠ ✕✘✔✘✙ R
1
, {(1, 1),  (2, 2),

(3, 3), (1, 2), (2, 1)} ❣✑✒ ✪✔ ✬✗❝✬☛ ❄ ✛✭✴❡✣ ✡✠❡✓❧ (2, 3), (3, 2), (1, 3) ✓★✠✠ (3, 1) ❀✠✗✐✠ ✔✜✓✗ ❣✑✘✒

✛✌✳ ❣❡ ✺✡❡✗✘ ✕✗ ✌✏✕☞ ✎✏ ✏✠✗✣ ✍✑✕✗ ✤✦✣ ✩✧ ✏✠✗  R
1 
❡✗✘ ✪✘✓✌✬✽✐✲ ✏✢✓✗ ❣✑✘✣ ✓✠✗ ✕❡✌❡✓ ✬✗❝ ✌☛✎

❣❡✗✘ ✤✩✣ ✦✧ ✏✠✗ ✹✠☞ ☛✗✡✠ ♥❅✶✗✻✠✣ ✕✠★✠ ❣☞ ✕✘✯❡✏✓✠ ❣✗✓✭ ❣❡ ✤✥✣ ✩✧ ✓★✠✠ ✤✩✣ ✥✧ ✏✠✗ ☛✗✡✗ ✬✗❝

✌☛✎ ✔✠❁✛ ❣✠✗✘✻✗✒ ✪✓❧ R
1
 ✕✗ ✔❅✶✠ ✓✭✮✛✓✠ ✕✘✔✘✙ ✬✗❝✬☛ ✕✠✬✽✌❆✠✏ ✕✘✔✘✙ ❣✑✒ ✺✕✕✗ ✫♥✐✲ ❣✠✗✓✠ ❣✑ ✌✏

✤✥✣ ✦✧ ✓★✠✠ ✤✦✣ ✥✧ ✏✠✗ ✪✘✓✌✬✽✐✲ ✏✢✡✗ ✬✠☛✗ ✓✭✮✛✓✠ ✕✘✔✘✙✠✗✘ ✏☞ ✬✭❝☛ ✕✘✚✛✠ ✳✠✗ ❣✑✒

♠☎✆✝✞✟✆ 49 ✌✕✖ ✏☞✌✍✎ ✌✏ {1, 2} ❡✗✘ ✎✗✕☞ ✌❃✪✠✙✠✢☞ ✕✘✌✯✛✠✪✠✗✘ ✏☞ ✕✘✚✛✠ ✬✗❝✬☛ ✎✏ ❣✑✣ ✌✍✕✏✠

✓r✕❡✏ ✥ ❣✑✘ ✓★✠✠ ✌✍✕✬✗❝ ✪✘✓✻✽✓ ✦ ✏✠ ♥✷✌✓☛✠✗❡ ✦ ❣✑✒

✝✱  {1, 2} ❡✗✘ ✏✠✗✺✽ ✌❃✪✠✙✠✢☞ ✕✘✌✯✛✠ ❇❈ {1, 2} × {1, 2} ✕✗ {1, 2} ❡✗✘ ✎✏ ♥❝☛✡ ❣✑✣ ✪★✠✠✽✓❉

{(1, 1), (1, 2), (2, 1), (2, 2)} ✕✗ {1, 2} ✓✏ ✎✏ ♥❝☛✡✒ ✿✛✠✗✘✌✏ ✪✹✠☞✐✲ ✌❃✪✠✙✠✢☞ ✕✘✌✯✛✠ ❇ ✬✗❝

✌☛✎ ✓r✕❡✏ ✪✬✛✬ ✥ ❣✑✣ ✺✕✌☛✎, ❇ ❊❋❈ ❋● ❍ ❋❈ ❇ (1, 2) = 2, ❇ (2, 1) = 2 ✪✠✑✢ ✛✭✴❡ (2, 2)

✬✗❝ ✌☛✎ ❣☞ ✬✗❝✬☛ ✌✬✏✮♥ ❀✠✗✐✠ ✢❣ ✍✠✓✠ ❣✑✒ ✿✛✠✗✘✌✏ ✦ ✏✠ ♥✷✌✓☛✠✗❡ ✦ ❣✑✣ ✺✕✌☛✎ ❇ (2, 2) ✪✠✬❀✛✏

■♥ ✕✗ ✥ ✬✗❝ ✔✢✠✔✢ ❣✑✒ ✪✓❧ ✪✹✠☞✐✲ ✌❃✪✠✙✠✢☞ ✕✘✌✯✛✠✪✠✗✘ ✏☞ ✕✘✚✛✠ ✬✗❝✬☛ ✎✏ ❣✑✒

♠☎✆✝✞✟✆  50 ✓r✕❡✏ ♥❝☛✡ I
N
 : N ❏ N ♥✢ ✌✬✜✠✢ ✏☞✌✍✎✣ ✍✠✗  I

N
 (x) = x, ❑ x ▲ N ❃✠✢✠

♥✌✢✹✠✠✌✐✠✓ ❣✑✒ ✌✕✖ ✏☞✌✍✎ ✌✏✣ ✛▼✌♥ I
N
 ✪✠❢✈✠✳✏ ❣✑ ✰✏✓✭ ✌✡◆✡✌☛✌✚✠✓ ♥✷✏✠✢ ✕✗ ♥✌✢✹✠✠✌✐✠✓ ♥❝☛✡

I
N
 + I

N
 : N ❏ N ✪✠❢✈✠✳✏ ✡❣☞✘ ❣✑

(I
N
 + I

N
) (x) = I

N
 (x) + I

N
 (x) = x + x = 2x

✝✱ ✫♥✐✲✓✛✠ I
N
 ✪✠❢✈✠✳✏ ❣✑ ✰✏✓✭ I

N
 + I

N
 ✪✠❢✈✠✳✏ ✡❣☞✘ ❣✑✒ ✿✛✠✗✘✌✏ ❣❡ ✕❣♥✷✠✘✓ N ❡✗✘

✎✏ ✪✬✛✬ ✩ ☛✗ ✕✏✓✗ ❣✑✘ ✌✍✕✬✗❝ ✌☛✎ ♥✷✠✘✓ N ❡✗✘ ✌✏✕☞ ✎✗✕✗ x ✏✠ ✪✌✫✓r✬ ✡❣☞✘ ❣✑ ✌✏

(I
N
 + I

N
) (x) = 2x = 3 ❣✠✗✒
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♠✠✡☛☞✌✡ 51 f (x) = sin x ⑥✍✎✍ ✏✑✒✓✍ ✏✔✕✖ f : 0,
2

✗✘ ✙
✚✛ ✜✢ ✣

R ✥✤✍✍ g(x) = cos x ⑥✍✎✍ ✏✑✒✓✍ ✏✔✕✖

g : 0,
2

✦✧ ★
✩✪ ✫✬ ✭

R ✏✎ ✐✮✯✍✎ ✰✱✐✲✳✴ ✐✵✶ ✰✱✐✲✳ ✐✰ f ✥✤✍✍ g ✳✮✷✔✰✱ ✸✷✹ ✏✎✺✥✻ f + g ✳✮✷✔✰✱ ✖✸✱✺

✸✷✴

☛❣  ❉✼✍✽✺✐✰ 0,
2

✗✘ ✙
✛ ✜✢ ✣

, ✮✽✔ ✒✍✽ ✐♦✍✾✖✿✐♦✍✾✖ ❀✮✼✮✍✽✺ x
1
 ✥✤✍✍ x

2
 ✮✽✔ ✐✕✳ sin x

1
 ❁ sin x

2
 ✥✤✍✍

cos x
1
 ❁ cos x

2
 ❜✵✐✕✳ f ✥✤✍✍ g ✒✍✽✖✍✽✺ ✸✱ ❀✍✮♥✼✰ ❂✏ ✵✽ ✳✮✷✔✰✱ ✸✷✺✴ ✏✎✺✥✻ (f + g) (0) =

sin 0 + cos 0 = 1 ✥✤✍✍ (f + g)
2

✦❃ ❄
❅ ❆
❇ ❈

 = sin cos 1
2 2

❊ ❊
❋ ● ✸✷✴ ❀✥❍ f + g ✳✮✷✔✰✱ ✖✸✱✺ ✸✷✴

✈■❏❑❏ ▲ ▼◆ ❖P❖P◗ ▼❘❙❚❑P❯❱

1. ❡✍✖ ✕✱✐✲✳ ✐✰  f : R ❲ R , f (x) = 10x + 7 ⑥✍✎✍ ✏✐✎♦✍✍✐❳✍✥ ✏✔✕✖ ✸✷✴ ✳✰ ✳✽✵✍ ✏✔✕✖

g : R ❲ R ❨✍✥ ✰✱✐✲✳ ✐✲✵✮✽✔ ✐✕✳ g o f = f o g = 1
R
 ✸✍✽✴

2. ❡✍✖ ✕✱✐✲✳ ✐✰  f : W ❲ W,  f (n) = n – 1, ✼✐✒ n ✐✮❳✍❡ ✸✷ ✥✤✍✍ f (n) = n + 1, ✼✐✒ n

✵❡ ✸✷✹ ⑥✍✎✍ ✏✐✎♦✍✍✐❳✍✥ ✸✷✴ ✐✵✶ ✰✱✐✲✳ ✐✰ f ❩✼✻❬❭❡❪✍✱✼ ✸✷✴ f ✰✍ ✏✑✐✥✕✍✽❡ ❨✍✥ ✰✱✐✲✳✴

✼✸✍❫ W ✵❡❴✥ ✏❵❪✍✍❛✰✍✽✺ ✰✍ ✵❡✻❝✯✼ ✸✷✴

3. ✼✐✒  f : R ❲ R ✲✸✍❫  f(x) = x2 – 3x + 2 ⑥✍✎✍ ✏✐✎♦✍✍✐❳✍✥ ✸✷ ✥✍✽ f (f (x)) ❨✍✥ ✰✱✐✲✳✴

4. ✐✵✶ ✰✱✐✲✳ ✐✰ f : R ❲ {x ❞ R : – 1 < x < 1} ✲✸✍❫ ( )
1 | |

x
f x

x
❢

❤
, x ❞ R ⑥✍✎✍

✏✐✎♦✍✍✐❳✍✥ ✏✔✕✖  ✳✮✷✔✰✱ ✥✤✍✍ ❀✍❝❥✍✒✰ ✸✷✴

5. ✐✵✶ ✰✱✐✲✳ ✐✰  f (x) = x3 ⑥✍✎✍ ✏✑✒✓✍ ✏✔✕✖  f : R ❲ R ✳✮✷✔✰ ❦Injective♣ ✸✷✴

6. ✒✍✽ ✏✔✕✖✍✽✺  f : N ❲ Z ✥✤✍✍ g : Z ❲ Z ✮✽✔ q✒✍✸✎❪✍ ✒✱✐✲✳ ✲✍✽ ❜✵ ✏✑✰✍✎ ✸✍✽✺ ✐✰✹ g o f

✳✮✷✔✰ ✸✷ ✏✎✺✥✻ g ✳✮✷✔✰ ✖✸✱✺ ✸✷✴

(✵✺✮✽✔✥✖:  f (x) = x ✥✤✍✍ g (x) = |x | ✏✎ ✐✮✯✍✎ ✰✱✐✲✳✴)

7. ✒✍✽ ✏✔✕✖✍✽✺  f : N ❲ N ✥✤✍✍  g : N ❲ N ✮✽✔ q✒✍✸✎❪✍ ✒✱✐✲✳✹ ✲✍✽ ❜✵ ✏✑✰✍✎ ✸✍✽✺ ✐✰✹

g o f  ❀✍❝❥✍✒✰ ✸✷ r✰✥✻ f  ❀✍❝❥✍✒✖ ✖✸✱✺ ✸✷✴

(✵✺✮✽✔✥:  f (x) = x + 1 ✥✤✍✍ 
1, 1

( )
1 , 1

x x
g x

x
✏✎ ✐✮✯✍✎ ✰✱✐✲✳✴
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8. ✱☎ ✆✝✞✟✠ ✡☛☞✌✍✎ X ✝❢✎✏ ✑☞✆✏ ✑✒✓ P(X) t✏✔ ✝☎ X ♦✔✕ ✡☛✖✠ ✗✘✡☛☞✌✍✎✏✔✙ ☎✏ ✡☛☞✌✍✎

✑✒❣ ✘✞ ✝♦✍✏✞ ☎✚✝t✱✓ ✝✛✜✛✝✢✝✣✏✠ ✠✞✑ ✡✔ P(X) ☛✔✙ ✱☎ ✡✙❡✙✤ R ✘✝✞✥✏✏✝✦✏✠ ☎✚✝t✱✧

P(X) ☛✔✙ ✗✘✡☛☞✌✍✎✏✔✙ A, B ♦✔✕ ✝✢✱❣ ARB, ✎✝❢ ✆✏✒✞ ♦✔✕♦✢ ✎✝❢ A ★ B ✑✒✓ ✟✎✏ R, P(X)

☛✔✙ ✱☎ ✠☞✩✎✠✏ ✡✙❡✙✤ ✑✒? ✆✘✛✔ ✗✈✏✞ ☎✏ ✆✏✒✝✍✪✎ ✥✏✚ ✝✢✝✣✏✱✓

9. ✝☎✡✚ ✘✫❢✈✏ ✆✝✞✟✠ ✡☛☞✌✍✎ X ♦✔✕ ✝✢✱ ✱☎ ✝✬✆✏✤✏✞✚ ✡✙✝✭✎✏ ✮ : P(X) × P(X) ✯ P(X)

✘✞ ✝♦✍✏✞ ☎✚✝t✱❣ t✏✔ A ✮ B = A ✰ B, ✲ A, B ✳ P(X) ✬✏✞✏ ✘✝✞✥✏✏✝✦✏✠ ✑✒❣ t✑✏⑥ P(X)

✡☛☞✌✍✎ X ☎✏ ❞✏✏✠ ✡☛☞✌✍✎ (Power set) ✑✒✓ ✝✡✴ ☎✚✝t✱ ✝☎ ✵✡ ✡✙✝✭✎✏ ☎✏ ✠✪✡☛☎

✆♦✎♦ X ✑✒ ✠✶✏✏ ✡✙✝✭✎✏ ✮ ♦✔✕ ✝✢✱ P(X) ☛✔✙ ♦✔✕♦✢ X ❖✎☞✪✭☛✷✏✚✎ ✆♦✎♦ ✑✒✓

10. ✡☛☞✌✍✎ {1, 2, 3, ... , n} ✡✔ ✖♦✎✙ ✠☎ ♦✔✕ ✡☛✖✠ ✆✏✌❧✏❢☎ ✘✕✢✛✏✔✙ ☎✚ ✡✙✣✎✏ ✸✏✠ ☎✚✝t✱✓

11. ☛✏✛ ✢✚✝t✱ ✝☎  S = {a, b, c} ✠✶✏✏ T = {1, 2, 3} ✑✒✓ S ✡✔ T  ✠☎ ♦✔✕ ✝✛✜✛✝✢✝✣✏✠ ✘✕✢✛✏✔✙

F ♦✔✕ ✝✢✱ F–1 ✸✏✠ ☎✚✝t✱❣ ✎✝❢ ✗✡☎✏ ✆✝✖✠✪♦ ✑✒✧

(i) F = {(a, 3), (b, 2), (c, 1)} (ii) F = {(a, 2), (b, 1), (c, 1)}

12. a ✮b = |a – b| ✠✶✏✏ a o b = a, ✲ a, b ✳ R  ✬✏✞✏ ✘✝✞✥✏✏✝✦✏✠ ✝✬✆✏✤✏✞✚ ✡✙✝✭✎✏✆✏✔ ✙

✮ : R × R ✯ R ✠✶✏✏ o : R × R ✯ R ✘✞ ✝♦✍✏✞ ☎✚✝t✱✓ ✝✡✴ ☎✚✝t✱ ✝☎ ✮ ✭☛✝♦✝✛☛✔✎

✑✒ ✘✞✙✠☞ ✡✏✑✍✎✹ ✛✑✚✙ ✑✒❣ o ✡✏✑✍✎✹ ✑✒ ✘✞✙✠☞ ✭☛✝♦✝✛☛✔✎ ✛✑✚✙ ✑✒✓ ✘☞✛✧ ✝✡✴ ☎✚✝t✱ ✝☎ ✡✥✏✚

a, b, c ✳ R ♦✔✕ ✝✢✱ a ✮ (b o c) = (a ✮ b) o (a ✮ c) ✑✒✓ [✎✝❢ ✱✔✡✏ ✑✏✔✠✏ ✑✒❣ ✠✏✔ ✑☛ ☎✑✠✔

✑✒✙ ✝☎ ✡✙✝✭✎✏ ✮ ✡✙✝✭✎✏ o ✘✞ ✝♦✠✝✞✠ ✐Distributes✺ ✑✏✔✠✚ ✑✒✓] ✟✎✏ o ✡✙✝✭✎✏ ✮ ✘✞ ✝♦✠✝✞✠

✑✏✔✠✚ ✑✒? ✆✘✛✔ ✗✈✏✞ ☎✏ ✆✏✒✝✍✪✎ ✥✏✚ ❡✠✢✏✵✱✓

13. ✝☎✡✚ ✘✫❢✈✏ ✆✝✞✟✠ ✡☛☞✌✍✎ X ♦✔✕ ✝✢✱ ☛✏✛ ✢✚✝t✱ ✝☎ ✮ : P(X) × P(X) ✯ P(X), t✑✏⑥

A * B = (A – B) ✻ (B – A), ✲ A, B ✳ P(X) ✬✏✞✏ ✘✝✞✥✏✏✝✦✏✠ ✑✒✓ ✝✡✴ ☎✚✝t✱ ✝☎ ✝✞✟✠

✡☛☞✌✍✎ ✼❣ ✡✙✝✭✎✏ ✮ ☎✏ ✠✪✡☛☎ ✑✒ ✠✶✏✏ P(X) ♦✔✕ ✡☛✖✠ ✆♦✎♦ A ❖✎☞✪✭☛✷✏✚✎ ✑✒❣✙ ✵✡

✘✫☎✏✞ ✝☎ A–1 = A. (✡✙♦✔✕✠ : (A – ✼) ✻ (✼ – A) = A. ✠✶✏✏ (A – A) ✻ (A – A) =

A ✮ A = ✼).

14. ✝✛✜✛✝✢✝✣✏✠ ✘✫☎✏✞ ✡✔ ✡☛☞✌✍✎  {0, 1, 2, 3, 4, 5} ☛✔✙ ✱☎ ✝✬✆✏✤✏✞✚ ✡✙✝✭✎✏ ✮ ✘✝✞✥✏✏✝✦✏✠ ☎✚✝t✱

,         6

6,   6

a b a b
a b

a b a b

❀✽♥

❀✽♥

✝✡✴ ☎✚✝t✱ ✝☎ ✾✏✿❁✎ ✐❂✺ ✵✡ ✡✙✝✭✎✏ ☎✏ ✠✪✡☛☎ ✑✒ ✠✶✏✏ ✡☛☞✌✍✎ ☎✏ ✘✫✪✎✔☎ ✆♦✎♦

a ❃0 ❖✎☞✪✭☛✷✏✚✎ ✑✒❣ ✵✡ ✘✫☎✏✞ ✝☎ 6 – a, a ☎✏ ✘✫✝✠✢✏✔☛ ✑✒✓
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15. ❡✠✡ ☛☞✌✍✎ ✌✏ A = {– 1, 0, 1, 2}, B = {– 4, – 2, 0, 2} ✈✠✑✒ f, g : A ✓ B, Ø❡✔✠✕

f (x) = x2 – x, x ✖ A r✗✠✠
1

( ) 2 1,
2

g x x✘ ✙ ✙  x ✖ A ⑥✠✒✠ ✚✌✒✛✠✠✌✜✠r ✚✢☛✡ ✣✑✤✥  ❉✦✠

f r✗✠✠ g ✧❡✠✡ ✣✑✤? ✈✚✡★ ✩✪✠✒ ✏✠ ✈✠✑✌✫✬✦ ✛✠☞ ✭r☛✠✮✎✥ (✧✤✯★✢r : ✡✠★✉ ✏☞✌✍✎ ✌✏ ✰✠★

✚✢☛✡ f : A✓ B r✗✠✠ g : A ✓ B ✧❡✠✡ ✏✣☛✠r★ ✣✑✤ ✦✌✰ f (a) = g(a) ✱ a ✖ A ✣✠★✥

16. ✦✌✰ A = {1, 2, 3} ✣✠★ r✠★ ✎★✧★ ✧✤✭✤❣ ✌✍✡❡★✤ ✈✯✦✯ ✲✳✴ ✵✶ r✗✠✠ ✲✳✴ ✷✶ ✣✠★✤ ✈✠✑✒ ✍✠★ ✸✯r✹✺✦

r✗✠✠ ✧❡✌❡r ✣✑✤ ✻✏r✹ ✧✤Ø✠❡✏ ✡✣☞✤ ✣✑✴ ✏☞ ✧✤✼✦✠ ✣✑

(A) 1 (B) 2 (C) 3 (D) 4

17. ✦✌✰  A = {1, 2, 3} ✣✠★ r✠★ ✈✯✦✯ (1, 2) ✯✠☛★ r✹✺✦r✠ ✧✤✭✤❣✠★✤ ✏☞ ✧✤✼✦✠ ✣✑✥

(A) 1 (B) 2 (C) 3 (D) 4

18. ❡✠✡ ☛☞✌✍✎ ✌✏  f : R ✓ R ✣✑ r✭ ✌✡✽✡✌☛✌✼✠r ✚✾✏✠✒ ✧★ ✚✌✒✛✠✠✌✜✠r ✌✫✣✿✡ ✚✢☛✡ ✲Signum

Function✶ ✣✑✥

1, 0

( ) 0, 0

1, 0

x

f x x

x

❀❁
❂

❃ ❃❄
❂❅ ❆❇

r✗✠✠  g : R ✓ R✴ g (x) = [x], ⑥✠✒✠ ✚✾✰✪✠ ❡✣✪✠❡ ✚❈❊✠✠❋✤✏ ✚✢☛✡ ✣✑✴ ✍✣✠● [x]✴ x ✧★ ✏❡ ✦✠

x ✯★✢ ✭✒✠✭✒ ✚❈❊✠✠❋✤✏ ✣✑✴ r✠★ ❉✦✠ fog  r✗✠✠ gof , ✈✤r✒✠☛ [0, 1] ❡★✤ ✧✤✚✠r☞ (coincide) ✣✑✤?

19. ✧❡✹❍✫✦ {a, b} ❡★✤ ✌⑥✈✠❣✠✒☞ ✧✤✌Ø✦✠✈✠★✤ ✏☞ ✧✤✼✦✠ ✣✑

(A) 10 (B) 16 (C) 20 (D) 8

■❏❑❏▲▼❏

✮✧ ✈❜✦✠✦ ❡★✤✴ ✣❡✡★ ✌✯✌✯❣ ✚✾✏✠✒ ✯★✢ ✧✤✭✤❣✠★✤✴ ✚✢☛✡✠★✤ r✗✠✠ ✌⑥✈✠❣✠✒☞ ✧✤✌Ø✦✠✈✠★✤ ✏✠ ✈❜✦✦✡ ✌✏✦✠

✣✑✥ ✮✧ ✈❜✦✠✦ ✏☞ ❡✹✼✦ ✌✯✜✠✦◆✯✸r✹ ✌✡✽✡✌☛✌✼✠r ✣✑✕

❖ X  ❡★✤✴ R = P ◗ X × X ⑥✠✒✠ ✚✾✰✪✠ ✧✤✭✤❣ R✴ ❘❙❚❯ ❱❲❳❲❨ ✣✠★r✠ ✣✑✥

❖ X  ❡★✤✴ R = X × X ⑥✠✒✠ ✚✾✰✪✠ ✧✤✭✤❣ R✴ ❱❩❬❭❘❪❩❫ ❱❲❳❲❨ ✣✑✥

❖ X  ❡★✤✴ ✎★✧✠ ✧✤✭✤❣ ✌✏ ✱ a ✖ X✴ (a, a) ✖ R, ❴❬❯❵❛❝ ❱❲❳❲❨ ✣✑✥

❖ X  ❡★✤✴ ✮✧ ✚✾✏✠✒ ✏✠ ✧✤✭✤❣ R,  ✍✠★ ✚✾✌r✭✤❣ (a, b) ✖ R ✏✠ r✠✬✚✦❋ ✣✑ ✌✏ (b, a) ✖ R

✏✠★ ✧✤r✹✜✉ ✏✒r✠ ✣✑ ❱❞❘❞❯ ❱❲❳❲❨ ✣✑✥

❖ X  ❡★✤✴ ✚✾✌r✭✤❣ R,  (a, b) ✖ R r✗✠✠ (b, c) ✖ R ❢ (a, c) ✖ R ✱ a, b, c ✖ X ✏✠★ ✧✤r✹✜✉

✏✒✡★ ✯✠☛✠ ✧✤✭✤❣ R ❱❲❤❩❞❫ ❱❲❳❲❨ ✣✑✥
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☎ X ❡✆✝✞ ✟✝✠✝✡ R, t☛✆ ☞✌✍✎✏✑✞ ✟❡✒❡✍ ✍✓☛☛ ✟✝✔☛❡✕ ✖✗✞ r✘✙✚r✛ ✜✢✣✢✤ ✖✗✥

☎ X  ❡✆✝✞ ✒✕✟✦ ✍✎✏✑✍☛ ✟✝✠✝✡ R  ✌✆♦ ✒✧★ a ✩ X ✌✆♦ ✜✢❧r r✘✙✚r✛ ✪❧✫  [a], X ✕☛ ✌✖

♠✬✟❡✎✭✮✑ ✖✗ ✒t✟✌✆♦ ✟✯☛✦ ✰✌✑✌ a ✟✆ ✟✝✠✝✒✡✍ ✖✗✝✥

☎ ★✕ ✬♦✧✱  f : X ✲ Y ★✌✗♦✕✦ ✳✰✓☛✌☛ ★✌✗♦✕✴ ✬♦✧✱ ✖✗✞ ✑✒✵

f (x
1
) = f (x

2
) ✶ x

1
 = x

2
, ✷  x

1
, x

2
 ✩ X

☎ ★✕ ✬♦✧✱  f : X ✲ Y ✈✛✸✹✛✺✻ ✼✈✽✛✪✛ ✈✛✸✹✛✺✾✿ ✬♦✧✱ ✖✗✞ ✑✒✵ ✒✕✟✦ ✬❀✵❁☛

y ✩ Y, ❂ x ✩ X, ❜✟ ✬❀✕☛❃ ✒✕  f (x) = y

☎ ★✕ ✬♦✧✱ f : X ✲ Y ❄✪❅❆✻✾ r✽✛✛ ✈✛✸✹✛✺✻ ✼✈✽✛✪✛ ❄✪❅❆✻✾ ✈✛✸✹✛✺✾✿ ✬♦✧✱

✖✗✞ ✑✒✵  f ★✌✗♦✕✦ ✍✓☛☛ ✰✭❇☛✵✕ ✵☛✆✱☛✆✝ ✖✗✥

☎ ✬♦✧✱ f : A ✲ B ✍✓☛☛ g : B ✲ C ✕☛ ✜✢✚✛❈❉❊✞ ✬♦✧✱ gof : A ✲ C ✖✗✞ t☛✆  gof (x)

= g(f (x)), ✷ x ✩ A ⑥☛❃☛ ✬❀✵❁☛ ✖✗✥

☎ ★✕ ✬♦✧✱  f : X ✲ Y ❖✚✘❋●❍■✛✾✚ ✖✗✞ ✑✒✵  ❂ g : Y ✲ X, ❜✟ ✬❀✕☛❃ ✒✕ gof = 1
X
 ✍✓☛☛

fog = 1
Y
.

☎ ★✕ ✬♦✧✱  f : X ✲ Y ❖✚✘❋●❍■✛✾✚ ✖✗✞ ✑✒✵ ✰☛✗❃ ✌✆♦✌✧ ✑✒✵  f ★✌✗♦✕✦ ✍✓☛☛ ✰☛✭❇☛✵✕ ✖✗✥

☎ ✒✕✟✦ ✬❀✵❁☛ ✬✒❃✒❡✍ ✟❡✎✭✮✑ X ✌✆♦ ✒✧★ ✬♦✧✱ f : X ✲ X ★✌✗♦✕✦ ✳✍✵☛✱✎✟☛❃

✰☛✭❇☛✵✕✴ ✖☛✆✍☛ ✖✗✞ ✑✒✵ ✰☛✗❃ ✌✆♦✌✧ ✑✒✵ f  ✰☛✭✵❇☛✵✕ ✳✍✵☛✱✎✟☛❃ ★✌✗♦✕✦✴ ✖✗✥ ✑✖

✒✕✟✦ ✬✒❃✒❡✍ ✟❡✎✭✮✑ ✕☛ ✰✒✯☛✧☛❢☛✒❏☛✕ ❑✎❏☛✡❡▲ ✳Characterstic Property✴ ✖✗✥ ✑✖

✰✬✒❃✒❡✍ ✟❡✎✭✮✑ ✌✆♦ ✒✧★ ✟▼✑ ✱✖✦✝ ✖✗✥

☎ A ❡✆✝ ★✕ ✒⑥✰☛✡☛❃✦ ✟✝✒✔✑☛ ◆P A × A ✟✆ A ✍✕ ★✕ ✬♦✧✱ ◆ ✖✗✥

☎ ★✕ ✰✌✑✌  e ✩ X, ✒⑥✰☛✡☛❃✦ ✟✝✒✔✑☛ ◆ : X × X ✲ X,  ✕☛ ✍▼✟❡✕ ✰✌✑✌ ✖✗✞ ✑✒✵

a ◆ e = a = e ◆ a, ✷ a ✩ X

☎ ✕☛✆❜▲ ✰✌✑✌ e ✩ X  ✒⑥✰☛✡☛❃✦ ✟✝✒✔✑☛ ◆ : X × X ✲ X,   ✌✆♦ ✒✧★ ❖✚✘❋●❍■✛✾✚

✖☛✆✍☛ ✖✗✞ ✑✒✵ ★✕ ★✆✟✆  b ✩ X  ✕☛ ✰✒☞✍▼✌ ✖✗ ✒✕  a ◆ b = e = b ◆ a ✖✗ t✖☛❣

e ✒⑥✰☛✡☛❃✦ ✟✝✒✔✑☛ ◆ ✕☛ ✍▼✟❡✕ ✖✗✥ ✰✌✑✌ b, a ✕☛ ✬❀✒✍✧☛✆❡ ✕✖✧☛✍☛ ✖✗✞ ✒t✟✆

a–1 ✟✆ ✒✱◗✒✬✍ ✕❃✍✆ ✖✗✝✥

☎ X ✕☛ ★✕ ✟✝✒✔✑☛ ◆P ✔❡✒✌✒✱❡✑ ✖✗ ✑✒✵ a ◆ b = b ◆ a, ✷ a, b ✩ X

☎ X ❡✆✝✞ ★✕ ✟✝✒✔✑☛ ◆P ✟☛✖✮✑▲ ✖✗ ✑✒✵ (a ◆ b) ◆ c = a ◆ (b ◆ c),✷ a, b, c ✩ X
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✱✠✡☛☞✌✡✍✎ ✏✑✒✓✔✌✕✡✖

✐✗✘✙ ✚✛ ✜✢✚✣✐✙✤✥ R. Descartes (✜✙✦ 1596-1650 ❜✧★) ✜✩ ✐✪✤✫✢✬✤ ✭✤✩ ✚✫ ✮✚ ✘✢✯✩

✈✢✰✫✤✘ ✲✩✢ ✳✴✚✳✜✰ ✭✵❜✧ ✭✶✷ Descartes ✙✩ ✜✙✦ ✉✸✹✺ ❜✧★ ✲✩✢ ✈✐✙✛ ✐✤✢✻✵✳✘✳✐ “Geometrie”

✲✩✢ ❡✤✼✽ ✾✐✗✘✙✿ ✚✤ ✐✪❀✤✩❁✥ ❂❀✤✳✲✰✛❀ ✴❃✤✩✢✥ ❄✶✜✩ ✈✳✰✐✫✴✘❀ ❅Hyperbola❆✥ ✐✳✫✴✘❀

(Parabola)  ✰r✤✤ ✽✛❇✤✧✴❈❉✤ (Ellipse), ✚✤ ✈❞❀❀✙ ✚✫✰✩ ✜✲❀✥ ✮✚ ❊✫ ✫✤✳❡✤ x ✴✩✗ ❋✙ ✐●❍✤✤■✚

❇✤✤✰  xn ✴✩✗ ✈r✤✧ ✲✩✢ ✳✚❀✤ r✤✤✷ James Gregory (✜✙✦ 1636-1675 ❜✧★❆ ✙✩ ✈✐✙✛ ✴❈✗✳✰ “ Vera

Circuliet Hyperbolae Quadratura” (✜✙✦ 1667 ❜✧★) ✲✩✢✥ ✐✗✘✙ ✚✤✩ ✮✚ ✮✩✜✛ ✫✤✳❡✤ ✲✤✙✤ r✤✤✥

❄✤✩ ✳✚✜✛ ✈t❀ ✫✤✳❡✤ ✐✫ ✯✛❄✛❀ ✈r✤✴✤ ✈t❀ ✜✢✳❃❀✤✈✤✩✢ ✚✤✩ ❏❉✤✫✤✩❉✤✫ ✐✪❀✤✩❁ ✚✫✙✩ ✜✩ ✐✪✤❑✰ ✭✤✩✰✛

✭✶✷ ✯✤✽ ✲✩✢ G. W. Leibnitz (1646-1716 ❜✧★) ✙✩✢ ✉✸✺✹ ❜✧★ ✲✩✢ ✳✘✳▲✤✰ ✈✐✙✛ ✐✤✢✻✵✳✘✳✐

“Methodus tangentium inversa, seu  de functionibus” ✲✩✢ ❡✤✼✽ ✾✐✗✘✙✿ ✚✤✩ ✳✚✜✛ ✮✩✜✛

✫✤✳❡✤ ✴✩✗ ✈r✤✧ ✲✩✢ ✐✪❀✤✩❁ ✳✚❀✤✥ ❄✤✩ ✳✚✜✛ ✴❃ ✴✩✗ ✮✚ ✳✯✢✽✵ ✜✩ ✽●✜✫✩ ✳✯✢✽✵ ✰✚ ❜✜ ✐✪✚✤✫ ✐✳✫✴✳✰✧✰

✭✤✩✰✛ ✫✭✰✛ ✭✶✥ ❄✶✜✩ ✴❃ ✐✫ ✳✯✢✽✵ ✴✩✗ ✳✙✽✩✧❡✤✤✢✚✥ ✴❃ ✚✛ ✐✪✴❍✤✰✤✥ ✴❃ ✚✛ ❣✐❡✤✛✧ ✰r✤✤ ✈✳✬✤✘✢✯

✐✳✫✴✳✰✧✰ ✭✤✩✰✩ ✭✶✢✷ ✰r✤✤✳✐ ✈✐✙✛ ✴❈✗✳✰ “Historia” (1714 ❜✧★) ✲✩✢ Leibnitz ✙✩ ✐✗✘✙ ✚✤✩ ✮✚ ❊✫

✐✫ ✈✤❋✤✳✫✰ ✫✤✳❡✤ ✴✩✗ ▼✐ ✲✩✢ ✐✪❀✤✩❁ ✳✚❀✤ r✤✤✷ ✴✤◆❀✤✢❡✤ ‘x ✚✤ ✐✗✘✙’ ✐✪❀✤✩❁ ✲✩✢ ✘✤✙✩ ✴✤✘✩ ✴✩

✜✴✧✐✪r✤✲ ❖❀✳◆✰ r✤✩✷ John Bernoulli (1667-1748 ❜✧★) ✙✩ ✜✴✧✐✪r✤✲ ✉✺✉P ❜✧★ ✲✩✢ ✜✢✴✩✗✰✙

❅Notation❆ ◗x ✚✤✩ ✴✤◆❀✤✢❡✤ ‘x ✚✤ ✐✗✘✙’ ✚✤✩ ✐✪✚❘ ✚✫✙✩ ✴✩✗ ✳✘✮ ✳✚❀✤ r✤✤✷ ✐✫✢✰✵ ✐✗✘✙

✚✤✩ ✳✙▼✳✐✰ ✚✫✙✩ ✴✩✗ ✳✘✮ ✐✪✰✛✚✤✩✢✥ ❄✶✜✩ f, F, ◗, ❙ ... ✚✤ ❖❀✤✐✚ ✐✪❀✤✩❁ Leonhard Euler

(1707-1783 ❜✧★) ⑥✤✫✤ 1734 ❜✧★ ✲✩✢ ✈✐✙✛ ✐✤✢✻✵✳✘✳✐ “Analysis Infinitorium” ✴✩✗ ✐✪r✤✲ ▲✤❍✻

✲✩✢ ✳✚❀✤ ❁❀✤ r✤✤✷ ✯✤✽ ✲✩✢ Joeph Louis Lagrange (1736-1813 ❜✧★) ✙✩ ✉✺❚✹ ❜✧★ ✲✩✢ ✈✐✙✛

✐✤✢✻✵✳✘✳✐ “Theorie des functions analytiques” ✐✪✚✤✳❡✤✰ ✚✛✥ ✳❄✜✲✩✢ ❏t✭✤✩✢✙✩ ✳✴❡✘✩❯✤❍✤✤❱✲✚

❅Analytic❆ ✐✗✘✙ ✴✩✗ ✯✤✫✩ ✲✩✢ ✐✳✫❊❊✤✧ ✚✛ r✤✛ ✰r✤✤ ✜✢✴✩✗✰✙ f (x), F(x), ◗(x) ✈✤✳✽ ✚✤ ✐✪❀✤✩❁

x ✴✩✗ ✳✬✤t✙♦✳✬✤t✙ ✐✗✘✙✤✩✢ ✴✩✗ ✳✘✮ ✳✚❀✤ r✤✤✷ ✰✽✤✩✐✫✤✢✰ Lejeunne Dirichlet (1805-1859 ❜✧★) ✙✩

✐✗✘✙ ✚✛ ✐✳✫✬✤✤❯✤✤ ✽✛✷ ✳❄✜✚✤ ✐✪❀✤✩❁ ❏✜ ✜✲❀ ✰✚ ✭✤✩✰✤ ✫✭✤ ❄✯ ✰✚ ✴✰✧✲✤✙ ✚✤✘ ✲✩✢ ✐✗✘✙

✚✛ ✜✲✵❲❊❀ ✜✶❳✤✢✳✰✚ ✐✳✫✬✤✤❯✤✤ ✚✤ ✐✪❊✘✙ ✙✭✛✢ ✭✵✈✤✥ ❄✤✩ Georg Cantor (1845-1918 ❜✧)

⑥✤✫✤ ✳✴✚✳✜✰ ✜✲✵❲❊❀ ✳✜❳✤✢✰ ✴✩✗ ✯✤✽ ✭✵✈✤✷ ✴✰✧✲✤✙ ✚✤✘ ✲✩✢ ✐✪❊✳✘✰ ✐✗✘✙ ✚✛ ✜✲✵❲❊❀

✜✶❳✤✢✳✰✚ ✐✳✫✬✤✤❯✤✤ Dirichlet ⑥✤✫✤ ✐✪✽❉✤ ✐✗✘✙ ✚✛ ✐✳✫✬✤✤❯✤✤ ✚✤ ✲✤❨✤ ✈✲●✰✛✧✚✫❍✤

❅Abstraction❆ ✭✶✷

—❩❩—



        

�Mathematics, in general, is fundamentally the science of

self-evident things— FELIX KLEIN �
2.1  ❍✁✂✄☎✆✁ (Introduction)

✈✝✞✟✞ ✠ ✡☛☞✌ ✍✡ ✎✏✑ ✒✓✔☛✕ ✍✖☞ ✗✘ ✗✘✙✚ ✎✕✛✜ f  ✘✟ ✎❞✢✚✘
 f –1 ⑥✟✣✟ ✗✜✤✗✎✢ ✎❞✗✢✛✟☛✡ (Inverse) ✎✕✛✜ ✘✟ ✈✗✥✢✦✔ ✔☛✕✔✛
✢r✟✚ ✍✖ ✞✗✧ f  ✱✔✖✕✘✚ ✢★✟✟ ✈✟✩✪✟✧✘ ✍✟☛✫ ✬✍✓✢ ✙☛ ✎✕✛✜ ✱☛✙☛ ✍✖☞
t✟☛ ✱✔✖✕✘✚✌ ✈✟✩✪✟✧✘ ✞✟ ✧✟☛✜✟☛ ☞ ✍✚ ✜✍✚☞ ✍✖☞✌ ✭✙✗✛✱ ✍✡ ✮✜✔☛✕
✎❞✗✢✛✟☛✡✟☛☞ ✘✚ ✬✟✢ ✜✍✚☞ ✘✣ ✙✘✢☛ ✍✖☞✫ ✘✐✟✟ XI ✡☛☞✌ ✍✡ ✎✏✑ ✒✓✔☛✕ ✍✖☞
✗✘ ✗❢✟✘✟☛✯✟✗✡✢✚✞ ✎✕✛✜ ✈✎✜☛ ✥✔✟r✟✟✗✔✘ ✰✙✟✡✟✲✞✳ ✎❞✟☞✢ ✈✟✖✣
✎✗✣✙✣ ✡☛☞ ✱✔✖✕✘✚ ✢★✟✟ ✈✟✩✪✟✧✘ ✜✍✚☞ ✍✟☛✢☛ ✍✖☞ ✈✟✖✣ ✭✙✗✛✱ ✮✜✔☛✕
✎❞✗✢✛✟☛✡✟☛☞ ✘✟ ✈✗✥✢✦✔ ✜✍✚☞ ✍✟☛✢✟ ✍✖✫ ✭✙ ✈✝✞✟✞ ✡☛☞ ✍✡ ✗❢✟✘✟☛✯✟✗✡✢✚✞
✎✕✛✜✟☛☞ ✔☛✕ ✎❞✟☞✢✟☛☞ ✢★✟✟ ✎✗✣✙✣✟☛☞ ✎✣ ✛✴✜☛ ✔✟✛☛ ✮✜ ✎❞✗✢✬☞✵✟☛☞ (Restrictions)

✘✟ ✈✝✞✞✜ ✘✣☛☞✴☛✌ ✗t✜✙☛ ✮✜✔☛✕ ✎❞✗✢✛✟☛✡✟☛ ☞ ✘✟ ✈✗✥✢✦✔ ✙✓✗✜✗✶✒✢
✍✟☛✢✟ ✍✖ ✈✟✖✣ ✈✟✛☛❣✟✟☛ ☞ ⑥✟✣✟ ✎❞✗✢✛✟☛✡✟☛☞ ✘✟ ✈✔✛✟☛✘✜ ✘✣☛☞✴☛✫ ✭✙✔☛✕
✈✗✢✗✣✷✢ ✭✜ ✎❞✗✢✛✟☛✡✟☛☞ ✔☛✕ ✔✓✕✪ ✎❞✟✣☞✗r✟✘ ✴✓✯✟✵✡✸ (Properties) ✎✣
r✟✚ ✗✔✒✟✣ ✘✣☛☞✴☛✫

✎❞✗✢✛✟☛✡ ✗❢✟✘✟☛✯✟✗✡✢✚✞ ✎✕✛✜✌ ✘✛✜ (Calculus) ✡☛☞ ✱✘ ✡✍✦✔✎✹✯✟✸ r✟✹✗✡✘✟ ✗✜r✟✟✢☛ ✍✖☞✌ ✷✞✟☛ ☞✗✘
✮✜✘✚ ✙✍✟✞✢✟ ✙☛ ✈✜☛✘ ✙✡✟✘✛ (Integrals) ✎✗✣r✟✟✗✺✟✢ ✍✟☛✢☛ ✍✖☞✫ ✎❞✗✢✛✟☛✡ ✗❢✟✘✟☛✯✟✗✡✢✚✞ ✎✕✛✜✟☛☞ ✘✚
✙☞✘❧✎✜✟ ✘✟ ✎❞✞✟☛✴ ✗✔✻✟✜ ✢★✟✟ ✈✗r✟✞✟☞✗❢✟✘✚ (Engineering) ✡☛☞ r✟✚ ✍✟☛✢✟ ✍✖✫
2.2  ✼✁✽✁✾❍✁✂✿ ❀❁✆❂❃❄✁❅❆ (Basic Concepts)

✘✐✟✟ XI, ✡☛☞✌ ✍✡ ✗❢✟✘✟☛✯✟✗✡✢✚✞ ✎✕✛✜✟☛☞ ✘✟ ✈✝✞✞✜ ✘✣ ✒✓✔☛✕ ✍✖☞✌ t✟☛ ✗✜❡✜✗✛✗❣✟✢ ✎❞✘✟✣ ✙☛ ✎✗✣r✟✟✗✺✟✢ ✍✖☞
sine ✎✕✛✜✌ ✈★✟✟✸✢❇✌  sin : R ❈ [– 1, 1]

cosine ✎✕✛✜✌ ✈★✟✟✸✢❇✌ cos : R ❈ [– 1, 1]
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(Inverse Trigonometric Functions)

Arya Bhatta

 (476-550 A. D.)
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tangent ✥✍✎✏✑ ✒✓✔✔✕✖✗✑  tan : R – { x : x = (2n + 1) 
2

✘
, n ✙ Z} ✚ R

cotangent ✥✍✎✏✑ ✒✓✔✔✕✖✗✑ cot : R – { x : x = n✛, n ✙ Z} ✚ R

secant ✥✍✎✏✑ ✒✓✔✔✕✖✗, sec : R – { x : x = (2n + 1) 
2

✘
, n ✙ Z} ✚ R – (– 1, 1)

cosecant ✥✍✎✏✑ ✒✓✔✔✕✖✗✑ cosec : R – { x : x = n✛,  n ✙ Z} ✚ R – (– 1, 1)

❣✜ ✒✢✣✔✣ ✤ ✜✦✧ ✣❣ ★✔✩ ✪✩✫✔ ✬✭✮✦✍ ❣✯✧ ✰✱ ✣✰✲ f : X✚Y ❜✪ ✥✳✱✔✴ ❣✯ ✰✱ f (x) = y ✵✱

✵✮✯✍✱✩ ✖✓✔✔ ✒✔✶✷✔✲✱ ✥✍✎✏ ❣✔✦ ✖✔✦ ❣✜ ✵✱ ✒✰✸✖✩✣ ✥✍✎✏ g : Y✚X ❜✪ ✥✳✱✔✴ ✥✰✴★✔✔✰✹✔✖ ✱✴

✪✱✖✦ ❣✯✧ ✰✱ g (y) = x, t❣✔✺ x ✙ X ✖✓✔✔ y = f (x), y ✙ Y ❣✯✻ ✣❣✔✺ g ✱✔ ✥✳✔✧✖ = f  ✱✔ ✥✰✴✪✴

✒✔✯✴ g ✱✔ ✥✰✴✪✴ = f   ✱✔ ✥✳✔✧✖✻ ✥✍✎✏ g ✱✔✦ ✥✍✎✏ f ✱✔ ✥✳✰✖✎✔✦✜ ✱❣✖✦ ❣✯✧ ✒✔✯✴ ❜✪✦ f –1 ✸✔✴✔

✰✏❢✰✥✖ ✱✴✖✦ ❣✯✧✻ ✪✔✓✔ ❣✩ g ★✔✩ ✵✮✯✍✱✩ ✖✓✔✔ ✒✔✶✷✔✲✱ ❣✔✦✖✔ ❣✯ ✒✔✯✴ g  ✱✔ ✥✳✰✖✎✔✦✜ ✥✍✎✏ f ❣✔✦✖✔

❣✯✧ ✒✖✼ g–1 = (f –1)–1 = f ❜✪✮✦✍ ✪✔✓✔ ❣✩

(f –1 o f ) (x) = f –1 (f (x)) = f –1(y) = x

✒✔✯✴ (f o f –1) (y) = f (f –1(y))  = f (x) = y

❉✣✔✦✧✰✱ sine ✥✍✎✏ ✱✔ ✥✳✔✧✖ ✮✔✽✖✰✮✱ ✪✧✫✣✔✒✔✦✧ ✱✔ ✪✜✭✶✬✣ ❣✯ ✖✓✔✔ ❜✪✱✔ ✥✰✴✪✴ ✪✧✮✾✖ ✒✧✖✴✔✎

[–1, 1] ❣✯✻ ✣✰✲ ❣✜ ❜✪✮✦✍ ✥✳✔✧✖ ✱✔✦ ,
2 2

✿❀ ❀❁ ❂
❃ ❄❅ ❆

 ✜✦✧ ✪✩✰✜✖ ❡✥✳✰✖❇✧✰❈✖❊ ✱✴ ✲✦✧✑ ✖✔✦ ✣❣ ✥✰✴✪✴

[– 1, 1] ✮✔✎✔✑ ✵✱ ✵✮✯✍✱✩ ✖✓✔✔ ✒✔✶✷✔✲✱ ✥✍✎✏ ❣✔✦ t✔✖✔ ❣✯✻ ✮✔✽✖✮ ✜✦✧✑ sine ✥✍✎✏✑ ✒✧✖✴✔✎✔✦✧

3 –
,

2 2
, ,

2 2

❋● ●❍ ■
❏ ❑
▲ ▼

, 
3

,
2 2

● ●❍ ■
❏ ❑▲ ▼

❜◆✣✔✰✲ ✜✦✧✑ ✪✦ ✰✱✪✩ ✜✦✧ ★✔✩ ✪✩✰✜✖ ❣✔✦✏✦ ✪✦✑ ✥✰✴✪✴ [–1, 1]

✮✔✎✔✑ ✵✱ ✵✮✯✍✱✩ ✖✓✔✔ ✒✔✶✷✔✲✱ ✥✍✎✏ ❣✔✦ t✔✖✔ ❣✯✻ ✒✖✼ ❣✜ ❜✏✜✦✧ ✪✦ ✥✳◆✣✦✱ ✒✧✖✴✔✎ ✜✦✧✑ sine

✥✍✎✏ ✮✦✍ ✥✳✰✖✎✔✦✜ ✥✍✎✏ ✱✔✦ sin–1 (arc sine function) ✸✔✴✔ ✰✏❢✰✥✖ ✱✴✖✦ ❣✯✧✻ ✒✖✼ sin–1 ✵✱

✥✍✎✏ ❣✯✑ ✰t✪✱✔ ✥✳✔✧✖ [– 1, 1] ❣✯✑ ✒✔✯✴ ✰t✪✱✔ ✥✰✴✪✴
3

,
2 2

❋ ● ❋●❍ ■
❏ ❑
▲ ▼

, ,
2 2

❋● ●❍ ■
❏ ❑
▲ ▼

 ✣✔ 
3

,
2 2

● ●❍ ■
❏ ❑▲ ▼

❜◆✣✔✰✲ ✜✦✧ ✪✦ ✱✔✦❜✕ ★✔✩ ✒✧✖✴✔✎ ❣✔✦ ✪✱✖✔ ❣✯✻ ❜✪ ✥✳✱✔✴ ✮✦✍ ✥✳◆✣✦✱ ✒✧✖✴✔✎ ✮✦✍ ✪✧❖✖ ❣✜✦✧ ✥✍✎✏

sin–1 ✱✩ ✵✱ ❞✔✔✫✔✔ (Branch) ✥✳✔P✖ ❣✔✦✖✩ ❣✯✻ ✮❣ ❞✔✔✫✔✔✑ ✰t✪✱✔ ✥✰✴✪✴ ,
2 2

❋● ●❍ ■
❏ ❑▲ ▼

 ❣✯✑ ◗❘❙❚ ❯❱❱❙❱❱

❡◗❘❙❚ ◗❱❲ ❯❱❱❙❱❱❊ ✱❣✎✔✖✩ ❣✯✑ t❇ ✰✱ ✥✰✴✪✴ ✮✦✍ ❢✥ ✜✦✧ ✒❳✣ ✒✧✖✴✔✎✔✦✧ ✪✦ sin–1 ✱✩ ✰★✔❳✏❨✰★✔❳✏

❞✔✔✫✔✔✵✺ ✰✜✎✖✩ ❣✯✧✻ t❇ ❣✜ ✥✍✎✏ sin–1 ✱✔ ❩❬✎✦✫✔ ✱✴✖✦ ❣✯✧✑ ✖❇ ❣✜ ❜✪✦ ✥✳✔✧✖ [–1, 1] ✖✓✔✔ ✥✰✴✪✴

,
2 2

❋● ●❍ ■
❏ ❑
▲ ▼

 ✮✔✎✔ ✥✍✎✏ ✪✜♦✖✦ ❣✯✧✻ ❜✪✦ ❣✜ sin–1 : [–1, 1] ✚ ,
2 2

❋● ●❍ ■
❏ ❑
▲ ▼

 ✰✎✫✔✖✦ ❣✯✧✻
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✐☎✆✝✞✟✠✡ ✐☛✞☞ ✌✍ ✐✆✎✏✟✟✑✟✟ ✒✟✎✟✓ ✔✕ ✆☞✑✌✑✟✖ ✆☞✌✞✝✟ ✕✗ ✆✌ sin (sin–1 x) = x , ✔✆❀

– 1 ✘ x ✘1 ✝r✟✟ sin–1 (sin x) = x ✔✆❀
2 2

x
✙ ✙

✚ ✛ ✛ ✕✗✥ ❀✜✢✎✠ ✣✟✤❀✟✠✦ ✡✠✦✓ ✔✆❀ y = sin–1 x ✕✟✠ ✝✟✠

sin y = x ✕✟✠✝✟ ✕✗✥

❢✧★✩✪✫✬

(i) ✕✡✠✦ ❣✭✔✟✔ 1 ✢✠ ❧✟✝ ✕✗ ✆✌✓ ✔✆❀ y = f (x) ✱✌ ✮✔✯✰✲✡✳✟✍✔ ✐☛✞☞ ✕✗✓ ✝✟✠ x = f –1 (y) ✕✟✠✝✟
✕✗✥ ❣✝✴ ✡✜✞ ✐☛✞☞ sin ♦✠☛ ❣✟✞✠✵✟ ✡✠✦ x ✝r✟✟ y ❣✈✟✟✠✦ ✌✟ ✐✎✶✐✎ ✆♦✆☞✡✔ ✌✎♦✠☛ ✐☛✞☞
sin–1 ✌✟ ❣✟✞✠✵✟ ✐☎✟❞✝ ✆✌✔✟ ✷✟ ✢✌✝✟ ✕✗✥ ❣r✟✟✖✝✸✓ ✔✆❀ (a, b), sin ✐☛✞☞ ♦✠☛ ❣✟✞✠✵✟ ✌✟
✱✌ ✆✹✦❀✯ ✕✗✓ ✝✟✠ (b, a), sin ✐☛✞☞ ♦✠☛ ✐☎✆✝✞✟✠✡ ✐☛✞☞ ✌✟ ✢✦✺✝ ✆✹✦❀✯ ✕✟✠✝✟ ✕✗✥ ❣✝✴ ✐☛✞☞

✻✼✽✾✿❁❂ ❃❄❅ (i)

✻✼✽✾✿❁❂ ❃❄❅ (iii)✻✼✽✾✿❁❂ ❃❄❅ (ii)
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y = sin–1 x ❞✍ ✎✍✏✑✒✍✓ ✔✕✏✖  y = sin x ♦✑✕ ✎✍✏✑✒✍ ✗✑✘ x r✙✍✍ y ✎✈✍✍✑✘ ♦✑✕ ✔✚✛✔✚ ✜♦✜✖✗✢
❞✚♦✑✕ ✔✣✍✤r ✜❞✢✍ ✥✍ ✦❞r✍ ✧★✩ ✔✕✏✖ y = sin x r✙✍✍ ✔✕✏✖ y = sin–1 x ♦✑✕ ✎✍✏✑✒✍✍✑✘ ❞✍✑
✎✍♦✪✕✜r 2.1 (i), (ii), ✗✑✘ ❡✫✍✍✬✢✍ ✭✢✍ ✧★✩ ✔✕✏✖ y = sin–1 x ♦✑✕ ✎✍✏✑✒✍ ✗✑✘ ✭✧✚✍ ✜✮✜✯r ✰✍✍✭

✗✱✒✢ ✫✍✍✒✍✍ ❞✍✑ ✜✖✲✜✔r ❞✚r✍ ✧★✩

(ii) ✢✧ ✜❡✒✍✏✍✢✍ ✥✍ ✦❞r✍ ✧★ ✜❞ ✔✣✜r✏✍✑✗ ✔✕✏✖ ❞✍ ✎✍✏✑✒✍✓ ✚✑✒✍✍ y = x ♦✑✕ ✔✜✚r✳ (Along)✓
✦✘✭r ✗❧✏ ✔✕✏✖ ♦✑✕ ✎✍✏✑✒✍ ❞✍✑ ❡✔✬✴✍ ✔✣✜r✜✵✘✵ (Mirror Image)✓ ✎✙✍✍✬r❪ ✔✚✍♦r✬✖
(Reflection) ♦✑✕ ✲✔ ✗✑✘ ✔✣✍✤r ✜❞✢✍ ✥✍ ✦❞r✍ ✧★✩ ✶✦ ✵✍r ❞✷ ❞✸✔✖✍✓ y = sin x r✙✍✍
y = sin–1 x ♦✑✕ ✹✺✧✷✘ ✎✈✍✍✑✘ (Same axes) ✔✚✓ ✔✣✛r✱r ✎✍✏✑✒✍✍✑✘ ✦✑ ❞✷ ✥✍ ✦❞r✷ ✧★

(✎✍♦✪✕✜r 2.1 (iii))✩

sine ✔✕✏✖ ♦✑✕ ✦✗✍✖ cosine ✔✕✏✖ ✰✍✷ ✻❞ ✻✑✦✍ ✔✕✏✖ ✧★ ✜✥✦❞✍ ✔✣✍✘r ♦✍✛r✜♦❞ ✦✘✒✢✍✎✍✑✘

❞✍ ✦✗✱✼✮✢ ✧★ ✎✍★✚ ✜✥✦❞✍ ✔✜✚✦✚ ✦✗✱✼✮✢ [–1, 1] ✧★✩ ✢✜❡ ✧✗ cosine ✔✕✏✖ ♦✑✕ ✔✣✍✘r ❞✍✑ ✎✘r✚✍✏

[0, ✽] ✗✑✘ ✦✷✜✗r ❞✚ ❡✑✘ r✍✑ ✢✧ ✔✜✚✦✚ [–1, 1] ♦✍✏✍ ✻❞ ✻♦★✕❞✷ r✙✍✍ ✎✍✼✾✍❡❞ ✔✕✏✖ ✧✍✑ ✥✍r✍

✧★✩ ♦✛r✱r✳✓ cosine ✔✕✏✖✓ ✎✘r✚✍✏✍✑✘ [– ✽, 0],  [0,✽], [✽, 2✽] ✶❜✢✍✜❡ ✗✑✘ ✦✑ ✜❞✦✷ ✗✑✘ ✰✍✷ ✦✷✜✗r

✧✍✑✖✑ ✦✑✓ ✔✜✚✦✚ [–1, 1] ♦✍✏✍ ✻❞ ✻♦★✕❞✷ ✎✍✼✾✍❡✷ ✿Bijective❀ ✔✕✏✖ ✧✍✑ ✥✍r✍ ✧★✩ ✎r✳ ✧✗ ✶✖

✗✑✘ ✦✑ ✔✣❜✢✑❞ ✎✘r✚✍✏ ✗✑✘ cosine ✔✕✏✖ ♦✑✕ ✔✣✜r✏✍✑✗ ❞✍✑ ✔✜✚✰✍✍✜❁✍r ❞✚ ✦❞r✑ ✧★✘✩ ✧✗ cosine ✔✕✏✖

♦✑✕ ✔✣✜r✏✍✑✗ ✔✕✏✖ ❞✍✑ cos–1 (arc cosine function) ⑥✍✚✍ ✜✖✲✜✔r ❞✚r✑

✧★✘✩ ✎r✳ cos–1 ✻❞ ✔✕✏✖ ✧★ ✜✥✦❞✍ ✔✣✍✘r [–1, 1] ✧★ ✎✍★✚ ✔✜✚✦✚ [–✽, 0],

[0, ✽], [✽, 2✽]  ✶❜✢✍✜❡ ✗✑✘ ✦✑ ❞✍✑✶✬ ✰✍✷ ✎✘r✚✍✏ ✧✍✑ ✦❞r✍ ✧★✩ ✶✦ ✔✣❞✍✚

♦✑✕ ✔✣❜✢✑❞ ✎✘r✚✍✏ ♦✑✕ ✦✘✭r ✧✗✑✘ ✔✕✏✖ cos–1  ❞✷ ✻❞ ✫✍✍✒✍✍ ✔✣✍✤r ✧✍✑r✷

✧★✩ ♦✧ ✫✍✍✒✍✍✓ ✜✥✦❞✍ ✔✜✚✦✚ [0, ✽] ✧★✓ ✗✱✒✢ ✫✍✍✒✍✍ ✿✗✱✒✢ ✗✍✖ ✫✍✍✒✍✍❀

❞✧✏✍r✷ ✧★ ✎✍★✚ ✧✗ ✜✏✒✍r✑ ✧★✘ ✜❞

cos–1 : [–1, 1] ❂ [0, ✽]

y = cos–1 x ⑥✍✚✍ ✔✣❡❃✍ ✔✕✏✖ ❞✍ ✎✍✏✑✒✍ ✹✦✷ ✔✣❞✍✚ ✒✍✷✘✮✍ ✥✍ ✦❞r✍

✧★ ✥★✦✍ ✜❞ y = sin–1 x ♦✑✕ ✎✍✏✑✒✍ ♦✑✕ ✵✍✚✑ ✗✑✘ ♦✴✍✬✖ ✜❞✢✍ ✥✍ ✮✱❞✍ ✧★✩

y = cos x r✙✍✍ y = cos–1 x ♦✑✕ ✎✍✏✑✒✍✍✑✘ ❞✍✑ ✎✍♦✪✕✜r✢✍✑✘ 2.2 (i) r✙✍✍ (ii)

✗✑✘ ✜❡✒✍✏✍✢✍ ✭✢✍ ✧★✩

❄❅❆❇❈❉❊ ❋●❋ (ii)❄❅❆❇❈❉❊ ❋●❋ (i)
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✈ ☎✆ ✝ ✈ ✞ ✟✠ cosec–1x r ✡ ☎☎ sec–1x ✐☛ ☞✌✍ ☎☛ ✎☛ ✏✑✒

❉ ✓ ☎ ✏✑☞✎ cosec x = 
1

sin x
, ✆ ❜☞✔✝ cosec ✐✕✔ ✖ ✎☎ ✐✗ ☎ ✑r ❜✠✘ ✙✍✓ {x : x ✚ R ✈ ☎✛☛ x ✜ n✢,

n ✚ Z} ✟✛ r ✡ ☎ ☎ ✐ ☞☛ ❜☛ ❜ ✠✘ ✙✍ ✓ {y : y ✚ R, y ✣ 1 ✈ ✡ ☎✌ ☎ y ✤ –1}, ✈ ✡ ☎ ☎ ✥r ✦ ✧ ❜ ✠✘ ✙✍ ✓

R – (–1, 1) ✟✛ ✒ ✆ ❜✎☎ ✈ ✡☎✥ ✟✛ ☞✎ y = cosec x, –1 < y < 1 ✎☎ ✏ ❞ ☎✏★ ✩ ✎☛ ✈✪✓ ❜✫ ☎✬ ✌ ☎✭r ☞✌ ✎

✠☎✖ ☎ ✏✑ ✎☎ ✏ ❡✗ ✟✮☎ ✎☛r ☎ ✟✛ r ✡☎ ☎ ✓ ✟ ✢ ✌ ✏✕ ✐ ♦✮☎ ☎✯ ✎ (Integral) ❡✘ ✮☎✰ ☎✏ ✑ ✌ ✏✕ ☞✔ ✝ ✐ ☞☛✫ ☎ ☎☞✱☎r ✖ ✟✬ ✑ ✟✛ ✒ ✓ ☞✲

✟✠ cosec ✐✕✔ ✖ ✌ ✏✕ ✐✗ ☎ ✑r ✎☎ ✏ ✈ ✑r ☛ ☎✔ ,
2 2

✳ ✳✴ ✵
✶✷ ✸

✹ ✺
– {0}, ✠✏ ✑ ❜✬☞✠r ✎☛ ✲ ✏✑✧ r ☎ ✏ ✓ ✟ ✝✎ ✝✌✛✕ ✎✬ r ✡☎ ☎

✈ ☎ ✙❞ ☎✲ ✎ ✐✕✔ ✖ ✟☎ ✏r ☎ ✟✛✧ ☞✰❜✎☎ ✐ ☞☛ ❜☛ ❜✠✘ ✙✍✓ R – (– 1, 1). ✟☎ ✏r ☎ ✟✛ ✒ ✌ ✭r ✘r ❣ cosec ✐✕✔ ✖✧

✈ ✑r ☛☎✔ ☎ ✏✑
3

, { }
2 2

✻ ✼ ✻ ✼✽ ✾
✻ ✻ ✼✿ ❀❁ ❂

, ,
2 2

✻ ✼ ✼✽ ✾
✿ ❀❁ ❂

 – {0}, 
3

, { }
2 2

✼ ✼✽ ✾
✻ ✼✿ ❀❁ ❂

 ✆ ❃✓ ☎ ☞✲ ✠✏✑ ❜✏ ☞✎❜✬ ✠✏ ✑ ✫ ☎✬

❜✬☞✠r ✟ ☎✏ ✖✏ ❜✏ ✝✌✛ ✕✎✬ ✈ ☎ ✙❞ ☎✲ ✬ ✟☎ ✏r ☎ ✟✛ ✈ ☎✛☛ ✆ ❜ ✎☎ ✐ ☞☛ ❜☛ ❜✠✘ ✙✍✓ R – (–1, 1) ✟ ☎✏r ☎ ✟✛ ✒ ✆ ❜ ✐✗ ✎☎☛

cosec–1 ✝✎ ✝ ✏❜✏ ✐✕✔ ✖ ✌ ✏✕ ❄✐ ✠✏✑ ✐ ☞☛✫ ☎ ☎ ☞✱☎r ✟ ☎ ✏ ❜✎r ☎ ✟✛ ☞✰❜✎☎ ✐✗ ☎ ✑r R – (–1, 1) ✟✛ ✈ ☎✛☛ ✐ ☞☛❜☛

✈ ✑r ☛☎✔ ☎✏ ✑ , {0}
2 2

✶ ✳ ✳✴ ✵
✶✷ ✸

✹ ✺
,

3
, { }

2 2

✶ ✳ ✶ ✳✴ ✵
✶ ✶ ✳✷ ✸

✹ ✺
, 

3
, { }

2 2

✳ ✳✴ ✵
✶ ✳✷ ✸

✹ ✺
✆ ❃✓ ☎ ☞✲ ✠✏✑ ❜✏ ✎☎ ✏✆ ✥ ✫ ☎✬ ✝ ✎ ✟☎ ✏

❜✎r ☎ ✟✛ ✒ ✐ ☞☛ ❜☛ , {0}
2 2

✻ ✼ ✼✽ ✾
✻✿ ❀❁ ❂

✌ ✏✕ ❜✑❡r ✐✕✔ ✖ ✎☎✏ cosec–1 ✎✬ ❅❆❇❈ ❊❋ ❋❇❋ ❋ ✎✟r ✏ ✟✛ ✑✒ ✆ ❜ ✐✗ ✎☎☛

✠✘● ✓ ❍☎ ☎● ☎☎ ☞✖■ ✖☞✔ ☞● ☎r r☛ ✟ ❜✏ ❏✓ ❉r ✟☎ ✏r ✬ ✟✛ ❣

❑▲ ▼◆❖ P◗ ❘❙ ❚ (i) ❑ ▲ ▼◆❖ P◗ ❘❙ ❚ (ii)
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cosec–1  : R – (–1, 1) ✍ , {0}
2 2

✎ ✏ ✏✑ ✒
✎✓ ✔

✕ ✖

y = cosec x r ✗✘ ✘ y = cosec–1 x ♦✙✚ ✛ ✘✜ ✙✢ ✘ ✘ ✙✣ ✤ ✘✙ ✛ ✘♦✥✚✦r ✧ ★✩ (i), (ii) ❡ ✙✣ ✦ ✪✢ ✘✜ ✘ ✫ ✘ ✬ ✫✘ ✭✮✯

❜✰✱ r ✲✭✳ sec x = 
1

cos x
, y = sec x ✤ ✘ ❞✴ ✘ ✣r ✰ ❡✵✶✷✫ R – {x : x = (2n + 1) 

2

✸
, n ✹ Z}

✭ ✮ r ✗ ✘ ✘ ❞ ✦ ✲ ✰ ✲ ✰ ❡ ✵ ✶ ✷ ✫ R – (–1, 1) ✭ ✮ ✯ ❜ ✰ ✤ ✘ ✛ ✗ ✘ ❣ ✭ ✮ ✦ ✤ sec (secant) ❞ ✚ ✜ ✺

–1 < y < 1 ✤✘ ✙ ✻ ✘ ✙✼ ✽✤ ✲ ✛ ✾ ✫ ✰ ✿ ✘✱ ♦✘ ❀r ✦♦✤ ❡✘✺ ✘ ✙✣ ✤✘ ✙ ✬✴ ✭❁✘ (Assumes) ✤✲r ✘ ✭✮ ✛ ✘✮ ✲ ✫✭

2

❂
 ♦ ✙✚ ✦♦❃ ✘ ❡ ✬ ✵❁✘❄ ✘ ✙✣ ♦ ✙✚ ✦✜ ❅ ❞✦ ✲✿✘ ✘✦❃ ✘r ✺ ✭✱ ✣ ✭✮✯ ✫✦ ✪ ✭ ❡ secant ❞✚✜ ✺ ♦ ✙✚ ❞✴ ✘ ✣r ✤ ✘ ✙ ✛ ✣r ✲✘✜

[0, ❆] – { 
2

❂
}, ❡✙✣ ✰✱✦ ❡r ✤ ✲ ✪ ✙✣ r ✘ ✙ ✫ ✭ ❅✤ ❅♦✮✚✤✱ r ✗✘✘ ✛ ✘✶✻ ✘ ✪✤ ❞✚✜ ✺ ✭✘ ✙r ✘ ✭✮ ✦❄✰✤ ✘ ❞✦✲✰ ✲

✰❡✵ ✶✷✫ R – (–1, 1) ✭✘ ✙r ✘ ✭✮✯ ♦ ✘ ❀r♦ ❡✙✣ secant ❞✚✜✺ ✛ ✣r ✲✘✜ ✘✙ ✣ [–❆, 0] – {
2

❇ ❂
}, [0, ] –

2

✏❈ ❉
✏ ❊ ❋

● ❍
,

[❆, 2❆] – {
3

2

❂
} ❜■ ✫✘✦ ✪ ❡✙✣ ✰ ✙ ✦✤✰✱ ❡✙✣ ✿✘✱ ✰✱✦ ❡r ✭ ✘✙✺ ✙ ✰ ✙ ❅♦✮✚✤✱ ✛ ✘ ✶✻ ✘ ✪✱ ✭✘ ✙r ✘ ✭✮ ✛ ✘✮ ✲ ❜✰✤ ✘

❞✦ ✲✰ ✲ R–  (–1, 1) ✭✘ ✙r ✘ ✭✮ ✯ ✛r ❏ sec–1 ❅✤ ❅ ✙✰ ✙ ❞✚✜ ✺ ♦✙✚ ❑ ❞ ❡ ✙✣ ❞✦ ✲✿✘ ✘✦❃ ✘r ✭✘ ✙ ✰✤r ✘ ✭✮

✦❄✰✤ ✘ ❞✴ ✘ ✣r (–1, 1) ✭✘ ✙ ✛ ✘✮ ✲ ✦❄✰✤ ✘ ❞✦ ✲✰ ✲ ✛ ✣r ✲✘✜ ✘ ✙✣ [– ❆, 0] – {
2

▲ ✸
}, [0, ❆] – {

2

✸
},

[❆, 2❆] – {
3

2

✸
} ❜ ■✫✘✦ ✪ ❡✙✣ ✰ ✙ ✤ ✘ ✙❜ ❣ ✿✘✱ ✭✘ ✙ ✰✤r ✘ ✭✮ ✯ ❜✺ ❡ ✙✣ ✰ ✙ ❞✴ ■✫✙✤ ✛ ✣r ✲✘✜ ♦ ✙✚ ✰ ✣✬r ✭ ❡✙✣ ❞✚✜ ✺

sec–1 ✤✱ ✦ ✿✘✾✺ ▼✦ ✿✘✾✺ ◆ ✘ ✘✢ ✘ ✘❅❖ ❞✴ ✘P r ✭✘ ✙r ✱ ✭✮ ✣✯ ♦ ✭ ◆ ✘ ✘✢ ✘ ✘ ✦❄✰✤ ✘ ❞✦ ✲✰ ✲ [0, ❆] – {
2

✸
} ✭ ✘ ✙r ✘ ✭✮ ✳

❞✚✜ ✺ sec–1 ✤✱ ❡✵✢ ✫ ◆ ✘ ✘✢ ✘ ✘ ✤ ✭✜ ✘r ✱ ✭✮✯ ❜✰✤ ✘✙ ✭ ❡ ✦✺ ◗✺ ✦✜✦✢ ✘r ❞✴✤ ✘ ✲ ✰ ✙ ❘ ✫❙ r ✤ ✲r ✙ ✭✮ ✣❏

sec–1 : R – (–1,1) ✍ [0, ❆] – {
2

❂
}

y = sec x r ✗✘ ✘  y = sec–1 x ♦ ✙✚ ✛ ✘✜ ✙✢ ✘ ✘ ✙✣ ✤✘ ✙ ✛ ✘♦✥✚✦r ✫ ✘ ✙✣ 2.4 (i), (ii) ❡✙ ✣ ✦ ✪✢ ✘✜ ✘ ✫ ✘ ✬ ✫✘ ✭✮✯ ✛ ✣r

❡✙✣✳ ✛ ❚ ✭ ❡ tan–1 r ✗✘ ✘ cot–1 ❞✲ ✦♦✷✘ ✲ ✤ ✲✙ ✣✬ ✙✯

✭ ❡ ✙ ✣ ❯ ✘ r ✭ ✮ ✦ ✤ ✳ tan ❞ ✚ ✜ ✺ (tangent ❞ ✚ ✜ ✺) ✤ ✘ ❞ ✴ ✘ ✣ r ✰ ❡ ✵ ✶ ✷ ✫{x : x ✹ R r ✗ ✘ ✘

x ❱ (2n +1)
2

✸
, n ✹ Z} ✭✮ r ✗✘ ✘ ❞✦ ✲✰ ✲ R ✭✮✯ ❜✰✤ ✘ ✛ ✗✘ ❣ ✭✮ ✦✤ tan ❞✚✜ ✺

2

✸
 ♦✙✚ ✦♦❃ ✘ ❡ ✬ ✵❁✘❄ ✘ ✙✣
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♦☎✆ ✝✞✟ ✠✝✡☛☞☞✝✌☞✍ ✎✏✑✒ ✏✓✔ ✕✝✖ ✏✗ tangent ✠✆✞✎ ♦☎✆ ✠✐☞✒✍ ✘☞☎ ✙✒✍✡☞✞ ,
2 2

✚✛ ✛✜ ✢
✣ ✤
✥ ✦

 ✗☎✒ ❡✑✝✗✍ ✘✡

✖☎✒♥ ✍☞☎ ✕✏ ✟✘ ✟♦✓✆✘✑ ✍✧☞☞ ✙☞★✩☞✖✘ ✠✆✞✎ ✏☞☎ ✪☞✍☞ ✏✓ ✝✪❡✘☞ ✠✝✡❡✡ ❡✗✫★✬✕ R ✏☞☎✍☞ ✏✓✔ ♦☞❣✍♦

✗☎✒♥ tangent ✠✆✞✎♥ ✙✒✍✡☞✞☞☎✒
3

,
2 2

✭ ✮ ✭✮✯ ✰
✱ ✲
✳ ✴

, ,
2 2

✭✮ ✮✯ ✰
✱ ✲
✳ ✴

, 
3

,
2 2

✮ ✮✯ ✰
✱ ✲
✳ ✴

 ❜✵✕☞✝✖ ✗☎✒ ❡☎ ✝✘❡✑ ✗☎✒ ☛☞✑

❡✑✝✗✍ ✏☞☎✎☎ ❡☎ ✟♦✓✆✘✑ ✙☞★✩☞✖✑ ✏☞☎✍☞ ✏✓ ✙☞✓✡ ❜❡✘☞ ✠✝✡❡✡ ❡✗✫★✬✕ R ✏☞☎✍☞ ✏✓✔ ✙✍✟♦ tan–1 ✟✘

✟☎❡☎ ✠✆✞✎ ♦☎✆ ✶✠ ✗☎✒ ✠✝✡☛☞☞✝✌☞✍ ✏☞☎ ❡✘✍☞ ✏✓♥ ✝✪❡✘☞ ✠✒✐☞✍ R ✏☞☎ ✙☞✓✡ ✠✝✡❡✡ ✙✒✍✡☞✞☞☎✒
3

,
2 2

✚ ✛ ✚✛✜ ✢
✣ ✤
✥ ✦

,

,
2 2

✚✛ ✛✜ ✢
✣ ✤
✥ ✦

, 
3

,
2 2

✛ ✛✜ ✢
✣ ✤
✥ ✦

 ❜✵✕☞✝✖ ✗☎✒ ❡☎ ✘☞☎❜✷ ☛☞✑ ✏☞☎ ❡✘✍☞ ✏✓✔ ❜✎ ✙✒✍✡☞✞☞☎✒ ✸☞✡☞ ✠✆✞✎ tan–1 ✘✑

✝☛☞❢✎✹✝☛☞❢✎ ✺☞☞✻☞☞✟✼ ✝✗✞✍✑ ✏✓✒✔ ♦✏ ✺☞☞✻☞☞♥ ✝✪❡✘☞ ✠✝✡❡✡ ,
2 2

✭✮ ✮✯ ✰
✱ ✲
✳ ✴

 ✏☞☎✍☞ ✏✓♥ ✠✆✞✎ tan–1 ✘✑

✽✾✿❀ ❁❂❂✿❂❂ ✘✏✞☞✍✑ ✏✓✔ ❜❡ ✠✐✘☞✡

tan–1 : R ❃ ,
2 2

✚✛ ✛✜ ✢
✣ ✤
✥ ✦

✈❄❅❆❇❈❉ ❊❋● (ii)✈❄❅❆❇❈❉ ❊❋● (i)
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y = tan x r✍✎✎ y = tan–1x ♦✏✑ ✒✎✓✏✔✎✎✏✕ ✖✎✏ ✒✎♦✗✑✘r✙✎✏✕ 2.5 (i), (ii) ❡✏✕ ✘✚✔✎✓✎✙✎ ✛✙✎ ✜✢✣

✜❡✏✕ ❣✎r ✜✢ ✘✖ cot ✤✑✓✥ (cotangent ✤✑✓✥) ✖✎ ✤❞✎✕r ✦❡✧★✩✙ {x : x ✪ R r✍✎✎ x ✫ n✬,

n ✪ Z} ✜✢ r✍✎✎ ✤✘✭✦✭ ✦❡✧★✩✙ R ✜✢✣ ✮✦✖✎ ✒✍✎✯ ✜✢ ✘✖ cotangent ✤✑✓✥✰ ✬ ♦✏✑ ✤✱✲✎✎✳✖✴✙ ✛✧✲✎✵✎✏✕

✈✶✷✸✹✺✻ ✼✽✾ (i) ✈✶✷✸✹✺✻ ✼✽✾ (ii)

✈✶✷✸✹✺✻ ✼✽✿ (i) ✈✶✷✸✹✺✻ ✼✽✿ (ii)
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♦☎✆ ✝✞ ✟ ✠✝✡☛ ☞ ☞ ✝✌ ☞✍ ✎ ✏✑✒ ✏ ✓✔ ✕ ✝✖ ✏ ✗ cotangent ✠✆✞ ✎ ♦ ☎✆ ✠✥ ☞✒ ✍ ✘☞ ☎ ✙✒ ✍✡ ☞✞ (0, ✚) ✗ ☎✒ ❡✑ ✝✗ ✍ ✘✡

✖ ☎✒ ✍ ☞ ☎ ✕✏ ✠✝✡❡✡ R ♦ ☞✞ ☞ ✟ ✘ ✟♦ ✓✆ ✘✑ ✙ ☞✛✜ ☞✖ ✑ ✠✆✞ ✎ ✏ ☞☎ ✍☞ ✏ ✓✔ ♦✢ ✍✣ ✍✤ cotangent ✠✆✞ ✎ ✙✒ ✍✡ ☞✞ ☞ ☎✒

(–✚, 0), (0, ✚), (✚, 2✚) ❜ ✦ ✕☞ ✝✖ ✗ ☎✒ ❡ ☎ ✝✘❡✑ ✗ ☎✒ ☛ ☞✑ ❡✑ ✝✗ ✍ ✏ ☞ ☎✎ ☎ ❡ ☎ ✟♦ ✓✆ ✘✑ ✙ ☞✛✜ ☞✖ ✑ ✏ ☞ ☎✍ ☞ ✏ ✓ ✙ ☞ ✓✡

❜ ❡ ✘☞ ✠✝✡❡✡ ❡✗✣✛ ✧✕ R ✏ ☞ ☎✍ ☞ ✏ ✓✔ ♦ ☞✢ ✍♦ ✗ ☎✒ cot –1 ✟ ✘ ✟ ☎❡ ☎ ✠✆✞ ✎ ♦ ☎✆ ✱✠ ✗ ☎✒ ✠✝✡☛ ☞☞ ✝✌ ☞ ✍ ✏ ☞ ☎ ❡ ✘✍ ☞

✏ ✓❣ ✝★❡ ✘☞ ✠✥ ☞✒ ✍ R ✏ ☞☎ ✙ ☞ ✓✡ ✠✝✡❡✡ ❣ ✙✒ ✍✡ ☞✞ ☞ ☎✒ (–✚, 0), (0, ✚), (✚, 2✚) ❜ ✦✕ ☞ ✝✖ ✗ ☎✒ ❡ ☎ ✘☞ ☎❜ ✩ ☛ ☞✑ ✏ ☞☎ ✔ ❜ ✎

✙✒ ✍✡ ☞✞ ☞ ☎✒ ❡ ☎ ✠✆✞✎ cot –1 ✘✑ ✝☛ ☞✪✎ ✫ ✝☛ ☞✪✎ ✬ ☞ ☞✭ ☞ ☞✟✮ ✠✥ ☞✯ ✍ ✏ ☞ ☎✍✑ ✏ ✓✒ ✔ ♦✏ ✬ ☞ ☞ ✭☞ ☞ ❣ ✝★❡ ✘☞ ✠✝✡❡✡ (0, ✚)

✏ ☞ ☎✍ ☞ ✏ ✓ ❣ ✠✆✞ ✎ cot –1 ✘✑ ✰✲ ✳✴ ✵✶ ✶ ✳✶✶ ✘✏✞ ☞ ✍✑ ✏ ✓✔ ❜ ❡ ✠✥ ✘☞✡
cot–1 : R ✷ (0, ✚)

y = cot x ✍r ☞ ☞ y = cot–1x ♦☎✆ ✙ ☞✞ ☎✭ ☞☞ ☎✒ ✘☞ ☎ ✙ ☞♦✸✆ ✝✍ ✕☞ ☎✒ 2.6 (i), (ii) ✗ ☎✒ ✠✥✖ ✝✬ ☞✩ ✍ ✝✘✕☞ ✹✕ ☞ ✏ ✓ ✔

✝✎ ❢✎ ✝✞ ✝✭☞ ✍ ❡ ☞✡ ✺☞✑ ✗ ☎✒ ✠✥ ✝✍✞ ☞☎✗ ✝✻☞ ✘☞☎ ✺☞✝✗ ✍✑ ✕ ✠✆✞✎ ☞ ☎✒ ✼✗✣ ✭✕ ✗ ☞✎ ✑ ✕ ✬ ☞ ☞ ✭☞ ☞✙ ☞ ☎✒ ✽ ✘☞ ☎ ✾ ✎♦ ☎✆ ✠✥ ☞✒ ✍ ☞☎✒

✍r ☞ ☞ ✠✝✡❡✡ ☞ ☎✒ ♦ ☎✆ ❡ ☞r ☞ ✠✥✢ ✍✣ ✍ ✝✘✕ ☞ ✹✕ ☞ ✏ ✓ ✔

sin–1 : [–1, 1] ✷ ,
2 2

✿ ✿❀ ❁
❂❃ ❄

❅ ❆

cos–1 : [–1, 1] ✷ [0, ✚]

cosec–1 : R – (–1,1) ✷ ,
2 2

✿ ✿❀ ❁
❂❃ ❄

❅ ❆
– {0}

sec–1 : R – (–1, 1) ✷ [0, ✚] – { }
2

❇

tan–1 : R ✷ ,
2 2

❈ ❉ ❉❊ ❋
● ❍
■ ❏

cot–1 : R ✷ (0, ✚)

❑▲▼◆❖P✶◗

1. sin–1x ❡ ☎ (sin x)–1 ✘✑ ☛ ☞✥ ☞✒ ✝✍ ✎ ✏✑✒ ✏ ☞ ☎✎ ✑ ✧☞ ✝✏✟ ✔ ♦ ☞✢ ✍♦ ✗ ☎✒ (sin x)–1 = 
1

sin x
 ✙ ☞ ✓✡ ✕✏ ✍r ✕

✙ ✪ ✕ ✝✻☞ ✘☞☎ ✺☞✝✗ ✍✑ ✕ ✠✆✞✎ ☞ ☎✒ ♦ ☎✆ ✝✞ ✟ ☛ ☞✑ ❡ ✦✕ ✏ ☞ ☎✍ ☞ ✏ ✓✔

2. ★t ✘☛ ☞✑ ✠✥ ✝✍✞ ☞☎✗ ✝✻☞ ✘☞☎✺☞ ✝✗ ✍✑ ✕ ✠✆✞ ✎ ☞ ☎✒ ✘✑ ✝✘❡✑ ✬ ☞☞ ✭ ☞☞ ✝♦✬ ☞☎✌ ☞ ✘☞ ✾ ❘✞ ☎✭☞ ✎ ✏ ☞ ☎❣ ✍ ☞☎ ✏✗ ☞✡☞

✍ ☞ ✦✠✕✩ ✾ ❡ ✠✆✞✎ ✘✑ ✗✣ ✭ ✕ ✬ ☞☞ ✭ ☞ ☞ ❡ ☎ ✏ ☞ ☎✍☞ ✏ ✓ ✔

3. ✝✘❡✑ ✠✥ ✝✍✞ ☞ ☎✗ ✝✻☞ ✘☞ ☎✺☞ ✝✗ ✍✑ ✕ ✠✆✞ ✎ ✘☞ ♦✏ ✗ ☞✎ ❣ ★☞ ☎ ✾ ❡ ✘✑ ✗✣ ✭ ✕ ✬ ☞☞ ✭ ☞ ☞ ✗ ☎✒ ✝✢r ☞✍ ✏ ☞☎ ✍☞ ✏ ✓❣

✠✥ ✝✍✞ ☞ ☎✗ ✝✻☞ ✘☞ ☎✺☞ ✝✗ ✍✑ ✕ ✠✆✞ ✎ ✘☞ ✰✲ ✳✴ ✰✶ ❙ (Principal value) ✘✏ ✞ ☞ ✍ ☞ ✏ ✓✔
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✈✍ ✎✏ ✑✒✓✔ ✕✖✗✎✘✙✗✗✚✛ ✜✘ ✢✑✣✗✘ ✤✘✚✛✥✚✦

♠✧★✩✪✫★ 1 sin–1 
1

2

✬ ✭
✮ ✯
✰ ✱

 ✤✗ ✏✒❞✲ ✏✗✳ ✴✗✵ ✤✶✢✷✸✹

✩❣  ✏✗✳ ❡✶✢✷✸ ✢✤ sin–1 
1

2

✬ ✭
✮ ✯
✰ ✱

= y. ✈✵✦ sin y = 
1

2
.

✎✏✚✛ ✴✗✵ ✎✺ ✢✤ sin–1 ✤✶ ✏✒❞✲ ✻✗✗❞✗✗ ✤✗ ✜✢✘✼✘ ,
2 2

 ✎✗✚✵✗ ✎✺ ✈✗✺✘ sin
4

✽✾ ✿
❀ ❁
❂ ❃

= 
1

2
✎✺✹

❜✼✢❡✸ sin–1 
1

2

✬ ✭
✮ ✯
✰ ✱

 ✤✗ ✏✒❞✲ ✏✗✳
4

❄
 ✎✺✹

♠✧★✩✪✫★  2  cot–1 
1

3

❅❆ ❇
❈ ❉
❊ ❋

✤✗ ✏✒❞✲ ✏✗✳ ✴✗✵ ✤✶✢✷✸✹

✩❣ ✏✗✳ ❡✶✢✷✸ ✢✤ cot–1 
1

3

●❍ ■
❏ ❑
▲ ▼

 = y . ✈✵✸✑

1
cot cot

33
y

◆ ✽✾ ✿
❖ ❖ ◆ ❀ ❁

❂ ❃
 = cot

3

P◗ ❘
P ❙❚ ❯

❱ ❲
 = 

2
cot

3

P◗ ❘
❚ ❯
❱ ❲

✎✺✹

✎✏✚✛ ✴✗✵ ✎✺ ✢✤ cot–1 ✤✶ ✏✒❞✲ ✻✗✗❞✗✗ ✤✗ ✜✢✘✼✘ (0, ❳) ✎✗✚✵✗ ✎✺ ✈✗✺✘ cot 
2

3

❨❩ ❬
❭ ❪
❫ ❴

= 
1

3

❙
✎✺✹ ✈✵✦

cot–1 
1

3

❵✬ ✭
✮ ✯
✰ ✱

 ✤✗ ✏✒❞✲ ✏✗✳  
2

3

❛
 ✎✺✹

❝❢❤❥❦❧♥♦ ♣qr

✢✳s✳✢❡✢❞✗✵ ✑✚✓ ✏✒❞✲ ✏✗✳✗✚✛ ✤✗✚ ✴✗✵ ✤✶✢✷✸✦

1. sin–1 
1

2

❩ ❬
t❭ ❪

❫ ❴
2. cos–1 

3

2

✉ ✇
① ②① ②
③ ④

3. cosec–1 (2)

4. tan–1 ( 3)❵ 5. cos–1 
1

2

✾ ✿
◆❀ ❁

❂ ❃
6. tan–1 (–1)
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7. sec–1 
2

3

☎ ✆
✝ ✞
✟ ✠

8. cot–1 ( 3) 9. cos–1 
1

2

☎ ✆
✡✝ ✞
✟ ✠

10. cosec–1 ( 2☛ )

❢☞✌☞❢✍❢✎✏✑ ✒✓✔ ✕✏☞ ✖✏✑ ✗✘❢✙✚✛

11. tan–1(1) + cos–1 
1

2
 + sin–1 

1

2
12. cos–1

1

2
 + 2 sin–1 

1

2

13. ❀❢✜ sin–1 x = y, ✑✏✓

(A) 0 ✢ y ✢ ✣ (B)
2 2

y
✤ ✤

✥ ✦ ✦

(C) 0 <  y < ✣ (D)
2 2

y
✧ ✧

★ ✩ ✩

14. tan–1 ✪ ✫
1

3 sec 2✬✭ ✭  ✗✏ ✕✏☞ ❞✮✏❞✮ ✯✰

(A) ✣ (B)
3

✧
★ (C)

3

✧
(D)

2

3

✧

2.3   ✐✱✲✳✴✵✶✷ ✲✸✵✹✵✶✺✵✲✷✳✻✼ ✐✽✴✾✵✶✿ ❁✶✽ ❂❃✺✵❄✷❅ (Properties of Inverse Trigonometric

Functions)

❜❆ ❇☞❈❉❊✓✜ ✕✓❋ ✯✕ ●❍❢✑✍✏✓✕ ❢■✏✗✏✓❏✏❢✕✑✘❀ ●✔✍☞✏✓❋ ✒✓✔ ✒❈✔❊ ❑❈❏✏▲✕✏✓▼ ✗✏✓ ❢❆◆ ✗✮✓❋❑✓❖ ❀✯✏P ❀✯ ◗❘✍✓✎✏

✗✮ ✜✓☞✏ ❙✏❢✯✚ ❢✗ ❀✓ ●❢✮❏✏✏✕❚ ❆❋❑✑ ●❍❢✑✍✏✓✕ ❢■✏✗✏✓❏✏❢✕✑✘❀ ●✔✍☞✏✓❋ ✗✘ ✕❈✎❀ ❯✏✏✎✏✏❇✏✓❋ ✒✓✔ ❇❋✑❑❱✑

✯✘ ✒✰▲ (Valid) ✯✰❚ ✙✯✏P ✗✯✘❋ ✒✓ ●❢✮❲✏✏❢❳✏✑ ✯✰❋❖ ✒❈✔❊ ●❢✮❏✏✏✕❚ ●❍❢✑✍✏✓✕ ❢■✏✗✏✓❏✏❢✕✑✘❀ ●✔✍☞✏✓❋ ✒✓✔ ●❍✏❋✑✏✓❋

✒✓✔ ❆❲✏✘ ✕✏☞✏✓❋ ✒✓✔ ❢✍✚ ✒✰▲ ☞✯✘❋ ❲✏✘ ✯✏✓ ❆✗✑✓ ✯✰❋❖ ✒♦✑❈✑✛ ❀✓ ◗☞ ✒❈✔❊ ✕✏☞✏✓❋ ✒✓✔ ❢✍✚ ✯✘ ✒✰▲ ✯✏✓❋❑✓❚

❢✙☞✒✓✔ ❢✍✚ ●❍❢✑✍✏✓✕ ❢■✏✗✏✓❏✏❢✕✑✘❀ ●✔✍☞ ●❢✮❲✏✏❢❳✏✑ ✯✏✓✑✓ ✯✰❋❖ ✯✕ ●❍✏❋✑ ✒✓✔ ❜☞ ✕✏☞✏✓❋ ✒✓✔ ❢✒♦✑❨✑ ❢✒✒✮❏✏

(Details) ●✮ ❢✒❙✏✮ ☞✯✘❋ ✗✮✓❋❑✓ ❩❀✏✓❋❢✗ ✚✓❆✘ ●❢✮❙❙✏❱ (Discussion) ❜❆ ●✏❬❭❀ ●❈♦✑✗ ✒✓✔ ❪✏✓■✏ ❆✓

●✮✓ ✯✰❖

♦✕✮❏✏ ✗✘❢✙✚ ❢✗❚ ❀❢✜ y = sin–1x ✯✏✓ ✑✏✓ x = sin y ✑r✏✏ ❀❢✜ x = sin y ✯✏✓ ✑✏✓ y = sin–1x

✯✏✓✑✏ ✯✰❖ ❀✯ ❜❆ ❞✏✑ ✒✓✔ ❆✕✑❈❘❀ (Equivalent) ✯✰ ❢✗

sin (sin–1 x) = x, x ❫ [– 1, 1] ✑r✏✏ sin–1 (sin x) = x, x ❫ ,
2 2

❴ ❴❵ ❛
❝❡ ❣❤ ❥

❇✈❀ ●✏P❙ ●❍❢✑✍✏✓✕ ❢■✏✗✏✓❏✏❢✕✑✘❀ ●✔✍☞✏✓❋ ✒✓✔ ❢✍✚ ❲✏✘ ❀✯✘ ❆❦❀ ✯✏✓✑✏ ✯✰❖ ❇❞ ✯✕ ●❍❢✑✍✏✓✕

❢■✏✗✏✓❏✏❢✕✑✘❀ ●✔✍☞✏✓❋ ✒✓✔ ✒❈✔❊ ❑❈❏✏▲✕✏✓▼ ✗✏✓ ❢❆◆ ✗✮✓❋❑✓❖
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1. (i) sin–1 
1

x
= cosec–1 x, x ✍✍ 1 ❀✎  x ✏✏✏✏ – 1

(ii) cos–1 
1

x
 = sec–1x, x ✍ 1 ❀✎  x ✏ – 1

(iii) tan–1 
1

x
= cot–1 x, x > 0

✑✒✓✔ ✑✕✖✗✎✎✘ ✙✎✔ ✕✚✛ ✙✖✜✔ ✢✔✣ ✕✓✤ ✒✘  cosec–1 x = y ✘✎✜ ✓✔✥✔ ✒✦✧★ ✩✪✎✎✫✥✬

x = cosec y

✩✥✤✢
1

x
 = sin y

✩✥✈ sin–1 
1

x
= y

❀✎ sin–1 
1

x
 = cosec–1 x

❜✚✭ ✑✮✙✎✖ ✒✘ ✯✎✔✰✎ ✱✎✔ ✲✎✎✳✎✔✧ ✙✎✔ ✕✚✛ ✙✖ ✚✙✥✔ ✒✦✧✴

2. (i) sin–1 (–x) = – sin–1 x, x ✵ [– 1, 1]

(ii) tan–1 (–x) = – tan–1 x, x ✵ R

(iii) cosec–1 (–x) = – cosec–1 x, | x | ✍✍ 1

✘✎✜ ✓✭✕❡✤ ✕✙ sin–1 (–x) = y, ✩✪✎✎✫✥✬ –x = sin y ❜✚✕✓✤ x = – sin y, ✩✪✎✎✫✥✬

x = sin (–y).

✩✥✈ sin–1 x = – y = – sin–1 (–x)

❜✚ ✑✮✙✎✖ sin–1 (–x) = – sin–1x

❜✚✭ ✑✮✙✎✖ ✒✘ ✯✎✔✰✎ ✱✎✔ ✲✎✎✳✎✔✧ ✙✎✔ ✕✚✛ ✙✖ ✚✙✥✔ ✒✦✧✴

3. (i) cos–1 (–x) = ✶ – cos–1 x, x ✵ [– 1, 1]

(ii) sec–1 (–x) = ✶✶ – sec–1 x, | x | ✍✍ 1

(iii) cot–1 (–x) = ✶✶✶✶ – cot–1 x, x ✵✵✵✵ R

✘✎✜ ✓✭✕❡✤ ✕✙ cos–1 (–x) = y  ✩✪✎✎✫✥✬  – x = cos y ❜✚✕✓✤  x = – cos y = cos (✶ – y)

✩✥✤✢ cos–1 x = ✶ – y = ✶ – cos–1 (–x)

✩✥✈ cos–1 (–x) = ✶ – cos–1 x

❜✚✭ ✑✮✙✎✖ ✒✘ ✩✷❀ ✲✎✎✳✎✔✧ ✙✎✔ ✲✎✭ ✕✚✛ ✙✖ ✚✙✥✔ ✒✦✧✴
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4. (i) sin–1 x + cos–1 x = 
2

, x ☎☎☎☎ [– 1, 1]

(ii) tan–1 x + cot–1 x = 
2

, x ☎ R

(iii) cosec–1 x + sec–1 x = 
2

, | x | ✞ 1

❡✆✝ ✟✠✡☛☞ ✡✌ sin–1 x = y, r✆✍ x = sin y = cos 
2

y
✎✏ ✑

✒✓ ✔
✕ ✖

❜✗✡✟☞ cos–1 x =  
2

y
✘

✙  =  
–1sin

2
x

✘
✙

✈r✚ sin–1 x + cos–1 x = 
2

✛

❜✗✠ ✜✢✌✆✣ ✤❡ ✈✥✦ ✧✆✆★✆✍✩ ✌✆✍ ✧✆✠ ✡✗✪ ✌✣ ✗✌r✍ ✤✫✩✬

5. (i) tan–1x + tan–1 y = tan–1 
+

1

x y

– xy
, xy < 1

(ii) tan–1x – tan–1 y = tan–1 
1

x – y

+ xy
, xy > – 1

(iii) 2tan–1x = tan–1 
2

2

1

x

– x
, | x | < 1

❡✆✝ ✟✠✡☛☞ ✡✌ tan–1 x = ✭ r✮✆✆ tan–1 y = ✯ r✆✍ x = tan ✭ r✮✆✆ y = tan ✯

✈✰
tan tan

tan( )
1 tan tan 1

x y

xy

✈r✚ ✭ + ✯ = tan–1

1

x y

xy

✱

✲

✈r✚ tan–1 x + tan–1 y = tan–1 
1

x y

xy

✱

✲

♠✜✦✳✴✵r ✜✡✣✶✆✆❡ ❡✍✩ ✦✡✷  y ✌✆✍ – y  ⑥✆✣✆ ✜✢✡r✸✮✆✆✡✜r (Replace) ✌✣✍✩ r✆✍ ✤❡✍✩ ✷✹✗✣✆ ✜✡✣✶✆✆❡ ✜✢✆✺r

✤✆✍r✆ ✤✫ ✈✆✫✣ y ✌✆✍ x ⑥✆✣✆ ✜✢✡r✸✮✆✆✡✜r ✌✣✝✍ ✗✍ r✠✗✣✆ ✜✡✣✶✆✆❡ ✜✢✆✺r ✤✆✍r✆ ✤✫✬
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6. (i) 2tan–1 x = sin–1 
2

2

1

x

+ x
, | x | ✍✍✍✍ 1

(ii) 2tan–1 x = cos–1 
2

2

1

1

– x

+ x
, x ✎✎ 0

❡✏✑ ✒✓✔✕✖ ✔✗  tan–1 x = y, r✏✘ x = tan y

✈✙ sin–1 2

2

1

x

x✚
 = sin–1 2

2 tan

1 tan

y

y✛

= sin–1 (sin 2 y) = 2 y = 2 tan–1 x

❜✜✓ ✢✣✗✏✤ cos–1 

2

2

1

1

x

x

✥

✦
 = cos–1 

2

2

1 tan

1 tan

y

y

✧
★

 = cos–1 (cos 2y) = 2y = 2tan–1 x

✈✙ ✩❡ ✪✫✬✭ ✮✯✏✩✤✰✏✏✘✱ ✢✤ ✔✪✲✏✤ ✗✤✘✱✳✘✴

♠✵✶✷✸✹✶ 3 ✯♥✏✏✺❜✖ ✔✗

(i) sin–1 ✻ ✼22 1x x✽  = 2 sin–1 x, 
1 1

2 2
x✾ ✿ ✿

(ii) sin–1 ❀ ❁22 1x x✽  = 2 cos–1 x, 
1

1
2

x❂ ❂

✷❣

(i) ❡✏✑ ✒✓✔✕✖ ✔✗ x = sin ❃ r✏✘ sin–1 x = ❃ ❜✜ ✢✣✗✏✤

sin–1 ❄ ❅2
2 1x x❆  = sin–1 ❇ ❈22sin 1 sin❉ ❊ ❉

= sin–1 (2sin❃ cos❃) = sin–1 (sin2❃) = 2❃

= 2 sin–1 x

(ii) ❡✏✑ ✒✓✔✕✖ ✔✗ x = cos ❃ r✏✘ ✮✢❋✫✺●r ✔✪✔❍ ✪✘✬ ✢✣❋✏✘✳ ■✏✤✏ ✩❡✘✱

sin–1 ❏ ❑2
2 1x x❆ =  2 cos–1 x ✢✣✏▲r ✩✏✘r✏ ✩▼✴

♠✵✶✷✸✹✶ 4 ✔✜❢ ✗✓✔✕✖ ✔✗  tan–1 
–1 –11 2 3

tan tan
2 11 4
◆ ❖
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❣☎ ✆✝✞✟✠✡☛ 5 (i), ⑥✟☞✟

❝✟✌✟✍ ✎✏✟  = 
–1 –11 2

tan tan
2 11
✑ –1 1

1 2

152 11
tan tan

1 2 20
1

2 11

✒
✓

✔ ✔

✕ ✖

 = 
1 3

tan
4

✗
= ♥✟✌✟✍ ✎✏✟

♠✘✙❣✚✛✙ 5 
1 cos

tan
1 sin

x

x
, 

3

2 2

✜ ✜
✢ ✣ ✣x  ❞✟✤ ✥☞✦✧✡ ★✎ ✡✤✩ ✪✌✫✧ ❞✬✭✮✯✰

❣☎  ✱✡ ✭✦✲✟ ✥❞✧✤ ✱✳✩ ✭❞

2 2

1 –1

2 2

cos sin
cos 2 2tan tan

1 sin
cos sin 2sin cos

2 2 2 2

x x

x

x x x xx

✴

✵ ✶
✷✸ ✹✺ ✻

✼ ✸ ✹✽ ✾✷✿ ❀ ✸ ✹❁ ✷
❂ ❃

=
–1

2

cos sin cos sin
2 2 2 2

tan

cos sin
2 2

x x x x

x x

✵ ✶✺ ✻✺ ✻
❁ ✷✽ ✾✽ ✾✸ ✹

✿ ❀✿ ❀✸ ✹
✺ ✻✸ ✹✷✽ ✾✸ ✹✿ ❀❂ ❃

=
–1

cos sin
2 2tan

cos sin
2 2

x x

x x

✵ ✶
❁✸ ✹

✸ ✹
✸ ✹✷
❂ ❃

 
–1

1 tan
2tan

1 tan
2

x

x

✵ ✶
❁✸ ✹

✼ ✸ ✹
✸ ✹✷
❂ ❃

=
–1tan tan

4 2 4 2

x x❄ ❅❆ ❆❇ ❈
❉ ❊ ❉❋ ●❍ ■

❏ ❑▲ ▼

✭❢❞◆✎✧❖

–1 –1 –1

2
sin sin

cos 2 2
tan tan tan

21 sin
1 cos 1 cos

2 2

x
x

x

xx
x

✵ ✶ ✵ ✶P P ✷✺ ✻ ✺ ✻
✷✽ ✾ ✽ ✾✸ ✹ ✸ ✹✺ ✻ ✿ ❀ ✿ ❀✸ ✹ ✸ ✹✼ ✼✽ ✾ P P ✷✷ ✺ ✻ ✺ ✻✸ ✹ ✸ ✹✿ ❀ ✷ ✷ ✷✽ ✾ ✽ ✾✸ ✹ ✸ ✹✿ ❀ ✿ ❀❂ ❃ ❂ ❃
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=
–1

2

2 2
2sin cos

4 4
tan

2
2sin

4

x x

x

✍ ✎✏ ✑ ✏ ✑✒ ✓ ✒ ✓
✔ ✕ ✔ ✕✖ ✗
✘ ✙ ✘ ✙✖ ✗

✏ ✑✒ ✓✖ ✗
✔ ✕✖ ✗✘ ✙✚ ✛

=
–1 2

tan cot
4

x✜ ✢✣ ✤✥ ✦
✧ ★✩ ✪
✫ ✬✭ ✮

 
–1 2

tan tan
2 4

x

=
–1tan tan

4 2

x✜ ✢✣✥ ✦
✯✧ ★✩ ✪

✫ ✬✭ ✮
 

4 2

x

♠✰✱✲✳✴✱ 6 
–1

2

1
cot

1x

✵ ✶
✷ ✸

✹✺ ✻
, | x | > 1 ❞✼✽ ✾✿❀❁❂ ❃❄ ❂✽❅ ❆❀❆❇✼❈❉

✲❣ ❂✼❡ ❀❊❆❋❈ ❆❞ x = sec ●, then 2 1x ❍ = 2sec 1 tan■ ❏ ❑ ■

❜✾❆❀❈
–1

2

1
cot

1x ✑
 = cot–1 (cot ●) = ● = sec–1 x ❋✼✽ t▲✼❊▼◆ ✾✿❀❁❂ ❃❄ ❖P❉

♠✰✱✲✳✴✱ 7 ❆✾❢ ❞❊❆❋❈ ❆❞ tan–1 x + 
–1

2

2
tan

1

x

x✑
= tan–1 

3

2

3

1 3

x x

x

✒ ✓✑
✔ ✕

✑✘ ✙
, 

1
| |

3
x ◗

✲❣  ❂✼❡ ❀❊❆❋❈ ❆❞ x = tan ●. ❁✼✽  ● = tan–1 x ❖P❉ t❘

♥✼❙✼❚ ❄❯✼ =

3 3
–1 –1

2 2

3 3 tan tan
tan tan

1 3 1 3 tan

x x

x

= tan–1 (tan3●) = 3● = 3tan–1 x = tan–1 x + 2 tan–1 x

= tan–1 x + tan–1  2

2

1

x

x✑
  = ❘✼❙✼❚ ❄❯✼ (❱❙✼✽❅?)

♠✰✱✲✳✴✱ 8 cos (sec–1 x + cosec–1 x), | x | ❲ 1 ❞✼ ❂✼❡ ❳✼❁ ❞❊❆❋❈❉

✲❣ ❙❖✼❚ ❄✿ cos (sec–1 x + cosec–1 x) = cos 
2

❨❩ ❬
❭ ❪
❫ ❴

= 0



54        ①�✁✂✄

✐☎✆✝✞✟✠✡ ☛☞☛

❢✌✍✌❢✎❢✏✑✒ ✓✑✔ ❢✕✖ ✓✗❢✘✙✚

1. 3sin–1 x = sin–1 (3x – 4x3), 
1 1

– ,
2 2

x
✛ ✜

✢ ✣ ✤✥ ✦

2. 3cos–1 x = cos–1 (4x3 – 3x), 
1

, 1
2

x
✧ ★

✩ ✪ ✫✬ ✭

3. tan–1 1 12 7 1
tan tan

11 24 2

4.
1 1 11 1 31

2 tan tan tan
2 7 17

❢✌✍✌❢✎❢✏✑✒ ✮✯✎✌✑✔✰ ✓✑✔ ✕✱✎✒✲ ✳✮ ✲✔✰ ❢✎❢✏✑✙✚

5.
2

1 1 1
tan

x

x

✴ ✵ ✶
, x ✷ 0 6.

1

2

1
tan

1x

✸

✹
, |x | > 1

7.
1 1 cos

tan
1 cos

x

x

✺ ✻ ✼✽
✾ ✿✾ ✿❀❁ ❂

, x < ❃ 8.
1 cos sin

tan
cos sin

x x

x x

❄ ❅ ❆❇
❈ ❉

❊❋ ●
, x < ❃

9.
1

2 2
tan

x

a x

❄

❇
, |x | < a

10.

2 3
1

3 2

3
tan

3

a x x

a ax

✸ ❍ ■✹
❏ ❑

✹▲ ▼
, a > 0; 

3 3

a a
x

◆
❖ ❖

❢✌✍✌❢✎❢✏✑✒ ✲✔✰ ✕✔ ✮P◗❘✔✓ ✓✑ ✲✑✌ ❙✑✒ ✓✗❢✘✙✚

11. –1 –1 1
tan 2 cos 2sin

2
12. cot (tan–1a + cot–1a)

13.

2
–1 –1

2 2

1 2 1
tan sin cos

2 1 1

x y

x y

❚ ❯✹
❱❲ ❳

❱ ❱❨ ❩
, | x | < 1, y > 0 ✒r✑✑ xy < 1
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14. ❀✍✎  sin 
–1 –11

sin cos 1
5

x , r✏✑ x ❞✏ ✒✏✓ ✔✏r ❞✕✍✖✗✘

15. ❀✍✎
–1 –11 1

tan tan
2 2 4

x x

x x
, r✏✑ x ❞✏ ✒✏✓ ✔✏r ❞✕✍✖✗✘

✙✚✛✓ ✜✢✣❀✏ ✤✥ ✜✑ ✤✦ ✒✑✢ ✍✎✗ ✙✚✧❀✑❞ ★❀✢✖❞ ❞✏ ✒✏✓ ✔✏r ❞✕✍✖✗✩

16.
–1 2

sin sin
3

✪✫ ✬
✭ ✮
✯ ✰

17. –1 3
tan tan

4

✪✫ ✬
✭ ✮
✯ ✰

18.
–1 –13 3

tan sin cot
5 2

✫ ✬
✱✭ ✮

✯ ✰

19.
1 7

cos cos
6

✲❦ ❡❦✉ ❝✳❦❝✳ ❣✴

(A)
7

6

✵
(B)

5

6

✵
(C)

3

✵
(D)

6

✵

20.
1 1

sin sin ( )
3 2

✶✷✸ ✹
✺ ✺✻ ✼

✽ ✾
 ❞✏ ✒✏✓ ✿❁

(A)
1

2
✿❁ (B)

1

3
 ✿❁ (C)

1

4
 ✿❁ (D) 1

21.
1 1tan 3 cot ( 3)❂ ❂❃ ❃  ❞✏ ✒✏✓

(A) ❄✿❁ (B)
2

✵
❅ ✿❁ (C) 0 ✿❁ (D) 2 3

❢❆❢❆❇ ❈❉❊❋●❍❊

♠■❏❑▲▼❏ 9 
1 3

sin (sin )
5

◆ ❖
❞✏ ✒✏✓ ✔✏r ❞✕✍✖✗✘

❑P  ✿✒✑✢ ✔✏r ✿❁ ✍❞ 
1sin (sin )x x
❂ ◗  ✿✏✑r✏ ✿❁✘ ❘✜✍❙✗

1 3 3
sin (sin )

5 5

◆ ❖ ❖
❚

✍❞✢r❯
3

,
5 2 2

✷ ✷ ✷❱ ❲
❳ ✺❨ ❩❬ ❭

, ✖✏✑ sin–1 x ❞✕ ✒❯✣❀ ✛✏✏✣✏✏ ✿❁✘



56        ①�✁✂✄

r☎✆✆✝✞
3 3

sin ( ) sin( )
5 5

 =
2

sin
5

 r☎✆✆ 
2

,
5 2 2

✟ ✟ ✟✠ ✡
☛ ☞✌ ✍✎ ✏

✈r✑
1 3

sin (sin )
5

 =
1 2 2

sin (sin )
5 5

♠✒✓✔✕✖✓ 10 ♥✗✆✆✘✙✚ ✝✛ 
1 1 13 8 84

sin sin cos
5 17 85

✜ ✜ ✜✢ ✣

✔❣ ❡✆✤ ✥✦✝✧✚ ✝✛
1 3

sin
5

 = x  ✈✆★✩  1 8
sin

17
y

✙❜✝✥✚ sin x =
3

5
 r☎✆✆ 

8
sin

17
y ✣

✈✪ cos x =
2 9 4

1 sin 1
25 5

x (❉✫✆✬✭?)

✈✆★✩ cos y = 2 64 15
1 sin 1

289 17
y

✙❜ ✞✮✛✆✩ cos (x – y) = cos x cos y + sin x sin y

=
4 15 3 8 84

5 17 5 17 85
✯ ✰ ✯ ✱

✙❜✝✥✚ x – y =
1 84

cos
85

✈r✑
1 13 8

sin sin
5 17

 =
1 84

cos
85

♠✒✓✔✕✖✓ 11 ♥✗✆✆✘✙✚ ✝✛ 1 1 112 4 63
sin cos tan

13 5 16

✔❣  ❡✆✤ ✥✦✝✧✚ ✝✛  1 1 112 4 63
sin , cos , tan

13 5 16
x y z

✙❜ ✞✮✛✆✩
12

sin , cos
13

x y  =
4 63

, tan
5 16

z

✙❜✝✥✚
5

cos , sin
13

x y  =
3 12 3

, tan tan
5 5 4

x y✲✳❙✴
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✈✍
tan tan

tan( )
1 tan tan

x y
x y

x y

✎
✎ ✏

✑
 

12 3

635 4
12 3 16

1
5 4

✈✒✓ tan( ) tanx y z

✈✔✕✕✖✒✗ tan (x + y) = tan (–z) ❀✕ tan (x + y) = tan (✘ – z)

❜✙✚✛✜ x + y = – z  or  x + y = ✘ – z

❉❀✕✢✣✚✤ x, y ✒✔✕✕ z ✴✥✕✦✧✤ ★✩✣✪ ❜✙✚✛✜ x + y ✫ – z  (❉❀✕✢ ✣?)

✈✒✓ x + y + z = ✘  ❀✕ 
–1 –1 –112 4 63

sin cos tan
13 5 16

♠✬✭✮✯✰✭  12 
–1 cos sin

tan
cos sin

a x b x

b x a x

✱ ✲✳
✵ ✶

✷✸ ✹
 ✤✕✢ ✙❞✛ ✤✺✚✻✜✪ ❀✚✼

a

b
 tan x > –1

✮❣  ❀★✕✽

–1 cos sin
tan

cos sin

a x b x

b x a x

✱ ✲✳
✵ ✶

✷✸ ✹
 =

–1

cos sin

costan
cos sin

cos

a x b x

b x
b x a x

b x

✾✿ ❁
❂ ❃
❂ ❃❄
❂ ❃
❅ ❆

 = 
–1

tan

tan

1 tan

a
x

b
a

x
b

✿ ❁
✾❂ ❃

❂ ❃
❂ ❃❄
❅ ❆

=
–1 –1tan tan (tan )

a
x

b
❇ = 

–1tan
a

x
b
❇

♠✬✭✮✯✰✭ 13 tan–1 2x + tan–1 3x = 
4

❈
 ✤✕✢ ✙❞✛ ✤✺✚✻✜❊

✮❣ ❀★✕✽ ✚✼❀✕ ❋❀✕ ★✩ ✚✤ tan–1 2x + tan–1 3x = 
4

❈

❀✕
–1 2 3

tan
1 2 3

x x

x x

● ❍✷
■ ❏

✳ ❑▲ ▼
 =

4

❈

❀✕
–1

2

5
tan

1 6

x

x

◆ ❖
P ◗

❘❙ ❚
 =

4

❈
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❜☎✆✝✞ 2

5

1 6

x

x✟
 = tan 1

4

✠
✡

❀☛ 6x2 + 5x – 1 = 0 ✈☞☛☛✌✍✎  (6x – 1) (x + 1) = 0

✆❢☎☎✏ ✑✒☛✓✍ ✔☛✏✍☛ ✔✕ ✆✖✗ x =
1

6
 ❀☛ x = – 1

❉❀☛✏✘✆✖ x = – 1, ✑✒✐✙☛ ☎✚✛✖✜✢☛ ✖☛✏ ☎✘✍✣✤✥ ✦✔✛✘ ✖✜✍☛ ✔✕✗ ❉❀☛✏✘✆✖ x = – 1  ☎✏ ☎✚✛✖✜✢☛ ✖☛

❝☛❀☛✧ ✑★☛ ✩✢☛ ✔☛✏ ❢☛✍☛ ✔✕✪ ✈✍✫ ✑✒✐✙☛ ☎✚✛✖✜✢☛ ✖☛ ✔✝ ✬✏✭✬✝
1

6
x  ✔✕✪

✮✯✰✱✰ ✲ ✳✴ ✵✶✵✶✷ ✳✸✹✺✱✶✻✼

✆✦✽✦✆✝✆✾☛✍ ✬✏✭ ✚☛✦ ✿☛✍ ✖✛✆❢✞✫

1.
–1 13

cos cos
6

❁❂ ❃
❄ ❅
❆ ❇

2.
–1 7

tan tan
6

❁❂ ❃
❄ ❅
❆ ❇

✆☎❈ ✖✛✆❢✞

3.
–1 –13 24

2sin tan
5 7
✡ 4.

–1 –1 –18 3 77
sin sin tan

17 5 36
❊ ✡

5.
–1 –1 –14 12 33

cos cos cos
5 13 65
❋ ● 6.

–1 –1 –112 3 56
cos sin sin

13 5 65
❋ ●

7.
–1 –1 –163 5 3

tan sin cos
16 13 5

✡ ❊

8.
–1 1 1 11 1 1 1

tan tan tan tan
5 7 3 8 4

❍ ❍ ❍ ■
❋ ❋ ❋ ●

✆☎❈ ✖✛✆❢✞✫

9.
–1 –11 1

tan cos
2 1

x
x

x
, x ❏ [0, 1]

10.
–1 1 sin 1 sin

cot
21 sin 1 sin

x x x

x x
, 0,

4
x

❑▲ ▼
◆❖ P
◗ ❘

11.
–1 –11 1 1

tan cos
4 21 1

x x
x

x x
, 

1
1

2
x❙ ❚ ❚  [❧❯❱❲❳❨: x = cos 2❩ ✜✆✾☛✞]
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12.
1 19 9 1 9 2 2

sin sin
8 4 3 4 3

✍ ✍✎
✏ ✑

❢✒✓✒❢✔❢✕✖✗ ✘✙✚✛✜✢✖✖✣✤ ✛✖✣ ✘✜✔ ✛✚❢✥✦✧

13. 2tan–1 (cos x) = tan–1 (2 cosec x) 14.
–1 –11 1

tan tan ,( 0)
1 2

x
x x

x

15. sin (tan–1 x), | x | < 1 ❝✜✖❝✜ ★✖✣✗✖ ★✩✧

(A)
21

x

x✪
(B)

2

1

1 x✪
(C)

2

1

1 x✫
(D)

21

x

x✫

16. ❀❢✬ sin–1 (1 – x) – 2 sin–1 x = 
2

✭
, ✗✖✣ x ✛✖ ✙✖✒ ❝✜✖❝✜ ★✩✧

(A) 0, 
1

2
(B) 1, 

1

2
(C) 0 (D)

1

2

17.
1 1tan tan

x x y

y x y

✮ ✮ ✪✯ ✰
✪✱ ✲ ✫✳ ✴

 ✛✖ ✙✖✒ ★✩✧

(A)
2

✭
★✩❣ (B)

3

✭
★✩❣ (C)

4

✭
★✩❣ (D)

3

4

✵ ✶

❧✷✸✷✹✺✷

✻ ✼✽❢✗✔✖✣✙ ❢✾✖✛✖✣✢✖❢✙✗✚❀ ✼✿✔✒✖✣✤ ❁✙❂✕❀ ❃✖✖✕✖✖❄ ❅✣✿ ✼✽✖✤✗ ✗❆✖✖ ✼❢✜✘✜ ❢✒✓✒❢✔❢✕✖✗ ✘✖✜✢✖✚ ✙✣✤

❅❢✢✖♦✗ ★✩✤✧

❇❈❉❊ ❇❋●❍■ ❇❏❑▲❑

(❡▼◆❖ P●●◆●●)

y = sin–1 x [–1, 1] ,
2 2

◗❘ ❘❙ ❚
❯ ❱
❲ ❳

y = cos–1 x [–1, 1]  [0, ❨]

y = cosec–1 x R – (–1,1) ,
2 2

❩❬ ❬❭ ❪
❫ ❴
❵ ❛

– {0}

y = sec–1 x R – (–1, 1) [0, ❨] – { }
2

✭
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y = tan–1 x R ,
2 2

☎ ☎✆ ✝
✞✟ ✠
✡ ☛

y = cot–1 x R (0, ☞)

✌ sin–1x ❧✍ (sin x)–1 ✥✎ ✏✑✒✑✓✔✕ ✖✗✎✘ ✗✑✍✖✎ ✙✑✓✗✚✛ ✜✑✢✕✜ ✣✍✘ (sin x)–1 = 
1

sin x
 ✈✑✤✦ ✧❧✎

✐✒✥✑✦ ★✗ ✕✩★ ✈✔★ ✓✪✑✥✑✍✫✑✓✣✕✎★ ✐✬✭✖✑✍ ✘ ✜✍✬ ✓✭✚ ❧✮★ ✗✑✍✕✑ ✗✤✛

✌ ✓✥❧✎ ✐✒✓✕✭✑✍✣ ✓✪✑✥✑✍✫✑✓✣✕✎★ ✐✬✭✖ ✥✑ ✜✗ ✣✑✖❢ ✯✑✍ ✰❧✥✎ ✣✱✲★ ✳✑✑✲✑✑ ✣✍✘ ✓✢✩✑✕ ✗✑✍✕✑

✗✤❢ ✐✒✓✕✭✑✍✣ ✓✪✑✥✑✍✫✑✓✣✕✎★ ✐✬✭✖ ✥✑ ✴✵✶✷ ✴✸✹ ✺Principal Value✻ ✥✗✭✑✕✑ ✗✤✛

✰✐★✱♠✕ ✐✒✑✘✕✑✍✘ ✜✍✬ ✓✭✚

✌ y = sin–1 x ✼ x = sin y ✌ x = sin y  ✼ y = sin–1 x

✌ sin (sin–1 x) = x ✌ sin–1 (sin x) = x

✌ sin–1 
1

x
= cosec–1 x ✌ cos–1 (–x) = ☞ – cos–1 x

✌ cos–1 
1

x
 = sec–1x ✌ cot–1 (–x) = ☞ – cot–1 x

✌ tan–1 
1

x
= cot–1 x ✌ sec–1 (–x) = ☞ – sec–1 x

✌ sin–1 (–x) = – sin–1 x ✌ tan–1 (–x) = – tan–1 x

✌ tan–1 x + cot–1 x = 
2

✽
✌ cosec–1 (–x) = – cosec–1 x

✌ sin–1 x + cos–1 x = 
2

✾
✌ cosec–1 x + sec–1 x = 

2

✾

✌ tan–1x + tan–1y = tan–1 
1

x y

xy
, xy < 1 ✌ 2tan–1x  =  tan–1 

2

21

x

x
 |x | < 1

✌ tan–1x – tan–1y = tan–1 
1

x y

xy
, xy > –1

✌ 2tan–1 x = sin–1 2

2

1

x

x
= cos–1 

2

2

1

1

x

x
, 0 ✿ x ✿ 1
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�The essence of mathematics lies in its freedom — CANTOR �

3.1  ❍✁✂✄☎✆✁ (Introduction)

①✝✞✟✠ ✡☛ ✝☞✝☞✌ ✍✟✟✎✟✟✏✟✑✒ ✓✑✒ ✏✟✔✕✖✗ ☞✑✘ ✙✟✚ ✡☛ ✏✟☞✍✕✡✠✟ ✛✜✢✠☛ ✗✣✤ ✏✟✔✕✖✗✥ ①✝✞✟✠ ☞✑✘
❧☞✟✦✝✌✡ ✍✟✝✧✠✍✟✟★☛ ❧✟✌✚✟✑✒ ✓✑✒ ❧✑ ✩✡ ✗✣✤ ✏✪✕ ❧☛✌☛✫❧✟✬☛ ✝☞✝✌✕✟✑✒ ✡☛ ✠✭★✚✟ ✓✑✒ ✕✗ ①✝✞✟✠☛✕
❧✟✌✚ ✗✓✟✮✑ ✡✟✕✦ ✡✟✑ ✡✟✛✘☛ ✗✬ ✠✡ ❧✮★ ✡✮ ✬✑✠✟ ✗✣✤ ✮✣✝✎✟✡ ❧✓☛✡✮✞✟✟✑✒ ☞✑✘ ✝✚✡✟✕ ✡✟✑ ✗★ ✡✮✚✑
☞✑✘ ✝★✩ ❧✒✝♦✟✯✠ ✠✰✟✟ ❧✮★ ✝☞✝✌✕✟✱ ✛✲✟✯✠ ✡✮✚✑ ☞✑✘ ✛✲✕✟❧ ☞✑✘ ✛✝✮✞✟✟✓✳☞✴✛ ✏✟✔✕✖✗ ✡☛ ❧✒✡✵✛✚✟
✡✟ ✝☞✡✟❧ ✗✭✏✟✤ ✏✟✔✕✖✗✟✑✒ ✡✟✑ ☞✑✘☞★ ✮✣✝✎✟✡ ❧✓☛✡✮✞✟✟✑✒ ☞✑✘ ✝✚✡✟✕ ☞✑✘ ①✭✞✟✟✒✡✟✑✒ ✡✟✑ ✛✲✡❞ ✡✮✚✑ ☞✑✘
✝★✩ ✗☛ ✚✗☛✒ ✛✲✕✟✑① ✝✡✕✟ ❢✟✠✟ ✗✣✥ ✏✝✛✠✭ ✏✟✔✕✖✗✟✑✒ ✡☛ ✶✛✕✟✑✝①✠✟ ✷❧ ✛✲✕✟✑① ❧✑ ✡✗☛✒ ✏✝✌✡ ✗✣✤ ✏✟✔✕✖✗
❧✒☞✑✘✠✚ ✠✰✟✟ ❧✒✝✸✕✟✏✟✑✒ ✡✟ ✛✲✕✟✑① ✔✕✝✧✠①✠ ☞✒✘✯✕✖❞✮ ☞✑✘ ✝★✩ ✷★✑✧❞✹✟✝✚✡ ✳✛✲✑✜✍✟☛❞ ✛✲✟✑①✲✟✓✟✑✒
(Electronic Spreadsheet Programmes) ✓✑✒ ✝✡✕✟ ❢✟✠✟ ✗✣✥ ✝❢❧✡✟ ✛✲✕✟✑①✥ ✸✓✍✟✺ ☞✟✝✞✟✻✕ ✠✰✟✟
✝☞✙✟✚ ☞✑✘ ✝☞✝✼✟✪✚ ♦✟✑✽✟✟✑✒ ✓✑✒ ✗✟✑✠✟ ✗✣✥ ❢✣❧✑✥ ✾❢❞ (Budgeting)✥ ✝☞✸✕ ✾✝✗☞✑✦✍✟✚ (Sales

Projection)✥ ★✟①✠ ✏✟✡★✚ (Cost Estimation)✥ ✝✡❧☛ ✛✲✕✟✑① ☞✑✘ ✛✝✮✞✟✟✓✟✑✒ ✡✟ ✝☞✍★✑❪✟✞✟ ✷✿✕✟✝✬✤
✷❧☞✑✘ ✏✝✠✝✮✧✠ ✏✚✑✡ ✼✟✟✣✝✠✡ ❧✒✝✸✕✟✩✱ ❢✣❧✑ ✏✟☞✌✦✚ (Magnification)✥ ❀✟✖✞✟✦✚ (Rotation) ✠✰✟✟
✝✡❧☛ ❧✓✠★ ❁✟✮✟ ✛✮✟☞✠✦✚ (Reflection) ✡✟✑ ✏✟✔✕✖✗✟✑✒ ❁✟✮✟ ①✝✞✟✠☛✕ ❂✒① ❧✑ ✝✚✴✝✛✠ ✝✡✕✟ ❢✟ ❧✡✠✟
✗✣✤ ✏✟✔✕✖✗✟✑ ✒ ✡✟ ✛✲✕✟✑① ①✖❂✢★✑✝✎✟✡☛ (Cryptography) ✓✑✒ ✼✟☛ ✗✟✑✠✟ ✗✣✤ ✷❧ ①✝✞✟✠☛✕
❧✟✌✚ ✡✟ ✛✲✕✟✑① ✚ ☞✑✘☞★ ✝☞✙✟✚ ✡☛ ✗☛ ☞✭✘❃ ✍✟✟✎✟✟✏✟✑✒ ✠✡ ❧☛✝✓✠ ✗✣✥ ✏✝✛✠✭ ✷❧✡✟ ✛✲✕✟✑①
✏✚✭☞✒✝✍✟✡☛✥ ✏✰✟✦✍✟✟✳✽✟✥ ✏✟✌✭✝✚✡ ✓✚✟✑✝☞✙✟✚ ✠✰✟✟ ✏✟✣✈✟✣✝①✡ ✛✲✾✒✌✚ ✓✑✒ ✼✟☛ ✝✡✕✟ ❢✟✠✟ ✗✣✤

✷❧ ✏❜✕✟✕ ✓✑✒ ✏✟✔✕✖✗ ✠✰✟✟ ✏✟✔✕✖✗ ✾☛❢①✝✞✟✠ (Matrix algebra) ☞✑✘ ✏✟✌✟✮✼✟✖✠ ✝❧❄✟✒✠✟✑✒ ❧✑
✏☞①✠ ✗✟✑✚✟✥ ✗✓✑✒ ❅✝❆✡✮ ★①✑①✟✤

3.2  ❇✁❈❉✂❊ (Matrix)

✓✟✚ ★☛✝❢✩ ✝✡ ✗✓ ✕✗ ❧✖❆✚✟ ✔✕✧✠ ✡✮✚✟ ❆✟✗✠✑ ✗✣✒ ✝✡ ✮✟✌✟ ☞✑✘ ✛✟❧ ❡❋ ✛✭✝✳✠✡✟✩✱ ✗✣✒✤ ✷❧✑ ✗✓
[15] ✴✛ ✓✑✒✥ ✷❧ ❧✓● ☞✑✘ ❧✟✰✟ ✔✕✧✠ ✡✮ ❧✡✠✑ ✗✣✒✥ ✝✡ [ ] ☞✑✘ ✏✒✬✮ ✝★✝✎✟✠ ❧✒✎✕✟ ✮✟✌✟ ☞✑✘ ✛✟❧
✛✭✝✳✠✡✟✏✟✑✒ ✡☛ ❧✒✎✕✟ ✗✣✤ ✏✾ ✕✝✬ ✗✓✑✒ ✕✗ ✔✕✧✠ ✡✮✚✟ ✗✣ ✝✡ ✮✟✌✟ ☞✑✘ ✛✟❧ ❡❋ ✛✭✝✳✠✡✟✩✱ ✠✰✟✟ ✐
✡★✓✑✒ ✗✣✒✥ ✠✟✑ ✷❧✑ ✗✓ [15  6] ✛✲✡✟✮ ❧✑✥ ✷❧ ❧✓● ☞✑✘ ❧✟✰✟ ✔✕✧✠ ✡✮ ❧✡✠✑ ✗✣✒ ✝✡ [ ] ☞✑✘ ✏✒✬✮
✡☛ ✛✲✰✟✓ ✛✲✝☞✝❪❞ ✮✟✌✟ ☞✑✘ ✛✟❧ ✡☛ ✛✭✝✳✠✡✟✏✟✑✒ ✡☛ ❧✒✎✕✟✥ ❢✾✝✡ ✝❁✠☛✕ ✛✲✝☞✝❪❞ ✮✟✌✟ ☞✑✘ ✛✟❧ ✡★✓✟✑✒

■❏❑▲❑ 3

▼◆❖P◗❘ (Matrices)
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❞✆ ✝✞✟✠✡ ☛☞✡✡✌✍✆ ✎✏✑ ✒✓ ✔✡✕ ✖✆✗✘✙ ✗❞ ✎✔ ✚✡✛✡ ✍✜✡✡ ✢✝✣✤✥ ☛✡✤ ✗✔✦✡✡✤✞ ✧✥✡✤✏✗✘✠✡ ✍✜✡✡ ✗✝✔✚✕ ✣✤✥

✧✡✝ ❞✆ ✧✐✗★✍❞✡✒✡✤✞ ✍✜✡✡ ❞✖✔✡✤✞ ❞✆ ✗✕✩✕✗✖✗✟✡✍ ✝✪✫✕✡ ❞✡✤ ✬✠✭✍ ❞✚✕✡ ✫✡✎✍✤ ✎✏✞✮

✚✡✛✡ ✣✤✥ ✧✡✝ 15 ✧✐✗★✍❞✡✙✯ ✍✜✡✡ 6 ❞✖✔ ✎✏✞✰

✧✥✡✏✗✘✠✡ ✣✤✥ ✧✡✝ 10 ✧✐✗★✍❞✡✙✯ ✍✜✡✡ 2 ❞✖✔ ✎✏✞✰

✗✝✔✚✕ ✣✤✥ ✧✡✝ 13 ✧✐✗★✍❞✡✙✯ ✍✜✡✡ 5 ❞✖✔ ✎✏✞✰

✒✓ ✱✝✤ ✎✔ ✝✡✚✗✲✡❞ ✳✧ ✔✤✞ ✗✕✩✕✗✖✗✟✡✍ ✧✴❞✡✚ ✝✤ ✬✠✣✗★✜✡✍ ❞✚ ✝❞✍✤ ✎✏✞✮

✵✶✷✸✹✺✻ ✺②❡

✚✡✛✡ 15 6

✧✥✡✏✗✘✠✡ 10 2

✗✝✔✚✕ 13 5

✱✝✤ ✗✕✩✕✗✖✗✟✡✍ ❜✞✼ ✝✤ ✬✠✭✍ ❞✚ ✝❞✍✤ ✎✏✞✮

✒✜✡✣✡

❥✻✽✻ ✵✾✻✿✷❀❁✻ ✷❢❡❥❂

✧✐✗★✍❞✡ 15 10 13

❞✖✔ 6 2 5

✗✘✝✤ ✗✕✩✕✗✖✗✟✡✍ ❜✞✼ ✝✤ ✬✠✭✍ ❞✚ ✝❞✍✤ ✎✏✞✮

✧✎✖✆ ✧✴❞✡✚ ❞✆ ✬✠✣★✜✡✡ ✔✤✞ ✧✴✜✡✔ ★✍✞❃✡ ❞✆ ✧✴✗✣✗❄❅✠✡✯ ❆✔☞✡✮ ✚✡✛✡✰ ✧✥✡✏✗✘✠✡ ✍✜✡✡ ✗✝✔✚✕ ✣✤✥

✧✡✝ ✧✐✗★✍❞✡✒✡✤✞ ❞✆ ✝✞✟✠✡ ✧✴❞❅ ❞✚✍✆ ✎✏✞ ✒✡✏✚ ✗❇✍✆✠ ★✍✞❃✡ ❞✆ ✧✴✗✣✗❄❅✠✡✯ ❆✔☞✡✮ ✚✡✛✡✰ ✧✥✡✏✗✘✠✡ ✍✜✡✡
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❢☎✆✝✞ ✟✠✡ ☛☞☎ ✌✍✆☞✠✎ ✌✏ ☎✎✑✒☞ ☛✓✌✔ ✌✝✕✏ ✖✗✎✘ ✙☎✏ ☛✓✌☞✝✚ ✛✜☎✝✏ ☛✓✌☞✝ ✌✏ ✢✒✟✣✤☞☞ ✆✠✎ ☛✓✤☞✆

☛✎✎❢✐✕ ✌✏ ☛✓❢✟❢✥✔✒☞✦ ✧✆★☞✩ ✝☞✪☞✚ ☛✡☞✗❢✫✒☞ ✕✤☞☞ ❢☎✆✝✞ ✟✠✡ ☛☞☎ ☛✬❢✣✕✌☞✭☞✠✎ ✌✏ ☎✎✑✒☞ ☛✓✌✔ ✌✝✕✏

✖✗✎✘ ❢❣✕✏✒ ☛✎❢✐✕ ✌✏ ☛✓❢✟❢✥✔✒☞✦ ✧✆★☞✩ ✝☞✪☞✚ ☛✡☞✗❢✫✒☞ ✕✤☞☞ ❢☎✆✝✞ ✟✠✡ ☛☞☎ ✌✍✆☞✠✎ ✌✏ ☎✎✑✒☞ ☛✓✌✔

✌✝✕✏ ✖✗✎✘ ❞☛✒✬✮✐✕ ☛✓✌☞✝ ✌✏ ✢✒✟✣✤☞☞ ✒☞ ☛✓✛★☞✮✞ ✌☞✠ ✭☞✢✒✜✖ ✌✖✕✠ ✖✗✎✘ ✭☞✗☛✯☞❢✝✌ ✰☛ ☎✠ ✖✆ ✭☞✢✒✜✖

✌☞✠ ❢✞✱✞❢✍❢✑☞✕ ☛✓✌☞✝ ☎✠ ☛❢✝✲☞☞❢✥☞✕ ✌✝✕✠ ✖✗✎✩

✳✴✵✶✷✷✸✷✷ 1  ✭☞✢✒✜✖ ☎✎✑✒☞✭☞✠✎ ✒☞ ☛✡✍✞☞✠✎ ✌☞ ✈✌ ✭☞✒✕☞✌☞✝ ✧✆✹❢✟✺✒☞☎ ✖✗✘ ✙✞ ☎✎✑✒☞✭☞✠✎ ✒☞ ☛✡✍✞☞✠✎

✌☞✠ ✭☞✢✒✜✖ ✟✠✡ ✭✟✒✟ ✭✤☞✟☞ ☛✓❢✟❢✥✔✒☞✦ ✌✖✕✠ ✖✗✎✘

✭☞✢✒✜✖ ✌☞✠ ✖✆ ✭✎✻✓✠✫✏ ✟✼☞✮✆☞✍☞ ✟✠✡ ✽✾✿✠ (Capital) ✭❀☞✝☞✠✎ ❣☞✝☞ ✢✒✐✕ ✌✝✕✠ ✖✗✎✘ ✭☞✢✒✜✖☞✠✎ ✟✠✡ ✟✬✡❁

❞✛☞✖✝✼☞ ❢✞✱✞❢✍❢✑☞✕ ✖✗✎✩

5– 2

A 0 5

3 6

❂ ❃
❄ ❅

❆ ❄ ❅
❄ ❅
❇ ❈

, 

1
2 3

2

B 3.5 –1 2

5
3 5

7

i
❉ ❊

❋ ●❍ ■
❍ ■

❏ ❍ ■
❍ ■
❍ ■
❑ ▲

,  

31 3
C

cos tansin 2

x x

x xx

▼ ◆❖
P ◗ ❘

❖❙ ❚

❞☛✒✬✮✐✕ ❞✛☞✖✝✼☞☞✠✎ ✆✠✎ ❀☞✗❢✕✫ ✝✠✑☞☞✈✦ ✭☞✢✒✜✖ ✌✏ ☛✎❢✐✕✒☞✦ (Rows) ✭☞✠✝ ❯❱✟✮ ✝✠✑☞☞✈✦ ✭☞✢✒✜✖ ✟✠✡

✣✕✎✲☞ (Columns) ✌✖✍☞✕✠ ✖✗✎✘ ✙☎ ☛✓✌☞✝ A ✆✠✎ ❡ ☛✎❢✐✕✒☞✦ ✕✤☞☞ ❲ ✣✕✎✲☞ ✖✗✎ ✭☞✗✝ B ✆✠✎ ❡ ☛✎❢✐✕✒☞✦ ✕✤☞☞

❡ ✣✕✎✲☞ ✫✽❢✌ C ✆✠✎ ❲ ☛✎❢✐✕✒☞✦ ✕✤☞☞ ❡ ✣✕✎✲☞ ✖✗✎✘

3.2.1  ❳❨❩❬❭❪ ❫❴ ❫❨❵❛❜ (Order of a matrix)

m ☛✎❢✐✕✒☞✠✎ ✕✤☞☞ n ✣✕✎✲☞☞✠✎ ✟☞✍✠ ❢✌☎✏ ✭☞✢✒✜✖ ✌☞✠ m × n ✌☞✠❢✔ (order) ✌☞ ✭☞✢✒✜✖ ✭✤☞✟☞ ✟✠✡✟✍

m × n ✭☞✢✒✜✖ ✌✖✕✠ ✖✗✎ ✘ ✭✕✈✟ ✭☞✢✒✜✖☞✠✎ ✟✠✡ ❞☛✒✮✬✐✕ ❞✛☞✖✝✼☞☞✠✎ ✟✠✡ ☎✎✛✲☞✮ ✆✠✎ A, ✈✌ 3 × 2 ✭☞✢✒✜✖✚

B ✈✌ 3 × 3 ✭☞✢✒✜✖ ✕✤☞☞ C, ✈✌ 2 × 3 ✭☞✢✒✜✖ ✖✗✎✘  ✖✆ ✛✠✑☞✕✠ ✖✗✎ ❢✌ A ✆✠✎ 3 × 2 = 6 ✭✟✒✟ ✖✗

✭☞✗✝ B ✕✤☞☞ C ✆✠✎ ✧✆★☞✩ ❝ ✕✤☞☞ ❤ ✭✟✒✟ ✖✗✎✘

☎☞✆☞✺✒✕✩✚ ❢✌☎✏ m × n ✭☞✢✒✜✖ ✌☞ ❢✞✱✞❢✍❢✑☞✕ ✭☞✒☞✕☞✌☞✝ ✧✆✹❢✟✺✒☞☎ ✖☞✠✕☞ ✖✗✩

✭✤☞✟☞ A = [a
ij
]

m × n
, 1❥ i ❥ m, 1❥ j ❥ n ✫✖☞✦  i,  j ❦ N
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❜✆ ✝✞✟✠✡ i♦☛☞ ✝☞✌✍✎ ♦✏✑ ✒♦✓♦  a
i1
, a

i2
, a

i3
,..., a

in
 ❣✔☞✕ ✖✗✌✟  j♦✏☞ ✘✎☞✙✠ ♦✏✑ ✒♦✓♦ a

1j
, a

2j
,

a
3j
,..., a

mj
 ❣✔☞✚

✆✠❧✠✛✓✎✜ a
ij
, i♦☛☞ ✝☞✌✍✎ ✒✠✔✡ j♦✏☞ ✘✎☞✙✠ ❧✏☞ ✒✠✢✏ ♦✠✣✠ ✒♦✓♦ ❣✠✏✎✠ ❣✔✚ ❣❧ ❜✆✏  A  ✟✠ (i, j)♦✠✤

✒♦✓♦ ✙✠☛ ✟❣ ✆✟✎✏ ❣✔☞✚ ✌✟✆☛ m × n ✒✠✥✓✦❣ ❧✏☞ ✒♦✓♦✠✏☞ ✟☛ ✆☞✧✓✠ mn ❣✠✏✎☛ ❣✔✚

★❢✩✪✫✬✭✮   ❜✆ ✒✯✓✠✓ ❧✏☞✕

1. ❣❧ ✌✟✆☛ m × n ✟✠✏✌❞ ♦✏✑ ✒✠✥✓✦❣ ✟✠✏ ✝✞✟❞ ✟✡✢✏ ♦✏✑ ✌✣✰✕ ✆☞♦✏✑✎ A = [a
ij
]

m × n
 ✟✠ ✝✞✓✠✏✱

✟✡✏☞✱✏✚

2. ❣❧ ♦✏✑♦✣ ✰✏✆✏ ✒✠✥✓✦❣✠✏☞ ✝✡ ✌♦✲✠✡ ✟✡✏☞✱✏✕ ✌✖✢♦✏✑ ✒♦✓♦ ♦✠✘✎✌♦✟ ✆☞✧✓✠✰✤ ❣✔☞ ✒✳✠♦✠

♦✠✘✎✌♦✟ ❧✠✢✠✏☞ ✟✠✏ ✱✞❣✴✠ ✟✡✢✏ ♦✠✣✏ ✝✑✣✢ ❣✔☞✚

❣❧ ✰✟ ✆❧✎✣ ♦✏✑ ✌✟✆☛ ✌✗☞✵✶ (x, y) ✟✠✏ ✰✟ ✒✠✥✓✦❣ ✷✘✎☞✙✠ ✒✳✠♦✠ ✝☞✌✍✎✸ ✹✠✡✠ ✝✞✟❞ ✟✡

✆✟✎✏ ❣✔☞✕ ✖✔✆✏
x

y

✺ ✻
✼ ✽
✾ ✿

 (✒✳✠♦✠ [x, y])✆✏✕ ❀✵✠❣✡✴✠✠✳✠❁✕ ✌✗☞✵✶ P(0, 1),  ✒✠✥✓✦❣ ✌✢❂✝✴✠ ❧✏☞
0

P
1

✺ ✻
❃ ✼ ✽

✾ ✿
 ✓✠

[0 1] ✹✠✡✠ ✝✞✟❞ ✌✟✓✠ ✖✠ ✆✟✎✠ ❣✔✚

✯✓✠✢ ✵☛✌✖✰ ✌✟ ❜✆ ✝✞✟✠✡ ❣❧ ✌✟✆☛ ✗☞✵ ✡✔✌✧✠✟ ✒✠♦è✑✌✎ ♦✏✑ ❄✠☛❅✠✠✏❆ ✟✠✏ ✰✟ ✒✠✥✓✦❣ ♦✏✑ ❂✝

❧✏☞ ✌✣✧✠ ✆✟✎✏ ❣✔☞✚ ❀✵✠❣✡✴✠ ♦✏✑ ✌✣✰ ✰✟ ✲✎✶✙✠❁✖ ABCD ✝✡ ✌♦✲✠✡ ✟☛✌✖✰✕ ✌✖✆♦✏✑ ❄✠☛❅✠❁ ✐❧❄✠✜

A (1, 0), B (3, 2), C (1, 3), ✎✳✠✠ D (–1, 2) ❣✔☞✚

✒✗✕ ✲✎✶✙✠❁✶✖ ABCD ✒✠✥✓✦❣ ❂✝ ❧✏☞ ✌✢❇✢✌✣✌✧✠✎ ✝✞✟✠✡ ✆✏ ✌✢❂✌✝✎ ✌✟✓✠ ✖✠ ✆✟✎✠ ❣✔✜

2 4

A B C D

1 3 1 1
X

0 2 3 2
✓✠

4 2

A 1 0

B 3 2
Y

C 1 3

D 1 2 ❈

❉ ❊
❋ ●
❋ ●❍
❋ ●
❋ ●
■❏ ❑

✒✎✜ ✒✠✥✓✦❣✠✏☞ ✟✠ ✝✞✓✠✏✱ ✌✟✆☛ ✆❧✎✣ ❧✏☞ ✌✘✳✠✎ ▲✓✠✌❧✎☛✓ ✒✠♦è✑✌✎✓✠✏☞ ♦✏✑ ❄✠☛❅✠✠✏❆ ✟✠✏ ✌✢❂✌✝✎ ✟✡✢✏

♦✏✑ ✌✣✰ ✌✟✓✠ ✖✠ ✆✟✎✠ ❣✔✚

✒✠❜✰ ✒✗ ❣❧ ♦✶✑▼ ❀✵✠❣✡✴✠✠✏☞ ✝✡ ✌♦✲✠✡ ✟✡✏☞✚

♠◆✭❖P✬✭ 1 ✎☛✢ ✝✔✑✌✍❞r✓✠✏☞ I, II ✎✳✠✠ III ❧✏☞ ✝✶❡❅✠ ✎✳✠✠ ❧✌❣✣✠ ✟✌❧❁✓✠✏☞ ✆✏ ✆☞✗☞✌◗✎ ✌✢❇✢✌✣✌✧✠✎ ✆✦✲✢✠

✝✡ ✌♦✲✠✡ ✟☛✌✖✰✜
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✐☎✆✝✞ ✟✠✡☛ ✠❡☞✌✞ ✟✠✡☛

I 30 25

II 25 31

III 27 26

♠✍✎✏✑✒✓ ✔✕✖✗✘ ✙✘✚ ✛✙ 3 × 2 ✈✘✜✎✕✢ ✣✚✤ ✥✗✦✥✍✓ ✙✧✥★✛✩ ✓✧✔✪✧ ✍✤✥✒✓ ✈✘✫✪ ✬✕✔✪✚ ✭✓✤✮✘ ✯✘✰✧

✍✱✥✯✥✲✳ ✒✎✘ ✍✱✙✳ ✙✪✓✧ ✢✫✴

☞✌ ✍✱✬✵✘ ✔✕✖✗✘ ✙✘✚ 3 × 2 ✈✘✜✎✕✢ ✯✚✶ ✦✍ ✣✚✤ ✥✗✷✗✥✰✥✸✘✓ ✍✱✙✘✪ ✔✚ ✥✗✦✥✍✓ ✥✙✎✘ ★✘ ✔✙✓✘ ✢✫✹

30 25

A 25 31

27 26

✺ ✻
✼ ✽✾ ✼ ✽
✼ ✽✿ ❀

✓✧✔✪✧ ✍✤✥✒✓ ✈✘✫✪ ✬✕✔✪✚ ✭✓✤✮✘ ✙✧ ✍✱✥✯✥✲✳ ✍✫✶✒✳r✧❁III ✙✘✪✸✘✘✗✚ ✣✚✤ ✣✥✢✰✘ ✙✘✎✑✙✓✘✑✈✘✚✤ ✙✧ ✔✤✸✎✘

✍✱✙✳ ✙✪✓✧ ✢✫✩

❂❃✞☞❄❅✞ ❆  ✎✥✬ ✥✙✔✧ ✈✘✜✎✕✢ ✣✚✤ ❇ ✈✯✎✯ ✢✫✤❈ ✓✘✚ ❉✔✙✧ ✔✤✮✘✯ ✙✘✚✥✳✎✘❊ ✒✎✘ ✢✘✚ ✔✙✓✧ ✢✫✤✴

☞✌ ✢✣✚✤ ❋✘✓ ✢✫ ✥✙❈ ✎✥✬ ✥✙✔✧ ✈✘✜✎✕✢ ✙✧ ✙✘✚✥✳ m × n ✢✫ ✓✘✚ ❉✔✣✚✤  mn ✈✯✎✯ ✢✘✚✓✚ ✢✫✤✩ ✈✓✛✯

❇ ✈✯✎✯✘✚✤ ✯✘✰✚ ✥✙✔✧ ✈✘✜✎✕✢ ✯✚✶ ✔✮✘✧ ✔✤✮✘✯ ✙✘✚✥✳✎✘❊ ❋✘✓ ✙✪✗✚ ✯✚✶ ✥✰✛ ✢✣ ✍✱✘✯●✶✓ ✔✤✸✎✘✈✘✚✤ ✯✚✶

♠✗ ✔✮✘✧ ❍✥✣✓ ✎✏■✣✘✚✤ ✙✘✚ ❋✘✓ ✙✪✚✤❏✚ ✥★✗✙✘ ❏✏❑✘✗✍✶✰ ❇ ✢✫✩

✈✓✹ ✔✮✘✧ ✔✤✮✘✯ ❍✥✣✓ ✎✏■✣  (1, 8), (8, 1), (4, 2), (2, 4) ✢✫✤✩

✈✓✛✯ ✔✤✮✘✯ ✙✘✚✥✳✎✘❊  1 × 8, 8 ×1, 4 × 2, 2 × 4 ✢✫✤✩

❂❃✞☞❄❅✞ 3 ✛✙ ✛✚✔✚ 3 × 2 ✈✘✜✎✕✢ ✙✧ ✪✖✗✘ ✙✧✥★✛❈ ✥★✔✯✚✶ ✈✯✎✯
1

| 3 |
2

ija i j▲ ▼  ⑥✘✪✘

✍✱✬✵✘ ✢✫✤✩

☞✌ ✛✙ 3 × 2 ✈✘✜✎✕✢❈ ✔✘✣✘◆✎✓✹ ❉✔ ✍✱✙✘✪ ✢✘✚✓✘ ✢✫✹

11 12

21 22

31 32

A

a a

a a

a a

✈❖❈
1

| 3 |
2

ija i j▲ ▼ , i = 1, 2, 3 ✓P✘✘  j = 1, 2

❉✔✥✰✛

11

1
|1 3.1| 1

2
a ▲ ▼ ▲ 12

1 5
|1 3.2 |

2 2
a ▲ ▼ ▲
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21

1 1
| 2 3.1|

2 2
a ✆ ✝ ✆ 22

1
| 2 3.2 | 2

2
a ✆ ✝ ✆

31

1
| 3 3.1| 0

2
a ✞ ✟ ✞ 32

1 3
| 3 3.2 |

2 2
a ✞ ✟ ✞

✠✡☛ ✠☞✌✍✎✏ ✠✌✑✒✓✔ 

5
1

2
1

A 2
2

3
0

2

✕ ✖
✗ ✘
✗ ✘

✙ ✗ ✘
✗ ✘
✗ ✘
✚ ✛

 ✔❣✜

3.3  ✢✣✤✥✦✧✣★✩ ✪★✫ ✬✭✮✣✯ (Types of Matrices)

❜✰ ✠✱✲✳✴✵✶ ✷✵✸ ✔✷ ✹✺✹☞✌✻✱ ✼✽✾✌✿ ✺✵❀ ✠✌✑✒✓✔✌✵✸ ✾✍ ✼✹✿❁❁✌❂ ✾✿✵✸❃✵✜

(i) ▲❄❅❆❇ ❈❇❉❊❋● (Column matrix)

❍✾ ✠✌✑✒✓✔■ ▲❄❅❆❇ ❈❇❉❊❋● ✾✔❞✌✡✌ ✔❣■ ✒✹✶ ❏✰✷✵✸ ✺✵❀✺❞ ❍✾ ❑✡✸☞✌ ✔✌✵✡✌ ✔❣✜ ❏✶✌✔✿▼✌ ✺✵❀

✹❞❍  

0

3

A 1

1/ 2

◆ ❖
P ◗
P ◗
P ◗❘ ❙
P ◗
P ◗❚ ❯

,  4 × 1 ✾✌✵✹✏ ✾✌ ❍✾ ❑✡✸☞✌ ✠✌✑✒✓✔ ✔❣✜ ✑✒✌✼✾ ❱✼ ✰✵■ A= [a
ij
]

m × 1
 ❍✾

m × 1 ✾✌✵✹✏ ✾✌ ❑✡✸☞✌ ✠✌✑✒✓✔ ✔❣✜

(ii) ✐❅❲❳❄ ❈❇❉❊❋● (Row matrix)

❍✾ ✠✌✑✒✓✔■ ❨❩❬❭❪ ❫❴❵❛❝❡ ✾✔❞✌✡✌ ✔❣■ ✒✹✶ ❏✰✷✵✸ ✺✵❀✺❞ ❍✾ ✼✸✹❢✡ ✔✌✵✡✍ ✔❣✜

❏✶✌✔✿▼✌ ✺✵❀ ✹❞❍ 
1 4

1
B 5 2 3

2 ❤

❥ ❦
❧ ♠♥ ♦♣ q

, 1×4 ✾✌✵✹✏ ✾✌ ❍✾ ✼✸✹❢✡ ✠✌✑✒✓✔ ✔❣✜ ✑✒✌✼✾

❱✼ ✰✵■ B = [b
ij
]

1 × n
 ❍✾ 1 × n ✾✌✵✹✏ ✾✌ ✼✸✹❢✡ ✠✌✑✒✓✔ ✔❣✜

(iii) rst ❈❇❉❊❋● (Square matrix)

❍✾ ✠✌✑✒✓✔ ✹✉✰✷✵✸ ✼✸✹❢✡✒✌✵✸ ✾✍ ✰✸✇✒✌ ❑✡✸☞✌✌✵✸ ✾✍ ✰✸✇✒✌ ✺✵❀ ✰✷✌✱ ✔✌✵✡✍ ✔❣■ ❍✾ ①②③ ❫❴❵❛❝❡

✾✔❞✌✡✌ ✔❣✜ ✠✡☛ ❍✾ m × n ✠✌✑✒✓✔■ ✺❃❂ ✠✌✑✒✓✔ ✾✔❞✌✡✌ ✔❣■ ✒✹✶ m = n ✠✌❣✿ ❏✰✵ ✾✌✵✹✏
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‘n’ ❞☎ ✆✝✞ ✟☎✠✡☛☞ ❞☞✌✍ ☞✎✏✑ ✒✓☎☞✔✕☎ ✆✍✖ ✗✘✙ 

3 1 0

3
A 3 2 1

2

4 3 1

✚✛ ✜
✢ ✣
✢ ✣✤
✢ ✣
✢ ✣✥✦ ✧

 ✙❞ ✱ ❞☎✍✗★ ❞☎ ✆✝✞

✟☎✠✡☛☞ ☞✎✑ ✠✡☎✈❞ ✩✈ ✪✍ A = [a
ij
]

m × m
 ✙❞ m ❞☎✍✗★ ❞☎ ✆✝✞ ✟☎✠✡☛☞ ☞✎✑

✫❢✬✭✮✯✰✲  ✡✗✓ A = [a
ij
] ✙❞ n ❞☎✍✗★ ❞☎ ✆✝✞ ✟☎✠✡☛☞ ☞✎✳ ✌☎✍ ✟✆✡✆☎✍✏ ✴✈✵✗✆✗✶★✡☎✷✸

a
11

, a
22

, ..., a
nn

 ❞☎✍ ✟☎✠✡☛☞ A ✆✍✖ ✗✆❞✕☎✞ ✆✍✖ ✟✆✡✆ ❞☞✌✍ ☞✎✏✑

✟✌✹ ✡✗✓

1 3 1

A 2 4 1

3 5 6

✺✻ ✼
✽ ✾✿ ✺✽ ✾
✽ ✾❀ ❁

 ☞✎ ✌☎✍ A ✆✍✖ ✗✆❞✕☎✞ ✆✍✖ ✟✆✡✆ ❂✳ ❃✳ ❄ ☞✎✏✑

(iv) ❢❅❆✯✰❇ ❈✰❉❊❋● (Diagonal matrix)

✙❞ ✆✝✞ ✟☎✠✡☛☞ B = [b
ij
]

m × m
 ❍■❏❑▲▼ ◆▲❖P◗❘ ❞☞✘☎✌☎ ☞✎✳ ✡✗✓ ✗✆❞✕☎✞ ✆✍✖ ✟✗✌✗✔❙✌ ❚✪✆✍✖

✟❯✡ ✪❱☎❲ ✟✆✡✆ ❳☎☛❯✡ ☞☎✍✌✍ ☞✎✏ ✟❨☎☎✞✌❩✳ ✙❞ ✟☎✠✡☛☞ B = [b
ij
]

m × m
 ✗✆❞✕☎✞ ✟☎✠✡☛☞ ❞☞✘☎✌☎

☞✎✳ ✡✗✓ b
ij
 = 0, t❬ i ❭ j ☞☎✍✑

✒✓☎☞✔✕☎☎❨☎✞  A = [4], 
1 0

B
0 2

❪❫ ❴
❵ ❛ ❜
❝ ❡

, 

1.1 0 0

C 0 2 0

0 0 3

❣❤ ✐
❥ ❦❧ ❥ ❦
❥ ❦♠ ♥

, Ø♦❳☎✹ ❞☎✍✗★ ❂✳ ♣ ✌❨☎☎ ✱ ✆✍✖

✗✆❞✕☎✞ ✟☎✠✡☛☞ ☞✎✏✑

(v) ❈❢qr✰ ❈✰❉❊❋● (Scalar matrix)

✙❞ ✗✆❞✕☎✞ ✟☎✠✡☛☞✳ ◆❍s✉▲ ◆▲❖P◗❘ ❞☞✘☎✌☎ ☞✎✳ ✡✗✓ ❚✪✆✍✖ ✗✆❞✕☎✞ ✆✍✖ ✟✆✡✆ ✪♦☎✇ ☞☎✍✌✍

☞✎✏✳ ✟❨☎☎✞✌❩✳ ✙❞ ✆✝✞ ✟☎✠✡☛☞ B = [b
ij
]

n × n
 ✟✗✓❳☎ ✟☎✠✡☛☞ ❞☞✘☎✌☎ ☞✎✳ ✡✗✓

b
ij
 = 0,    t❬ i  ❭ j

b
ij
 = k,    t❬ i  = j, t☞☎✷ k ❞☎✍❚✞ ✟②✔ ☞✎✑

✒✓☎☞✔✕☎☎❨☎✞✳

A = [3],     
1 0

B
0 1

❪❫ ❴
❵ ❛ ❜❪❝ ❡

,      

3 0 0

C 0 3 0

0 0 3

③ ④
⑤ ⑥

⑦ ⑤ ⑥
⑤ ⑥
⑧ ⑨

 Ø♦❳☎✹

❞☎✍✗★ ❂✳ ♣ ✌❨☎☎ ✱ ✆✍✖ ✟✗✓❳☎ ✟☎✠✡☛☞ ☞✎✏✑
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(vi) r✆✝✞✟ ✠✡☛☞✌✍ (Identity matrix)

✱✎ ✏✑✒ ✓✔✕✖✗✘✙ ✚✛✜✏✢✣ ✚✏✎✤✔✒ ✏✢✣ ✜✥✔✦ ✓✏✖✏ ✧ ✘✔✢★✢ ✘✩✪ ★✫✔✔ ✬✔✢✭✔ ✓✮✖ ✜✥✔✦ ✓✏✖✏ ✬✔✗✮✖

✘✔✢★✢ ✘✩✪✙ ✯✰✲✳✴ ✵❦✶✷✸✹ ✎✘✺✔★✔ ✘✩✻ ✼✗✜✽✢ ✬✔✾✼✔✢✪ ✿✢✪✙ ✏✑✒ ✓✔✕✖✗✘  A = [a
ij
]

n × n
 ✱✎ ★❀✜✿✎

✓✔✕✖✗✘ ✘✩✙ ✖✚✼ a
i j

i j
ij ❂

❂

❁

❃
❄
❅

1

0

✖✚✼

✖✚✼

✘✿✙ n ✎✔✢✚❞ ✏✢✣ ★❀✜✿✎ ✓✔✕✖✗✘ ✎✔✢ I
n 
⑥✔✽✔ ✚❆❇✚❈★ ✎✽★✢ ✘✩✪✻ ✛❉ ✜✪✼✥✔✒ ✜✢ ✎✔✢✚❞ ❊❈✭❞ ✘✔✢★✦

✘✩✙ ★❉ ❣✜✢ ✘✿ ✏✢✣✏✺ I ✜✢ ❈❧✎❞ ✎✽★✢ ✘✩✪✻

♠✼✔✘✽✤✔ ✏✢✣ ✚✺✱  [1], 
1 0

0 1

❋ ●
❍ ■
❏ ❑

, 

1 0 0

0 1 0

0 0 1

▲ ▼
◆ ❖
◆ ❖
◆ ❖P ◗

 Ø✿✬✔❘ ✎✔✢✚❞ 1, 2 ★✫✔✔ 3 ✏✢✣ ★❀✜✿✎ ✓✔✕✖✗✘ ✘✩✪✻

è✖✔❆ ✼✦✚✛✱ ✚✎ ✖✚✼ k = 1 ✘✔✢ ★✔✢, ✱✎ ✓✚✼✬✔ ✓✔✕✖✗✘✙ ★❀✜✿✎ ✓✔✕✖✗✘ ✘✔✢★✔ ✘✩✙ ❈✽✪★❙ ❈❧❀✖✢✎

★❀✜✿✎ ✓✔✕✖✗✘ ❊❈✭❞★✖✔ ✱✎ ✓✚✼✬✔ ✓✔✕✖✗✘ ✘✔✢★✔ ✘✩✻

(vii) ❚✡✌❯☞ ✠✡☛☞✌✍ (Zero matrix)

✱✎ ✓✔✕✖✗✘✙ ✬✔✗✮✖ ✓✔✕✖✗✘ ✓✫✔✏✔ ❢❱❲✯ ✵❦✶✷✸✹ ✎✘✺✔★✔ ✘✩✙ ✖✚✼ ❣✜✏✢✣ ✜✥✔✦ ✓✏✖✏ ✬✔✗✮✖

✘✔✢★✢ ✘✩✪✻

♠✼✔✘✽✤✔✔✫✔✒✙  [0], 
0 0

0 0

❳

❨
❩

❬

❭
❪ , 

0 0 0

0 0 0

❫

❴
❵

❛

❜
❝ , [0, 0] ✜✥✔✦ ✬✔✗✮✖ ✓✔✕✖✗✘ ✘✩✪✻ ✘✿ ✬✔✗✮✖ ✓✔✕✖✗✘ ✎✔✢

O ⑥✔✽✔ ✚❆❇✚❈★ ✎✽★✢ ✘✩✪✻ ❣❆✎✦ ✎✔✢✚❞✖✔❡✙ ✜✪✼✥✔✒ ⑥✔✽✔ ❊❈✭❞ ✘✔✢★✦ ✘✩✪✻

3.3.1  ❤✐❥♥♦♣✐qs t✉ ✇①✐②③✐ (Equality of matrices)

④⑤⑦⑧✡✡⑨✡✡ 2 ✼✔✢ ✓✔✕✖✗✘ A = [a
ij
] ★✫✔✔ B = [b

ij
] ✜✿✔❆ ✎✘✺✔★✢ ✘✩✪✙ ✖✚✼

(i) ✏✢ ✜✿✔❆ ✎✔✢✚❞✖✔✢✪ ✏✢✣ ✘✔✢★✢ ✘✔✢✪✙ ★✫✔✔

(ii) A ✎✔ ❈❧❀✖✢✎ ✓✏✖✏✙ B ✏✢✣ ✜✪✑★ ✓✏✖✏ ✏✢✣ ✜✿✔❆ ✘✔✢✙ ✓✫✔✔✒★⑩ i ★✫✔✔  j ✏✢✣ ✜✥✔✦ ✿✔❆✔✢✪ ✏✢✣

✚✺✱ a
ij
 = b

ij
 ✘✔✢ ✪

♠✼✔✘✽✤✔ ✏✢✣ ✚✺✱✙  
2 3

0 1

2 3

0 1

❶

❷
❸

❹

❺
❻

❶

❷
❸

❹

❺
❻❼❽❾❾  ✜✿✔❆ ✓✔✕✖✗✘ ✘✩✪ ❿✎★❙ 

3 2

0 1

2 3

0 1

➀

➁
➂

➃

➄
➅

➀

➁
➂

➃

➄
➅➆➇➈➈  ✜✿✔❆

✓✔✕✖✗✘ ❆✘✦✪ ✘✩✪✻ ❈❧★✦✎✔❀✿✎ ❇❈ ✿✢✪✙ ✖✚✼ ✼✔✢ ✓✔✕✖✗✘ A ★✫✔✔ B ✜✿✔❆ ✘✩✪✙ ★✔✢ ✘✿ ❣✜✢

A = B ✚✺➉✔★✢ ✘✩✪✻
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❀☎✆

1.5 0

2 6

3 2

x y

z a

b c

✝✞ ✟✞ ✟
✠ ✡✠ ✡ ☛ ✠ ✡✠ ✡
✠ ✡✠ ✡☞ ✌ ☞ ✌

, r✍✎ x = – 1.5, y = 0, z = 2, a = 6 , b = 3, c = 2

♠✏✑✒✓✔✑ 4 ❀☎✆ 

3 4 2 7 0 6 3 2

6 1 0 6 3 2 2

3 21 0 2 4 21 0

x z y y

a c

b b

✕ ✕ ✖ ✖✗ ✘ ✗ ✘
✙ ✚ ✙ ✚✖ ✖ ✛ ✖ ✖ ✕✙ ✚ ✙ ✚
✙ ✚ ✙ ✚✖ ✖ ✕ ✖✜ ✢ ✜ ✢

❣✍✎ r✍✎ a, b, c, x, y r✣✍✍ z ♦✎✤ ✥✍✦ ✧✍r ★✩☎✪✫✬

✒✭  ♣✮✯☎★ ✰✱✆✲✍ ✳✍✴❀✮❣ ✵✥✍✦ ❣✶✷✸ ✹✵☎✺✫ ✹✦♦✎✤ ✵✷✻r ✳♦❀♦ ✼✍✩ ✵✥✍✦ ❣✍✎✷✻✎✬ ✵✷✻r ✳♦❀♦✍✎✷ ★✩
r✽✺✦✍ ★✾✦✎ ✰✾ ❣✥✎✷ ☎✦✿✦☎✺☎❁✍r ✰☎✾❂✍✍✥ ✰✱✍❃r ❣✍✎r✍ ❣✶❄

x + 3 = 0, z + 4 = 6, 2y – 7 = 3y – 2

a – 1 = – 3,            0 =2c + 2 b – 3 = 2b + 4,

✹❜❣✎ ✷ ✵✾✺ ★✾✦✎ ✰✾ ❣✥✎✷ ✰✱✍❃r ❣✍✎r✍ ❣✶ ☎★

a = – 2, b = – 7, c = – 1, x = – 3, y = –5, z = 2

♠✏✑✒✓✔✑ 5 ❀☎✆
2 2 4 3

5 4 3 11 24

a b a b

c d c d

❅ ❆ ❆❇ ❈ ❇ ❈
❉❊ ❋ ❊ ❋❆ ❅● ❍ ● ❍

❣✍✎ r✍✎ a, b, c, r✣✍✍ d ♦✎✤ ✥✍✦ ✧✍r ★✩☎✪✫✬

✒✭ ✆✍✎ ✳✍✴❀✮❣✍✎✷ ★✩ ✵✥✍✦r✍ ★✩ ✰☎✾✼✍✍■✍✍ ❏✍✾✍✸ ✵✷✻r ✳♦❀♦✍✎ ✷ ★✍✎ ✵✥✍✦ ✾❁✍✦✎ ✰✾ ❣✥✎✷ ✰✱✍❃r ❣✍✎r✍

❣✶ ☎★

2a + b = 4 5c – d = 11

a – 2b = – 3 4c + 3d = 24

✹✦ ✵✥✩★✾❂✍✍✎ ✷ ★✍✎ ✵✾✺ ★✾✦✎ ✰✾ a = 1, b = 2, c = 3 r✣✍✍ d = 4 ✰✱✍❃r ❣✍✎r✍ ❣✶✬

✐❑▲▼◆❖P◗ ❘❙❚

1. ✳✍✴❀✮❣  

2 5 19 7

5
A 35 2 12

2

173 1 5

❯ ❱❲
❳ ❨
❳ ❨❩ ❲
❳ ❨
❳ ❨

❲❬ ❭

, ♦✎✤ ☎✺✫ ✧✍r ★✩☎✪✫❄

(i) ✳✍✴❀✮❣ ★✩ ★✍✎☎✈ (ii) ✳♦❀♦✍✎✷ ★✩ ✵✷❁❀✍

(iii) ✳♦❀♦ a
13

, a
21

, a
33

, a
24

, a
23
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2. ❀✆✝ ✆✞✟✠ ✡☛☞❀✌✍ ✎✏✑ ✒✓ ✡✔❀✔ ✍✕✑ ✖☛✏ ✗✟✞✠ ✟✑✘☛✔ ✞☛✏✆✙❀☛✚ ✛❀☛ ✍✕✑✜ ❀✆✝ ✗✟✎✏✑ ✢✣ ✡✔❀✔
✍☛✏ ✑ ✖☛✏ ✞☛✏✆✙❀☛✚ ✛❀☛ ✍☛✏✑❣✠✜

3. ❀✆✝ ✆✞✟✠ ✡☛☞❀✌✍ ✎✏✑ ✢✤ ✡✔❀✔ ✍✕✑ ✖☛✏ ✗✟✞✠ ✟✑✘☛✔ ✞☛✏✆✙❀☛✚ ✛❀☛ ✍✕✑✜ ❀✆✝ ✗✟✎✏✑ ✥ ✡✔❀✔
✍☛✏ ✑ ✖☛✏ ✛❀☛ ✍☛✏❣☛✜

4. ✱✞ 2 × 2 ✡☛☞❀✌✍ A = [a
ij
] ✞✠ ❞✦✧☛ ✞✠✆★✱ ✆★✟✔✏✩ ✡✔❀✔ ✆✧✪✧✆✫✆✬☛✖ ✭✮✞☛❞ ✟✏ ✭✮✝✯☛ ✍✕✑

   (i)
2( )

2
ij

i j
a

✰
✲ (ii) ij

i
a

j
✳ (iii)

2( 2 )

2
ij

i j
a

✰
✲

5. ✱✞ 3 × 4 ✡☛☞❀✌✍ ✞✠ ❞✦✧☛ ✞✠✆★✱ ✆★✟✔✏✩ ✡✔❀✔ ✆✧✪✧✆✫✆✬☛✖ ✭✮✞☛❞ ✟✏ ✭✮☛✴✖ ✍☛✏✖✏ ✍✕✑✵

(i)
1

| 3 |
2

ija i j✶ ✷ ✸ (ii) 2ija i j✹ ✺

6. ✆✧✪✧✆✫✆✬☛✖ ✟✎✠✞❞❢☛☛✏✑ ✟✏ x, y ✖r☛☛ z ✔✏✩ ✎☛✧ ♦☛✖ ✞✠✆★✱✵

(i)
4 3

5 1 5

y z

x

✻ ✼ ✻ ✼
✽✾ ✿ ✾ ✿

❁ ❂ ❁ ❂
(ii)

2 6 2

5 5 8

x y

z xy

❃❄ ❅ ❄ ❅
❆❇ ❈ ❇ ❈❃❉ ❊ ❉ ❊

(iii)

9

5

7

x y z

x z

y z

❋ ❋● ❍ ● ❍
■ ❏ ■ ❏❋ ❑■ ❏ ■ ❏
■ ❏ ■ ❏❋▲ ▼ ▲ ▼

7. ✟✎✠✞❞❢☛
2 1 5

2 3 0 13

a b a c

a b c d

◆ ❃ ◆❄ ❅ ❄ ❅
❆❇ ❈ ❇ ❈◆ ❃❉ ❊ ❉ ❊

✟✏ a, b, c ✖r☛☛ d ✔✏✩ ✎☛✧ ♦☛✖ ✞✠✆★✱❖

8. A = [a
ij
]

m × n\
 ✱✞ ✔❣P ✡☛☞❀✌✍ ✍✕ ❀✆✝

(A) m < n (B) m > n (C) m = n (D) ✗✧✎✏✑ ✟✏ ✞☛✏✗P ✧✍✠✑

9. x ✖r☛☛ y ✔✏✩ ✭✮✝✯☛ ✆✞✧ ✎☛✧☛✏✑ ✔✏✩ ✆✫✱ ✡☛☞❀✌✍☛✏ ✑ ✔✏✩ ✆✧✪✧✆✫✆✬☛✖ ❀◗❘✎ ✟✎☛✧ ✍✕✑✜
3 7 5

1 2 3

x

y x

❃❄ ❅
❇ ❈❃ ◆❉ ❊

 , 
0 2

8 4

y ◆❄ ❅
❇ ❈
❉ ❊

(A)
1

, 7
3

x y
✷

✶ ✶ (B) ♦☛✖ ✞❞✧☛ ✟✑✘☛✔ ✧✍✠✑ ✍✕

(C) y = 7   ,   
2

3
x

✷
✶ (D)

1 2
,

3 3
x y

✷ ✷
✶ ✶ .

10. 3 × 3 ✞☛✏✆✙ ✔✏✩ ✱✏✟✏ ✡☛☞❀✌✍☛✏✑ ✞✠ ✔◗✩✫ ✆✞✖✧✠ ✟✑✬❀☛ ✍☛✏❣✠ ✆★✧✞✠ ✭✮❙❀✏✞ ✭✮✆✔✆❚✙ 0 ❀☛ 1 ✍✕?

(A) 27 (B) 18 (C) 81 (D) 512

3.4  ❯❱❲❳❨❩❱❬❭ ❪❫ ❴❭❵❛❳❱❜❝ (Operations on Matrices)

✗✟ ✡✧◗❡❤✏✝ ✎✏✑ ✍✎ ✡☛☞❀✌✍☛✏✑ ✭❞ ✔◗✩❤ ✟✑✆✐❀☛✡☛✏✑ ✞☛✏ ✭✮❥✖◗✖ ✞❞✏✑❣✏ ★✕✟✏ ✡☛☞❀✌✍☛✏✑ ✞☛ ❀☛✏❣❦ ✆✞✟✠ ✡☛☞❀✌✍

✞☛ ✱✞ ✡✆✝❧☛ ✟✏ ❣◗❢☛☛❦ ✡☛☞❀✌✍☛✏ ✑ ✞☛ ☞❀✔✞✫✧ ✖r☛☛ ❣◗❢☛☛✵
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3.4.1  ✈☎✆✝✞✟☎✠✡ ☛☎ ✝☎✠☞  (Addition of matrices)

❡✌✍ ✎✏✑✒✓ ✑✔ ✕✖✌✑✗❡✌ ✔✏ ✘✙✌✌✍ A ✗✙✌✌ ✘✙✌✌✍ B ✕✥ ✚✌✛ ✕✜✖✑✢✣✤✦✌✧ ★✜✩✪ ✕✫✬✦✛✔ ✕✜✖✢✣✤✏ ❡✛ ✩ ✎✭✮✔✌✛✩

✗✙✌✌ ✎✭✮✑✔✦✌✛✩ r✛✖ ✑✎✓✯ ✰✌✛✎ r✛✖ ✒✱✗✛✯ ✗✏✍ ✑✲✌✳✍✴✑✲✌✳✍ ❡✱✵✦ r✶✌✛✷✯ ✸❡✹✌✺ ✻✯ ✼ ✗✙✌✌ ✽ r✛✖ ✾✍✗✛

★✜✩✪ ✕✫✬✦✛✔ ✕✜✖✢✣✤✏ ❡✛✩ ✾✍✍✛ r✌✎✛ ✒✱✗✌✛✩ ✔✏ ❣✩✰✦✌ ✍✏✿✛ ✑✚✓ ❀✌❁✦✱★✌✛✩ ❂✌✥✌ ✑✍❃✑✕✗ ★✜✩✺

❡✌✍ ✎✏✑✒✓ ✑✔ ✕✖✌✑✗❡✌ ✕✫✬✦✛✔ ❡✱✵✦ r✶❄ ❡✛✩ ✾✍✍✛ r✌✎✛ ✰✌✛✎ r✛✖ ✒✱✗✌✛✩ ✔✏ r❅✖✎ ❣✩✰✦✌ ✒✌✍✍✌

✿✌★✗✏ ★✜✩✪ ❀✾ r❅✖✎ ♣✬✕✌✚✍ ❆❣ ✕✫✔✌✥ ★✜✺

❡✱✵✦ r✶❄ 1 : ✎✭✮✔✌✛✩ r✛✖ ✑✎✓  (80 + 90), ✎✭✮✑✔✦✌✛ ✩ r✛✖ ✑✎✓ (60 + 50)

❡✱✵✦ r✶❄ 2 : ✎✭✮✔✌✛ ✩ r✛✖ ✑✎✓ (75 + 70), ✎✭✮✑✔✦✌✛ ✩ r✛✖ ✑✎✓  (65 + 55)

❡✱✵✦ r✶❄ 3 : ✎✭✮✔✌✛✩ r✛✖ ✑✎✓ (90 + 75), ✎✭✮✑✔✦✌✛✩ r✛✖ ✑✎✓  (85 + 75)

❀✌❁✦✱★ r✛✖ ❃✕ ❡✛✩ ❆❣✛ ❆❣ ✕✫✔✌✥ ✕✫✔✣ ✔✥ ❣✔✗✛ ★✜✩   

80 90 60 50

75 70 65 55

90 75 85 75

❇ ❇❈ ❉
❊ ❋❇ ❇❊ ❋
❊ ❋❇ ❇● ❍

✦★ ✍✦✌ ❀✌❁✦✱★✯ ♣✕✦❅❄✢✗ ✚✌✛ ❀✌❁✦✱★✌✛✩ ✔✌ ■❏❑▲▼◆❖ ★✜✪ ★❡ ✚✛✰✌✗✛ ★✜✩ ✑✔ ✚✌✛ ❀✌❁✦✱★✌✛✩ ✔✌ ✦✌✛✶✕✖✎,

✕✫✚✐✌ ❀✌❁✦✱★✌✛✩ r✛✖ ❣✩✶✗ ❀r✦r✌✛✩ ✔✌✛ ✒✌✛✭✮✍✛ ❣✛ ✕✫✌P✗ ★✌✛✍✛ r✌✎✌ ❀✌❁✦✱★ ★✌✛✗✌ ★✜✪ ❆❣r✛✖ ❀✑✗✑✥✢✗✯ ✦✌✛✶

r✛✖ ✑✎✓ ✚✌✛✍✌✛✩ ❀✌❁✦✱★✌✛✩ ✔✌✛ ❣❡✌✍ ✔✌✛✑✣ ✔✌ ★✌✛✍✌ ✿✌✑★✓✪

❆❣ ✕✫✔✌✥✯ ✦✑✚ 
11 12 13

21 22 23

A
a a a

a a a

◗ ❘
❙ ❚ ❯

❱ ❲
 ✓✔ 2 × 3 ❀✌❁✦✱★ ★✜ ✗✙✌✌ 

11 12 13

21 22 23

B
b b b

b b b

❳ ❨
❩ ❬ ❭

❪ ❫
 ✓✔

❀✳✦ 2 × 3 ❀✌❁✦✱★ ★✜✯ ✗✌✛ ★❡ 
11 11 12 12 13 13

21 21 22 22 23 23

A + B
a b a b a b

a b a b a b

❴ ❴ ❴❳ ❨
❩ ❬ ❭❴ ❴ ❴❪ ❫

❂✌✥✌ ✕✑✥✲✌✌✑⑥✌✗ ✔✥✗✛ ★✜✩✪

❁✦✌✕✔ ❃✕ ❣✛✯ ❡✌✍ ✎✏✑✒✓ ✑✔ A = [a
ij
] ✗✙✌✌ B = [b

ij
] ✚✌✛ ❣❡✌✍ ✔✌✛✑✣✯ m × n r✌✎✛ ❀✌❁✦✱★

★✜✩ ✗✌✛ A ✗✙✌✌ B ✚✌✛✍✌✛✩ ❀✌❁✦✱★✌✛✩ ✔✌ ✦✌✛✶✕✖✎✯ ❀✌❁✦✱★ C = [c
ij
]

m × n
, ❂✌✥✌ ✕✑✥✲✌✌✑⑥✌✗ ★✌✛✗✌ ★✜✯ ✒★✌✧

c
ij
 = a

ij
 + b

ij
, i ✗✙✌✌ j r✛✖ ❣✲✌✏ ❣✩✲✌r ❡✌✍✌✛✩ ✔✌✛ ❁✦✢✗ ✔✥✗✌ ★✜✪
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♠✆✝✞✟✠✝ 6  
3 1 1

A
2 3 0

✡ ☛☞
✌ ✍ ✎

✏ ✑
 r✒✓✓ 

2 5 1

B 1
2 3

2

✔ ✕
✖ ✗✘
✖ ✗✙
✖ ✗✚ ✛

 ❣✜ r✓✢ A + B ❑✓r ✣✤✥✦✧★

✞✩ ✪✫✓✢✬✥✣ A r✒✓✓ B ❧✭✓✮ ✣✓✢✥✯ 2 × 3 ♦✓✰✢ ✱✓✲✫✳❣ ❣✜✬✴ ✵❧✥✰✧  A r✒✓✓  B ✣✓ ✫✓✢❞ ✶✥✷✸✓✓✥✹✓r

❣✜✴ ✱✓✜✷

2 3 1 5 1 1 2 3 1 5 0

A +B 1 1
2 2 3 3 0 0 6

2 2

✺ ✻ ✺ ✻✼ ✼ ✽ ✼ ✼
✾ ✿ ✾ ✿❀ ❀
✾ ✿ ✾ ✿✽ ✼ ✼
✾ ✿ ✾ ✿❁ ❂ ❁ ❂

 ⑥✓✷✓ ✶❃✓❄r ❣✓✢r✓ ❣✜★

❅❢❆❇❈✠✝❉

1. ❣✭ ✵❧ ❊✓r ✶✷ ❊✰ ❋✢r✢ ❣✜✬ ✥✣ ✫✥❋  A r✒✓✓ B ❧✭✓✮ ✣✓✢✥✯ ♦✓✰✢ ✱✓✲✫✳❣ ✮❣✤✬ ❣✜✬ r✓✢

A + B ✶✥✷✸✓✓✥✹✓r ✮❣✤✬ ❣✜★ ✐❋✓❣✷●✓✓✒✓❍
2 3

A
1 0

■ ❏
▲ ▼ ◆

❖ P
, 

1 2 3
B ,

1 0 1

■ ❏
▲ ▼ ◆

❖ P
 r✓✢ A + B ✶✥✷✸✓✓✥✹✓r

✮❣✤✬ ❣✜★

2. ❣✭ ❋✢◗✓r✢ ❣✜✬ ✥✣ ✱✓✲✫✳❣✓✢✬ ✣✓ ✫✓✢❞✴ ❧✭✓✮ ✣✓✢✥✯ ♦✓✰✢ ✱✓✲✫✳❣✓✢✬ ♦✢❘ ❧✭❙❚❯✫ ✭✢✬ ✥⑥✱✓❱✓✷✤

❧✬✥❲✫✓ ✣✓ ✧✣ ✐❋✓❣✷●✓ ❣✜★

3.4.2  ❳❨ ❩❬❭❪❫❴ ❨❬ ❳❨ ❩❵❛❜❬ ❝❡ ❤❥❦❬♥ (Multiplication of a matrix by a scalar)

✱❊ ✭✓✮ ✰✤✥✦✧ ✥✣ ✶♣❘✓✥r✭✓ ✮✢ A ✶✷ ✥q✒✓r ✶✜❘✪✯s✤ ✭✢✬ ❧✸✓✤ ✭✳t✫ ♦❞❍ ♦✢❘ ✐✉✶✓❋✮ ✣✓✢ ❋✓✢ ❞❙✮✓ ✣✷

✥❋✫✓ ❣✜ ✇❧✬❋✸✓❍ ①②③②④⑤

A ✶✷ ✥q✒✓r ✶✜❘✪✯s✤ ✭✢✬ ✐✉✶✓❋✮ ✣✤ ❧✬◗✫✓ ✮✤❯✢ ✥❋✧ ✱✓✲✫✳❣ ✭✢✬ ✥❋◗✓✰✓✵❍ ❞✵❍ ❣✜★

.

A ✶✷ ✥q✒✓r ✶✜❘✪✯s✤✢ ✭✢✬ ✐✉✶✓✥❋r ✮✫✤ ✇❊❋✰✤ ❣❙✵❍⑤ ❧✬◗✫✓ ✥✮⑦✮✥✰✥◗✓r ✶❃✣✓✷ ❣✜⑧
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2 80 2 601

2 2 75 2 65

3 2 90 2 85

②▼☎ ♦s◗ ②▼☎ ❢❞❀❦→

❜✆s ✝❦✞❀✟✠ ✡☛ ☞s✌ , 

160 120

150 130

180 170

✍ ✎
✏ ✑
✏ ✑
✏ ✑✒ ✓

 ☛✐❞❦✔ ✆s ❢✕✡❢☛✖ ❞✔ ✆❞✖s ✠✗✌✘ ✠☞ ✙s✚❦✖s ✠✗ ✌ ❢❞ ❀✠

✕❀❦ ✝❦✞❀✟✠ ☛✠②s ✝❦✞❀✟✠ ♦s◗ ☛✐✉❀s❞ ✝♦❀♦ ❞❦s ✛ ✆s ✜✢✣❦❦ ❞✔✕s ☛✔ ☛✐❦✤✖ ✠❦s✖❦ ✠✗✘

✞❀❦☛❞ ✡☛ ☞s✌ ✠☞❖ ❢❞✆✥ ✝❦✞❀✟✠ ♦s◗ ✦❞ ✝❢✙✧❦ ✆s ✜✢✣❦✕ ❞❦s❖ ❢✕★✕❢②❢✚❦✖ ☛✐❞❦✔ ✆s ☛❢✔✩❦❦❢✪❦✖

❞✔✖s ✠✗✌✘ ❀❢✙ A = [a
ij
]

m × n
 ✦❞ ✝❦✞❀✟✠ ✠✗ ✖✱❦❦ k ✦❞ ✝❢✙✧❦ ✠✗ ✖❦s kA ✦❞ ✦s✆❦ ✝❦✞❀✟✠ ✠✗ ❢✫✆s

A ♦s◗ ☛✐✉❀s❞ ✝♦❀♦ ❞❦s ✝❢✙✧❦ k ✆s ✜✢✣❦❦ ❞✔♦s◗ ☛✐❦✤✖ ❢❞❀❦ ✫❦✖❦ ✠✗✘

✙✟✆✔s ✧❦♥✙❦s✌ ☞s✌❖  kA = k [a
ij
]

m × n
 = [k (a

ij
)]

m × n
, ✝✱❦❦✈✖✬ kA ❞❦ (i, j)♦❦→ ✝♦❀♦❖ i ✖✱❦❦  j

♦s◗ ✠✔ ✆✌✩❦♦ ☞❦✕ ♦s◗ ❢②✦❖ ka
ij
 ✠❦s✖❦ ✠✗✘

♠✙❦✠✔✣❦ ♦s◗ ❢②✦❖ ❀❢✙ A =

3 1 1.5

5 7 3

2 0 5

✭ ✮
✯ ✰

✲✯ ✰
✯ ✰
✳ ✴

✠✗ ✖❦s

3A =

3 1 1.5 9 3 4.5

3 5 7 3 3 5 21 9

2 0 5 6 0 15

✭ ✮ ✭ ✮
✯ ✰ ✯ ✰

✲ ✵ ✲✯ ✰ ✯ ✰
✯ ✰ ✯ ✰
✳ ✴ ✳ ✴

✶✷✸✹✺✻ ✼✷ ✽✾✷ ✶✷✸✹✺✻ (Negative of a matrix) ❢❞✆✥ ✝❦✞❀✟✠ A ❞❦ ✿✣❦ ✝❦✞❀✟✠ –A

✆s ❢✕✡❢☛✖ ✠❦s✖❦ ✠✗✘ ✠☞ –A ❞❦s –A = (– 1) A ⑥❦✔❦ ☛❢✔✩❦❦❢✪❦✖ ❞✔✖s ✠✗✌✘

♠✙❦✠✔✣❦❦✱❦✈❖ ☞❦✕ ②✥❢✫✦ ❢❞  A =
3 1

5 x

❁ ❂
❃ ❄❅❆ ❇

, ✖❦s – A ❢✕★✕❢②❢✚❦✖ ☛✐❞❦✔ ✆s ☛✐❦✤✖ ✠❦s✖❦ ✠✗

– A = (– 1)
3 1 3 1

A ( 1)
5 5x x

❅ ❅❁ ❂ ❁ ❂
❈ ❅ ❈❃ ❄ ❃ ❄❅ ❅❆ ❇ ❆ ❇

✶✷✸✹✺✻✷❉❊ ✼✷ ✶❊❋● (Difference of matrices) ❀❢✙ A = [a
ij
], ✖✱❦❦ B = [b

ij
] ✆☞❦✕ ❞❦s❢❧

m × n ♦❦②s ✙❦s ✝❦✞❀✟✠ ✠✗✌ ✖❦s ❜✕❞❦ ✝✌✖✔ A – B❖ ✦❞ ✝❦✞❀✟✠ D = [d
ij
] ✫✠❦→ i ✖✱❦❦ j  ♦s◗ ✆☞❍✖
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❡✆✝✆✞✟ ✠✞✡ ☛☞✌ d
ij
 = a

ij
 – b

ij 
❣✍, ⑥✆✎✆ ✏☛✎✑✆✆☛✒✆✓ ❣✆✞✓✆ ❣✍✔ ✕✖✗✎✞ ✘✆✙✕✆✞ ✟ ❡✞✟✚ D = A – B = A + (–1) B,

✛✜✆✆✢✓✣ ✛✆✤✥✖❣ A ✓✜✆✆ ✛✆✤✥✖❣ – B ❞✆ ✥✆✞✦✏✡☞✔

♠✧★✩✪✫★ 7 ✥☛✕ 
1 2 3 3 1 3

A B
2 3 1 1 0 2

r✬❦❦ ❣✍✟ ✓✆✞ 2A – B ❑✆✓ ❞✭☛✮✌✔

✩✯ ❣❡ ✏✆✓✞ ❣✍✟

2A – B =
1 2 3 3 1 3

2
2 3 1 1 0 2

=
2 4 6 3 1 3

4 6 2 1 0 2

✰ ✰✱ ✲ ✱ ✲
✳✴ ✵ ✴ ✵✰✶ ✷ ✶ ✷

=
2 3 4 1 6 3 1 5 3

4 1 6 0 2 2 5 6 0

✰ ✳ ✰ ✰✱ ✲ ✱ ✲
✸✴ ✵ ✴ ✵✳ ✳ ✰✶ ✷ ✶ ✷

3.4.3  ✹✺✻✼✽✾✺✿❀ ❁✿❂ ✼✺✿❃ ❁✿❂ ❃❄❅✺❆❇❈ (Properties of matrix addition)

✛✆✤✥✖❣✆✞✟ ✠✞✡ ✥✆✞✦ ❞✭ ✗✟☛❉✥✆ ☛✝❊✝☛☞☛❋✆✓ ✦●❍✆■❡✆✞❏ ▲☛✝✥❡✆✞✟▼ ❞✆✞ ✗✟✓●✒◆ ❞✎✓✭ ❣✍❖

(i) ØP◗❘❙❘❚P❯❱ ❘❚❱P (Commutative Law)  ✥☛✕ A = [a
ij
], B = [b

ij
] ✗❡✆✝ ❞✆✞☛◆

m × n, ✠✆☞✞ ✛✆✤✥✖❣ ❣✍✟✚ ✓✆✞ A + B = B + A ❣✆✞✦✆✔

✛❲ A + B = [a
ij
] + [b

ij
] = [a

ij
 + b

ij
]

= [b
ij
 + a

ij
] (✗✟❋✥✆✛✆✞ ✟ ❞✆ ✥✆✞✦ ❉❡❧☛✠☛✝❡✞✥ ❣✍✔)

= ([b
ij
] + [a

ij
]) = B + A

(ii) ❳★✩❨❱❩ ❘❚❱P (Associative Law)  ✗❡✆✝ ❞✆✞☛◆ m × n ✠✆☞✞ ☛❞❬❣✭✟ ✑✆✭ ✓✭✝ ✛✆✤✥✖❣✆✞✟

A = [a
ij
], B = [b

ij
], C = [c

ij
] ✠✞✡ ☛☞✌ (A + B) + C = A + (B + C)

✛❲ (A + B) + C = ([a
ij
] + [b

ij
]) + [c

ij
]

= [a
ij
 + b

ij
] + [c

ij
] = [(a

ij
 + b

ij
) + c

ij
]

= [a
ij
 + (b

ij
 + c

ij
)] (❭✥✆✞ ✟ ?)

= [a
ij
] + [(b

ij
 + c

ij
)] = [a

ij
] + ([b

ij
] + [c

ij
]) = A + (B + C)

(iii) ❱★❯❪ ❙❯❫ ❴❵❳P❛ ❛★ ❜❘❝❴❵❙ (Existence of  additive identity) ❡✆✝ ☞✭☛✮✌ ☛❞
A = [a

ij
] ✌❞ m × n ✛✆✤✥✖❣ ❣✍ ✛✆✍✎ O ✌❞ m × n ✘✆✖❬✥ ✛✆✤✥✖❣ ❣✍✚ ✓✆✞ A+O = O+A= A

❣✆✞✓✆ ❣✍✔ ✕✖✗✎✞ ✘✆✙✕✆✞ ✟ ❡✞✟✚ ✛✆✤✥✖❣✆✞✟ ✠✞✡ ✥✆✞✦ ✗✟☛❉✥✆ ❞✆ ✓♥✗❡❞ ✘✆✖❬✥ ✛✆✤✥✖❣ O ❣✍✔

(iv) ❱★❯❪ ❙❯❫ ❢❤❘❴✯★❯P ❛★ ❜❘❝❴❵❙ (The existence of additive inverse)  ❡✆✝ ☞✭☛✮✌

☛❞ A = [a
ij
]

m × n
 ✌❞ ✛✆✤✥✖❣ ❣✍✚ ✓✆✞ ✌❞ ✛❬✥ ✛✆✤✥✖❣ – A = [– a

ij
]

m × n
 ✐✗ ✏❥❞✆✎ ❞✆ ❣✍
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❢☎ A + (– A) = (– A) + A= O❪ ✈✆✝✞ ✈✟✠✡☛☞ – A, ✈✟✠✡☛☞ A  ☎✟ ✡✟❞✌ ✞❞✍ ✈✎✆✌✏✆

✐✑❢✆✒✟❞✓ ✈✟✠✡☛☞ ✈✔✟✞✟ ✕✖✟ ✈✟✠✡☛☞ ☞✗✘

3.4.4  ✱✙ ✚✛✜✢✣✤ ✥✦✧ ✚★✩✪✛ ✫✬✭✛✮ ✥✦✧ ✫✬✭✛✯✰✲ (Properties of scalar multiplication of

a matrix)

✡❢❀ A = [a
ij
] ✆✔✟✟ B = [b

ij
] ❧✓✟✳ ☎✟❞❢✴ m × n, ✞✟✒❞ ❀✟❞ ✈✟✠✡☛☞ ☞✗✎ ✈✟✗♦ k ✆✔✟✟  l ✈❢❀✵✟ ☞✗✎❪ ✆✟❞

(i) k(A +B) = k A + kB, (ii) (k + l)A = k A + l A

✈✶❪ A = [a
ij
]

m × n
, B = [b

ij
]

m × n
, ✈✟✗♦ k ✆✔✟✟ l ✈❢❀✵✟ ☞✗✎❪ ✆✟❞

(i) k (A + B) = k ([a
ij
] + [b

ij
])

= k [a
ij
 + b

ij
] = [k (a

ij
 + b

ij
)] = [(k a

ij
) + (k b

ij
)]

= [k a
ij
] + [k b

ij
] = k [a

ij
] + k [b

ij
] = kA + kB

(ii) ( k + l) A  = (k + l) [a
ij
]

= [(k + l) a
ij
] = [k a

ij
] + [l a

ij
] = k [a

ij
] + l [a

ij
] = k A + l A.

♠✷✸✹✺✻✸ 8 ✡❢❀ 

8 0 2 2

A 4 2 , B 4 2

3 6 5 1

 ✆✔✟✟ 2A + 3X = 5B ❢❀✡✟ ☞✟❞ ✆✟❞ ✈✟✠✡ ☛☞ X

❑✟✆ ☎✼❢✽✝✘

✹❣ ❢❀✡✟ ☞✗ 2A + 3X = 5B

✡✟ 2A + 3X – 2A = 5B – 2A

✡✟ 2A – 2A + 3X = 5B – 2A (✈✟✠✡☛☞ ✡✟❞✌ ✾✓✿❢✞❢✳✓❞✡ ☞✗)

✡✟ O + 3X = 5B – 2A (– 2A, ✈✟✠✡☛☞ 2A ☎✟ ✡✟❞✌ ✐✑❢✆✒✟❞✓ ☞✗)

✡✟ 3X = 5B – 2A (O, ✡✟❞✌ ☎✟ ✆❁❧✓☎ ☞✗)

✡✟ X = 
1

3
 (5B – 2A)

✡✟

2 2 8 0
1

X 5 4 2 2 4 2
3

5 1 3 6

❂ ❃❄❅ ❆ ❅ ❆
❇ ❈❉ ❊ ❉ ❊❋ ❄ ❄❇ ❈❉ ❊ ❉ ❊
❇ ❈❉ ❊ ❉ ❊❄● ❍ ● ❍■ ❏

 = 

10 10 16 0
1

20 10 8 4
3

25 5 6 12

❂ ❃❄ ❄❅ ❆ ❅ ❆
❇ ❈❉ ❊ ❉ ❊▲ ❄❇ ❈❉ ❊ ❉ ❊
❇ ❈❉ ❊ ❉ ❊❄ ❄ ❄● ❍ ● ❍■ ❏
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    = 

10 16 10 0
1

20 8 10 4
3

25 6 5 12

✆ ✆ ✝✞ ✟
✠ ✡✆ ✝✠ ✡
✠ ✡✆ ✆ ✆☛ ☞

 = 

6 10
1

12 14
3

31 7

✆ ✆✞ ✟
✠ ✡
✠ ✡
✠ ✡✆ ✆☛ ☞

 = 

10
2

3

14
4

3

31 7

3 3

✌✍ ✎
✌✏ ✑

✏ ✑
✏ ✑
✏ ✑
✏ ✑
✌ ✌✏ ✑

✏ ✑✒ ✓

♠✔✕✖✗✘✕ 9 X r✙✚✚ Y, ❑✚r ✛✜✢✣✤✥ ✦✢✧
5 2

X Y
0 9

★ ✩
✪ ✫ ✬ ✭

✮ ✯
 r✙✚✚  

3 6
X Y

0 1

★ ✩
✰ ✫ ✬ ✭✰✮ ✯

 ❣✱✲

✖✳ ✦❣✚✴ ✵✶ (X + Y) + (X – Y) =
5 2 3 6

0 9 0 1

✦✚ (X + X) + (Y – Y) =
8 8

0 8

★ ✩
✬ ✭
✮ ✯

 ✷ 
8 8

2X
0 8

★ ✩
✫ ✬ ✭

✮ ✯

✦✚ X =
8 8 4 41

0 8 0 42

★ ✩ ★ ✩
✫✬ ✭ ✬ ✭

✮ ✯ ✮ ✯

❧✚✙✚ ❣✜ (X + Y) – (X – Y) =
5 2 3 6

0 9 0 1

✸ ✹ ✸ ✹
✺✻ ✼ ✻ ✼✺✽ ✾ ✽ ✾

✦✚ (X – X) + (Y + Y) =
5 3 2 6

0 9 1

✰ ✰★ ✩
✬ ✭✪✮ ✯

✷ 
2 4

2Y
0 10

✦✚ Y =
2 4 1 21

0 10 0 52

✺ ✺✸ ✹ ✸ ✹
✿✻ ✼ ✻ ✼

✽ ✾ ✽ ✾

♠✔✕✖✗✘✕ 10 ✢❢❀❢✢❁✢❂✚r ❧❃✜✛✶❄✚ ❧❅ x r✙✚✚ y ♦❅❆ ❃✚❢✚❅❇ ✛✚❅ ❑✚r ✛✜✢✣✤❈

5 3 4
2

7 3 1 2

x

y
 =

7 6

15 14

✸ ✹
✻ ✼
✽ ✾

✖✳  ✢✧✦✚ ❣✱

   
5 3 4

2
7 3 1 2

x

y
 = 

7 6

15 14

★ ✩
✬ ✭
✮ ✯

 ✷ 
2 10 3 4 7 6

14 2 6 1 2 15 14

x

y

✺✸ ✹ ✸ ✹ ✸ ✹
❉ ✿✻ ✼ ✻ ✼ ✻ ✼✺✽ ✾ ✽ ✾ ✽ ✾
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❀☎
2 3 10 4

14 1 2 6 2

x

y

✆ ✝✞ ✟
✠ ✡✆ ✝ ✆☛ ☞

 =
7 6

15 14

✌ ✍
✎ ✏
✑ ✒

 ✓ 
2 3 6 7 6

15 2 4 15 14

x

y

✆✞ ✟ ✞ ✟
✔✠ ✡ ✠ ✡✝☛ ☞ ☛ ☞

❀☎ 2x + 3 = 7 r✕☎☎ 2y – 4 = 14 (❉❀☎✖✗?)

❀☎ 2x = 7 – 3 r✕☎☎ 2y = 18

❀☎ x =
4

2
r✕☎☎ y =

18

2

✈✕☎☎✘r✙ x = 2 r✕☎☎ y = 9

♠✚✛✜✢✣✛ 11 ♥☎✖ ✤✥✦☎✧ ★☎✩✤✥✪☎✧ ✈☎✫★ ✬✭★✮★✧ ✤✦✗✯ ✰✖✱✰✲ r✳✧ ✴✵✥☎★ ✰✖✱ ✮☎✰✲ ✶✫✦✖ ✷☎✦✩r✳✸

✴★✩✲ r✕☎☎ ✧✐★☎ ✥✳ ✹☎✖r✳ ✥★r✖ ✯✫✗✺ ♥☎✖✧☎✖✗ ✤✥✦☎✧☎✖✗ ✻☎★☎✸ ✤✦r✗✷★ r✕☎☎ ✈❉r✼✷★ ✩☎✯ ✩✖✗✸ ✽✦ ✴✵✥☎★ ✰✖✱

✮☎✰✲ ✥✳ ✤✷♣✳ ✾✿✴❀☎✖✗ ✩✖✗❁ ✥☎✖✸ ✤✧❂✧✤✲✤✹☎r A r ✕☎☎  B ✈☎❃❀✼✯☎✖✗ ✩✖✗ ❃❀❉r ✤✥❀☎ ✬❀☎ ✯✫❄

(i) ✴✵❅❀✖✥ ✤✥✦☎✧ ✥✳ ✴✵❅❀✖✥ ✴✵✥☎★ ✰✖✱ ✮☎✰✲ ✥✳ ✤✦r✗✷★ r✕☎☎ ✈❉r✼✷★ ✥✳ ✦✤❂✩✤✲r ✤✷♣✳

❑☎r ✥✳✤✶❆✺

(ii) ✤✦r✗✷★ ✥✳ ✈✴✖❢☎☎ ✈❉r✼✷★ ✩✖✗ ✯✭✽✘ ✤✷♣✳ ✩✖✗ ✥✩✳ ❑☎r ✥✳✤✶❆✺

(iii) ❀✤♥ ♥☎✖✧☎✖✗ ✤✥✦☎✧☎✖✗ ✥☎✖ ✰✭✱✲ ✤✷♣✳ ✴★ 2%  ✲☎②☎ ✤✩✲r☎ ✯✫✸ r☎✖ ✈❉r✼✷★ ✩✖✗ ✴✵❅❀✖✥ ✴✵✥☎★ ✰✖✱

✮☎✰✲ ✥✳ ✤✷♣✳ ✴★ ✴✵❅❀✖✥ ✤✥✦☎✧ ✥☎✖ ✤✩✲✧✖ ✰☎✲☎ ✲☎②☎ ❑☎r ✥✳✤✶❆✺

✜❣

(i) ✴✵❅❀✖✥ ✤✥✦☎✧ ✥✳ ✴✵❅❀✖✥ ✴✵✥☎★ ✰✖✱ ✮☎✰✲ ✥✳ ✤✦r✗✷★ r✕☎☎ ✈❉r✼✷★ ✩✖✗ ✴✵❅❀✖✥ ✴✵✥☎★ ✰✖✱

✮☎✰✲ ✥✳ ✤✷♣✳ ✧✳✮✖ ♥✳ ✬✽✘ ✯✫❄
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(ii) ❢✆✝✞✟✠ ✡☛ ☞✌✍✎✏✏ ☞✑✝✒✟✠ ✓✍✞ ✔✕✖✗ ❢✟✘☛ ✓✍✞ ✡✓☛ ✙☛✚✍ ✛☛ ✜✖✗ ✔✢✣

(iii) B ✡✏ 2% =
2

B
100

✤ = 0. 02 × B

= 0.02 

=  

☞✝✥ ☞✑✝✒✟✠ ✓✏✔ ✓✍✞✣ ✠✏✓❢✡✦✏✙✣ ✌✧★✩✍✡ ✌✧✡✏✠ ✪✍✫ ✚✏✪✬ ✡☛ ❢✟✘☛ ✌✠ ✘✓✦✏✥ Rs✶✭✭✣

Rs ✷✭✭✣ ✝✮✏✏ Rs ✶✷✭ ✬✏✯✏ ✌✧✏✰✝ ✡✠✝✏ ✔✢ ☞✏✢✠ ✜✕✠✚✠✙ ❢✆✞✔✣ ✌✧★✩✍✡ ✌✧✡✏✠ ✪✍✫ ✚✏✪✬ ✡☛ ❢✟✘☛

✌✠ ✘✓✦✏✥ Rs ✹✭✭✣ Rs ✷✭✭ ✝✮✏✏ Rs ✷✭✭ ✬✏✯✏ ☞❢✱✗✝ ✡✠✝✏ ✔✢✲

3.4.5  ✳✴✵✸✺✻✴✼✽ ✾✴ ✿❀❁✴❂ (Multiplication of matrices)

✓✏✙ ✬☛❢✱❡ ❢✡ ✓☛✠✏ ☞✏✢✠ ✙✛☛✓ ✛✏✍ ❢✓❃✏ ✔✢✞✲ ✓☛✠✏ ✷ ✡✬✓ ✝✮✏✏ ❄ ✡✔✏✙☛ ✡☛ ✌✕❅✝✪✍✞✫ ❆✏✠☛✛✙✏ ✚✏✔✝☛

✔✢✞✣ ✱✟ ❢✡ ✙✛☛✓ ✡✏✍ ❣ ✡✬✓ ✝✮✏✏ ✶✭ ✡✔✏✙☛ ✡☛ ✌✕❅✝✡✏✍✞ ✡☛ ☞✏✪✦✩✡✝✏ ✔✢✲ ✪✍ ✛✏✍✙✏✍✞ ❡✡ ✛✕✡✏✙

✌✠ ✐✡☛✓✝❇ ❈✏✝ ✡✠✙✍ ✪✍✫ ❢✬❡ ✱✏✝✍ ✔✢✞✣ ✱✏✍ ❢✙❉✙❢✬❢❆✏✝ ✌✧✡✏✠ ✔✢✥

✡✬✓ ❞ ✌✧★✩✍✡ Rs ❄✣ ✡✔✏✙☛ ✡☛ ✌✕❅✝✡ ❞ ✌✧★✩✍✡ Rs ❄✭ ✔✢✲

♠✙ ✛✏✍✙✏✍✞ ✓✍✞ ✆✍ ✌✧★✩✍✡ ✡✏✍ ❢✡✝✙☛ ❊✙✠✏❢✦✏ ❆✏✚✗ ✡✠✙☛ ✌❋●✍✜☛❍ ❅✌■❏✝✩✏✣ ✓☛✠✏ ✡✏✍

Rs (5 × 2 + 50 × 5) ☞✮✏✏✗✝❑✣ Rs ✷▲✭ ✡☛ ☞✏✪✦✩✡✝✏ ✔✢✣ ✱✟❢✡ ✙✛☛✓ ✡✏✍ Rs (8 × 5 + 50 × 10)

☞✮✏✏✗✝❑ Rs ❄✹✭ ✡☛ ☞✏✪✩✡✝✏ ✔✢✲ ✔✓ ♠✌✩✕✗✑✝ ✆✒✚✙✏ ✡✏✍ ☞✏▼✩✒✔ ❢✙◆✌❖✏ ✓✍✞ ❢✙❉✙❢✬❢❆✏✝ ✌✧✡✏✠ ✆✍ ✌✧✡❏

✡✠ ✆✡✝✍ ✔✢✥
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✈☎✆✝✞✟✠☎ ✐✡☛✠ ☞✌ ✍☎✎ ✏✑✐✞☎✒✓ ✎✒✓✔ ✈☎✆✝✞✟ ✕☞✖☎☛✝☎ ✏✑✐✞☎✒✓ ✎✒✓✒✔

2 5

8 10

✗ ✘
✙ ✚
✛ ✜

5

50

✗ ✘
✙ ✚
✛ ✜

5 2 5 50 260

8 5 10 50 540

✢ ✣ ✢✗ ✘ ✗ ✘
✤✙ ✚ ✙ ✚✢ ✣ ✢✛ ✜ ✛ ✜

❡✥✦ ✧★✩✪✫ ✩✬ ✭✦✮✯✰ ✱✥✲✥ ✩✬✳★ ✴✵✶ ✷✸✬✥✦ ✹✲ ✺✥✻ ✬✲✦✯ ✹✲ ✼✥✥✮ ✩✦✽✦✩✧✩✾✥✻ ✹✿✬✥✲ ❀❁❂❃

✬✧❡ ❞ ✹✿❄✶✯✬ Rs ❅❆ ✬❀✥✦★ ✬★ ✹✸❇✻✬ ❞ ✹✿❄✶✯✬ Rs ❅❈

✴❉❆ ❡★✲✥ ✻❊✥✥ ✦✷★❡ ✱✥✲✥ ✾✥✲★✷✥✲★ ✬✲✦✯ ✮✯✰ ✩✧✫ ✴✥✮❋✶✬ ●✦✲✥✩❋✥ ❍❡❋✥❃ Rs (4 × 2 + 40 × 5)

= Rs 208 ✻❊✥✥ Rs (8 × 4 + 10 × 40) = Rs 432 ❀❁■

✹✸✦❃ ✭✹✶✸❏❑✻ ✳▲▼✦✥ ✬✥✯ ✩✦✽✦✩✧✩✾✥✻ ◆❂❖ ✳✯ ✩✦P✩✹✻ ✬✲ ✳✬✻✯ ❀❁❂❃

✈☎✆✝✞✟✠☎ ✐✡☛✠ ☞✌ ✍☎✎ ✏✑✐✞☎✒✓ ✎✒✓✔ ✈☎✆✝✞✟ ✕☞✖☎☛✝☎ ✏✑✐✞☎✒✓ ✎✒✓✒✔

2 5

8 10

✗ ✘
✙ ✚
✛ ✜

4

40

✗ ✘
✙ ✚
✛ ✜

4 2 40 5 208

8 4 10 4 0 432

✢ ✣ ✢✗ ✘ ✗ ✘
✤✙ ✚ ✙ ✚✢ ✣ ✢✛ ✜ ✛ ✜

✴❉❆ ✭✹✶✸❏❑✻ ✷✥✯✦✥✯ ❂ ✷❋✥✥✴✥✯ ❂ ❡✯❂ ✹✿✥◗✻ ✳▲▼✦✥✴✥✯❂ ✬✥✯ ✫✬ ✳✥❊✥ ✴✥❘✶▲❀ ✩✦P✹❙✥ ✱✥✲✥ ✩✦✽✦✩✧✩✾✥✻

✹✿✬✥✲ ✳✯ ✹✿✬❚ ✬✲ ✳✬✻✯ ❀❁❂❃

✈☎✆✝✞✟✠☎ ✐✡☛✠ ☞✌ ✍☎✎ ✏✑✐✞☎✒✓ ✎✒✓✔ ✈☎✆✝✞✟ ✕☞✖☎☛✝☎ ✏✑✐✞☎✒✓ ✎✒✓✒✔

2 5

8 10

❯ ❱
❲ ❳
❨ ❩

5 4

50 40

❯ ❱
❲ ❳
❨ ❩

5 2 5 50 4 2 40 5

8 5 10 5 0 8 4 10 4 0

❬ ❭ ❬ ❬ ❭ ❬❯ ❱
❲ ❳❬ ❭ ❬ ❬ ❭ ❬❨ ❩

= 
260 208

540 432

✗ ✘
✙ ✚
✛ ✜

✭✹✶✸❏❑✻ ✩✮✮✲❙✥ ✴✥❘✶▲❀✥✯❂ ✮✯✰ ❖✸❙✥✦ ✬✥ ✫✬ ✭✷✥❀✲❙✥ ❀❁■ ❀❡ ✷✯✾✥✻✯ ❀❁❂ ✩✬ ✴✥❘✶▲❀✥✯❂ A ✻❊✥✥ B ✮✯✰

❖✸❙✥✦ ✮✯✰ ✩✧✫❆ A ❡✯❂ ❇✻❂✼✥✥✯❂ ✬★ ✳❂✾✶✥ B ❡✯❂ ✹❂✩❑✻✶✥✯❂ ✬★ ✳❂✾✶✥ ✮✯✰ ❉✲✥❉✲ ❀✥✯✦★ ▼✥✩❀✫■ ❪✳✮✯✰ ✴✩✻✩✲❑✻

❖✸❙✥✦✹✰✧ ✴✥❘✶▲❀ (Product matrix) ✮✯✰ ✴✮✶✮✥✯ ❂ ✬✥✯ ✹✿✥◗✻ ✬✲✦✯ ✮✯✰ ✩✧✫❆ ❀❡ A ✬★ ✹❂✩❑✻✶✥✯❂ ✻❊✥✥

B ✮✯✰ ❇✻❂✼✥✥✯❂ ✬✥✯ ✧✯✬✲❆ ✴✮✶✮✥✯❂ ✮✯✰ ❍❡✥✦✸✳✥✲ (Element–wise) ❖✸❙✥✦ ✬✲✻✯ ❀❁❂ ✴✥❁✲ ✻✷✥✯✹✲✥❂✻ ❪✦

❖✸❙✥✦✹✰✧✥✯❂ ✬✥ ✶✥✯❖✹✰✧ ✺✥✻ ✬✲✻✯ ❀❁❂■ ✴✥❁✹▼✥✩✲✬ P✹ ✳✯❆ ❀❡ ✴✥❘✶▲❀✥✯❂ ✮✯✰ ❖✸❙✥✦ ✬✥✯ ✩✦✽✦✩✧✩✾✥✻ ✻✲❀

✳✯ ✹✩✲✼✥✥✩❧✥✻ ✬✲✻✯ ❀❁❂❃

✷✥✯ ✴✥❘✶▲❀✥✯❂ A ✻❊✥✥ B ✬✥ ❖✸❙✥✦✹✰✧ ✹✩✲✼✥✥✩❧✥✻ ❀✥✯✻✥ ❀❁❆ ✶✩✷ A ❡✯❂ ❇✻❂✼✥✥✯❂ ✬★ ✳❂✾✶✥❆ B ❡✯❂ ✹❂✩❑✻✶✥✯❂

✬★ ✳❂✾✶✥ ✮✯✰ ✳❡✥✦ ❀✥✯✻★ ❀❁■ ❡✥✦ ✧★✩✪✫ ✩✬ A = [a
ij
] ✫✬ m × n ✬✥✯✩❚ ✬✥ ✴✥❘✶▲❀ ❀❁ ✴✥❁✲

B = [b
jk
] ✫✬ n × p ✬✥✯✩❚ ✬✥ ✴✥❘✶▲❀ ❀❁■ ✻❉ ✴✥❘✶▲❀✥✯ ❂ A ✻❊✥✥ B ✬✥ ❖✸❙✥✦✹✰✧ ✫✬ m × p ✬✥✯✩❚

✬✥ ✴✥❘✶▲❀ C ❀✥✯✻✥ ❀❁■ ✴✥❘✶▲❀ C ✬✥ (i, k)✮✥♦ ✴✮✶✮ c
ik
 ✹✿✥◗✻ ✬✲✦✯ ✮✯✰ ✩✧✫ ❀❡ A ✬★ i ✮★❂ ✹❂✩❑✻

✴✥❁✲ B ✮✯✰ k✮✯❂ ❇✻❂✼✥ ✬✥✯ ✧✯✻✯ ❀❁ ✴✥❁✲ ✩✹✰✲ ✭✦✮✯✰ ✴✮✶✮✥✯❂ ✬✥ ❍❡✥✦✸✳✥✲ ❖✸❙✥✦ ✬✲✻✯ ❀❁❂■ ✻✷✥✯✹✲✥✵✻ ❪✦

✳✼✥★ ❖✸❙✥✦✹✰✧✥✯❂ ✬✥ ✶✥✯❖✹✰✧ ✺✥✻ ✬✲ ✧✯✻✯ ❀❁❂■ ✷▲✳✲✯ ❋✥❫✷✥✯ ❂ ❡✯❂ ✶✩✷❆
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A = [a
ij
]

m × n
, B = [b

jk
]

n × p
 ❣✆ ✝✞✟ A ❞✠ i ♦✠✡ ☛✡☞✌✝ [a

i1
 a

i2
 ... a

in
] ✝r✞✞ B ❞✞ k♦✞✍ ✎✝✡✏✞

1

2

k

k

nk

b

b

b

✑ ✒
✓ ✔
✓ ✔
✓ ✔
✓ ✔
✓ ✔
✕ ✖

 ❣✆✡, ✝✗ c
ik
 =  a

i1 
b

1k 
+ a

i2 
b

2k 
+ a

i3 
b

3k 
+ ... + a

in 
b

nk 
= 

1

n

ij jk

j

a b
✘
✙

✚✞✛✜✢❣ C = [c
ik
]

m × p
, A ✝r✞✞ B ❞✞ ✣✤✥✞✦☛✧★ ❣✆✩

♠✪✞❣✫✥✞ ♦✟✧ ☞★✬✭ ✜☞✪ 
1 1 2

C
0 3 4

✮✯ ✰
✱ ✲ ✳
✴ ✵

 ✝r✞✞

2 7

1D 1

5 4

✶ ✷
✸ ✹✺ ✻✸ ✹
✸ ✹✻✼ ✽

  ❣✆ ✝✞✟

✣✤✥✞✦☛✧★

2 7
1 1 2

CD CD 1 1
0 3 4

5 4

✐✾✿❀❁❁✾❂❁❃ ❄❙ ❃❋❁❁  ✬❞ 2 × 2  ✚✞✛✜✢❣ ❣✆ ☞❅❆❞✠

☛❇❈✜✟❞ ☛❇☞♦☞❉❊ C ❞✠ ☞❞❆✠ ☛✡☞✌✝ ❞✠ ☛❇☞♦☞❉❊✜✞✟✡ ❞✠ D ♦✟✧ ☞❞❆✠ ✎✝✡✏✞ ❞✠ ❆✡✣✝ ☛❇☞♦☞❉❊✜✞✟✡ ♦✟✧

✣✤✥✞✦☛✧★✞✟ ✡ ♦✟✧ ✜✞✟✣☛✧★ ♦✟✧ ✗✫✞✗✫ ❣✞✟✝✠ ❣✆✩ ①❆ ♠✪✞❣✫✥✞ ●✟✡ ✜❣ ❍✞✫✞✟✡ ☛☞✫❞★✦ ☞✦■✦☞★☞❏✞✝ ❣✆✡✭

✚✝❑ 
13 2

CD
17 13

✮✯ ✰
✱ ✲ ✳✮✴ ✵
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♠☎✆✝✞✟✝ 12 ❀✠✡
6 9 2 6 0

A B
2 3 7 9 8

r☛☞☞ ✥✌ ✍✎✏ AB ❑✎✍ ✑✒✠✓✔✕

✆❣ ✈✎✖❀✗✥ A ❡✏✘ 2 ▲✍✘✙✎ ✥✌✘ ✓✎✏ ✈✎✖❀✗✥ B ✑✒ ❞✘✠✚✍❀✎✏✘ ✛✏✜ ✢❡✎✣ ✥✌✘✕ ✈✍✔✛ AB ❞✠✐✙✎✎✠✤✎✍ ✥✌✕ ✈✦

AB =
6(2) 9(7) 6(6) 9(9) 6(0) 9(8)

2(2) 3(7) 2(6) 3(9) 2(0) 3(8)

=
12 63 36 81 0 72

4 21 12 27 0 24

✧ ✧ ✧★ ✩
✪ ✫✧ ✧ ✧✬ ✭

 = 
75 117 72

25 39 24

✮ ✯
✰ ✱
✲ ✳

✴❢✵✶✷✸✹✺  ❀✠✡ AB ❞✠✐✙✎✎✠✤✎✍ ✥✌ ✍✎✏ ❀✥ ✈✎✛✻❀✑ ✣✥✒✘ ✥✌ ✠✑ BA ✙✎✒ ❞✠✐✙✎✎✠✤✎✍ ✥✎✏✕ ❍❞❀✼✽✚✍

❍✡✎✥✐✾✎ ❡✏✘ AB ❞✠✐✙✎✎✠✤✎✍ ✥✌ ❞✐✘✍✼ BA ❞✠✐✙✎✎✠✤✎✍ ✣✥✒✘ ✥✌ ✚❀✎✏✘✠✑ B ❡✏✘ 3 ▲✍✘✙✎ ✥✌✘ ✓✦✠✑ A ❡✏✘ ✛✏✜✛✿
❁ ❞✘✠✚✍❀✎❂ ❃❄ ❞✘✠✚✍❀✎❂ ✣✥✒✘❅ ✥✌✘✕ ❀✠✡ A ✍❆✎✎ B Ø❡✻✎❇ m × n ✍❆✎✎ k  × l ✑✎✏✠❈❀✎✏✘ ✛✏✜ ✈✎✖❀✗✥
✥✌ ✘ ✍✎✏ AB ✍❆✎✎ BA ✡✎✏✣✎✏ ✘ ✥✒ ❞✠✐✙✎✎✠✤✎✍ ✥✌✘ ❉❊☎ ❋✝●✞ ■❏▼■❣ ❉❊☎ n = k ✍❆✎✎ l = m ✥✎✏✕ ✠✛✻✎✏✤✎
◆❞ ✢✏❖ ❀✠✡ A ✈✎✌✐ B ✡✎✏✣✎✏✘ ✥✒ ✢❡✎✣ ✑✎✏✠❈ ✛✏✜ ✛♥✽ ✈✎✖❀✗✥ ✥✌✘❖ ✍✎✏ AB ✍❆✎✎ BA ✡✎✏✣✎✏✘ ❞✠✐✙✎✎✠✤✎✍
✥✎✏✍✏ ✥✌ ✘✕

❋✝P❉◗✆✝❏❘ ■❏▼ ❙❚✟✝❯ ❱❲ ❋❳❨❩❊■❊❯❨❏❉❬✝ (Non-Commutativity of multiplication of matrices)

✈✦ ✥❡ ✔✑ ❍✡✎✥✐✾✎ ✛✏✜ ❭✎✐✎ ✡✏❪✎✏✘♥✏ ✠✑❖ ❀✠✡ AB ✍❆✎✎ BA ❞✠✐✙✎✎✠✤✎✍ ✙✎✒ ✥✎✏ ✘❖ ✍✎✏ ❀✥ ✈✎✛✻❀✑
✣✥✒✘ ✥✌ ✠✑ AB = BA ✥✎✏✕

♠☎✝✆✞✟✝ 13 ❀✠✡

2 3
1 2 3

A B 4 5
4 2 5

2 1

❫❴❵❥ , ✍✎✏ AB ✍❆✎✎ BA ❑✎✍ ✑✒✠✓✔✕ ✡✻✎✎✽❛✔ ✠✑

AB ❜ BA

✆❣ ✚❀✎✏✘✠✑ ✠✑ A ✔✑ 2 × 3 ✈✎✖❀✗✥ ✥✌ ✈✎✌✐ B ✔✑ 3 × 2 ✈✎✖❀✗✥ ✥✌❖ ❛✢✠✿✔ AB ✍❆✎✎ BA ✡✎✏✣✎✏✘
✥✒ ❞✠✐✙✎✎✠✤✎✍ ✥✌✘ ✍❆✎✎ Ø❡✻✎❇ 2 × 2 ✍❆✎✎ 3 × 3, ✑✎✏✠❈❀✎✏✘ ✛✏✜ ✈✎✖❀✗✥ ✥✌ ✘✕ ✣✎✏❈ ✑✒✠✓✔ ✠✑

AB =

2 3
1 2 3

4 5
4 2 5

2 1

 = 
2 8 6 3 10 3 0 4

8 8 10 12 10 5 10 3

❝ ❤ ❝ ❤ ❝✮ ✯ ✮ ✯
❦✰ ✱ ✰ ✱❝ ❤ ❤ ❝ ❤ ❤✲ ✳ ✲ ✳

✈✎✌✐ BA =

2 3 2 12 4 6 6 15
1 2 3

4 5 4 20 8 10 12 25
4 2 5

2 1 2 4 4 2 6 5

 

10 2 21

16 2 37

2 2 11

❧♦ ♣
q st ❧q s
q s❧ ❧✉ ✇

▲❞✤❈✍❀✎ AB ❜ BA.



✈�✁✂✄☎        83

♠✆✝✞✟✠✡ ♠☛☞✌✍✎☞ ✏✑✒ AB ✡r☞☞ BA ❢✓☞✔✕✖❢✓☞✔✕ ✗☞✑❢✘✝☞✑✒ ✙✑✚ ✛☞✜✝✢✌ ✌✣✒ ✛☞✣✍ ✤✥❢✦✧ AB ★ BA

✌✣❣ ✆✍✒✡✞ ✗☞✑✤✟ ✧✑✥☞ ✥☞✑✐ ✥✗✡☞ ✌✣ ❢✗ ✝❢☛ AB ✡r☞☞ BA ☛☞✑✕☞✑✒ ✥✏☞✕ ✗☞✑❢✘ ✙✑✚ ✌☞✑✡✑ ✡☞✑ ✥✒✓☞✙✡♥ ✙✑

✥✏☞✕ ✌☞✒✑❧✑❣ ✩✗✡✞ ✧✑✥☞ ✓☞✪ ✕✌✪✒ ✌✣❣ ✝✌☞✫ ✌✏ ✧✗ ♠☛☞✌✍✎☞ ✝✌ ❢☛✬☞✦☞✕✑ ✙✑✚ ❢✦✧ ☛✑ ✍✌✑ ✌✣✒ ❢✗ ✝❢☛

AB ✡r☞☞ BA ✥✏☞✕ ✗☞✑❢✘ ✙✑✚ ✌☞✑✒ ✡☞✑ ✓☞✪ ✝✌ ✛☞✙✭✝✗ ✕✌✪✒ ✌✣ ❢✗ ✙✑ ✥✏☞✕ ✌☞✑✒❣

✮✯✰✱✲✳✰ 14 ✝❢☛ A =
1 0

0 1
 ✡r☞☞

0 1
B

1 0

✴ ✵
✶ ✷ ✸
✹ ✺

 ✌✣ ✡☞✑
0 1

AB
1 0

✴ ✵
✶ ✷ ✸✻✹ ✺

✛☞✣✍ BA =
0 1

1 0
 ✌✣❣ ✼✆✽✘✡✝☞ AB ★ BA ✌✣❣

✛✡♥ ✛☞✜✝✢✌ ❧✞✎☞✕ ✾✏✖❢✙❢✕✏✑✝ ✕✌✪✒ ✌☞✑✡☞ ✌✣❣

✿❀❁❂❃✳✰❄  ✤✥✗☞ ✡☞❅✆✝✟ ✝✌ ✕✌✪✒ ✌✣ ❢✗ A ✡r☞☞ B ✛☞✜✝✢✌☞✑✒ ✙✑✚ ♠✕ ✥✓☞✪ ✝✞❆✏☞✑✒ ✙✑✚ ❢✦✧❇ ❢❈✕✙✑✚

❢✦✧ AB ✡r☞☞ BA ✆❢✍✓☞☞❢✽☞✡ ✌✣❇ AB ★ BA ✌☞✑❧☞❣ ♠☛☞✌✍✎☞ ✙✑✚ ❢✦✧

✝❢☛ 
1 0 3 0

A , B
0 2 0 4

❉ ❊ ❉ ❊
❋ ❋● ❍ ● ❍
■ ❏ ■ ❏

, ✡☞✑ AB = BA = 
3 0

0 8

❉ ❊
● ❍
■ ❏

è✝☞✕ ☛✪❢❈✧ ❢✗ ✥✏☞✕ ✗☞✑❢✘ ✙✑✚ ❢✙✗✎☞✟ ✛☞✜✝✢✌☞✑✒ ✗☞ ❧✞✎☞✕ ✾✏✖❢✙❢✕✏✑✝ ✌☞✑✡☞ ✌✣❣

✯✰❑ ▲✰▼◆❖❑P✲ ◗✰❘❖▼✱✰❑❙ ❚❑❯ ❱❲✳✰❳❃❯❨ ❚❑❯ ❩❃ ❬❑❙ ▲✰▼◆❖ ◗✰❘❖▼✱❭ (Zero matrix as the product

of two non-zero matrices)

✌✏✑✒ ❪☞✡ ✌✣ ❢✗ ☛☞✑ ✙☞✼✡❢✙✗ ✥✒✬✝☞✛☞✑✒ a ✡r☞☞ b ✙✑✚ ❢✦✧❇ ✝❢☛ ab = 0 ✌✣  ✡☞✑ ✝☞ ✡☞✑ a = 0 ✛r☞✙☞
b = 0 ✌☞✑✡☞ ✌✣❣ ✩✗✡✞ ✛☞✜✝✢✌☞✑✒ ✙✑✚ ❢✦✧ ✝✌ ✛❢✕✙☞✝✟✡♥ ✥❅✝ ✕✌✪✒ ✌☞✑✡☞ ✌✣❣ ✤✥ ❫☞✡ ✗☞✑ ✌✏ ✧✗ ♠☛☞✌✍✎☞

⑥☞✍☞ ☛✑✬☞✑✒❧✑❣

✮✯✰✱✲✳✰ 15 ✝❢☛ 
0 1

A
0 2

❴❉ ❊
❋ ● ❍
■ ❏

 ✡r☞☞ 
3 5

B
0 0

✴ ✵
✶ ✷ ✸
✹ ✺

✌✣ ✡☞✑ AB ✗☞ ✏☞✕ ❪☞✡ ✗✪❢❈✧

✱❨  ✝✌☞✫ ✆✍
0 1 3 5 0 0

AB
0 2 0 0 0 0

✻✴ ✵ ✴ ✵ ✴ ✵
✶ ✶✷ ✸ ✷ ✸ ✷ ✸
✹ ✺ ✹ ✺ ✹ ✺

✛✡♥ ✝❢☛ ☛☞✑ ✛☞✜✝✢✌☞✑✒ ✗☞ ❧✞✎☞✕✆✚✦ ✧✗ ✭☞✢✔✝ ✛☞✜✝✢✌ ✌✣ ✡☞✑ ✛☞✙✭✝✗ ✕✌✪✒ ✌✣ ❢✗ ♠✕✏✑✒ ✥✑ ✧✗
✛☞✜✝✢✌ ✛❢✕✙☞✝✟✡♥ ✭☞✢✔✝ ✛☞✜✝✢✌ ✌☞✑❣

3.4.6  ❵❛❜❝❞❡❛❤❥ ❦❤♦ ♣qs❛t ❦❤♦ ♣qs❛✉✇① (Properties of multiplication of matrices)

✛☞✜✝✢✌☞✑✒ ✙✑✚ ❧✞✎☞✕ ✙✑✚ ❧✞✎☞②✏☞✑③ ✗☞ ✌✏ ✕✪✐✑ ❢❫✕☞ ♠✕✗✪ ♠✆✆❢④☞ ❢☛✧ ♠⑤✦✑✬☞ ✗✍ ✍✌✑ ✌✣✒♥

1. ⑦✰✱⑧❖⑨ ❀❳❖❬❭ ❢✗✔✌✪✒ ✓☞✪ ✡✪✕ ✛☞✜✝✢✌☞✑✒ A, B ✡r☞☞ C ✙✑✚ ❢✦✧

(AB) C = A (BC), ❈❫ ✗✓☞✪ ✥✏✪✗✍✎☞ ✙✑✚ ☛☞✑✕☞✑✒ ✆⑩☞ ✆❢✍✓☞☞❢✽☞✡ ✌☞✑✡✑ ✌✣✒❣
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2. ❢☎✆✝✞✟ ❢✠✡☛ ✪ ☞✌✍✎✏✑ ✒✓✏ ✔✏✕ ✖✓✗✘✙✎✓✚✑ A, B ✔r✓✓ C ♦✚✛ ☞✜✢

(i) A (B+C) = AB + AC

(ii) (A+B) C = AC + BC, t✣ ✒✓✏ ✤✥✏✌✦✧✓ ♦✚✛ ★✓✚✕✓✚✑ ✩✫✓ ✩☞✦✒✓✓☞✬✓✔ ✎✓✚✔✚ ✎✭✑✮

3. ✯✰✞✟✠ ☎✱✲ ✆✳✴☛✵ ✵✟ ✶❢✷✆✳☎ ✸  ✩✐✹✘✚✌ ♦✺✻ ✖✓✗✘✙✎ A ♦✚✛ ☞✜✢ ✤✥✓✕ ✌✓✚☞✼ ♦✚✛ ✢✌ ✖✓✗✘✙✎

I ✌✓ ✖☞❞✔✹♦ ✽✤ ✩✐✌✓✦ ✎✓✚✔✓ ✎✭✾ ☞✌ IA = AI = A

✖✣ ✎✥ ✈★✓✎✦✧✓✓✚✑ ♦✚✛ ✿✓✦✓ ✈✩✘❥✻❀✔ ✺❥✧✓❁✥✓❂ ✌✓ ✤✹✘✓✩✕ ✌✦✚✑✺✚✮

♠❃✟❄✝✞✟ 16 ✘☞★

1 1 1 1 3
1 2 3 4

A 2 0 3 , B 0 2 C
2 0 2 1

3 1 2 1 4

❅❆❦❦  ✔✓✚ A(BC)

✔r✓✓ (AB)C ❑✓✔ ✌✏☞t✢ ✖✓✭✦ ☞★❇✓✜✓✽✢ ☞✌ (AB)C = A(BC) ✎✭✮

❄❣ ✘✎✓❈ AB =

1 1 1 1 3 1 0 1 3 2 4 2 1

2 0 3 0 2 2 0 3 6 0 12 1 18

3 1 2 1 4 3 0 2 9 2 8 1 15

(AB) (C) =

2 2 4 0 6 2 8 12 1
1 2 3 4

1 18 1 36 2 0 3 36 4 18
2 0 2 1

1 15 1 30 2 0 3 30 4 15

=

4 4 4 7

35 2 39 22

31 2 27 11

❉❊ ❋
● ❍❉ ❉● ❍
● ❍❉■ ❏

✖✣ BC =

1 6 2 0 3 6 4 31 3
1 2 3 4

0 2 0 4 0 0 0 4 0 2
2 0 2 1

1 4 1 8 2 0 3 8 4 4

▲ ▲ ❉ ❉ ▲❊ ❋❊ ❋
❉❊ ❋ ● ❍● ❍ ▼ ▲ ▲ ❉ ▲● ❍ ● ❍● ❍ ❉■ ❏ ● ❍● ❍❉ ❉ ▲ ❉ ▲ ❉ ❉ ▲■ ❏ ■ ❏

=

7 2 3 1

4 0 4 2

7 2 11 8

◆ ◆❖ P
◗ ❘◆◗ ❘
◗ ❘◆ ◆❙ ❚
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✆✝✞✟ A(BC) =

7 2 3 11 1 1

2 0 3 4 0 4 2

3 1 2 7 2 11 8

=

7 4 7 2 0 2 3 4 11 1 2 8

14 0 21 4 0 6 6 0 33 2 0 24

21 4 14 6 0 4 9 4 22 3 2 16

=

4 4 4 7

35 2 39 22

31 2 27 11

✠✡ ☛
☞ ✌

✠ ✠
☞ ✌
☞ ✌✠✍ ✎

▲✏✑✒✝✓✔✕ (AB) C = A (BC)

♠✖✗✘✙✚✗ 17 ✓❀✛ 

0 6 7 0 1 1 2

A 6 0 8 , B 1 0 2 , C 2

7 8 0 1 2 0 3

✜ ✢ ✜ ✢ ✜ ✢
✣ ✤ ✣ ✤ ✣ ✤✥ ✦ ✥ ✥ ✦
✣ ✤ ✣ ✤ ✣ ✤
✣ ✤ ✣ ✤ ✣ ✤✦✧ ★ ✧ ★ ✧ ★

✝✔r AC, BC ✝✩✔✔ (A + B)C ❞✔ ✏❀✪❞✫✬ ❞✭❀✮✞✯ ✓✰ ✱✔✭ ✲✳✓✔❀✏✝ ❞✭❀✮✞ ❀❞

(A + B) C = AC + BC

✘❣ 

0 7 8

A + B 5 0 10

8 6 0

✆✝✞✟✕  (A + B) C =

0 7 8 2 0 14 24 10

5 0 10 2 10 0 30 20

8 6 0 3 16 12 0 28

✦ ✴✜ ✢ ✜ ✢ ✜ ✢ ✜ ✢
✣ ✤ ✣ ✤ ✣ ✤ ✣ ✤✦ ✦ ✥ ✦ ✴ ✴ ✥
✣ ✤ ✣ ✤ ✣ ✤ ✣ ✤
✣ ✤ ✣ ✤ ✣ ✤ ✣ ✤✦ ✴ ✴✧ ★ ✧ ★ ✧ ★ ✧ ★

❜✲✟r✵ ✆❀✝❀✪✶✝  AC =

0 6 7 2 0 12 21 9

6 0 8 2 12 0 24 12

7 8 0 3 14 16 0 30
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✈☎✆✝ BC =

0 1 1 2 0 2 3 1

1 0 2 2 2 0 6 8

1 2 0 3 2 4 0 2

✞ ✟✠ ✡ ✠ ✡ ✠ ✡ ✠ ✡
☛ ☞ ☛ ☞ ☛ ☞ ☛ ☞✞ ✌ ✟ ✟ ✌☛ ☞ ☛ ☞ ☛ ☞ ☛ ☞
☛ ☞ ☛ ☞ ☛ ☞ ☛ ☞✞ ✟ ✞✍ ✎ ✍ ✎ ✍ ✎ ✍ ✎

❜✏✑✒✓   AC + BC =

9 1 10

12 8 20

30 2 28

✠ ✡ ✠ ✡ ✠ ✡
☛ ☞ ☛ ☞ ☛ ☞✟ ✌☛ ☞ ☛ ☞ ☛ ☞
☛ ☞ ☛ ☞ ☛ ☞✞✍ ✎ ✍ ✎ ✍ ✎

▲✔✕✖✗✘☎ (A + B) C = AC + BC

♠✙✚✛✜✢✚ 18 ✘✑❀ 

1 2 3

A 3 2 1

4 2 1

✣ ✤
✥ ✦✧ ★✥ ✦
✥ ✦✩ ✪

 ❣✆ ✗☎✫ ❀✬☎☎✭❜✓ ✑✮ A3 – 23A – 40I = O

✛✯  ❣✰ ✱☎✲✗✫ ❣✆✳ ✑✮
2

1 2 3 1 2 3 19 4 8

A A.A 3 2 1 3 2 1 1 12 8

4 2 1 4 2 1 14 6 15

✠ ✡ ✠ ✡ ✠ ✡
☛ ☞ ☛ ☞ ☛ ☞✌ ✌ ✞ ✞ ✌☛ ☞ ☛ ☞ ☛ ☞
☛ ☞ ☛ ☞ ☛ ☞✍ ✎ ✍ ✎ ✍ ✎

❜✏✑✒✓ A3 = A A2 = 

1 2 3 19 4 8 63 46 69

3 2 1 1 12 8 69 6 23

4 2 1 14 6 15 92 46 63

✈✴ A3 – 23A – 40I =

63 46 69 1 2 3 1 0 0

69 6 23 – 23 3 2 1 – 40 0 1 0

92 46 63 4 2 1 0 0 1

=

63 46 69 23 46 69 40 0 0

69 6 23 69 46 23 0 40 0

92 46 63 92 46 23 0 0 40

=

63 23 40 46 46 0 69 69 0

69 69 0 6 46 40 23 23 0

92 92 0 46 46 0 63 23 40

 =

0 0 0

0 0 0 O

0 0 0

✠ ✡
☛ ☞ ✌☛ ☞
☛ ☞✍ ✎
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♠✆✝✞✟✠✝ 19 ❢✡☛☞ ❢✌✍✎✏ ☛✑✎✎ ✒✓✏✎✌ ✌✔✕ ✖✎✗✘✎✏ ✙✡ ✘✎✚✏✗❢✛✡ ✖✜ ✏✔ ✢✣✏✔ ✤✥✦☞✖✌✎✘ ✌✔✕ ✣✧✒✎✘

❣✔✛✓ ✙✡ ✚✏ ☛★✣✌✩✕ ✣✕✦✩ ✡✎✔ ✪✔✌✔✕ ✣✘ ✢✏✓✫★❢✬✛ ❢✡✭✎✮ ✣✧✒✎✘ ❣✔✛✓ ✛☞✏ ❢✌❢✍✭✎✔★ ✯✎✘✎ ☛★✣✌✩✕ ✰✱✎✎❢✣✛

✡✘✏✎ ❢✏❢❞✒✛ ❣✓✢✎✮ ✭✔ ❣✗★✲ ✳✔✜☞✣✕✎✔✏ ✯✎✘✎✴ ✵✎✘✶✵✎✘ ✚✎✡✘ ✛✱✎✎ ✣✒✎✩ ❢✌✛✘✷✎ ✯✎✘✎✮ ✣✧✸✭✔✡ ☛★✣✌✩✕ ✡✎

❞✎✓✹✡ ✺✣✗☛✎✔★ ✦✔★✻ ✏☞✒✔ ✢✎✼✭✽❣ A ✦✔★ ✼✭✾✛ ❣✗✴

A = 
40

100

50

✐✿③ r ❧✐❛ ❀◗❩ ❡✇❨❁
❱②s ❂✐◗❦✉s ❃❦❥❦

❄❦❥ t❦❅❥

✐♣❦❩ ❃❦❥❦

X ✛✱✎✎ Y ✖✎✔ ❞✎❣✘✎✔★ ✦✔★✴ ✣✧✸✭✔✡ ✣✧✡✎✘ ✌✔✕ ☛✥✣✡✎✔♥ ✡☞ ☛★❆✭✎ ✢✎✼✭✽❣

1000 500 5000 X
B

Y3000 1000 10,000

❇❈❉ ❤❊❋●❉❍ ■●❏ ❑●▲❏ ❊▼●◆ ⑥●❏●

 ✦✔★ ✼✭✾✛ ❣✗✮ X ✛✱✎✎ Y ❞✎❣✘✎✔★ ✦✔★ ✘✎✚✏✗❢✛✡ ✖✜ ✯✎✘✎ ✼✭✭ ✡☞

①❖✩ ✌✓✕✜ ✍✏✘✎❢❞✎ P✎✛ ✡☞❢✚✙✮

✞❘ ✭❣✎❙ ✣✘

BA =
40,000 50,000 250,000 X

Y120,000 +100,000 +500,000

❚ ❚ ❯❲ ❳
❬ ❭ ❯❪ ❫

=
340,000 X

Y720,000

❯❲ ❳
❬ ❭ ❯❪ ❫

✢✛✲ ✖✜ ✯✎✘✎ ✖✎✔✏✎✔★ ❞✎❣✘✎✔★ ✦✔★ ✼✭✭ ✡☞ ①❖✩ ✌✓✕✜ ✍✏✘✎❢❞✎ ❴✦❞✎✲ ❵✴❜❝✴❝❝❝ ✣✗☛✔ ✌ ♦✴q❝✴❝❝❝

✣✗☛✔ ✢✱✎✎✩✛④ Rs ❵❜❝❝ ✛✱✎✎ Rs ♦q❝❝ ❣✗★✮

⑤⑦⑧⑨⑩❶❷❸ ❹❺❻

1. ✦✎✏ ✜☞❢✚✙ ❢✡ 
2 4 1 3 2 5

A , B , C
3 2 2 5 3 4

❼❲ ❳ ❲ ❳ ❲ ❳
❽ ❽ ❽❬ ❭ ❬ ❭ ❬ ❭❼❪ ❫ ❪ ❫ ❪ ❫

, ✛✎✔ ❢✏✥✏❢✜❢❆✎✛ P✎✛ ✡☞❢✚✙✲

(i) A + B (ii) A – B (iii) 3A – C

(iv) AB (v) BA
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2. ❢☎✆☎❢✝❢✞✟✠ ✡✟☛ ☞❢✌✡❢✝✠ ✡✍❢✎✏✑

(i)
a b a b

b a b a

✒ ✓ ✒ ✓
✔✕ ✖ ✕ ✖

✗✘ ✙ ✘ ✙
(ii)

2 2 2 2

2 2 2 2

2 2

2 2

a b b c ab bc

ac aba c a b

✚ ✛✜ ✜ ✚ ✛
✜✢ ✣ ✢ ✣

✤ ✤✜ ✜ ✥ ✦✢ ✣✥ ✦

(iii)

1 4 6 12 7 6

8 5 16 8 0 5

2 8 5 3 2 4

(iv)

2 2 2 2

2 2 2 2

cos sin sin cos

sin cos cos sin

x x x x

x x x x

✧ ★ ✧ ★
✩✪ ✫ ✪ ✫

✪ ✫ ✪ ✫✬ ✭ ✬ ✭

3. ❢☎✮❢✯✟✰✠ ✱✲✳✟☎☞✴✝ ☞❢✌✡❢✝✠ ✡✍❢✎✏✑

(i)
a b a b

b a b a

✵✶ ✷ ✶ ✷
✸ ✹ ✸ ✹✵✺ ✻ ✺ ✻

(ii) ✼ ✽

1

2 2 3 4

3

✾ ✿
❀ ❁
❀ ❁
❀ ❁❂ ❃

(iii)
1 2 1 2 3

2 3 2 3 1

✵✶ ✷ ✶ ✷
✸ ✹ ✸ ✹
✺ ✻ ✺ ✻

(iv)

2 3 4 1 3 5

3 4 5 0 2 4

4 5 6 3 0 5

❄❅ ❆ ❅ ❆
❇ ❈ ❇ ❈
❇ ❈ ❇ ❈
❇ ❈ ❇ ❈❉ ❊ ❉ ❊

(v)

2 1
1 0 1

3 2
1 2 1

1 1

❅ ❆
❅ ❆❇ ❈
❇ ❈❇ ❈ ❄❉ ❊❇ ❈❄❉ ❊

(vi)

2 3
3 1 3

1 0
1 0 2

3 1

❄❅ ❆
❄❅ ❆ ❇ ❈

❇ ❈ ❇ ❈❄❉ ❊ ❇ ❈❉ ❊

.

4. ❋❢✮ 

1 2 3 3 1 2 4 1 2

A 5 0 2 , B 4 2 5 C 0 3 2

1 1 1 2 0 3 1 2 3

r●❍❍ , ✠✟ ☛ (A+B) ✠■✟✟

(B – C) ☞❢✌✡❢✝✠ ✡✍❢✎✏✐ ❏✟■✟ ❑✍ ❏▲❋✟❢☞✠ ✡✍❢✎✏ ❢✡ A + (B – C) = (A + B) – C.

5. ❋❢✮ 

2 5 2 3
1 1

3 3 5 5

1 2 4 1 2 4
A B

3 3 3 5 5 5

7 2 7 6 2
2

3 3 5 5 5

✠■✟✟ , ✠✟☛ 3A – 5B ☞❢✌✡❢✝✠ ✡✍❢✎✏✐
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6. ❧✆✝ ✞✟✠✡☛☞ 
cos sin sin cos

cos + sin
sin cos cos sin

✌ ✌ ✌ ✍ ✌✎ ✏ ✎ ✏
✌ ✌✑ ✒ ✑ ✒✍ ✌ ✌ ✌ ✌✓ ✔ ✓ ✔

7. X r✕✖✖ Y ❑✖r ✞✟✠✡☛ ✗✠✘

(i)
7 0 3 0

X + Y X – Y
2 5 0 3

✙✚❦❦

(ii)
2 3 2 2

2X + 3Y 3X 2Y
4 0 1 5

✛✜✢✢

8. X r✕✖✖ Y ❑✖r ✞✟✠✡☛ ✗✠✘ Y = 
3 2

1 4

✎ ✏
✑ ✒
✓ ✔

 ✣✤✥✥  2X + Y = 
1 0

3 2

✎ ✏
✑ ✒✍✓ ✔

9. x ✣✤✥✥  y ❑✖r ✞✟✠✡☛ ✗✠✘
1 3 0 5 6

2
0 1 2 1 8

y

x

✦ ✧ ✦ ✧ ✦ ✧
★ ✩✪ ✫ ✪ ✫ ✪ ✫

✬ ✭ ✬ ✭ ✬ ✭

10. ✐✮✘✯✖ ❧✰✟✞✆✱✖ ✞✖✲  x, y, z ✣✤✥✥  t ♦✲✳ ✠✝☛ ✴✝ ✞✟✠✡☛ ✗✠✘

1 1 3 5
2 3 3

0 2 4 6

x z

y t

✵✦ ✧ ✦ ✧ ✦ ✧
★ ✩✪ ✫ ✪ ✫ ✪ ✫

✬ ✭ ✬ ✭ ✬ ✭

11. ✗✠✘ 
2 1 10

3 1 5
x y

✵✦ ✧ ✦ ✧ ✦ ✧
★ ✩✪ ✫ ✪ ✫ ✪ ✫

✬ ✭ ✬ ✭ ✬ ✭
 ✴❣ r✖✲ x r✕✖✖  y ♦✲✳ ✰✖✶ ❑✖r ✞✟✠✡☛✷

12. ✗✠✘ 
6 4

3
1 2 3

x y x x y

z w w z w

✸✎ ✏ ✎ ✏ ✎ ✏
✹ ✸✑ ✒ ✑ ✒ ✑ ✒✍ ✸✓ ✔ ✓ ✔ ✓ ✔

 ✴❣ r✖✲ x, y, z r✕✖✖ w ♦✲✳ ✰✖✶✖✲✺ ✞✖✲ ❑✖r

✞✟✠✡☛✷

13. ✗✠✘ 

cos sin 0

F ( ) sin cos 0

0 0 1

x x

x x x

✻✼ ✽
✾ ✿❀ ✾ ✿
✾ ✿❁ ❂

 ✴❣ r✖✲ ✠❧❃ ✞✟✠✡☛ ✠✞ F(x) F(y) = F(x + y)

14. ✘♥✖✖❄❅☛ ✠✞

(i)
5 1 2 1 2 1 5 1

6 7 3 4 3 4 6 7

✍ ✍✎ ✏ ✎ ✏ ✎ ✏ ✎ ✏
❆✑ ✒ ✑ ✒ ✑ ✒ ✑ ✒

✓ ✔ ✓ ✔ ✓ ✔ ✓ ✔
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(ii)

1 2 3 1 1 0 1 1 0 1 2 3

0 1 0 0 1 1 0 1 1 0 1 0

1 1 0 2 3 4 2 3 4 1 1 0

☎ ☎✆ ✝ ✆ ✝ ✆ ✝ ✆ ✝
✞ ✟ ✞ ✟ ✞ ✟ ✞ ✟☎ ✠ ☎✞ ✟ ✞ ✟ ✞ ✟ ✞ ✟
✞ ✟ ✞ ✟ ✞ ✟ ✞ ✟✡ ☛ ✡ ☛ ✡ ☛ ✡ ☛

15. ✥☞✌

2 0 1

A 2 1 3

1 1 0

✆ ✝
✞ ✟✍ ✞ ✟
✞ ✟☎✡ ☛

 ❣✎ ✏✑✒ A2 – 5A + 6I, ❞✑ ✓✑✔ ✕✑✏ ❞✖☞✗✘✙

16. ✥☞✌ 

1 0 2

A 0 2 1

2 0 3

✆ ✝
✞ ✟✍ ✞ ✟
✞ ✟✡ ☛

 ❣✎ ✏✑✒ ☞✚✛ ❞✖☞✗✘ ☞❞  A3 – 6A2 + 7A + 2I = 0

17. ✥☞✌
3 2 1 0

A I =
4 2 0 1

r✜❦❦  ✘✱✢ A2 = kA – 2I ❣✑✒ ✏✑✒ k ✕✑✏ ❞✖☞✗✘✙

18. ✥☞✌ 

0 tan
2

A

tan 0
2

✣✤ ✦
✧★ ✩

✪ ★ ✩
✣★ ✩

★ ✩✫ ✬

 ✏✭✑✑ I ❞✑✒☞✮ ✯ ❞✑ ✘❞ ✏✰✚✓❞ ✲✑✳✥✴❣ ❣✎✙ ✏✑✒ ☞✚✛ ❞✖☞✗✘

☞❞ I + A = (I – A) 
cos sin

sin cos

✵ ✶ ✵✷ ✸
✹ ✺✵ ✵✻ ✼

19. ☞❞✚✖ ✳✥✑❢✑✽ ✚✢✾✑ ✱✒✿ ❢✑✚ ❀❁❂❁❁❁ ❃❢✥✑✒✢ ❞✑ ❞✑✒❄✑ ❣✎ ☞✗✚✒ ✌✑✒ ☞❅✑❆✔❇☞❅✑❆✔ ❢❈❞✑✽ ✱✒✿ ❉✑✢❊✑✒✢

✓✒ ✢ ☞✔✱✒☞❡✑✏ ❞✽✔✑ ❣✎✙ ❢❈✭✑✓ ❉✑✢❊ ❢✽ ❋% ✱✑☞❄✑●❞ ✏✭✑✑ ☞❍✏✖✥ ❉✑✢❊ ❢✽ ■% ✱✑☞❄✑●❞ ❏✥✑✗ ❢❈✑❑✏

❣✑✒✏✑ ❣✎✙ ✲✑✳✥✴❣ ▲▼◆✑✔ ✱✒✿ ❢❈✥✑✒▲ ❍✑✽✑ ✥❣ ☞✔❖✑●☞✽✏ ❞✖☞✗✘ ☞❞ ❀❁❂❁❁❁ ❃❢✥✑✒✢ ✱✒✿ ❞✑✒❄✑ ❞✑✒

✌✑✒ ❢❈❞✑✽ ✱✒✿ ❉✑✢❊✑✒✢ ✓✒ ✢ ☞✔✱✒❡✑ ❞✽✔✒ ✱✒✿ ☞♥✘ ☞❞✚ ❢❈❞✑✽ ❉✑P✮✢✒ ☞✗✚✚✒ ✳✥✑❢✑✽ ✚✢✾✑ ❞✑✒ ❢❈✑❑✏ ✱▼✿♥

✱✑☞❄✑●❞ ❏✥✑✗

(a) Rs 1800 ❣✑✒✙ (b) Rs 2000 ❣✑✒✙

20. ☞❞✚✖ ◗✱✴✿♥ ❞✖ ❢▼◗✏❞✑✒✢ ❞✖ ✌▼❞✑✔ ✓✒✢ ❘❁ ✌✗●✔ ✽✚✑✥✔ ☞✱✕✑✔❂ ❙ ✌✗●✔ ❅✑✑✎☞✏❞ ☞✱✕✑✔ ✏✭✑✑

❘❁ ✌✗●✔ ✲✭✑●❡✑✑◗❚✑ ❞✖ ❢▼◗✏✱✒✢✿ ❣✎✢✙ ❯✔ ❢▼◗✏❞✑✒✢ ❞✑ ☞✱❱✥ ✓✴❲✥ ❱✓❡✑❳ Rs ❙❁❂ Rs ❨❁ ✏✭✑✑

Rs ❩❁ ❢❈☞✏ ❢▼◗✏❞ ❣✎✙ ✲✑✳✥✴❣ ❉✖✗▲☞◆✑✏ ✱✒✿ ❢❈✥✑✒▲ ❍✑✽✑ ✕✑✏ ❞✖☞✗✘ ☞❞ ✚❅✑✖ ❢▼◗✏❞✑✒✢ ❞✑✒

❉✒❝✔✒ ✚✒ ✌▼❞✑✔ ❞✑✒ ✱▼✿♥ ☞❞✏✔✖ ❖✔✽✑☞❡✑ ❢❈✑❑✏ ❣✑✒▲✖✙

✓✑✔ ♥✖☞✗✘ ☞❞ X, Y, Z, W ✏✭✑✑ P ❱✓❡✑❳ 2 × n, 3 × k, 2 × p, n × 3 ✏✭✑✑ p × k, ❞✑✒☞✮✥✑✒✢

✱✒✿ ✲✑✳✥✴❣ ❣✎✢✙ ✔✖❝✒ ☞✌✘ ❢❈❡✔ ✚✢♦✥✑ ✯❘ ✏✭✑✑ ✯✯ ✓✒✢ ✚❣✖ ❬❭✑✽ ❝▼☞✔✘✙
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21. PY + WY ♦✆✝ ✞✟✠✡☛☛✟☞☛✌ ✍☛✆✎✆ ♦✆✝ ✟✏✑ n, k ✌r☛☛ p ✞✠ ✐✒☛ ✞✓✟✌✔✕✖ ✍☛✆✗☛✘

(A) k = 3, p = n (B) k ▲♦✆✙✚ ✍✛ , p = 2

(C) p ▲♦✆✙✚ ✍✛, k = 3 (D) k = 2, p = 3

22. ✒✟❀  n = p, ✌☛✆ ✜☛✢✒✣✍ 7X – 5Z ❞✤ ❞☛✆✟✥ ✍✛✦

(A) p × 2 (B) 2 × n (C) n × 3 (D) p × n

3.5.  ✧★✩✪✫✬ ✭★ ✮✯✰✱✲✳ (Transpose of a Matrix)

❜✴ ✜✎✵✙✚✆❀ ✶✆✕ ✍✶ ✟❞✴✤ ✜☛✢✒✣✍ ♦✆✝ ✞✟✠♦✌✷ ✌r☛☛ ♦✵✝✚ ✟♦✸☛✆☞☛ ✞✓❞☛✠ ♦✆✝ ✜☛✢✒✣✍☛✆✕✹ ✺✛✴✆ ✴✶✟✶✌

✜☛✢✒✣✍ ✻Symmetric Matrix✼ ✌r☛☛ ✟♦☞☛✶ ✴✶✟✶✌ ✜☛✢✒✣✍ ✻Skew Symmetric Matrix✼ ♦✆✝

✔☛✠✆ ✶✆✕ ✺☛✎✆✕✗✆✦

✽✾✿❁❂❂❃❂❂  3  ✒✟❀ A = [a
ij
] ✑❞ m × n ❞☛✆✟✥ ❞☛ ✜☛✢✒✣✍ ✍✛ ✌☛✆ A ❞✤ ✞✕✟✐✌✒☛✆✕ ✌r☛☛ ▲✌✕✡☛☛✆✕ ❞☛ ✞✠▲✞✠

✟♦✟✎✶✒ ✻Interchange✼ ❞✠✎✆ ✴✆ ✞✓☛❄✌ ✍☛✆✎✆ ♦☛✏☛ ✜☛✢✒✣✍ A ❅❆ ❇❈❉❊❋● ✻Transpose✼ ❞✍✏☛✌☛

✍✛✦ ✜☛✢✒✣✍ A ♦✆✝ ✞✟✠♦✌✷ ❞☛✆ A❍ ✻✒☛ AT) ✴✆ ✟✎❧✟✞✌ ❞✠✌✆ ✍✛✕✦ ❀✣✴✠✆ ✸☛■❀☛✆✕ ✶✆✕✹ ✒✟❀

A = [a
ij
]

m × n
, ✌☛✆ A❍ = [a

ji
]

n × m
✍☛✆✗☛✦ ❣❀☛✍✠❏☛☛r☛✷✹ ✒✟❀

A =

2 3

3 2

3 5 3 3 0

3 1 A 1
5 1

0 1 5

5

❑▼s ◆▼s
 ✍☛✆✗☛✦

❖❂P◗❘❙❂❚❯ ❱❚❲ ✽✾✿❱❳❨ ❱❚❲ ❩❬❭❂❪❫❨ (Properties of transpose of matrices)

✜✔ ✍✶ ✟❞✴✤ ✜☛✢✒✣✍ ♦✆✝ ✞✟✠♦✌✷ ✜☛✢✒✣✍ ♦✆✝ ✟✎❴✎✟✏✟❵☛✌ ✗✵❏☛✖✶☛✆❛ ❞☛✆ ✟✔✎☛ ❣✞✞✟❝☛ ✟❀✑ ✢✒✐✌ ❞✠✌✆
✍✛✕✦ ❜✎❞☛ ✴❡✒☛✞✎ ❣✞✒✵✐✌ ❣❀☛✍✠❏☛☛✆✕ ❢☛✠☛ ✟❞✒☛ ✺☛ ✴❞✌☛ ✍✛✕✦ ❣✞✒✵✐✌ ❞☛✆✟✥ ♦✆✝ ✟❞❤✍✤✕ ✜☛✢✒✣✍☛✆✕
A ✌r☛☛ B ♦✆✝ ✟✏✑

(i) (A❍)❍ = A (ii) (kA)❍ = kA❍ (✺✍☛t k ❞☛✆❜✷ ✜❥✠ ✍✛✦)

(iii) (A + B)❍ = A❍ + B❍ (iv) (A B)❍ = B❍ A❍

♠❦❂❙✿❭❂ 20 ✒✟❀ 
2 1 23 3 2

A B
1 2 44 2 0

♥♣qq  ✌☛✆ ✟✎❴✎✟✏✟❵☛✌ ❞☛✆ ✴❡✒☛✟✞✌

❞✤✟✺✑✉

(i) (A❍)❍ = A (ii) (A + B)❍ = A❍ + B❍

(iii) (kB)❍ = kB❍, ✺✍☛t k ❞☛✆❜✷ ✜❥✠ ✍✛✦
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❣☎

(i) ❀✆✝✞

A = ✟ ✠

3 4
3 3 2 3 3 2

A 3 2 A A
4 2 0 4 2 0

2 0

✡ ☛
✡ ☛ ✡ ☛☞ ✌ ✍✍ ✍✎ ✏ ✎ ✏ ✏☞ ✌ ☞ ✌☞ ✌
✑ ✒ ✑ ✒☞ ✌

✑ ✒

✈✓✔ (A✕)✕ = A

(ii) ❀✆✝✞

A = 
3 3 2

,
4 2 0

✖ ✗
✘ ✙
✚ ✛

 B =
2 1 2 5 3 1 4

A B
1 2 4 5 4 4

✖ ✗✜✖ ✗ ✜
✢ ✣ ✤ ✘ ✙✘ ✙

✚ ✛ ✚ ✛

✈✓✥✦ (A + B)✕ =

5 5

3 1 4

4 4

✧ ★
✩ ✪

✫✩ ✪
✩ ✪
✬ ✭

✈✮ A✕ =

3 4 2 1

3 2 , B 1 2

2 0 2 4

✈✓✥✦ A✕ + B✕ =

5 5

3 1 4

4 4

✧ ★
✩ ✪

✫✩ ✪
✩ ✪
✬ ✭

✈✓✔ (A + B)✕ = A✕ + B✕

(iii) ❀✆✝✞

kB = k
2 1 2 2 2

1 2 4 2 4

k k k

k k k

✯ ✯✰ ✱ ✰ ✱
✲✳ ✴ ✳ ✴

✵ ✶ ✵ ✶

✓✮ (kB)✕ =

2 2 1

2 1 2 B

2 4 2 4

k k

k k k k

k k

✷ ✸ ✷ ✸
✹ ✺ ✹ ✺ ✻✼ ✽ ✼ ✽
✹ ✺ ✹ ✺
✹ ✺ ✹ ✺✾ ✿ ✾ ✿

✈✓✔ (kB)✕ = kB✕
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♠✆✝✞✟✠✝ 21 ❀✡☛ 

2

A 4 , B 1 3 6

5

 ❣☞ ✌✍✎ ✏✑❀✍✡✒✌ ✓✔✡✕✖ (AB)✗ = B✗A✗ ❣☞✘

✞✙  ❀❣✍✚

A = ✛ ✜

2

4 , B 1 3 6

5

✢✣ ✤
✥ ✦ ✧ ✢✥ ✦
✥ ✦★ ✩

❜✏✡✪✖ AB =

2

4 1 3 6

5

 = 

2 6 12

4 12 24

5 15 30

✫ ✫✬ ✭
✮ ✯✫
✮ ✯
✮ ✯✫✰ ✱

✲✌✳   (AB)✗ ✴

2 4 5

6 12 15

12 24 30

✲✵ A✗ = [–2  4  5] , 

1

B 3

6

❜✏✡✪✖ B✗A✗ =

1 2 4 5

3 2 4 5 6 12 15 (AB)

6 12 24 30

▲✒✶✷✌❀✍ (AB)✗ = B✗A✗

3.6  ❧✸✹✸✺ ✺✻✼✼ ✹✽✾✼✸ ❧✸✹✸✺ ✿✼❁❂❃❄ (Symmetric and Skew Symmetric

Matrices)

✐❅✟❆✝✝❇✝✝ 4 ✖✓ ❈❉❊ ✲✍❋❀●❣ A = [a
ij
]

 
❍■❏■❑ ✓❣✪✍✌✍ ❣☞ ❀✡☛ A✗ = A ✲▼✍✍❊✌◆ i ❈ j ❈✎♦ ❣❖ ✏P◗✍❈

❡✍❘✍✎P ❈✎♦ ✡✪✖ [a
ij
] = [a

ji
] ❣✍✎✘

❙☛✍❣❖❚✍ ❈✎♦ ✡✪✖❯ 

3 2 3

A 2 1.5 1

3 1 1

❱ ❲
❳ ❨

❩ ❬ ❬❳ ❨
❳ ❨❬❭ ❪

 ✖✓ ✏❡✡❡✌ ✲✍❋❀●❣ ❣☞❯ ❫❀✍✎P✡✓ A✗ = A
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✐☎✆✝✞✞✟✞✞ 5 ✱✠ ✡☛☞ ✌✍✎✏✑✒ A = [a
ij
]

 
❢✓✔✕✖ ✗✖❢✖✘ ✙✕✚✛✜✢ ✠✒✥✍✣✍ ✒✤✦ ✏✧★ A✩ = – A, ✌✈✍✍☞✣✪

i  ✣✈✍✍  j ✡♦✫ ✒✬ ✭✮✯✍✡ ✰✍✲✍♦✮ ✡♦✫ ✧✥✱ a
ji
 = – a

ij 
✒✍♦❆ ✌✳✦ ✏✧★ ✒✰ i = j ✬❥✍♦✮✦ ✣✍♦ a

ii
 = – a

ii
 ✒✍♦☛✍❆

✌✣✴ 2a
ii
 = 0 ✏✍ a

ii
 = 0 ✭✰❧✣ i ✡♦✫ ✧✥✱❆

❜✭✠✍ ✌✈✍☞ ✏✒ ✒✵✌✍ ✧✠ ✧✠✭✶ ✧✡✷✍✰ ✭✰✧✰✣ ✌✍✎✏✑✒ ✡♦✫ ✧✡✠✸✍☞ ✡♦✫ ✭✯✍✶ ✌✡✏✡ ✹✍✑✺✏ ✒✍♦✣♦

✒✤✮❆ ❣★✍✒✬✸✍✍✈✍☞ ✌✍✎✏✑✒  

0

B 0

0

e f

e g

f g

✻ ✼
✽ ✾✿ ❀✽ ✾
✽ ✾❀ ❀❁ ❂

 ✱✠ ✧✡✷✍✰ ✭✰✧✰✣ ✌✍✎✏✑✒ ✒✤✦ ❃✏✍♦✮✧✠ B✩ = – B ✒✤❆

✌✳✦ ✒✰ ✭✰✧✰✣ ✣✈✍✍ ✧✡✷✍✰ ✭✰✧✰✣ ✌✍✎✏✑✒✍♦✮ ✡♦✫ ✡✵✫❄ ☛✵✸✍❅✰✍♦❇ ✠✍♦ ✧✭❈ ✠✬♦✮☛♦❆

✐❉❊❋● 1 ✡✍❧✣✧✡✠ ✌✡✏✡✍♦✮ ✡✍✥♦ ✧✠✭✶ ✡☛☞ ✌✍✎✏✑✒ A ✡♦✫ ✧✥✱ A + A✩ ✱✠ ✭✰✧✰✣ ✌✍✎✏✑✒ ✣✈✍✍

A – A✩ ✱✠ ✧✡✷✍✰ ✭✰✧✰✣ ✌✍✎✏✑✒ ✒✍♦✣♦ ✒✤✮❆

♠✐✐☎❍✞ ✰✍✲ ✥✶✧❡✱ ✧✠  B = A + A✩ ✣✳

B✩ = (A + A✩)✩

= A✩ + (A✩)✩ (❃✏✍♦✮✧✠ (A + B)✩ = (A✩ + B✩)

= A✩ + A (❃✏✍♦ ✮✧✠ (A✩)✩ = A)

= A + A✩ (❃✏✍♦ ✮✧✠ A + B = B + A)

= B

❜✭✧✥✱ B = A + A✩ ✱✠ ✭✰✧✰✣ ✌✍✎✏✑✒ ✒✤❆

✌✳ ✰✍✲ ✥✶✧❡✱ ✧✠ C = A – A✩

C✩ = (A – A✩)✩ = A✩ – (A✩)✩     (❃✏✍♦✮?)

= A✩ – A    (❃✏✍♦✮?)

= – (A – A✩) = – C

✌✣✴ C = A – A✩ ✱✠ ✧✡✷✍✰ ✭✰✧✰✣ ✌✍✎✏✑✒ ✒✤❆

✐❉❊❋● 2 ✧✠✭✶ ✡☛☞ ✌✍✎✏✑✒ ✠✍♦ ✱✠ ✭✰✧✰✣ ✣✈✍✍ ✱✠ ✧✡✷✍✰ ✭✰✧✰✣ ✌✍✎✏✑✒✍♦ ✮ ✡♦✫ ✏✍♦☛■✫✥ ✡♦✫ ❏■

✰♦✮ ✎✏❃✣ ✧✠✏✍ ❡✍ ✭✠✣✍ ✒✤❆

♠✐✐☎❍✞ ✰✍✲ ✥✶✧❡✱ ✧✠ A ✱✠ ✡☛☞ ✌✍✎✏✑✒ ✒✤❆ ✒✰ ✧✥❥✍ ✭✠✣♦ ✒✤✮ ✧✠

1 1
A (A A ) (A A )

2 2
❑ ❑▲ ▼ ▼ ◆
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✐✆✝✞✟ ✠ ✡☛☞☛ ✌✝✞✍ ✎☛✏ ✌✑ ✒✓ (A + A✔) ✱✓ ✕✝✒✝✏ ✖☛✗✟✘✌ ✏✙☛☛ (A – A✔) ✱✓ ✒✚✛☛✝ ✕✝✒✝✏

✖☛✗✟✘✌ ✌✑✜ ✢✟☛✞✍✒✓ ✒✓✕✣ ✤☛✣ ✖☛✗✟✘✌ A ✚✞♦ ✒✥✱ (kA)✔ = kA✔ ✌☛✞✏☛ ✌✑✜ ❣✕✕✞ ✒✦✛✓✛☛✧ ✒✦✓✥✏☛ ✌✑ ✒✓

1
(A A )

2
★✩  ✕✝✒✝✏ ✖☛✗✟✘✌ ✏✙☛☛

1
(A A )

2
★✪  ✒✚✛☛✝ ✕✝✒✝✏ ✖☛✗✟✘✌ ✌✑✜ ✖✏❢ ✒✓✕✣ ✚✫✧ ✖☛✗✟✘✌ ✓☛✞

✱✓ ✕✝✒✝✏ ✏✙☛☛ ✱✓ ✒✚✛☛✝ ✕✝✒✝✏ ✖☛✗✟✘✌☛✞✍ ✚✞♦ ✟☛✞✫✐♦✥ ✚✞♦ ✬✐ ✝✞✍ ✗✟✢✏ ✒✓✟☛ ✭☛ ✕✓✏☛ ✌✑✜

♠✮✯✰✲✳✯ 22 ✖☛✗✟✘✌

2 2 4

B 1 3 4

1 2 3

 ✓☛✞ ✱✓ ✕✝✒✝✏ ✖☛✗✟✘✌ ✏✙☛☛ ✱✓ ✒✚✛☛✝ ✕✝✒✝✏

✖☛✗✟✘✌ ✚✞♦ ✟☛✞✫✐♦✥ ✚✞♦ ✬✐ ✝✞✍ ✗✟✢✏ ✓✣✒✭✱✜

✰✴ ✟✌☛✵ B✔ = 

2 1 1

2 3 2

4 4 3

✝☛✦ ✥✣✒✭✱ ✒✓ P =

4 3 3
1 1

(B + B ) 3 6 2
2 2

3 2 6

 = 

3 3
2

2 2

3
3 1

2

3
1 3

2

✶ ✶✷ ✸
✹ ✺
✹ ✺
✶✹ ✺
✹ ✺
✹ ✺
✶✹ ✺✶
✹ ✺✻ ✼

✌✑✜

✖✽ P✔ =

3 3
2

2 2

3
3 1

2

3
1 3

2

✾ ✾✿ ❀
❁ ❂
❁ ❂
✾❁ ❂
❁ ❂
❁ ❂
✾❁ ❂✾
❁ ❂❃ ❄

= P

✖✏❢ P =
1

(B + B )
2

★  ✱✓ ✕✝✒✝✏ ✖☛✗✟✘✌ ✌✑✜

✕☛✙☛ ✌✣ ✝☛✦ ✥✣✒✭✱ Q =

1 5
0

2 20 1 5
1 1 1

(B – B ) 1 0 6 0 3
2 2 2

5 6 0
5

3 0
2

✾ ✾✿ ❀
❁ ❂

✾ ✾✿ ❀ ❁ ❂
❁ ❂ ❁ ❂❅ ❆ ❆❁ ❂ ❁ ❂
❁ ❂✾ ❁ ❂❃ ❄

❁ ❂✾
❁ ❂❃ ❄

✌✑✜
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r☎ Q✎ =

1 5
0

2 3

1
0 3 Q

2

5
3 0

2

✆ ✝
✞ ✟
✞ ✟
✠✞ ✟✠ ✡ ✠

✞ ✟
✞ ✟
✠✞ ✟

✞ ✟☛ ☞

✈r✌ Q =
1

(B – B )
2

✍  ✱✏ ✑✒✓✔✕ ✖✕✑✕r ✈✔✗✘✙✚ ✚✛✜

✈☎

3 3 1 5
2 0

2 2 2 2 2 2 4
3 1

P + Q 3 1 0 3 1 3 4 B
2 2

1 2 3
3 5

1 3 3 0
2 2

✈r✌ ✈✔✗✘✙✚ B ✱✏ ✖✕✑✕r ✈✔✗✘✙✚ r✥✔✔ ✱✏ ✑✒✓✔✕ ✖✕✑✕r ✈✔✗✘✙✚ ✒✢✣ ✘✔✢✤✦✣✧ ✒✢✣ ★✦ ✕✢✩

✗✘❖r ✑✏✘✔ ✤✘✔✜

✐✪✫✬✭✮✯✰ ✲✳✲

1. ✑❢✴❢✑✧✑✵✔r ✈✔✗✘✙✚✔✢✩ ✕✢✩ ✖✢ ✦✶✷✘✢✏ ✏✔ ✦✑✸✒r✹ ✺✔r ✏✻✑✼✱✌

(i)

5

1

2

1

✽ ✾
✿ ❀
✿ ❀
✿ ❀
✿ ❀❁❂ ❃

(ii)
1 1

2 3

❄❅ ❆
❇ ❈
❉ ❊

(iii)

1 5 6

3 5 6

2 3 1

❋● ❍
■ ❏
■ ❏
■ ❏❋❑ ▲

2. ✘✑▼ 

1 2 3 4 1 5

A 5 7 9 B 1 2 0

2 1 1 1 3 1

◆P◗◗  ✚✛✩ r✔✢ ✖✷✘✔✑✦r ✏✻✑✼✱ ✑✏

(i) (A + B)✎ = A✎ + B✎ (ii) (A – B)✎ = A✎ – B✎

3. ✘✑▼ 

3 4
1 2 1

A 1 2 B
1 2 3

0 1

◆P◗◗  ✚✛✩ r✔✢ ✖✷✘✔✑✦r ✏✻✑✼✱ ✑✏

(i) (A + B)✎ = A✎ + B✎ (ii) (A – B)✎ = A✎ – B✎
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4. ❀✆✝
2 3 1 0

A B
1 2 1 2

r✞❦❦  ❣✟✠ ✡☛☞ (A + 2B)✎ ❑☛✡ ✌✍✆✏✑✒

5. A ✡✓☛☛ B ✔☛✕❀✖❣☛☞✠ ✗☞✘ ✆✙✑ ✚✛❀☛✆✜✡ ✌✍✆✏✑ ✆✌ (AB)✎ = B✎A✎, ✏❣☛t

(i)

1

A 4 , B 1 2 1

3

(ii) ✢ ✣

0

A 1 , B 1 5 7

2

✤ ✥
✦ ✧★ ★✦ ✧
✦ ✧✩ ✪

6. (i) ❀✆✝
cos sin

A
sin cos

✫ ✫✬ ✭
✮ ✯ ✰✱ ✫ ✫✲ ✳

 ❣☛☞ ✡☛☞ ✚✛❀☛✆✜✡ ✌✍✆✏✑ ✆✌  A✎ A = I

(ii) ❀✆✝ 
sin cos

A
cos sin

✴ ✴✵ ✶
✷ ✸ ✹✺ ✴ ✴✻ ✼

 ❣☛☞ ✡☛☞ ✚✛❀☛✆✜✡ ✌✍✆✏✑ ✆✌ A✎ A = I

7. (i) ✆✚✽ ✌✍✆✏✑ ✆✌ ✔☛✕❀✖❣

1 1 5

A 1 2 1

5 1 3

✾✤ ✥
✦ ✧★ ✾✦ ✧
✦ ✧✩ ✪

 ✑✌ ✚✿✆✿✡ ✔☛✕❀✖❣ ❣✟✒

          (ii) ✆✚✽ ✌✍✆✏✑ ✆✌ ✔☛✕❀✖❣ 

0 1 1

A 1 0 1

1 1 0

❁❂ ❃
❄ ❅❆ ❁❄ ❅
❄ ❅❁❇ ❈

 ✑✌ ✆✗❉☛✿ ✚✿✆✿✡ ✔☛✕❀✖❣ ❣✟✒

8. ✔☛✕❀✖❣
1 5

A
6 7

✵ ✶
✷ ✸ ✹

✻ ✼
 ✗☞✘ ✆✙✑ ✚✛❀☛✆✜✡ ✌✍✆✏✑ ✆✌

(i) (A + A✎) ✑✌ ✚✿✆✿✡ ✔☛✕❀✖❣ ❣✟✒
(ii) (A – A✎) ✑✌ ✆✗❉☛✿ ✚✿✆✿✡ ✔☛✕❀✖❣ ❣✟✒

9. ❀✆✝

0

A 0

0

a b

a c

b c

❂ ❃
❄ ❅❆ ❁❄ ❅
❄ ❅❁ ❁❇ ❈

 ✡☛☞ ❊ ❋
1

A A
2

●❍  ✡✓☛☛ ❊ ❋
1

A A
2

●■ ❑☛✡ ✌✍✆✏✑✒

10. ✆❢❏❢✆✙✆▲☛✡ ✔☛✕❀✖❣☛☞✠ ✌☛☞ ✑✌ ✚✿✆✿✡ ✔☛✕❀✖❣ ✡✓☛☛ ✑✌ ✆✗❉☛✿ ✚✿✆✿✡ ✔☛✕❀✖❣ ✗☞✘ ❀☛☞▼✜✘✙

✗☞✘ ♦✜ ✿☞✠ ✕❀◆✡ ✌✍✆✏✑❖

(i)
3 5

1 1

✬ ✭
✯ ✰✱✲ ✳

(ii)

6 2 2

2 3 1

2 1 3

❁❂ ❃
❄ ❅❁ ❁❄ ❅
❄ ❅❁❇ ❈
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(iii)

3 3 1

2 2 1

4 5 2

(iv)
1 5

1 2

☎ ✆
✝ ✞✟✠ ✡

✐☛☞✌ ✍✎✏✑✒ 11 r✓✒✒ 12 ❡✔✎ ✍✕✖ ✗✘✒✙ ✚✛✜✌✢✣

11. ✑✜❀ A r✓✒✒ B ✍❡✒✌ ❧✒✔✜✤ ✥✔✦ ✍❡✜❡r ✧✒★✑✩✕ ✕✪✎ r✒✔ AB – BA ✢❧

(A) ✜✥❢✒❡ ✍❡✜❡r ✧✒★✑✩✕ ✕✪ (B) ✍❡✜❡r ✧✒★✑✩✕ ✕✪

(C) ☞✒✩✬✑ ✧✒★✑✩✕ ✕✪ (D) r✫✍❡❧ ✧✒★✑✩✕ ✕✪

12. ✑✜❀
cos sin

A
sin cos

r✒✔  A + A✭ = I, ✑✜❀ ✮ ❧✒ ❡✒✌ ✕✪

(A)
6

✯
(B)

3

✯

(C) ✰ (D)
3

2

✯

3.7  ✈✱✲✳✴✵ ✶✷ ✶✸✱✷✹✺✻✱✼ ✽✹✺✾✳✱ ✿✈✱✲✳✴✵ ❁✶✱✹❂✷❃✱❄ [Elementary Operation

(Transformation) of a matrix]

✜❧✍✖ ✧✒★✑✩✕ ✐✙ ❅✣ ✐☛❧✒✙ ❧✖ ✍✎✜❆✑✒✢❇ ❈❉✐✒✎r✙❊✒❋ ✜❧✢ ●✒r✔ ✕✪✎❍ ✜●✌❡✔✎ ✍✔ r✖✌ ✐✎✜■r✑✒✔✎ r✓✒✒ r✖✌

▲r✎❏✒✒✔ ✎ ✐✙ ✕✒✔r✖ ✕✪❍ ✜●✬✕✔✎ ✶✸✱✷✹✺✻✱✼ ✽✹✺✾✳✱❑▼ ✑✒ ◆❖P◗❘❙❚P ❧✕r✔ ✕✪✎❞

(i) ❯❱❲❳ ❨P❩ ❖◗❯❬❘❭P❩◗ ❭P ❨P❩ ❪❘◗❫PP❩◗ ❱P ❖❙❪❖❙ ❯❴❯❵❛❭❜ ✐☛r✖❧✒✫❡❧ ❉✐ ❈symbolically❋ ❡✔✎❍
i✥✖✎ r✓✒✒ j✥✖✎ ✐✎✜■r✑✒✔✎ ✥✔✦ ✜✥✜✌❡✑ ❧✒✔ R

i
 ❝ R

j
 r✓✒✒ i✥✔✎ r✓✒✒  j✥✔✎ ▲r✎❏✒✒✔ ✎ ✥✔✦ ✜✥✜✌❡✑ ❧✒✔

C
i
 ❝ C

j
 ⑥✒✙✒ ✜✌❉✜✐r ❧✙r✔ ✕✪✎❞ ✗❀✒✕✙❊✒ ✥✔✦ ✜❣✢

 

1 2 1

A 1 3 1

5 6 7

❤ ❥
❦ ♠

♥ ♦❦ ♠
❦ ♠
♣ q

, ✐✙ R
1
 ❝ R

2 
❧✒ ✐☛✑✒✔s ❧✙✌✔ ✐✙ ✕❡✔✎ ✧✒★✑✩✕ 

1 3 1

1 2 1

5 6 7

❤ ❥♦
❦ ♠
❦ ♠
❦ ♠
♣ q

✐☛✒tr

✕✒✔r✒ ✕✪❞

(ii) ❯❱❲❳ ❖◗❯❬❘ ❭P ❪❘◗❫P ❴❩✉ ✇❴❭❴P❩◗ ❱P❩ ②❱ ③P④⑤❭❩❘❙ ❲◗⑦❭P ❲❩ ⑧⑨❚P❵ ❱❙❵P❜ ✐☛r✖❧✒✫❡❧ ❉✐

❡✔✎❍  i✥✖✎ ✐✎✜■r ✥✔✦ ✐☛✫✑✔❧ ✧✥✑✥ ❧✒✔ k, ●✕✒❇  k ⑩ 0 ✍✔ s✛❊✒✌ ❧✙✌✔ ❧✒✔ R
i
 ❶ kR

i
 ⑥✒✙✒

✜✌❉✜✐r ❧✙r✔ ✕✪ ✎❞

✍✎sr ▲r✎❏✒ ✍✎✜❆✑✒ ❧✒✔ C
i
 ❶ kC

i 
⑥✒✙✒ ✜✌❉✜✐r ❧✙r✔ ✕✪✎❞ ✗❀✒✕✙❊✒✒✓✒❷

1 2 1
B

1 3 1

❸ ❹
❺ ❻ ❼

❽❾ ❿
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✐✆ 
3 3

1
C C

7
✝ ,  ❞✞ ✐✟✠✞✡☛ ❞✆☞✡ ✐✆ ✌✍✡✎ ✏✞✑✠✒✌

1
1 2

7

1
1 3

7

✓ ✔
✕ ✖
✕ ✖
✕ ✖✗
✕ ✖✘ ✙

 ✐✟✞✚✛ ✌✞✡✛✞ ✌✜✢

(iii) ❢❞✣✤ ✐✎❢✥✛ ✏✦✞✧✞ ★✛✎✩✞ ✧✡✪ ✏✧✠✧✞✡✎ ✍✡✎ ❢❞✣✤ ✏✫✠ ✐✎❢✥✛ ✏✦✞✧✞ ★✛✎✩✞ ✧✡✪ ✣✎☛✛ ✏✧✠✧✞✡✎ ❞✞✡
❢❞✣✤ ✬✞✒✫✠✡✛✆ ✣✎✭✠✞ ✣✡ ☛✮✯✞✞ ❞✆✧✡✪ ✰✞✡✱✲☞✞✳ ✐✟✛✤❞✞✴✍❞ ✵✐ ✍✡✎✶  i✧✤✎ ✐✎❢✥✛ ✧✡✪ ✏✧✠✧✞✡✎ ✍✡✎
j✧✤✎ ✐✎❢✥✛ ✧✡✪ ✣✎☛✛ ✏✧✠✧✞✡✎ ❞✞✡ k ✣✡ ☛✮✯✞✞ ❞✆✧✡✪ ✰✞✡✱✲☞✡ ❞✞✡ R

i
 ✷ R

i
 + kR

j
 ✣✡ ❢☞✵❢✐✛ ❞✆✛✡

✌✜✎✢
✣✎☛✛ ★✛✎✩✞ ✣✎❢❧✠✞ ❞✞✡ C

i
 ✷ C

i
 + k C

j
 ✣✡ ❢☞✵❢✐✛ ❞✆✛✡ ✌✜✎✢

♠✸✞✌✆✯✞ ✧✡✪ ❢✹✺ 
1 2

C
2 1

✻ ✼
✽ ✾ ✿❀❁ ❂

 ✐✆ R
2
 ✷ R

2
 – 2R

1
 ❞✞ ✐✟✠✞✡☛ ❞✆☞✡ ✐✆✶ ✌✍✡✎ ✏✞✑✠✒✌

1 2

0 5

✻ ✼
✾ ✿❀❁ ❂

 ✐✟✞✚✛ ✌✞✡✛✞ ✌✜✢

3.8  ❖❃❄❅❆❇❈❉❊❃ ❋❉❖❃●❍ (Invertible Matrices)

■❏❑▲▼▼◆▼▼  6 ✠❢✸ A,  ❞✞✡❢P m, ❞✞✶ ✺❞ ✧☛◗ ✏✞✑✠✒✌ ✌✜ ✏✞✜✆ ✠❢✸ ✺❞ ✏✫✠ ✧☛◗ ✏✞✑✠✒✌ ❞✞ ✏❢★✛✴✧
❜✣ ✐✟❞✞✆ ✌✜✶ ❢❞ AB = BA = I, ✛✞✡ B ❞✞✡ ✏✞✑✠✒✌ A ❞✞ ✑✠✮✴❧✍ ✏✞✑✠✒✌ ❞✌✛✡ ✌✜✎ ✏✞✜✆ ❜✣✡
A– 1 ⑥✞✆✞ ❢☞✵❢✐✛ ❞✆✛✡ ✌✜✎✢ ✺✡✣✤ ✸✬✞✞ ✍✡✎ ✏✞✑✠✒✌ A ✑✠✮✴❧✍✯✞✤✠ ❞✌✹✞✛✞ ✌✜✢

♠✸✞✌✆✯✞✞✦✞◗✶ ✍✞☞ ✹✤❢✰✺ ❢❞ A =
2 3

1 2

✻ ✼
✾ ✿
❁ ❂

✛✦✞✞ B = 
2 3

1 2

❀✻ ✼
✾ ✿❀❁ ❂

✸✞✡ ✏✞✑✠✒✌ ✌✜✎✢

✏❘ AB =
2 3 2 3

1 2 1 2

❙❚ ❯ ❚ ❯
❱ ❲ ❱ ❲❙❳ ❨ ❳ ❨

=
4 3 6 6 1 0

I
2 2 3 4 0 1

❙ ❙ ❩❚ ❯ ❚ ❯
❬ ❬❱ ❲ ❱ ❲❙ ❙ ❩❳ ❨ ❳ ❨

✣✞✦✞ ✌✤ BA =
1 0

I
0 1

✻ ✼
✽✾ ✿

❁ ❂
 ✌✜✢ ✏✛✳ B ✏✞✑✠✒✌✶ A ❞✞ ✑✠✮✴❧✍ ✌✜✢

✸✒✣✆✡ ✬✞♥✸✞✡✎ ✍✡✎✶ B = A– 1 ✛✦✞✞ A ✏✞✑✠✒✌ B, ❞✞ ✑✠✮✴❧✍ ✌✜✶ ✏✦✞✞◗✛❭ A = B–1

❪❫❴❵❛❝❡❣

1. ❢❞✣✤ ✏✞✠✛✞❞✞✆ (Rectangular) ✏✞✑✠✒✌ ❞✞ ✑✠✮✴❧✍ ✏✞✑✠✒✌ ☞✌✤✎ ✌✞✡✛✞ ✌✜✶ ✥✠✞✡✎❢❞ ☛✮✯✞☞✐✪✹
AB ✛✦✞✞ BA ✧✡✪ ✐❢✆✩✞✞❢♦✞✛ ✌✞✡☞✡ ✏✞✜✆ ✣✍✞☞ ✌✞✡☞✡ ✧✡✪ ❢✹✺✶ ✠✌ ✏❢☞✧✞✠◗ ✌✜ ❢❞ A ✛✦✞✞ B

✣✍✞☞ ❞✞✡❢P ✧✡✪ ✧☛◗ ✏✞✑✠✒✌ ✌✞✡✎✢
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2. ❀☎✆ B, ✈✝✞❀✟✠ A ❞✝ ✞❀✡☛☞✌ ✠✍✎ ✏✝✑ A, ✈✝✞❀✟✠ B ❞✝ ✞❀✡☛☞✌ ✠✝✑✏✝ ✠✍✒

✐✓✔✕✖  3 [✞❀✡☛☞✌ ✈✝✞❀✟✠ ❞❖ ✈☎✗✏❖❀✏✝ (Uniqueness of inverse)] ☎❞❢❖ ✘✙✚ ✈✝✞❀✟✠ ❞✝ ✞❀✡☛☞✌
✈✝✞❀✟✠✎ ❀☎✆ ✛❢❞✝ ✈☎✜✏☛✘ ✠✍ ✏✝✑ ✈☎✗✏❖❀ ✠✝✑✏✝ ✠✍✒

♠✐✐✢✣✤ ✌✝❡ ✥❖☎✦✧ ☎❞ A = [a
ij
] ❞✝✑☎★ m ❞✝✎ ✧❞ ✘✙✚ ✈✝✞❀✟✠ ✠✍✒ ❀☎✆ ❢✩✪✝✘ ✠✝✑✎ ✏✝✑ ✌✝❡ ✥❖☎✦✧

B ✏r✝✝ C ✈✝✞❀✟✠ A ✘✑♦ ✆✝✑ ✞❀✡☛☞✌ ✈✝✞❀✟✠ ✠✍✩✒ ✈✫ ✠✌ ☎✆✬✝✝✧✭✙✑✩ ☎❞ B = C ❣✮✯

❉❀✝✑✩☎❞ ✈✝✞❀✟✠ A ❞✝ ✞❀✡☛☞✌ B ✠✍

✈✏✰ AB = BA = I ... (1)

❉❀✝✑✩☎❞ ✈✝✞❀✟✠ A ❞✝ ✞❀✡☛☞✌ C ✪✝❖ ✠✍ ✈✏✰

AC = CA = I ... (2)

✈✫ B = BI = B (AC) = (BA) C = IC = C

✐✓✔✕✖ 4 ❀☎✆ A ✏r✝✝ B ❢✌✝❡ ❞✝✑☎★ ✘✑♦ ✞❀✡☛☞✌❧✝❖❀ ✈✝✞❀✟✠ ✠✝✑✩ ✏✝✑ (AB)–1 = B–1 A–1

♠✐✐✢✣✤ ✧❞ ✞❀✡☛☞✌❧✝❖❀ ✈✝✞❀✟✠ ❞❖ ✱☎✲✪✝✝✳✝✝ ❢✑

(AB) (AB)–1 = 1

❀✝ A–1 (AB) (AB)–1 = A–1I     (A–1 ❞✝ ✆✝✑❡✝✑✩ ✱✴✝✝✑✩ ❢✑ ✱✟✘✚✙✡❧✝❡ ❞✲❡✑ ✱✲)

❀✝ (A–1A) B (AB)–1 = A–1 (A–1 I = A–1✎ ✏r✝✝ ✈✝✞❀✟✠ ✙✡❧✝❡ ❢✝✠❪❀✚ ✠✝✑✏✝ ✠✍)

❀✝ IB (AB)–1 = A–1

❀✝ B (AB)–1 = A–1

❀✝ B–1 B (AB)–1 = B–1 A–1

❀✝ I (AB)–1 = B–1 A–1

✈✏✰ (AB)–1 = B–1 A–1

3.8.1  ✵✶✷✸✹✺✻✷✼ ✽✾✹✿❁✷❂✷❃✾ ❄✷✸✷ ❅✼ ❂✷❆❁❇❈ ✼✷ ❆❁❊❋✿● (Inverse of a matrix by

elementary operations)

✌✝❡ ✥❖☎✦✧ ☎❞  X, A ✏r✝✝ B ❢✌✝❡ ❞✝✑☎★ ✘✑♦ ✈✝✞❀✟✠ ✠✍✩ ✏r✝✝ X = AB ✠✍✒ ✈✝✞❀✟✠ ❢✌❖❞✲❧✝ X

= AB ✱✲ ✱❍✝✲✩☎✪✝❞ ✱✩☎❉✏ ❢✩☎☞❀✝✈✝✑✩ ❞✝ ✱❍❀✝✑✙ ❞✲❡✑ ✘✑♦ ☎✥✧✎ ✠✌ ■❡ ✱✩☎❉✏ ❢✩☎☞❀✝✈✝✑✩ ❞✝ ✫✝✧✭ ✱✴✝

✌✑✩ X ✱✲ ✏r✝✝ ✆✝✧✭ ✱✴✝ ✌✑✩ ✱❍r✝✌ ✈✝✞❀✟✠ A ✱✲✎ ✧❞ ❢✝r✝ ✱❍❀✝✑✙ ❞✲✑✩✙✑✒

■❢❖ ✱❍❞✝✲ ✈✝✞❀✟✠ ❢✌❖❞✲❧✝  X = AB ✱✲ ✱❍✝✲✩☎✪✝❞ ✜✏✩✪✝ ❢✩☎☞❀✝✈✝✑✩ ❞✝ ✱❍❀✝✑✙ ❞✲❡✑ ✘✑♦ ☎✥✧✎

✠✌ ■❡ ✜✏✩✪✝ ❢✩☎☞❀✝✈✝✑✩ ❞✝ ✫✝✧✭ ✱✴✝ ✌✑✩ X ✱✲ ✏r✝✝ ✆✝✧✭ ✱✴✝ ✌✑✩ ✙✡❧✝❡✱♦✥ AB ✌✑✩ ✫✝✆ ✘✝✥✑

✈✝✞❀✟✠ B ✱✲✎ ✧❞ ❢✝r✝ ✱❍❀✝✑✙ ❞✲✑✩✙✑✒

✛✱❀✡✚❉✏ ✱☎✲❪❪✝✚ ❞✝✑ ❏❀✝❡ ✌✑✩ ✲✬✝✏✑ ✠✡✧ ✠✌ ❀✠ ☎❡✳❞✳✝✚ ☎❡❞✝✥✏✑ ✠✍✩ ☎❞✎ ❀☎✆ A ✧❞ ✧✑❢✝ ✈✝✞❀✟✠

✠✍ ☎❞ A–1 ❞✝ ✈☎✜✏☛✘ ✠✍ ✏✝✑ ✱❍✝✲✩☎✪✝❞ ✱✩☎❉✏ ❢✩☎☞❀✝✈✝✑✩ ✘✑♦ ✱❍❀✝✑✙ ✗✝✲✝ A–1 ❑✝✏ ❞✲❡✑ ✘✑♦ ☎✥✧✎

A = IA ☎✥☎✬✝✧ ✈✝✍✲ ✱✩☎❉✏ ❢✩☎☞❀✝✈✝✑✩ ❞✝ ✱❍❀✝✑✙ A = IA ✱✲ ✏✫ ✏❞ ❞✲✏✑ ✲☎✠✧ ✦✫ ✏❞ ☎❞

I = BA ❡✠❖✩ ☎✌✥ ✦✝✏✝ ✠✍✒ ■❢ ✱❍❞✝✲ ✱❍✝✉✏ ✈✝✞❀✟✠ B,  ✈✝✞❀✟✠ A ❞✝ ✞❀✡☛☞✌ ✠✝✑✙✝✒ ■❢❖ ✱❍❞✝✲✎ ❀☎✆
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❣✆ ✝✞✟✠✡ ☛✟☞✌✍✡✎✡✏✟ ✑✏✒ ✓✔✍✡✏✕ ✖✡✗✡ A–1 ❑✡✞ ✘✗✙✡ ✚✡❣✞✏ ❣✛ ✟✜ ✞✡ ✏ A = AI ☞❢☞✢✡✣ ✎✡✛✗

A = AI ✓✗ ✝✞✟✠✡ ☛✟☞✌✍✡✎✡✏✟ ✘✡ ✓✔✍✡✏✕ ✞✐ ✞✘ ✘✗✞✏ ✗☞❣✣ ✤✐ ✞✘ ❣✆✏✟ I = AB ✓✔✡✥✞ ✙❣✦✟ ❣✡✏ ✤✡✞✡ ❣✛✧

★✩✪✫✬✭✮ ✯☛ ✰✱✡✡ ✆✏✟ ✤✐ A = IA (A = AI) ✓✗ ✣✘ ✍✡ ✎☞✲✘ ✓✔✡✗✟☞✠✡✘ ✓✟☞✳✞ ✴✝✞✟✠✡✵ ☛✟☞✌✍✡✎✡✏✟

✑✏✒ ✘✗✙✏ ✓✗ ✍☞✰ ✐✡✣♦ ✓✶✡ ✑✏✒ ✎✡✷✍✸❣ A ✘✦ ✣✘ ✍✡ ✎☞✲✘ ✓✟☞✳✞✍✡✏✟ ✑✏✒ ☛✠✡✦ ✎✑✍✑ ✱✡✸❞✍ ❣✡✏ ✤✡✞✏

❣✛✟ ✞✡✏ A–1 ✘✡ ✎☞✝✞✹✑ ✙❣✦✟ ❣✡✏✞✡ ❣✛✧

♠✺✻✼✽✾✻ 23 ✓✔✡✗✟☞✠✡✘ ☛✟☞✌✍✡✎✡✏✟ ✑✏✒ ✓✔✍✡✏✕ ✖✡✗✡ ✎✡✷✍✸❣
1 2

A =
2 1

✿ ❀
❁ ❂❃❄ ❅

 ✘✡ ✷✍❆✹✌✆ ❑✡✞ ✘✦☞✤✣✧

✼❇  ✓✔✡✗✟☞✠✡✘ ✓✟☞✳✞ ☛✟☞✌✍✡✎✡✏✟ ✑✏✒ ✓✔✍✡✏✕ ✘✗✙✏ ✑✏✒ ☞❢✣ ❣✆ A = IA ☞❢✢✡✞✏ ❣✛✟✜ ✎❈✡✡❉✞❊

1 2 1 0 1 2 1 0
A, A

2 1 0 1 0 5 2 1
r❋s  (R

2
 ● R

2
 – 2R

1 
✑✏✒ ✓✔✍✡✏✕ ✖✡✗✡)

✍✡
1 2

0 1

❍ ■
❏ ▲
▼ ◆

 =

1 0

A2 1

5 5

❖ P
◗ ❘❙◗ ❘
❚ ❯

(R
2
 ● – 

1

5
R

2 
✑✏✒ ✓✔✍✡✏✕ ✖✡✗✡)

✍✡
1 0

0 1

❍ ■
❏ ▲
▼ ◆

❱

1 2

5 5
A

2 1

5 5

❲ ❳
❨ ❩
❨ ❩

❬❨ ❩
❨ ❩❭ ❪

(R
1
 ● R

1
 – 2R

2 
✑✏✒ ✓✔✍✡✏✕ ✖✡✗✡)

✎✞❫ A–1 =

1 2

5 5

2 1

5 5

❴ ❵
❛ ❜
❛ ❜

❝❛ ❜
❛ ❜❡ ❤

❣✛✧

❥❦❧♥♣q❫ ✓✔✡✗✟☞✠✡✘ ✝✞✟✠✡ ☛✟☞✌✍✡✎✡✏✟ ✑✏✒ ✓✔✍✡✏✕ ❣✏✞❆✜ ❣✆ ☞❢✢✡✞✏ ❣✛✟ ☞✘ A = AI, ✎❈✡✡❉✞❊

1 2

2 1

❍ ■
❏ ▲t▼ ◆

 =
1 0

A
0 1

❍ ■
❏ ▲
▼ ◆

C
2
 ● C

2
 – 2C

1
, ✑✏✒ ✓✔✍✡✏✕ ✖✡✗✡

1 0

2 5

❍ ■
❏ ▲t▼ ◆

 =
1 2

A
0 1

t❍ ■
❏ ▲
▼ ◆
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✈☎ C
2
 ✓ 2

1
C

5
✆ , ♦✝✞ ✟✠✡☛✝☞ ✌☛✍☛

1 0

2 1

✎ ✏
✑ ✒
✔ ✕

 =

2
1

5
A

1
0

5

✖ ✗
✘ ✙
✘ ✙

✚✘ ✙
✘ ✙✛ ✜

✈✢✣✣✤ C
1
 ✓ C

1
 – 2C

2
, ♦✝✞ ✟✠✡☛✝☞ ✌☛✍☛

1 0

0 1

✎ ✏
✑ ✒
✔ ✕

 =

1 2

5 5
A

2 1

5 5

✖ ✗
✘ ✙
✘ ✙

✚✘ ✙
✘ ✙✛ ✜

✈✣✥♦ A–1 =

1 2

5 5

2 1

5 5

✦ ✧
★ ✩
★ ✩

✪★ ✩
★ ✩✫ ✬

♠✭✮✯✰✱✮ 24  ✟✠☛✍✐✲✳☛✴ ✵✐✲✶✡☛✈☛✝✐ ♦✝✞ ✟✠✡☛✝☞ ✌☛✍☛ ✲✷✸✷✲✹✲✺☛✣ ✈☛✻✡✼✽ ✴☛ ✻✡✾✿✶❀ ✟✠☛❁✣ ✴❂✲❃✥✤

0 1 2

A 1 2 3

3 1 1

❄ ❅
❆ ❇❈ ❆ ❇
❆ ❇❉ ❊

✯❣ ✽❀ ❃☛✷✣✝ ✽❋✐ ✲✴ A = I A, ✈●☛☛❍✣■  

0 1 2

1 2 3

3 1 1

❄ ❅
❆ ❇
❆ ❇
❆ ❇❉ ❊

 = 

1 0 0

0 1 0 A

0 0 1

❄ ❅
❆ ❇
❆ ❇
❆ ❇❉ ❊

✡☛

1 2 3

0 1 2

3 1 1

❄ ❅
❆ ❇
❆ ❇
❆ ❇❉ ❊

❏

0 1 0

1 0 0 A

0 0 1

❑ ▲
▼ ◆
▼ ◆
▼ ◆❖ P

(R
1
 ◗ R

2 
✌☛✍☛)

✡☛

1 2 3

0 1 2

0 5 8

❑ ▲
▼ ◆
▼ ◆
▼ ◆❘ ❘❖ P

❏

0 1 0

1 0 0 A

0 3 1

❄ ❅
❆ ❇
❆ ❇
❆ ❇❙❉ ❊

(R
3
 ✓ R

3 
– 3R

1
✌☛✍☛)
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❀✆

1 0 1

0 1 2

0 5 8

✝✞ ✟
✠ ✡
✠ ✡
✠ ✡✝ ✝☛ ☞

✥

2 1 0

1 0 0 A

0 3 1

✌✍ ✎
✏ ✑
✏ ✑
✏ ✑✌✒ ✓

(R
1
 ✔ R

1 
– 2R

2
⑥✆✕✆)

❀✆

1 0 1

0 1 2

0 0 2

✌✍ ✎
✏ ✑
✏ ✑
✏ ✑✒ ✓

✥

2 1 0

1 0 0 A

5 3 1

✌✍ ✎
✏ ✑
✏ ✑
✏ ✑✌✒ ✓

(R
3
 ✔ R

3 
+ 5R

2
⑥✆✕✆)

❀✆

1 0 1

0 1 2

0 0 1

✌✍ ✎
✏ ✑
✏ ✑
✏ ✑✒ ✓

 =

2 1 0

1 0 0 A

5 3 1

2 2 2

✖✗ ✘
✙ ✚
✙ ✚
✙ ✚✛
✙ ✚
✜ ✢

(R
3
 ✔ 

1

2
 R

3 
⑥✆✕✆ )

❀✆

1 0 0

0 1 2

0 0 1

✍ ✎
✏ ✑
✏ ✑
✏ ✑✒ ✓

✥

1 1 1

2 2 2

1 0 0 A

5 3 1

2 2 2

✣✤ ✦
✧ ★
✧ ★
✧ ★
✧ ★✣
✧ ★
✩ ✪

(R
1
 ✔ R

1 
+ R

3 
⑥✆✕✆)

❀✆

1 0 0

0 1 0

0 0 1

✞ ✟
✠ ✡
✠ ✡
✠ ✡☛ ☞

✥

1 1 1

2 2 2

4 3 1 A

5 3 1

2 2 2

✣✤ ✦
✧ ★
✧ ★
✣ ✣✧ ★
✧ ★✣
✧ ★
✩ ✪

(R
2
 ✔ R

2 
– 2R

3
⑥✆✕✆)

✫✬✭ A–1 =

1 1 1

2 2 2

4 3 1

5 3 1

2 2 2

✣✤ ✦
✧ ★
✧ ★
✣ ✣✧ ★
✧ ★✣
✧ ★
✩ ✪

❢✮✯✰✱✲✳❪ A = AI ✴✵✴✶✆✷, ✫✸✆✆✹✬✺

0 1 2

1 2 3

3 1 1

✍ ✎
✏ ✑
✏ ✑
✏ ✑✒ ✓

 =

1 0 0

A 0 1 0

0 0 1

✍ ✎
✏ ✑
✏ ✑
✏ ✑✒ ✓
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❀☎

1 0 2

2 1 3

1 3 1

✆ ✝
✞ ✟
✞ ✟
✞ ✟✠ ✡

 =

0 1 0

A 1 0 0

0 0 1

✆ ✝
✞ ✟
✞ ✟
✞ ✟✠ ✡

(C
1
 ✒ C

2
)

❀☎

1 0 0

2 1 1

1 3 1

☛ ☞
✌ ✍

✎
✌ ✍
✌ ✍✎✏ ✑

 =

0 1 0

A 1 0 2

0 0 1

☛ ☞
✌ ✍

✎
✌ ✍
✌ ✍✏ ✑

(C
3
 ✓ C

3
 – 2C

1
)

❀☎

1 0 0

2 1 0

1 3 2

✆ ✝
✞ ✟
✞ ✟
✞ ✟✠ ✡

 =

0 1 1

A 1 0 2

0 0 1

✆ ✝
✞ ✟

✔
✞ ✟
✞ ✟✠ ✡

(C
3
 ✓ C

3
 + C

2
)

❀☎

1 0 0

2 1 0

1 3 1

✆ ✝
✞ ✟
✞ ✟
✞ ✟✠ ✡

 =

1
0 1

2

A 1 0 1

1
0 0

2

✕ ✖
✗ ✘
✗ ✘

✙✗ ✘
✗ ✘
✗ ✘
✚ ✛

(C
3
 ✓ 

1

2
 C

3
)

❀☎

1 0 0

0 1 0

5 3 1

☛ ☞
✌ ✍
✌ ✍
✌ ✍✎✏ ✑

 =

1
2 1

2

A 1 0 1

1
0 0

2

✜ ✢
✣✤ ✥

✤ ✥
✣✤ ✥

✤ ✥
✤ ✥
✦ ✧

(C
1
 ✓ C

1
 – 2C

2
)

❀☎

1 0 0

0 1 0

0 3 1

☛ ☞
✌ ✍
✌ ✍
✌ ✍✏ ✑

 =

1 1
1

2 2

A 4 0 1

5 1
0

2 2

✜ ✢
✤ ✥
✤ ✥
✣ ✣✤ ✥

✤ ✥
✤ ✥
✦ ✧

(C
1
 ✓ C

1
 + 5C

3
)

❀☎

1 0 0

0 1 0

0 0 1

✆ ✝
✞ ✟
✞ ✟
✞ ✟✠ ✡

 =

1 1 1

2 2 2

A 4 3 1

5 3 1

2 2 2

✙✕ ✖
✗ ✘
✗ ✘
✙ ✙✗ ✘

✗ ✘✙
✗ ✘
✚ ✛

(C
2
 ✓ C

2 
– 3C

3
)
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✆✝✞ A–1 =

1 1 1

2 2 2

4 3 1

5 3 1

2 2 2

✟✠ ✡
☛ ☞
☛ ☞
✟ ✟☛ ☞
☛ ☞✟
☛ ☞
✌ ✍

♠✎✏✑✒✓✏ 25 ❀✔✕
10 2

P
5 1

✖✗ ✘
✙ ✚ ✛✖✜ ✢

✥✣ ✝✤✦ P – 1 ❑✤✝ ✧★✔✩✪✫ ❀✔✕ ✬✭✧✤ ✆✔✮✝✯✰ ✥✣✱

✑❣  P = I
 
P ✔❢✔✲✤✪ ✆✳✤✤✴✝✵✫

10 2 1 0
P

5 1 0 1

✶✷ ✸ ✷ ✸
✹✺ ✻ ✺ ✻✶✼ ✽ ✼ ✽

❀✤

1
1

5

5 1

✾✿ ❁
❂ ❃
❂ ❃
✾❄ ❅

 =

1
0

P10

0 1

✿ ❁
❂ ❃
❂ ❃
❄ ❅

 (R
1
 ❆ 

1

10
R

1 
⑥✤❇✤ )

❀✤

1
1

5

0 0

❈❉ ❊
❋ ●
❋ ●
❍ ■

 =

1
0

10
P

1
1

2

❏ ▲
▼ ◆
▼ ◆
▼ ◆
▼ ◆❖ P

 (R
2
 ❆ R

2
 + 5R

1 
⑥✤❇✤)

❀✥✤◗ ❘✤✪◗ ❙❚✤ ✰✦❯ ✆✤❱❀❲✥ ✧★ ✔⑥✝★❀ ❙❳✔❨✝ ✰✦❯ ✭❩✤★ ✆✰❀✰ ❬✤❲❭❀ ✥✤✦ ✩✤✝✦ ✥✣❳✫ ✆✝✞ P–1 ✧✤

✆✔✮✝✯✰ ❪✥★❳ ✥✣✱

✐❫❴❵❛❜❝❞ ❡❤❥

❙❦❬❪ ✭❳✲❀✤ 1 ✭✦ 17 ✝✧ ✰✦❯ ✆✤❱❀❲✥✤✦❳ ✰✦❯ ❱❀r✯❧♥✫ ❀✔✕ ♦❪✧✤ ✆✔✮✝✯✰ ✥✣✫ ✝✤✦ ❙❦✤❇❳✔❩✤✧ ♣❙✤❳✝❇q✤ ✰✦❯

❙❦❀✤✦s ✭✦ ❑✤✝ ✧★✔✩✪✞

1.
1 1

2 3

✖✗ ✘
✚ ✛
✜ ✢

2.
2 1

1 1

✗ ✘
✚ ✛
✜ ✢

3.
1 3

2 7

✗ ✘
✚ ✛
✜ ✢

4.
2 3

5 7

✗ ✘
✚ ✛
✜ ✢

5.
2 1

7 4

✗ ✘
✚ ✛
✜ ✢

6.
2 5

1 3

✷ ✸
✺ ✻
✼ ✽

7.
3 1

5 2

✗ ✘
✚ ✛
✜ ✢

8.
4 5

3 4

✗ ✘
✚ ✛
✜ ✢

9.
3 10

2 7

✗ ✘
✚ ✛
✜ ✢
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10.
3 1

4 2
11.

2 6

1 2
12.

6 3

2 1

☎✆ ✝
✞ ✟☎✠ ✡

13.
2 3

1 2

☛☞ ✌
✍ ✎☛✏ ✑

14.
2 1

4 2

☞ ✌
✍ ✎
✏ ✑

15.

2 3 3

2 2 3

3 2 2

✒✓ ✔
✕ ✖
✕ ✖
✕ ✖✒✗ ✘

16.

1 3 2

3 0 5

2 5 0

✒✓ ✔
✕ ✖✒ ✒✕ ✖
✕ ✖✗ ✘

17.

2 0 1

5 1 0

0 1 3

✙✚ ✛
✜ ✢
✜ ✢
✜ ✢✣ ✤

18. ✈✥✦✧★✩ A r✪✥✥ B ✱✫ ✬★✭✮✯ ✰✯✲ ✦✧✳✴✵✶ ✩✥✯✷✸✯ ✰✯✲✰✹ ✧✺✬

(A) AB = BA (B) AB = BA = 0

(C) AB = 0, BA = I (D) AB = BA = I

❢✻❢✻✼ ✽✾✿❀❁❂✿

♠❃❄❅❆❇❄ 26 ✧✺✬
cos sin

A
sin cos

❈ ❈☞ ✌
❉ ✍ ✎☛ ❈ ❈✏ ✑

  ✩❣ r✥✯ ✺✭❊ ✫❋✺●✱ ✺✫

cos sin
A

sin cos

n n n

n n

❈ ❈☞ ✌
❉ ✍ ✎☛ ❈ ❈✏ ✑

,  n ❍ N

❅■  ✩✶ ❏✭✫✥✯ ✸✺❑✥r❋✧ ✈✥✸✶▲ ✰✯✲ ✺✭❊✥✷r ▼✥✮✥ ✺✭❊ ✫✮✯✷✸✯◆

✧✩✥❖ P✮ P(n) : ✧✺✬ 
cos sin

A
sin cos

◗ ◗✆ ✝
❘ ✞ ✟☎ ◗ ◗✠ ✡

❙ r✥✯
cos sin

A
sin cos

n n n

n n

◗ ◗✆ ✝
❘ ✞ ✟☎ ◗ ◗✠ ✡

, n ❍ N

✈❚ P(1) : 
cos sin

A
sin cos

❈ ❈☞ ✌
❉ ✍ ✎☛ ❈ ❈✏ ✑

, ❏✭✺✹✱
1 cos sin

A
sin cos

❈ ❈☞ ✌
❉ ✍ ✎☛ ❈ ❈✏ ✑

✈r❯❱ P✺✮❑✥✥✶ n = 1 ✰✯✲ ✺✹✱ ✭✴✧ ✩❣◆

✶✥▲ ✹❋✺●✱ ✺✫ P✺✮❑✥✥✶ n = k ✰✯✲ ✺✹✱ ✭✴✧ ✩❣◆

❏✭✺✹✱ P(k) : 
cos sin

A
sin cos

❈ ❈☞ ✌
❉ ✍ ✎☛ ❈ ❈✏ ✑

, r✥✯ 
cos sin

A
sin cos

k k k

k k

◗ ◗✆ ✝
❘ ✞ ✟☎ ◗ ◗✠ ✡

.
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✆✝ ✞✟ ✠✡☛ ☞✌✍✎✏✍ ✠☞ ✑✠✌✒✓✓✟  n = k +1 ♦✍✔ ✠✕✖ ✗✓✘ ✡✙✚ ✞✛✜

✆✝ Ak + 1 =
cos sin cos sin

A A
sin cos sin cos

k k k

k k

✢ ✢ ✢ ✢✣ ✤ ✣ ✤
✥ ✦ ✧ ★ ✧ ★✩ ✢ ✢ ✩ ✢ ✢✪ ✫ ✪ ✫

=
cos cos – sin sin cos sin sin cos

sin cos cos sin sin sin cos cos

k k k k

k k k k

✬ ✬ ✬ ✬ ✬ ✬ ✭ ✬ ✬✮ ✯
✰ ✱✲ ✬ ✬ ✭ ✬ ✬ ✲ ✬ ✬ ✭ ✬ ✬✳ ✴

=
cos( ) sin ( ) cos( 1) sin ( 1)

sin ( ) cos( ) sin ( 1) cos( 1)

k k k k

k k k k

✢ ✵ ✢ ✢ ✵ ✢ ✵ ✢ ✵ ✢✣ ✤ ✣ ✤
✦✧ ★ ✧ ★✩ ✢ ✵ ✢ ✢ ✵ ✢ ✩ ✵ ✢ ✵ ✢✪ ✫ ✪ ✫

❜✡✠✕✖ ✑✠✌✒✓✓✟ n = k  + 1 ♦✍✔ ✠✕✖ ✗✓✘ ✡✙✚ ✞✛✜ ✆✶✷ ✏✠✒✓✶✘✚ ✆✓✏✟✸ ☞✓ ✠✡☛✓✎✶ ✡✍ ✑✹✟✓✠✒✓✶

✞✓✍✶✓ ✞✛ ✠☞
cos sin

A
sin cos

n n n

n n

✢ ✢✣ ✤
✦ ✧ ★✩ ✢ ✢✪ ✫

, ✡✟❧✶ ✑✹✓♦✺✔✶ ✡✎✻✚✓✆✓✍ ✎ n ♦✍✔ ✠✕✖ ✡✙✚ ✞✛✜

♠✼✽✾✿❀✽ 27  ✚✠❁ A ✶r✓✓ B ✡✟✓✸ ☞✓✍✠❂ ♦✍✔ ✡✟✠✟✶ ✆✓❃✚❄✞ ✞✛✎ ✶✓✍ ❁❅✓✓❆❜✖ ✠☞ AB ✡✟✠✟✶ ✞✛❇ ✚✠❁

✆✓✛✌ ♦✍✔♦✕ ✚✠❁ A ✶r✓✓ B Ø✟✠♦✠✸✟✍✚ ✞✛❇ ✆r✓✓❆✶❈ AB = BA ✞✛✜

✾❣ ✠❁✚✓ ✞✛ ✠☞ A ✶r✓✓ B ❁✓✍✸✓✍✎ ✡✟✠✟✶ ✆✓❃✚❄✞ ✞✛✎❇ ❜✡✠✕✖ A❉ = A ✶r✓✓ B❉ = B ✞✛✜

✟✓✸ ✕✘✠❡✖ ✠☞ AB ✡✟✠✟✶ ✞✛ ✶✓✍ (AB)❉ = AB

➥☞✶❊ (AB)❉ = B❉A❉= BA (❋✚✓✍✎?)

✆✶✷ BA = AB

✠♦✕✓✍✟✶✷❇ ✚✠❁ AB = BA ✞✛ ✶✓✍ ✞✟ ✠✡☛ ☞✌✍✎✏✍ ✠☞ AB ✡✟✠✟✶ ✞✛✜

✆✝ (AB)❉ = B❉A❉

= B A (❋✚✓✍✎✠☞ A ✶r✓✓ B ✡✟✠✟✶ ✞✛✎ )

= AB

✆✶✷ AB ✡✟✠✟✶ ✞✛✜

♠✼✽✾✿❀✽ 28 ✟✓✸ ✕✘✠❡✖ ✠☞
2 1 5 2 2 5

A , B , C
3 4 7 4 3 8

✲✮ ✯ ✮ ✯ ✮ ✯
● ● ●✰ ✱ ✰ ✱ ✰ ✱

✳ ✴ ✳ ✴ ✳ ✴
 ✞✛✜ ✖☞ ✖✍✡✓ ✆✓❃✚❄✞

D ❑✓✶ ☞✘✠❡✖ ✠☞ CD – AB = O ✞✓✍✜

✾❣ ❋✚✓✍ ✎✠☞ A, B, C ✡✗✓✘ ☞✓✍✠❂ 2, ♦✍✔ ♦✏❆ ✆✓❃✚❄✞ ✞✛✎ ✆✓✛✌ CD – AB ✗✓✕✘❍✗✓✓■✠✶ ✑✠✌✗✓✓✠❏✓✶ ✞✛❇

❜✡✠✕✖ D ☞✓✍✠❂ ❞ ☞✓ ✖☞ ♦✏❆ ✆✓❃✚❄✞ ✞✓✍✸✓ ▲✓✠✞✖✜
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❡☎✆ ✝✞✟✠✡ ✟☛ D = 
a b

c d

☞ ✌
✍ ✎
✏ ✑

 ❣✒✓ ✔✕ CD – AB = O ❧✖ ✗✘☎✙✔ ❣☎✖✔☎ ❣✒ ✟☛

2 5 2 1 5 2

3 8 3 4 7 4

a b

c d

✚✛ ✜ ✛ ✜ ✛ ✜ ✛ ✜
✚✢ ✣ ✢ ✣ ✢ ✣ ✢ ✣

✤ ✥ ✤ ✥ ✤ ✥ ✤ ✥
 = O

❀☎
2 5 2 5 3 0

3 8 3 8 43 22

a c b d

a c b d

✦ ✦☞ ✌ ☞ ✌
✧✍ ✎ ✍ ✎✦ ✦✏ ✑ ✏ ✑

 =
0 0

0 0

☞ ✌
✍ ✎
✏ ✑

❀☎
2 5 3 2 5

3 8 43 3 8 22

a c b d

a c b d

✦ ✧ ✦☞ ✌
✍ ✎✦ ✧ ✦ ✧✏ ✑

 = 
0 0

0 0

☞ ✌
✍ ✎
✏ ✑

✈☎★❀✩❣☎✖✪ ☛✞ ❧❡☎✆✔☎ ❧✖ ❣❡✖✪ ✟✆✫✆✟✝✟✬☎✔ ❧❡✞☛✭✮☎ ✗✘☎✙✔ ❣☎✖✔✖ ❣✒✪✯

2a + 5c – 3 = 0 ... (1)

3a + 8c – 43 = 0 ... (2)

2b + 5d = 0 ... (3)

✔r☎☎ 3b + 8d – 22 = 0 ... (4)

(1) ✔r☎☎ (2), ☛☎✖ ❧✭✝ ☛✭✆✖ ✗✭ a = –191, c = 77 ✗✘☎✙✔ ❣☎✖✔☎ ❣✒✓

(3) ✔r☎☎ (4), ☛☎✖ ❧✭✝ ☛✭✆✖ ✗✭ b = – 110, d = 44 ✗✘☎✙✔ ❣☎✖✔☎ ❣✒✓

✈✔✯ D = 
191 110

77 44

a b

c d

✚ ✚✛ ✜ ✛ ✜
✰✢ ✣ ✢ ✣

✤ ✥ ✤ ✥

✱✲✳✴✳ ✵ ✶✷ ✸✹✸✹✺ ✶✻✼✽✴✹✾✿

1. ❡☎✆ ✝✞✟✠✡ ✟☛ 
0 1

A
0 0

☞ ✌
❁ ✍ ✎

✏ ✑
 ❣☎✖ ✔☎✖ ✟❂✬☎☎❃✡ ✟☛ ❧❄☎✞ n ❅ N ♦✖❆ ✟✝✡

(aI + bA)n = an I + nan – 1 bA, ✠❣☎t I ☛☎✖✟❞ ❇ ☛☎ ✔❈❧❡☛ ✈☎★❀✩❣ ❣✒✓

2. ❀✟❂

1 1 1

A 1 1 1

1 1 1

❉ ❊
❋ ●❍ ❋ ●
❋ ●■ ❏

, ✔☎✖ ✟❧❑ ☛✞✟✠✡ ✟☛

1 1 1

1 1 1

1 1 1

3 3 3

A 3 3 3 ,

3 3 3

n n n

n n n n

n n n

n

▲ ▲ ▲

▲ ▲ ▲

▲ ▲ ▲

▼ ◆
❖ P

◗ ❘❖ P
❖ P
❙ ❚

N

3. ❀✟❂
3 4 1 2 4

A , A
1 1 1 2

n n n

n n
❯❦s ❢❱➻ ❲❤❢❳❨ ❢❲ , ✠❣☎t  n ✡☛ ❩✆ ✗✩✮☎☎❬☛ ❣✒✓
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4. ❀✆✝ A r✞✟✟ B ❧✠✆✠r ✡✟☛❀☞✌ ✌✍✎ r✟✏ ✆❧✑ ✒✓✆✔✕ ✆✒ AB – BA ✕✒ ✆✱✖✟✠ ❧✠✆✠r ✡✟☛❀☞✌ ✌✍✗

5. ✆❧✑ ✒✓✆✔✕ ✆✒ ✡✟☛❀☞✌ B✘AB ❧✠✆✠r ✡✞✟✱✟ ✆✱✖✟✠ ❧✠✆✠r ✌✍ ❀✆✝ A ❧✠✆✠r ✡✞✟✱✟

✆✱✖✟✠ ❧✠✆✠r ✌✍✗

6. x, y, r✞✟✟ z ✱✏♦ ✠✟✙✟✏✎ ✒✟✏ ✚✟r ✒✓✆✔✕✛ ❀✆✝ ✡✟☛❀☞✌ 

0 2

A

y z

x y z

x y z

✜ ✢
✣ ✤✥ ✦✣ ✤
✣ ✤✦✧ ★

 ❧✠✓✒✩✪✟

A✘A  = I ✒✟✏ ❧✎r❞✖✫ ✒✩r✟ ✌✍✗

7. x ✱✏♦ ✆✒❧ ✠✟✙ ✱✏♦ ✆✬✕ ✭ ✮

1 2 0 0

1 2 1 2 0 1 2

1 0 2 x

✯ ✰ ✯ ✰
✲ ✳ ✲ ✳
✲ ✳ ✲ ✳
✲ ✳ ✲ ✳✴ ✵ ✴ ✵

 = O ✌✍ ?

8. ❀✆✝
3 1

A
1 2

✶ ✷
✸ ✹ ✺✻✼ ✽

 ✌✟✏ r✟✏ ✆❧✑ ✒✓✆✔✕ ✆✒ A2 – 5A + 7I = O ✌✍✗

9. ❀✆✝  ✾ ✿

1 0 2

5 1 0 2 1 4 O

2 0 3 1

x

x

✜ ✢ ✜ ✢
✣ ✤ ✣ ✤✦ ✦ ✥✣ ✤ ✣ ✤
✣ ✤ ✣ ✤✧ ★ ✧ ★

✌✍ r✟✏ x ✒✟ ✠✟✙ ✚✟r ✒✓✆✔✕✗

10. ✕✒ ✆✙✠✟❁r✟ r✓✙ ❂❃✒✟✩ ✒✓ ✱❄r❞✕❅  x, y, r✞✟✟ z  ✒✟ ❆❇❂✟✝✙ ✒✩r✟ ✌✍ ✆✔✙ ✒✟ ✱✌ ✝✟✏ ❈✟✔✟✩✟✏✎

✠✏✎ ✆✱❡❀ ✒✩r✟ ✌✍✗ ✱❄r❞✡✟✏✎ ✒✓ ✱✟✆✖✟❁✒ ✆❈❡✓ ✙✓❉✏ ❧☞✆❉r ❊✆✙✝✆❋✟❁r● ✌✍❍

❝■❏■■❑ ♠▲▼■◆❖

I 10,000 2,000 18,000

II 6,000 20,000 8,000

(a) ❀✆✝ x, y r✞✟✟ z ✒✓ ❂❃❇❀✏✒ P✒✟P❁ ✒✟ ✆✱❡❀ ✠☞◗❀ ❡✠❋✟❍ Rs ❘❙❚❯✛ Rs ❱❙❚❯ r✞✟✟

Rs ❱❙❯❯ ✌✍ r✟✏ ❂❃❇❀✏✒ ❈✟❲✟✟✩ ✠✏✎ ✱❞♦✬ ✡✟❀ ❊Revenue●✛ ✡✟☛❀☞✌ ❈✓✔❳✆✪✟r ✒✓ ❧✌✟❀r✟

❧✏ ✚✟r ✒✓✆✔✕✗

(b) ❀✆✝ ❆❂❀❞❁❨r r✓✙ ✱❄r❞✡✟✏✎ ✒✓ ❂❃❇❀✏✒ P✒✟P❁ ✒✓ ✬✟❳r ❊Cost● ❡✠❋✟❍ Rs ❘❙❯❯✛

Rs ❱❙❯❯ r✞✟✟ ❂✍❧✏ ❚❯ ✌✍ r✟✏ ✱❞♦✬ ✬✟❩✟ ❊Gross profit● ✚✟r ✒✓✆✔✕✗

11. ✡✟☛❀☞✌ X ✚✟r ✒✓✆✔✕✛ ❀✆✝
1 2 3 7 8 9

X
4 5 6 2 4 6

❬ ❬ ❬❭ ❪ ❭ ❪
❫❴ ❵ ❴ ❵

❛ ❜ ❛ ❜
✌✍✗

12. ❀✆✝ A r✞✟✟  B ❧✠✟✙ ✒✟✏✆✫ ✱✏♦ ✱❳❁ ✡✟☛❀☞✌ P❧ ❂❃✒✟✩ ✌✍✎ ✆✒ AB = BA ✌✍ r✟✏ ❳✆✪✟r✓❀

✡✟❳✠✙ ❢✟✩✟ ✆❧✑ ✒✓✆✔✕ ✆✒ ABn = BnA ✌✟✏❳✟✗ P❧✱✏♦ ✡✆r✆✩❨r ✆❧✑ ✒✓✆✔✕ ✆✒

❧✠❄r  n ❣ N ✱✏♦ ✆✬✕ (AB)n = AnBn ✌✟✏❳✟✗
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❢☎✆☎❢✝❢✞✟✠ ✡☛☞☎✟✌✍ ✎✌✍ ✏✑✒ ✓✔✟✕ ✖✗❢☎✘✙

13. ✥❢✚ A =  ✛✏ ✡☛✜✟✕ ✑✢ ❢✜  A² = I, ✠✟✌

(A) 1 + ✣² + ✤✦ = 0 (B) 1 – ✣² + ✤✦ = 0

(C) 1 – ✣² – ✤✦ = 0 (D) 1 + ✣² – ✤✦ = 0

14. ✥❢✚ ✘✜ ❀✟✧✥★✑ ✏✎❢✎✠ ✠✩✟✟ ❢✪✫✟✎ ✏✎❢✎✠ ✚✟✌☎✟✌✍ ✑✒ ✑✢ ✠✟✌✙

(A) A ✘✜ ❢✪✜✱✟✬ ❀✟✧✥★✑ ✑✢✭ (B) A ✘✜ ☞✟★✮✥ ❀✟✧✥★✑ ✑✢✭

(C) A ✘✜ ✪✯✬ ❀✟✧✥★✑ ✑✢✭ (D) ✛☎✎✌✍ ✏✌ ✜✟✌✛✬ ☎✑✒✍✭

15. ✥❢✚ A ✘✜ ✪✯✬ ❀✟✧✥★✑ ✛✏ ✡☛✜✟✕ ✑✢ ❢✜ A2 = A, ✠✟✌ (I + A)³ – 7 A ❝✕✟❝✕ ✑✢✙

(A) A (B) I – A (C) I (D) 3A

❧✰✲✰✳✴✰

✵ ❀✟✧✥★✑✈ ✡✶✝☎✟✌✍ ✥✟ ✏✍✞✥✟❀✟✌✍ ✜✟ ✘✜ ❀✟✥✠✟✜✟✕ ✷✎✸❢✪✮✥✟✏ ✑✢✭

✵ m ✡✍❢✐✠✥✟✌✍ ✠✩✟✟ n ▲✠✍✹✟✟✌✍ ✪✟✝✌ ❀✟✧✥★✑ ✜✟✌ m × n ✜✟✌❢❞ ✜✟ ❀✟✧✥★✑ ✜✑✠✌ ✑✢✍✭

✵ [a
ij
]

m × 1
 ✘✜ ▲✠✍✹✟ ❀✟✧✥★✑ ✑✢✭

✵ [a
ij
]

1 × n
 ✘✜ ✡✍❢✐✠ ❀✟✧✥★✑ ✑✢✭

✵ ✘✜ m × n ❀✟✧✥★✑ ✘✜ ✪✯✬ ❀✟✧✥★✑ ✑✢✈ ✥❢✚  m = n ✑✢✭

✵ A = [a
ij
]

m × m
 ✘✜ ❢✪✜✱✟✬ ❀✟✧✥★✑ ✑✢✈ ✥❢✚ a

ij
 = 0, t❝ i ✺ j

✵ A = [a
ij
]

n × n
 ✘✜ ❀❢✚☞✟ ❀✟✧✥★✑ ✑✢✈ ✥❢✚ a

ij
 = 0, t❝  i ✺ j, a

ij
 = k, (k ✘✜ ❀✖✕ ✑✢),

t❝ i = j ✑✢✭

✵ A = [a
ij
]

n × n
 ✘✜ ✠✻✏✎✜ ❀✟✧✥★✑ ✑✢✈ ✥❢✚  a

ij
 = 1 t❝  i = j ✠✩✟✟ a

ij
 = 0 t❝

i ✺ j ✑✢✭

✵ ❢✜✏✒ ☞✟★✮✥ ❀✟✧✥★✑ ✼✥✟ ❢✕✐✠ ❀✟✧✥★✑✽ ✪✌✶ ✏✹✟✒ ❀✪✥✪ ☞✟★✮✥ ✑✟✌✠✌ ✑✢✍✭

✵ A = [a
ij
]

 
= [b

ij
] = B ✥❢✚ (i) A ✠✩✟✟ B ✏✎✟☎ ✜✟✌❢❞ ✪✌✶ ✑✢✍ ✠✩✟✟ (ii)  i ✠✩✟✟ j ✪✌✶ ✏✎▲✠

✏✍✹✟✪ ✎✟☎✟✌✍ ✪✌✶ ❢✝✘ a
ij
 = b

ij
  ✑✟✌✭

✵ kA = k[a
ij
]

m × n
 = [k(a

ij
)]

m × n

✵ – A = (–1)A

✵ A – B = A + (–1) B

✵ A + B = B + A
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✆ (A + B) + C = A + (B + C), t✝✞✟  A, B r✠✞✞ C ❧✡✞☛ ☞✞✌✍✎ ✏✌✑ ✒✞✓✔✕✝ ✝✖✗✘

✆ k(A + B) = kA + kB, t✝✞✟ A r✠✞✞ B ❧✡✞☛ ☞✞✌✍✎ ✏✌✑ ✒✞✓✔✕✝ ✝✖ r✠✞✞ k ✱☞ ✒✙✚ ✝✖✘

✆ (k + l ) A = kA + lA, t✝✞✟  k r✠✞✞ l ✒✙✚ ✝✖✗✘

✆ ✔✍❀ A = [a
ij
]

m × n
 r✠✞✞ B = [b

jk
]

n × p
 r✞✌ AB = C = [c

ik
]

m × p
, t✝✞✟ 

1

n

ik ij jk

j

c a b
✛

✜✢ ✝✖✘

✆ (i) A(BC) = (AB)C,  (ii)   A(B + C) = AB + AC,  (iii)   (A + B)C = AC + BC

✆  ✔✍❀ A = [a
ij
]

m × n
 r✞✌ A✣ ✔✞ AT = [a

ji
]

n × m

✆ (i) (A✣)✣ = A  (ii)   (kA)✣ = kA✣  (iii)   (A + B)✣ = A✣ + B✣  (iv)  (AB)✣ = B✣A✣

✆ ✔✍❀ A✣ = A ✝✖ r✞✌ A ✱☞ ❧✡✍✡r ✒✞✓✔✕✝ ✝✖✘

✆ ✔✍❀  A✣ = –A  ✝✖ r✞✌ A ✱☞ ✍✏✤✞✡ ❧✡✍✡r ✒✞✓✔✕✝ ✝✖✘

✆ ✍☞❧❢ ✏✥✦ ✒✞✓✔✕✝ ☞✞✌ ✱☞ ❧✡✍✡r ✒✞✖✚ ✱☞ ✍✏✤✞✡ ❧✡✍✡r ✒✞✓✔✕✝✞✌✗ ✏✌✑ ✔✞✌✥✧✑★ ✏✌✑ ✩✧

✡✌✗ ✍☛✩✍✧r ✍☞✔✞ t✞ ❧☞r✞ ✝✖✘

✆ ✒✞✓✔✕✝✞✌✗ ✧✚ ✧✪✞✚✗✍✫✞☞ ❧✗✍✬✔✞✱✟ ✍☛✭☛✍★✍✮✞r ✝✖✗✯

(i) R
i
 ✰ R

j 
 ✔✞ C

i
 ✰ C

j

(ii) R
i
 ✲ kR

i 
✔✞ C

i
 ✲ kC

i

(iii) R
i
 ✲ R

i 
+

 
kR

j 
✔✞ C

i
 ✲ C

i 
+

 
kC

j

✆ ✔✍❀ A r✠✞✞ B ❀✞✌ ✏✥✦ ✒✞✓✔✕✝ ✝✖✗♥ ✳❧ ✧✪☞✞✚ ✍☞ AB = BA = I, r✞✌ ✒✞✓✔✕✝ A ☞✞ ✓✔❞✴✬✡

✒✞✓✔✕✝ B ✝✖♥ ✍t❧✌ A–1 ⑥✞✚✞ ✍☛✩✍✧r ☞✚r✌ ✝✖✗ ✒✞✖✚ ✒✞✓✔✕✝ B ☞✞ ✓✔✕✴✬✡ A ✝✖✘

✆ ✏✥✦ ✒✞✓✔✕✝ ☞✞ ✓✔❞✴✬✡ ✒✞✓✔✕✝♥ ✔✍❀ ♦❧☞✞ ✒✍✵r✴✏ ✝✖♥ ✒✍⑥r❢✔ ✝✞✌r✞ ✝✖✘

—✶—



        

�All Mathematical truths are relative and conditional — C.P. STEINMETZ �

4.1  ❍✁✂✄☎✆✁ (Introduction)

❢✝✞✟✠ ✡☛☞✌☞ ✍✠✎✏ ✑✍✒✠ ✡✌✓☞✔✑ ✡✌✕✖ ✡✌✓☞✔✑✌✠✎ ✗✠✘ ✙✚✛✜❢✢✌✣ ✗✠✘ ❢✗✤✌☞
✍✠✎ ✡☛☞☞✒ ❢❡☞✌ ✑✕✥ ✑✍✒✠ ✙✚✛✜❢✢✌✣✚☞ ✦✍✚❡✖✢✌✌✠✎ ✗✠✘ ❢✒❡✌☞ ❡✌✠
✡✌✓☞✔✑✌✠✎ ✗✠✘ ✈✝ ✍✠✎ ✓☞✧✣ ❡✖✒✌ ★✌✚ ✦✚✩✌✌ ✑✕✥ ✪✦✗✠✘ ✡✒✫✦✌✖ ✖✕❢✩✌❡
✦✍✚❡✖✢✌✌✠✎ ✗✠✘ ❢✒❡✌☞

a
1
 x + b

1
 y = c

1

a
2
 x + b

2
 y = c

2

❡✌✠  
1 1 1

2 2 2

a b cx

a b cy
✗✠✘ ✈✝ ✍✠✎ ✓☞✧✣ ❡✖ ✦❡✣✠ ✑✕✎✥ ✡✙

✪✒ ✦✍✚❡✖✢✌✌✠✎ ✗✠✘ ❢✒❡✌☞ ❡✌ ✡❢❜✣✚☞ ✑✟ ✑✕ ✡✬✌✗✌ ✒✑✚✎✏ ✪✦❡✌✠
a

1
 b

2
 – a

2 
b

1
 ✦✎✩☞✌ ❜✌✖✌ ❧✌✣ ❢❡☞✌ ✛✌✣✌ ✑✕✥ ✭✮✍✖✢✌ ❡✚❢✛✯ ❢❡

☞❢❀ 1 1

2 2

a b

a b
✰   ☞✌  a

1
 b

2
 – a

2 
b

1
 ✱ 0,  ✑✌✠ ✣✌✠ ✦✍✚❡✖✢✌✌✠✎ ✗✠✘ ❢✒❡✌☞ ❡✌ ✑✟ ✡❢❜✣✚☞ ✑✌✠✣✌ ✑✕❣ ☞✑

✦✎✩☞✌ a
1
 b

2
 – a

2 
b

1
 ✛✌✠ ✦✍✚❡✖✢✌✌✠✎ ✗✠✘ ❢✒❡✌☞ ✗✠✘ ✡❢❜✣✚☞ ✑✟ ❧✌✣ ❡✖✣✚ ✑✕✏ ✗✑ ✡✌✓☞✔✑

1 1

2 2

A
a b

a b

✲ ✳✴ ✵ ✶✷ ✸
 ✦✠ ✦✎✙✎❢✹✣ ✑✕ ✡✌✕✖ ✪✦✠ A ❡✌ ✺✻✼✽✾✻✿ ❁✻ det A ❡✑✣✠ ✑✕✎✥ ✦✌✖❢✢✌❡✌✠✎ ❡✌

✪✎✛✚❢✒☞❢✖✎✜✏ ❢✗❧✌✒✏ ✡✬✌❂❃✌✌✮❄✌✏ ✦✌✍✌❢✛❡ ❢✗❧✌✒ ✪❅☞✌❢❀ ✍✠✎ ❢✗✮✣❆✣ ✡✒✫✝❇☞✌✠✜ ✑✕✎✥
✪✦ ✡☛☞✌☞ ✍✠✎✏ ✑✍ ✗✠✘✗✟ ✗✌✮✣❢✗❡ ✝❇❢✗❢✤❈☞✌✠✎ ✗✠✘ ❉ ❡✌✠❢❈ ✣❡ ✗✠✘ ✦✌✖❢✢✌❡✌✠✎ ✝✖ ❢✗❊✌✖ ❡✖✠✎✜✠✥

✪✦ ✡☛☞✌☞ ✍✠✎ ✦✌✖❢✢✌❡✌✠✎ ✗✠✘ ✜✫✢✌ ✹✍❂✏ ❋✝✦✌✖❢✢✌❡✏ ✦✑●✩✌✢■ ✡✌✕✖ ❢❄✌★✌✫✛ ❡✌ ❏✌✠❄✌✝✘✟ ❧✌✣ ❡✖✒✠
✍✠✎ ✦✌✖❢✢✌❡✌✠✎ ❡✌ ✡✒✫✝❇☞✌✠✜✏ ✯❡ ✗✜❂ ✡✌✓☞✔✑ ✗✠✘ ✦✑✩✌✎■✛ ✡✌✕✖ ✓☞✫❅❑✍✏ ✖✕❢✩✌❡ ✦✍✚❡✖✢✌ ✗✠✘ ❢✒❡✌☞✌✠✎

P.S. Laplace

(1749-1827)

▲▼◆❖◆ 4

P◗❘❙❚◗❯ (Determinants)
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❞✆ ✝✞✟✠✠✡ ☛✡☞✌ ☛✝✞✟✠✠✡ ☛✡☞✌ ✍❞ ☛✡✎✏✑✒ ✓✔✕ ✎✏✖✗✘✙ ❞✡ ✚✛✏✡✔✟ ❞✌ ✜✡✔ ☛✢✡✓✡ ✠✆✣ ✤✌✡✞❞✡✔✞ ✓✔✕

✌☞❥✥✡❞ ✝✙✆❞✌✦✡✡✔✞ ✓✔✕ ✒✧ ❞✡ ☛★✏✏✣ ❞✌✔✞✟✔✩

4.2  ✪✫✬✭✮✫✯ (Determinant)

✒✙ n ❞✡✔❥✰ ✓✔✕ ✚✛✗✏✔❞ ✓✟✱ ☛✡✎✏✑✒ A = [a
ij
] ❞✡✔ ✍❞ ✝✞✥✏✡ ✲✓✡✳✠❥✓❞ ✏✡ ✝❥✴✙✵✶ ✷✡✌✡ ✝✞✸✞❥✹✠ ❞✌✡

✝❞✠✔ ✒☞✞ ❥✺✝✔ ✓✟✱ ☛✡✎✏✑✒ ❞✡ ✝✡✌❥✦✡❞ ❞✒✠✔ ✒☞✞✩ ✻✝✔ ✍❞ ✚✕✧✣ ❞✆ ✠✌✒ ✝✡✔✤✡ ✺✡ ✝❞✠✡ ✒☞ ✺✡✔

✚✛✗✏✔❞ ☛✡✎✏✑✒ ❞✡✔ ✍❞ ☛❥✷✠✆✏ ✝✞✥✏✡ ✲✓✡✳✠❥✓❞ ✏✡ ✝❥✴✙✵✶ ✝✔ ✝✞✸✞❥✹✠ ❞✌✠✡ ✒☞✩

✏❥✜ M ✓✟✱ ☛✡✎✏✑✒✡✔✞ ❞✡ ✝✙✖♦✤✏ ✒☞✼ k ✝✽✡✆ ✝✞✥✏✡☛✡✔✞ ✲✓✡✳✠❥✓❞ ✏✡ ✝❥✴✙✵✶ ❞✡ ✝✙✖♦✤✏ ✒☞

☛✡☞✌  f : M ✾ K, f (A) = k, ✓✔✕ ✷✡✌✡ ✚❥✌✽✡✡❥✿✡✠ ✒☞ ✺✒✡❀ A ❁ M ☛✡☞✌ k ❁ K ✠✸ f (A) , A ❞✡

✝✡✌❥✦✡❞ ❞✒✧✡✠✡ ✒☞✩ ✻✝✔  |A | ✏✡ det (A) ✏✡ ❂  ✓✔✕ ✷✡✌✡ ✽✡✆ ❥✣❃❥✚✠ ❥❞✏✡ ✺✡✠✡ ✒☞✩

✏❥✜ A = 
a b

c d
, ✠✡✔ A ✓✔✕ ✝✡✌❥✦✡❞ ❞✡✔ |A| = 

a b

c d
 = det (A) ✷✡✌✡ ❥✧✥✡✡ ✺✡✠✡ ✒☞✩

❢❄❅❆❇❈❉

(i) ☛✡✎✏✑✒ A ✓✔✕ ❥✧✍✼  |A | ❞✡✔ A ❞✡ ✝✡✌❥✦✡❞ ✚❊❋✠✔ ✒☞✞✩

(ii) ✓✔✕✓✧ ✓✟✱ ☛✡✎✏✑✒✡✔✞ ✓✔✕ ✝✡✌❥✦✡❞ ✒✡✔✠✔ ✒☞✞✩

4.2.1  ●❍ ❍❈■❢❄ ❏■❑ ▲❈▼◆❖P ❍❈ ◗❈❘❢❇❈❍ (Determinant of a matrix of order one)

✙✡✣✡ ✍❞ ❞✡✔❥✰ ❞✡ ☛✡✎✏✑✒ A = [a ] ✒✡✔ ✠✡✔ A ✓✔✕ ✝✡✌❥✦✡❞ ❞✡✔ a ✓✔✕ ✸✌✡✸✌ ✚❥✌✽✡✡❥✿✡✠ ❥❞✏✡ ✺✡✠✡ ✒☞✩

4.2.2  ❢❙❚❉◆ ❍❈■❢❄ ❏■❑ ▲❈▼◆❖P ❍❈ ◗❈❘❢❇❈❍ (Determinant of a matrix of order two)

✙✡✣✡ 2 × 2 ❞✡✔❥✰ ❞✡ ☛✡✎✏✑✒ A = 
11 12

21 22

a a

a a
 ✒☞✩

✠✡✔ A ✓✔✕ ✝✡✌❥✦✡❞ ❞✡✔ ✻✝ ✚✛❞✡✌ ✝✔ ✚❥✌✽✡✡❥✿✡✠ ❥❞✏✡ ✺✡ ✝❞✠✡ ✒☞❯

det (A) = |A| = ❂ =  = a
11

a
22

 – a
21

a
12

♠❱❲❳❨❩❲ ❬  
2 4

–1 2
 ❞✡ ✙✡✣ ❭✡✠ ❞✆❥✺✍✩

❳❣   
2 4

–1 2
 = 2 (2) – 4(–1) = 4 + 4 = 8
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♠☎✆✝✞✟✆ ✠   
1

– 1

x x

x x
 ❞✡ ☛✡☞ ✌✡✍ ❞✎✏✑✒✓

✝❣ 
1

– 1

x x

x x
 = x (x) – (x + 1) (x – 1)  = x2 – (x2 – 1) = x2 – x2 + 1 = 1

4.2.3  3 × 3 ✔✕✖✗✘ ✙✖✚ ✛✕✜✢✣✤ ✔✕ ✥✕✦✗✧✕✔ (Determinant of a matrix of order 3 × 3)

✍r✍✎★ ❞✡✩✏✪ ✫✩✬ ✭✡✮★✯✰ ✫✩✬ ✱✡✲✏✳✡❞ ❞✡✩ ✏✴✍✎★ ❞✡✩✏✪ ✫✩✬ ✱✡✲✏✳✡❞✡✩✵ ☛✩✵ ✮★✶✍ ❞✲✫✩✬ ✌✡✍ ✏❞★✡ ✑✡✍✡

✰✷✓ ★✰ ✒❞ ✱✡✲✏✳✡❞ ❞✡ ✒❞ ✸✵✏✶✍ ✹★✡ ✒❞ ✺✍✵✻✡✼ ✫✩✬ ✭☞✽✏✾✿✡ ✸❀✱✲✳✡ ❞✰❁✡✍✡ ✰✷✓ ✍r✍✎★ ❞✡✩✏✪

✫✩✬ ✱✡✲✏✳✡❞ ❞✡✩ ♦❂ ✸❀❞✡✲ ✱✩ ✸❀✱✡✏✲✍ ✏❞★✡ ✑✡✍✡ ✰✷ ✍✎☞✡✩✵ ✸✵✏✶✍★✡✩ ✵ (R
1
, R

2
 ✍❃✡✡ R

3
) ☛✩✵ ✱✩ ✸❀❡★✩❞

✫✩✬ ✱✵❄✍ ✭✡✷✲ ✍✎☞✡✩✵ ✺✍✵✻✡ (C
1
, C

2
 ✍❃✡✡ C

3
) ☛✩✵ ✱✩ ✸❀❡★✩❞ ✫✩✬ ✱✵❄✍ ✾✿✡✡❅✒ ❄✒ ✸❀✱✲✳✡ ✱☛✡☞ ✸✏✲✳✡✡☛

✾✩✍✩ ✰✷✩✵ ✑✷✱✡ ✏❞ ✏☞♥☞✏❁✏❆✡✍ ✏✺❃✡✏✍★✡✩✵ ☛✩ ✵ ✺✸❇✪ ✏❞★✡ ❄★✡ ✰✷✓

✫❄❅ ✭✡✮★✯✰ A = [a
ij
]

3 × 3 
, ✫✩✬ ✱✡✲✏✳✡❞ ✸✲ ✏✫❈✡✲ ❞✲✍✩ ✰✷ ✵✓

✑✰✡t       | A | = 21 22 23

31 32 33

11 12 13a a a

a a a

a a a

✐❉❊✆❋ ✐●❍■❏ (R
1
) ❑▲▼ ◆❖P❍☎◗✆ ✐❉❘✞✟✆

 | A | = 21 22 23

31 32 33

a a a

a a a

11 12 13a a a

♣✞✟✆ ❙ R
1
 ✫✩✬ ✸✰❁✩ ✭✫★✫  a

11
 ❞✡✩ (–1)(1 + 1) 11[(–1) ]

a ❚s❯ ✈✉q❱❳✉❦❯s ❲❦ ❨❦❩s ✭✡✷✲ ✱✡✲✏✳✡❞ |A| ❞✎ ✸✰❁✎

✸✵✏✶✍ (R
1
) ✍❃✡✡ ✸✰❁✡ ✺✍✵✻✡ (C

1
) ✫✩✬ ✭✫★✫✡✩✵ ❞✡✩ ✰✪✡☞✩ ✱✩ ✸❀✡❬✍ ✏✴✍✎★ ❞✡✩✏✪ ✫✩✬ ✱✡✲✏✳✡❞ ✱✩ ❄✽✳✡✡

❞✎✏✑✒ ✶★✡✩✵✏❞ a
11

, R
1
 ✭✡✷✲ C

1 
☛✩✵ ✏✺❃✡✍ ✰✷

✭❃✡✡❅✍❭ (–1)1 + 1 a
11

 
22 23

32 33

a a

a a

♣✞✟✆ ✠ ✶★✡✩✵✏❞ a
12

, R
1
 ✍❃✡✡ C

2 
☛✩✵ ✏✺❃✡✍ ✰✷ ❪✱✏❁✒ R

1
 ✫✩✬ ✾✯✱✲✩ ✭✫★✫ a

12 
❞✡✩ (–1)1 + 2

12[(–1) ]
a ❚s❯ ✈✉q❱❳✉❦❯s ❲❦ ❨❦❩s ✭✡✷✲ ✱✡✲✏✳✡❞  | A | ❞✎ ✸✰❁✎ ✸✵✏✶✍ (R

1
) ✫ ✾✯✱✲✩ ✺✍✵✻✡ (C

2
) ❞✡✩ ✰✪✡☞✩ ✱✩ ✸❀✡❬✍

✏✴✍✎★ ❢☛ ✫✩✬ ✱✡✲✏✳✡❞ ✱✩ ❄✽✳✡✡ ❞✎✏✑✒

✭❃✡✡❅✍❭ (–1)1 + 2a
12

 
21 23

31 33

a a

a a

♣✞✟✆ ❫ ✶★✡✩ ✵✏❞ a
13

, R
1
 ✍❃✡✡ C

3 
☛✩✵ ✏✺❃✡✍ ✰✷ ❪✱✏❁✒ R

1
 ✫✩✬ ✍✎✱✲✩ ✭✫★✫ ❞✡✩ (–1)1 + 3

13[(–1) ]
a ❚s❯ ✈✉q❱❳✉❦❯s ❲❦ ❨❦❩s  ✭✡✷✲ ✱✡✲✏✳✡❞  | A | ❞✎ ✸✰❁✎ ✸✵✏✶✍ (R

1
) ✫ ✍✎✱✲✩ ✺✍✵✻✡ (C

3
) ❞✡✩ ✰✪✡☞✩ ✱✩ ✸❀✡❬✍

✍r✍✎★ ❞✡✩✏✪ ✫✩✬ ✱✡✲✏✳✡❞ ✱✩ ❄✽✳✡✡ ❞✎✏✑✒
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✈✆✝✝✞✟✠ (–1)1 + 3 a
13

 
21 22

31 32

a a

a a

♣✡☛☞ ✌ ✈✍ A ❞✝ ✎✝✏✑✒✝❞ ✈✆✝✝✞✟✠ | A | ♦✓✔ ✕✖✗✘❞ ❞✝✓ ✙✚✏✝✓✛✟ ✜✏✒✝ ✢✣ ✤ ♦ ✥ ✎✓ ✚✦✝✧✟ ✟★✩✝✓✗

✚✐✝✓✗ ❞✝ ✖✝✓✪ ❞✏♦✓✔ ✑✫✑✬✝✭ ✈✆✝✝✞✟✠

det A = |A| = (–1)1 + 1 a
11

 
22 23 21 231 2

12

32 33 31 33

(–1)
a a a a

a
a a a a

+ 
21 221 3

13

31 32

(–1)
a a

a
a a

✖✝ |A| = a
11

 (a
22

 a
33

 – a
32 

a
23

) – a
12

 (a
21

 a
33

 – a
31 

a
23

)

+ a
13

 (a
21

 a
32

 – a
31

 a
22

)

= a
11

 a
22

 a
33

 – a
11

 a
32 

a
23

 – a
12

 a
21

 a
33

 + a
12

 a
31 

a
23

 + a
13

 a
21

 a
32

– a
13

 a
31

 a
22

... (1)

✮❢✯✰✱☛☞✲ ❣✳ ✜✝✏✝✓✗ ✜✏✒✝✝✓✗ ❞✝ ✭❞ ✎✝✆✝ ✚✦✖✝✓✪ ❞✏✓✗✪✓✴

❢✵✶✲✷ ✱✸❢✹✶ (R
2
) ✺✻✼ ✽✾✿❢❀❁☞ ✱❂❃✡☛☞

| A | =

11 12 13

31 32 33

a a a

a a a

a a a21 22 23

R
2 
♦✓✔ ✈✩❄✑✐❅✝ ✚✦✎✏✒✝ ❞✏✩✓ ✚✏✣ ❣✳✓✗ ✚✦✝✧✟ ❣✝✓✟✝ ❣❆

| A | =
12 13 11 132 1 2 2

21 22

32 33 31 33

(–1) (–1)
a a a a

a a
a a a a

11 122 3
23

31 32

(–1)
a a

a
a a

= – a
21

 (a
12

 a
33

 – a
32 

a
13

) + a
22

 (a
11

 a
33

 – a
31 

a
13

)

– a
23

 (a
11

 a
32

 – a
31

 a
12

)

| A | = – a
21

 a
12

 a
33

 + a
21

 a
32 

a
13

 + a
22

 a
11

 a
33

 – a
22

 a
31 

a
13

 – a
23

 a
11

 a
32

 + a
23

 a
31

 a
12

= a
11

 a
22

 a
33

 – a
11

 a
23

 a
32

 – a
12

 a
21

 a
33

 + a
12

 a
23

 a
31

 + a
13

 a
21

 a
32

– a
13

 a
31

 a
22

... (2)
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✐☎✆✝ ✞✟✠✡☛ (C
1
) ♦✝☞ ✌✍✎✏✑✒☛ ✐✓✔✕✖☛

| A | =

12 13

22 23

32 33

a a

a a

a a

11

21

31

a

a

a

C
1
, ✗✘✙ ✚✛✜✢✣✤✥ ✦✧★✩✪✥ ✫✩✛✘ ✦✩ ✬✭✘✮ ✦✧✥✯✰ ✬✥✘✰✥ ✬✱

| A | =
22 23 12 131 1 2 1

11 21

32 33 32 33

(–1) ( 1)
a a a a

a a
a a a a

+ 
12 133 1

31
22 23

(–1)
a a

a
a a

= a
11

 (a
22

 a
33

 – a
23

 a
32

) – a
21

 (a
12

 a
33

 – a
13

 a
32

) + a
31

 (a
12

 a
23

 – a
13

 a
22

)

| A | = a
11

 a
22

 a
33

 – a
11

 a
23

 a
32

 – a
21

 a
12

 a
33

 + a
21

 a
13

 a
32

 + a
31

 a
12

 a
23

– a
31

 a
13

 a
22

= a
11

 a
22

 a
33

 – a
11

 a
23

 a
32

 – a
12

 a
21

 a
33

 + a
12

 a
23

 a
31

 + a
13

 a
21

 a
32

– a
13

 a
31

 a
22

... (3)

(1), (2) ✚✥✱✩ (3) ★✘ ❧✦✲✳ ✬✱ ✢✫ |A | ✫✥ ✭✥✛ ★✭✥✛ ✬✱❞  ❀✬ ✦✥✴✫✥✘✮ ✗✘✙ ✚✵❀✥★ ✗✘✙ ✢✶✷ ✸✥✘✹✺

✢✣❀✥ ❢❀✥ ✬✱ ✢✫ ✗✘ ❀✬ ★✻❀✥✢✦✰ ✫✩✘✮ ✢✫ |A| ✫✥ R
3
, C

2
  ✚✥✱✩ C

3
✗✘✙ ✚✛✜✢✣✤✥ ✦✧★✩✪✥ ✼✽✾✿ ✼❁✾

✚✥✱✩ ✼✈✾ ★✘ ✦✧✥✯✰ ✦✢✩✪✥✥✭✥✘✮ ✗✘✙ ★✭✥✛ ✬✱❞

✚✰❂ ✷✫ ★✥✩✢✪✥✫ ✫✥✘ ✢✫★❃ ✵✥❃ ✦✮✢❄✰ ❀✥ ❧✰✮✵✥ ✗✘✙ ✚✛✜✢✣✤✥ ✦✧★✩✪✥ ✫✩✛✘ ✦✩ ★✭✥✛ ✭✥✛ ✦✧✥✯✰

✬✥✘✰✥ ✬✱❞

❅❆❇❈❉❊❋

(i) ❢✪✥✛✥ ✫✥✘ ★✩✶ ✫✩✛✘ ✗✘✙ ✢✶✷ ✬✭ ★✥✩✢✪✥✫ ✫✥ ●★ ✦✮✢❄✰ ❀✥ ❧✰✮✵✥ ✗✘✙ ✚✛✜✢✣✤✥ ✦✧★✩✪✥ ✫✩✘✮❢✘

✢❍★✭✘✮ ✤✥■❏❀✥✘✮ ✫❃ ★✮❑❀✥ ✚✢▲✫✰✭ ✬✥✘✰❃ ✬✱❞

(ii) ★✥✩✢✪✥✫✥✘✮ ✫✥ ✦✧★✩✪✥ ✫✩✰✘ ★✭❀ (–1)i + j ★✘ ❢✜✪✥✥ ✫✩✛✘ ✗✘✙ ❧▼✥✥✛ ✦✩✿ ✬✭ (i + j) ✗✘✙ ★✭ ❀✥

✢✗✲✥✭ ✬✥✘✛✘ ✗✘✙ ✚✛✜★✥✩ +1 ❀✥ –1 ★✘ ❢✜✪✥✥ ✫✩ ★✫✰✘ ✬✱✮❞

(iii) ✭✥✛ ✶❃✢❍✷ A = 
2 2

4 0
 ✚✥✱✩ B = 

1 1

2 0
✰✥✘ ❀✬ ✢★r ✫✩✛✥ ★✩✶ ✬✱ ✢✫

A = 2B. ➥✫✰✜ |A | = 0 – 8 = – 8 ✚✥✱✩ |B | = 0 – 2 = – 2 ✬✱❞
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✈✆✝✞✟✠✡ ✠☛☞✌✍ ☞✠ |A | = 4 (– 2) = 22 |B | ❀✞ |A | = 2n |B |, ✌t✞✎ n = 2, ✆♦✏ ✈✞✑❀✒t✞✟✓ A

✆ B ✠☛ ✠✞✟☞❞ t✔✕

✑❀✞❖✠ ✖❖ ✗✟✓✘ ❀☞✙ A = kB, ✌t✞✎ A ✆ B ✆♦✏ ✈✞✑❀✒t✞✟✓ ✠☛ ✠✞✟☞❞ n t✔✘ ✥✚ | A| = kn | B |, ✌t✞✎

n = 1, 2, 3 t✔✕

♠✛✜✢✣✤✜ ✦ ✧✞★☞✩✞✠ ✪ = 

1 2 4

–1 3 0

4 1 0

 ✠✞ ✗✞✡ ✫✞✥ ✠☛☞✌✍✕

✢❣  è❀✞✡ ✙☛☞✌✍ ☞✠ ✥☛✧★✟ ✬✥✓✭✞ ✗✟✓ ✙✞✟ ❖✮☞✆☞✯❞❀✞✎ ✰✞✒✱❀ t✔✓✕ ✲✧☞✝✍ ✥☛✧★✟ ✬✥✓✭✞ (C
3
) ✆✟✳ ✈✡✴☞✙✰✞

❖✮✧★✩✞ ✠★✡✟ ❖★ t✗✓✟ ❖✮✞✐✥ t✞✟✥✞ t✔ ☞✠

✪ =
–1 3 1 2 1 2

4 – 0 0
4 1 4 1 –1 3

= 4 (–1 – 12) – 0 + 0  = – 52

♠✛✜✢✣✤✜ ✵  ✪ = 

0 sin – cos

–sin 0 sin

cos –sin 0

 ✠✞ ✗✞✡ ✫✞✥ ✠☛☞✌✍✕

✢❣  R
1
 ✆✟✳ ✈✡✴☞✙✰✞ ❖✮✧★✩✞ ✠★✡✟ ❖★ t✗✟✓ ❖✮✞✐✥ t✞✟✥✞ t✔ ☞✠

✪ =
0 sin – sin sin – sin 0

0 – sin – cos
– sin 0 cos 0 cos – sin

= 0 – sin ✶ (0 – sin ✷ cos ✶) – cos ✶ (sin ✶ sin ✷ – 0)

= sin ✶ sin ✷ cos ✶ – cos ✶ sin ✶ sin ✷ = 0

♠✛✜✢✣✤✜ ✸  ❀☞✙ 
3 3 2

1 4 1

x

x
 ✥✞✟ x ✆✟✳ ✗✞✡ ✫✞✥ ✠☛☞✌✍✕

✢❣  ☞✙❀✞ t✔ ☞✠ 
3 3 2

1 4 1

x

x

✈✹✞✞✏✥✺ 3 – x2 = 3 – 8

✈✹✞✞✏✥✺ x2 = 8

✈✥✻ x = 2 2✼
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✐☎✆✝✞✟✠✡ ☛☞✌

✍✎✏✑ ✒ ✓✔ ✕ ✖✗ ✘✔✙ ✓✚✛✜✢✚✗✚✔✙ ✗✚ ✘✚✑ ✣✚✖ ✗✤✜✥✦

1.
2 4

–5 –1

2. (i)
cos – sin

sin cos
(ii)

2 – 1 – 1

1 1

x x x

x x

3. ❀✜✧ A = 
1 2

4 2
, ✖✚✔ ✜✧r✚✚★✦ | 2A | = 4 | A |

4. ❀✜✧ A = 

1 0 1

0 1 2

0 0 4

 ❣✚✔✩ ✖✚✔ ✜✧r✚✚★✦ | 3 A | = 27 | A |

5. ✜✑❢✑✜✪✜r✚✖ ✓✚✛✜✢✚✗✚✔✙ ✗✚ ✘✚✑ ✣✚✖ ✗✤✜✥✦

(i)

3 –1 –2

0 0 –1

3 –5 0

(ii)

3 – 4 5

1 1 –2

2 3 1

(iii)

0 1 2

–1 0 –3

–2 3 0

(iv)

2 –1 –2

0 2 –1

3 –5 0

6. ❀✜✧ A = 

1 1 –2

2 1 –3

5 4 –9

, ❣✚✔ ✖✚✔ | A | ✣✚✖ ✗✤✜✥✦✫

7. x ♦✔✬ ✘✚✑ ✣✚✖ ✗✤✜✥✦ ❀✜✧

(i)
2 4 2 4

5 1 6

x

x
(ii)

2 3 3

4 5 2 5

x

x
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8. ❀✆✝ 
2 6 2

18 18 6

x

x
 ❣ ✞✟ ✠ ✞✟ x ❝✡ ✞❝✡ ❣ ☛☞

(A) 6 (B) ± 6 (C) – 6 (D) 0

4.3 ✌✍ ✎✏✑✍ ✒✍ ✓✔ ✕✓✖ ✗✘ ✑✍ ✙✚✛ (Properties of Determinants)

✆❢✜✢✟ ✣✤ ✥✦ ✜✟ ✝ ✧✟ ★ ❣ ✧✤✟ ✩✞✡✆✪ ✞✫✞✟ ★ ✫ ✞ ❢✬ ✩✡✪ ✞ ✫✡✤ ✞ ✩✭✮ ✞ ✞ ❣ ☛✯ ✰ ✩ ✣✤ ✥✦ ✜✟ ✝ ✧✟ ★ ❣ ✧ ✩✞✡✆✪ ✞✫✞✟ ★ ✱✟ ✲ ✱✥✲✜
①✥✪ ✞✳✧✞✟ ✴ ✫ ✞✟ ✩✵✶ ✭❝✷ ✫✡✟ ★①✟ ✆✸ ✩✩✟ ✹✫ ❢★✆ ✺✠ ❀✞ ✻✠ ★✼✞ ✧✟ ★ ✽ ✞✵✾ ❀ ✫✭ ✩★✮ ❀✞ ✣✞✟ ★ ✫✞✟ ✣✆ ✳✫✠ ✧ ❢✬ ✞✿✠

✫✡✤ ✟ ✩✟ ✰ ✤ ✫✞ ✧✞✤ ❞ ✞✠ ✫✡✤ ✞ ✩✡✢ ❣ ✞✟ ✸✞✠ ✞ ❣ ☛✯ ❀✟ ① ✥✪ ✞✳✧❁ ✆✫ ✩✭ ✼✞ ✭ ✫ ✞✟✆ ❂ ✱✟ ✲ ✩✞✡✆✪ ✞✫ ✱✟ ✲ ✆✢ ✹

✩❃ ❀ ❣ ☛★ ❄✫✠ ✥ ❣ ✧ ✻✱❀★ ✫✞✟ ✰✾❣ ✟ ★ ✱✟ ✲✱✢ ✠ ✭✩✡ ✭ ✫ ✞✟✆ ❂ ✠ ✫ ✱✟ ✲ ✩✞✡✆✪ ✞✫ ✞✟ ★ ✠ ✫ ✩✭✆ ✧✠ ✡ ✮ ✞✟ ★①✟✯

✗✘ ✑✍ ✙ ✚✛ ❅ ✆✫✩✭ ✩✞✡✆✪ ✞✫ ✫ ✞ ✧✞✤ ✰ ✩✫ ✭ ❢★✆ ✺✠ ❀✞✟ ★ ✣✞ ☛✡ ✻✠ ★✼✞ ✞✟ ★ ✱✟ ✲ ❢✡ ✻❢✡ ❢✆✡ ✱✆✠ ❁✠ ✫✡✤ ✟ ❢✡

✣ ❢✆✡ ✱✆✠ ❁✠ ✡❣✠ ✞ ❣ ☛✯

✌ ❆❇✍ ❈❉ – ✧✞✤ ✢ ✭✆ ✸✹ ❊ = 

1 2 3

1 2 3

1 2 3

a a a

b b b

c c c

❢✬ ✐ ✞ ✧ ❢★✆ ✺✠ ✱✟ ✲ ✣✤ ✥✆ ✝✽✞ ❢✬ ✩✡✪ ✞ ✫✡✤ ✟ ❢✡❋ ❣ ✧ ❢✬ ✞ ✿✠ ✫✡✠✟ ❣ ☛★ ✆✫

❊ =
2 3 1 3 1 2

1 2 3
2 3 1 3 1 2

b b b b b b
a a a

c c c c c c

= a
1
 (b

2 
c

3
 – b

3
 c

2
) – a

2
 (b

1
 c

3
 – b

3
 c

1
) + a

3
 (b

1
 c

2
 – b

2
 c

1
)

❊ ✫ ✭ ❢★✆ ✺✠ ❀ ✞✟ ★ ✫ ✞✟ ✻✠ ★✼ ✞✞✟ ★ ✧✟ ★ ❢✆✡ ✱✆✠ ❁✠ ✫✡✤ ✟ ❢✡ ❣ ✧✟ ★ ✩✞✡✆✪ ✞✫

❊
1
 =

1 1 1

2 2 2

3 3 3

a b c

a b c

a b c

 ❢✬ ✞ ✿✠ ❣ ✞✟✠ ✞ ❣ ☛✯

❊
1
 ✫ ✞✟ ❢✬✐ ✞ ✧ ✻✠ ★✼✞ ✱✟ ✲ ✣✤ ✥✆✝ ✽✞ ❢✬ ✩✡✪ ✞ ✫✡✤ ✟ ❢✡ ❣ ✧ ❢✞✠✟ ❣ ☛★ ✆✫

❊
1 
= a

1
 (b

2
 c

3
 – c

2
 b

3
) – a

2
 (b

1
 c

3
 – b

3
 c

1
) + a

3
 (b

1
 c

2
 – b

2
 c

1
)

✣✠☞ ❊ = ❊
1

● ❍■❏❑▲ ▼ ◆ ❢❀✥❁ ✺✠ ❖ ❀✞ ✮ ❀✞ ✩✟ ✻❢P ❂ ❣ ☛ ✆✫ ❀✆ ✝ A ✹✫ ✱① ❁ ✣✞❖ ❀✵❣ ❣ ☛ ✠ ✞✟ det (A) = det (A◗), ✸❣ ✞ t

A◗❘ ❙ ✫ ✞ ❢✆✡✱✠ ❁  ❣ ☛✯

❚ ✏❯❱ ❈✑✍ ❲ ❀✆ ✝ R
i
 = i ✱✭★ ❢★✆ ✺✠ ✣ ✞☛✡ C

i
 = i ✱✞t ✻✠ ★ ✼✞ ❣ ☛❋ ✠ ✞✟ ❢★✆✺✠ ❀✞✟ ★ ✣ ✞☛✡ ✻✠ ★ ✼✞ ✞✟ ★ ✱✟ ✲ ❢✡ ✻❢✡

❢✆✡ ✱✠ ❁✤ ✫ ✞✟ ❣ ✧ ✩★ ✱✟ ✲✠ ✤ ✧✟ ★ C
i
 ❳ R

i 
✆✢ ✮ ✞✟ ★①✟✯

✣✞✰ ✹ ❣ ✧ ◆ ❢✡ ✞✟ ✺✠ ① ✥✪ ✞✳✧❁ ✫✞✟ ◆✝ ✞❣✡✪ ✞ ✈ ✞✡ ✞ ✩❃ ❀✞✆ ❢✠ ✫✡✟ ★✯
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♠☎✆✝✞✟✆ ✠  ✡ = 

2 –3 5

6 0 4

1 5 –7

 ♦☛☞ ✌✍✎ ✏✑✒✓✔✕✖ ✗ ✘✓ ✙✚✛✓✜✢ ✘✣✌✤✎✥

✝❣  ✙✓❧✌✒✓✘ ✘✓ ✜✦✧✓✕ ✜★✌✩✪ ♦☛☞ ✫✢✑✌✬✭✓ ✜✦✙❧✒✓ ✘❧✢☛ ✜❧✮

✡ =
0 4 6 4 6 0

2 – (–3) 5
5 –7 1 –7 1 5

= 2 (0 – 20) + 3 (– 42 – 4) + 5 (30 – 0)

= – 40 – 138 + 150 = – 28

✜★✌✩✪✛✓☛★ ✫✓✐❧ ✯✪★✰✓✓☛★ ✘✓☛ ✜❧✯✜❧ ✜✌❧♦✪✖✢ ✘❧✢☛ ✜❧ ✱✕☛★ ✜✦✓✲✪ ✱✓☛✪✓ ✱✐✥

✡
1
 =

2 6 1

–3 0 5

5 4 –7

     (✜✱✍☛ ✯✪★✰✓ ♦☛☞ ✫✢✑✌✬✭✓ ✜✦✙❧✒✓ ✘❧✢☛ ✜❧)

=
0 5 6 1 6 1

2 – (–3) 5
4 –7 4 –7 0 5

= 2 (0 – 20) + 3 (– 42 – 4) + 5 (30 – 0)

= – 40 – 138 + 150 = – 28

✯✜▲✳✪✴ ✡ = ✡
1

✫✪✴ ✏✑✒✓✔✕✖ ✗ ✙✚✛✓✌✜✪ ✱✑✫✓✥

✵✶✟✆✷✸✹ ✺ ✛✌✬ ✎✘ ✙✓❧✌✒✓✘ ✘✣ ✘✓☛✻✖ ✬✓☛ ✜★✌✩✪✛✓☛★ ✼✛✓ ✯✪★✰✓✓☛★✽ ✘✓☛ ✜❧✯✜❧ ✜✌❧♦✌✪✖✪ ✘❧ ✌✬✛✓ ✤✓✪✓

✱✐✮ ✪✾ ✙✓❧✌✒✓✘ ✘✓ ✌✿❀ ✜✌❧♦✌✪✖✪ ✱✓☛ ✤✓✪✓ ✱✐✥

❁❂❃✆❄❅  ✕✓✢ ✍✣✌✤✎ ✡ = 

1 2 3

1 2 3

1 2 3

a a a

b b b

c c c

✜✦✧✓✕ ✜★✌✩✪ ♦☛☞ ✫✢✑✌✬✭✓ ✜✦✙❧✒✓ ✘❧✢☛ ✜❧ ✱✕ ✜✓✪☛ ✱✐★

✡ = a
1
 (b

2
 c

3
 – b

3
 c

2
) – a

2 
(b

1
 c

3
 – b

3
 c

1
) + a

3
 (b

1
 c

2
 – b

2
 c

1
)

✜✱✍✣ ✫✓✐❧ ✪✣✙❧✣ ✜★✌✩✪✛✓☛★ ✘✓☛ ✜❧✯✜❧ ✜✌❧♦✌✪✖✪ ✘❧✢☛ ✫✧✓✓✖✪❆ R
2
❇R

3 
✙☛ ✜✦✓✲✪ ✢✛✓ ✙✓❧✌✒✓✘
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✆
1
 =

1 2 3

1 2 3

1 2 3

c c c

b b b

a a a

❣✝✞ ✟✠✡ ☛☞✠✌☞ ✍✎✏✑☛ ✒✡✓ ✔✕✖✏✗✘✙ ✍✚✠✌✛✙ ✜✌✕✡ ✍✌✢

✆
1 
 = a

1
 (c

2
 b

3
 – b

2
 c

3
) – a

2
 (c

1
 b

3
 – c

3
 b

1
) + a

3
 (b

2
 c

1
  – b

1
 c

2
)

=  – [a
1
 (b

2
 c

3
 – b

3
 c

2
) – a

2
 (b

1
 c

3
 – b

3
 c

1
) + a

3
 (b

1
 c

2
 – b

2
 c

1
)] ✍✚✙✐☛ ❣✙✡☛✙ ❣✝✞

❀❣ ✣✍✤✥ ❣✝ ✏✜ ✆
1
 = – ✆

✟✠☞ ✍✚✜✙✌✢ ❣❜ ✏✜✦❣☞✎ ✗✙✡ ✣☛✎✧✙✙✡✎ ✜✙✡ ✍✌✣✍✌ ✍✏✌✒✏☛★☛ ✜✌✜✡ ✩✑☛ ✍✏✌✛✙✙❜ ✜✙✡ ✠✪❀✙✏✍☛ ✜✌ ✠✜☛✡ ❣✝✎✞

✫❢✬✭✮✯✰✱ ❣❜ ✍✎✏✑☛❀✙✡✎ ✒✡✓ ✍✌✣✍✌ ✍✏✌✒☛★✕ ✜✙✡ R
i
 ✲ R

j
 ✔✙✝✌ ✣☛✎✧✙✙✡✎ ✒✡✓ ✍✌✣✍✌ ✍✏✌✒☛★✕ ✜✙✡

C
i
 ✲ C

j
 ✒✡✓ ♦✙✌✙ ✏✕✏✗★✤✥ ✜✌☛✡ ❣✝✎✞

♠✳✰✴✵✯✰ ✶ ❀✏✗ ✆ = 

2 –3 5

6 0 4

1 5 –7

 ❣✝ ☛✙✡ ✷✖✛✙✸❜★ ✹ ✜✙ ✠✪❀✙✍✕ ✜☞✏✺✻✞

✴✼  ❣❜ ✽✙☛ ✜✌ ✾✖✒✡✓ ❣✝✎ ✏✜ ✆ = 

2 –3 5

6 0 4

1 5 –7

 = – 28 (✗✡✏♥✙✻ ✩✗✙❣✌✛✙ ✿)

R
2
 ✔✙✝✌ R

3
 ✜✙✡ ✍✌✣✍✌ ✍✏✌✒✏☛★☛ ✜✌✕✡ ✍✌ ✔❞✙✙★☛❁ R

2
 ✲ R

3 
✠✡

✆
1
 =

2 –3 5

1 5 –7

6 0 4

✍✚✙✐☛ ❣✙✡☛✙ ❣✝✞

✠✙✌✏✛✙✜ ✆
1
 ✜✙✡ ✍❣❂☞ ✍✎✏✑☛ ✒✡✓ ✔✕✖✏✗✘✙ ✍✚✠✌✛✙ ✜✌✕✡ ✍✌ ❣❜ ✍✚✙✐☛ ✜✌☛✡ ❣✝✎ ✏✜

✆
1
 =

5 –7 1 –7 1 5
2 – (–3) 5

0 4 6 4 6 0

= 2 (20 – 0) + 3 (4 + 42) + 5 (0 – 30)

= 40 + 138 – 150 = 28

✣✍✤✥☛❀✙ ✆
1
 = – ✆

✔☛✈ ✷✖✛✙✸❜★ ✹ ✠✪❀✙✏✍☛ ❣✖✔✙✞
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☎✆✝✞✟✠✡ ☛ ✥☞✌ ✍✎ ✏✑✒☞✓✑✎ ✎✔ ✎✑✕✖✗ ✌✑✕ ✘✙☞✚✛✥✑✜ ✢✣✤✑✦✑ ✧✛✙★✑✩ ✏✪✑✫ ✬✭✙ ✢✏★✑✔ ✏✙✮✛ ✣✦✥✦

✏✪✑✫ ✬✭✙✩❧ ✛✑✕ ✏✑✒☞✓✑✎ ✎✑ ✪✑✫ ✯✑✰✱✥ ✬✑✕✛✑ ✬✭✲

♠✳✳✴✵✞  ✥☞✌ ✬✪ ✏✑✒☞✓✑✎ ✶ ✎✔ ✏✪✑✫ ✘✙☞✚✛✥✑✕✙ ✢✥✑ ✧✛✙★✑✑✕✙✩ ✎✑✕ ✘✒✧✘✒ ✘☞✒✦☞✛✗✛ ✎✒ ✌✕✛✕ ✬✙ ✭ ✛✑✕ ✶

✎✑ ✪✑✫ ✘☞✒✦☞✛✗✛ ✫✬✔✙ ✬✑✕✛✑ ✬✭✲

✛✤✑✑☞✘❧ ✮r✓✑✷✪✗ ✸ ✦✕✹ ✣✫r✏✑✒ ✶ ✎✑ ☞❞✺ ✻✌✼ ✮✥✑ ✬✭✲

✖✏☞✼✍ ✶ = – ✶

✥✑ ✶ = 0

✣✑✖✍ ✬✪ ✈✘✒✑✕✚✛ ✮r✓✑✷✪✗ ✎✑ ✍✎ ✈✌✑✬✒✓✑ ✦✕✹ ✽✑✒✑ ✏✾✥✑✘✫ ✎✒✛✕ ✬✭✙✲

♠✿✞❀❁✝✞ ❂  ✶ = 

3 2 3

2 2 3

3 2 3

 ✎✑ ✪✑✫ ❃✑✛ ✎✔☞❄✍✲

❀❣  ✘✬✼✔ ✘✙☞✚✛ ✦✕✹ ✣✫r☞✌✯✑ ✘✐✏✒✓✑ ✎✒✫✕ ✘✒ ✬✪ ✘✐✑❅✛ ✎✒✛✕ ✬✭✙ ☞✎

✶ = 3 (6 – 6) – 2 (6 – 9) + 3 (4 – 6)

 = 0 – 2 (–3) + 3 (–2) = 6 – 6 = 0

✥✬✑✜ R
2
 ✣✑✭✒ R

3
 ✏✪✑✫ ✬✭✙✲

☎✆✝✞✟✠✡ ❆ ✥☞✌ ✍✎ ✏✑✒☞✓✑✎ ✦✕✹ ☞✎✏✔ ✍✎ ✘✙☞✚✛ ✢✣✤✑✦✑ ✧✛✙★✑✩ ✦✕✹ ✘✐✾✥✕✎ ✣❇✥✦ ✎✑✕ ✍✎ ✣❞✒

k, ✏✕ ✮r✓✑✑ ✎✒✛✕ ✬✭✙ ✛✑✕ ✈✏✎✑ ✪✑✫ ★✑✔ k ✏✕ ✮r☞✓✑✛ ✬✑✕ ❄✑✛✑ ✬✭✲

❈❉❊✞✳❋ ✪✑✫ ✼✔☞❄✍ ✶ =

1 1 1

2 2 2

3 3 3

a b c

a b c

a b c

✖✏✎✔ ✘✐✤✑✪ ✘✙☞✚✛ ✦✕✹ ✣✦✥✦✑✕✙ ✎✑✕ k ✏✕ ✮r✓✑✑ ✎✒✫✕ ✘✒ ✘✐✑❅✛ ✏✑✒☞✓✑✎ ✶
1 
✬✭ ✛✑✕

✶
1
 =

1 1 1

2 2 2

3 3 3

k a k b k c

a b c

a b c

✘✐✤✑✪ ✘✙☞✚✛ ✦✕✹ ✣✫r☞✌✯✑ ✘✐✏✒✓✑ ✎✒✫✕ ✘✒❧ ✬✪ ✘✐✑❅✛ ✎✒✛✕ ✬✭✙ ☞✎

✶
1
 = k a

1 
(b

2
 c

3
 – b

3
 c

2
) – k b

1
 (a

2
 c

3
 – c

2
 a

3
) + k c

1
 (a

2
  b

3
 – b

2 
a

3
)

= k [a
1
 (b

2
 c

3
 – b

3
 c

2
) – b

1
 (a

2
 c

3
 – c

2
 a

3
) + c

1
 (a

2
 b

3
 – b

2
 a

3
)] = k ✶

✣✛●

1 1 1

2 2 2

3 3 3

k a k b k c

a b c

a b c

 = k 

1 1 1

2 2 2

3 3 3

a b c

a b c

a b c
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❢✆✝✞✟✠✡

(i) ❜☛ ☞✌✍✎ ✏✑ ✒ ✓✔✕ ✖✗ ✌☛ ✎✘✙ ✚✑ ✛✜ ☛ ✎✘✢✍✎✜ ✜✣ ✢✜☛✣ ✛✜ ✤✥ ✢✦ ✧ ★✎ ✩ ✧✪ ✎✎ ✔✥ ☛ ✔ ☛ ✎✓✒ ✫ ✪ ✎★ ✢✗ ✬✭

☞✌✍✎✗ ① ✎✥ ✮ ✯✎ ✚✘ ✢✗ ✜ ✎✰ ☛✜ ✧✔ ✚✱✥✲

(ii) ★ ✢❀ ✛✜ ☛ ✎✘ ✢✍✎✜ ✜✣ ✢✜✳ ✚✣✥ ❀ ✎ ✔ ✤✥ ✢✦ ✧★ ✎✔✥ ✴ ★ ✎ ✩ ✧✥ ✪ ✎✎ ✔✥ ✵ ✓✔✕ ☛✥ ☞✧ ✖ ✓★ ✓ ☛✑ ✎✗ ✌✤ ✎ ✧✣ ✴ ✫☛✣

✖ ✗ ✌✤ ✎ ✧ ✑ ✔✥✵ ✚✱✙ ✧ ✯ ✫ ☛✜ ✎ ✑ ✎✗ ✈ ✎✶✳ ★ ✚ ✎ ✔✧✎ ✚ ✱✲ ✫ ❀ ✎ ✚✘ ✍✎ ✧✷

✸ = 

1 2 3

1 2 3

1 2 3

a a a

b b b

k a k a k a

 = 0 (✤✥ ✢✦ ✧ ★✎ ✐ R
2
 ✓ R

3
 ☛✑ ✎✗ ✌✤ ✎ ✧✣ ✚ ✱)

♠ ✹✺ ✻✼✽✺ ✾  ☛ ✎✘ ✢✍✎✜

102 18 36

1 3 4

17 3 6

✜ ✎ ✑ ✎✗ ❞ ✎ ✧ ✜✣ ✢✿✛

✻❣ è ★ ✎✗ ❀ ✣✢✿✛ ✢✜

6(17) 6(3) 6(6) 17 3 6102 18 36

1 3 4 1 3 4 6 1 3 4 0

17 3 6 17 3 6 17 3 6

(☞✌✍✎ ✏✑ ✒ 3 ✖ ✎✱✘ ❁ )

❂❃✽✺ ❄❅❆ 5  ★ ✢❀ ✛✜ ☛ ✎✘ ✢✍✎✜ ✜✣ ✛✜ ✤✥ ✢✦ ✧ ★ ✎ ✩ ✧✥ ✪ ✎ ✓✔✕ ✓✌✕ ❇ ★✎ ☛ ✪✎✣ ✖ ✓★✓ ❀ ✎ ✔ ✴ ★ ✎ ✖ ✢✏✜✵

✤❀ ✎ ✔✥ ✓✔✕ ★ ✎ ✔☞✤✕ ✰ ✓✔✕ ❈✤ ✑ ✔✥ ❉ ★✦ ✧ ✚✎ ✔✥ ✧ ✎ ✔ ☛ ✎✘ ✢✍✎✜ ✜ ✎ ✔ ❀ ✎ ✔ ✴ ★✎ ✖ ✢✏✜✵ ☛ ✎✘ ✢✍✎✜✎ ✔✥ ✓✔✕ ★ ✎ ✔☞✤✕ ✰ ✓✔✕

❈✤ ✑ ✔✥ ❉ ★✦ ✧ ✢✜ ★ ✎ ✿✎ ☛✜ ✧ ✎ ✚ ✱✲

✫❀ ✎✚✘ ✍✎✧ ★✎

1 1 2 2 3 3

1 2 3

1 2 3

a a a

b b b

c c c

 = 

1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

a a a

b b b b b b

c c c c c c

❊❋●✺ ❍■ ✯ ✎✐ ★✎ ✤ ❏✎ =

1 1 2 2 3 3

1 2 3

1 2 3

a a a

b b b

c c c

✤❑▲ ✎✑ ✤✥ ✢✦ ✧ ✓✔✕ ✖ ✗ ✌ ✢❀ ✈ ✎ ✤ ❑☛✘ ✍✎ ✜✘✗ ✔ ✤✘ ✚✑ ✤ ✎ ✧ ✔ ✚ ✱✥ ✢✜

✸ = (a
1
 + ▼

1
) (b

2
 c

3
 – c

2
 b

3
) – (a

2
 + ▼

2
) (b

1
 c

3
 – b

3
 c

1
)

+ (a
3
 + ▼

3
) (b

1
 c

2
 – b

2
 c

1
)
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= a
1
 (b

2
 c

3
 – c

2
 b

3
) – a

2
 (b

1
 c

3
 – b

3
 c

1
) + a

3
 (b

1
 c

2
 – b

2
 c

1
)

+ ☛
1
 (b

2
 c

3
 – c

2
 b

3
) – ☛

2
 (b

1
 c

3
 – b

3
 c

1
) + ☛

3
 (b

1
 c

2
 – b

2
 c

1
)

(✐☎✆ ✝✞ ✟✆ ✝ ✠✡☞✌✍✎✆ ✏ ✟✑✒✝ ✐✑)

 =

1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

a a a

b b b b b b

c c c c c c

 = ☎✆ ♥ ✡✆ ✐✓✆

❜ ✔✕ ✐✖ ✟✆ ✑ ☎ ✗✔✑ ✕ ✐✞ ✌✘ ✏ ✡✆ ✝✞ ☞ ✍✏✞ ✙✆ ✆ ✝✞ ☞✝ ✚ ✌✛ ✜ ✢✣ ✤✥✦✆ ✧✣★ ✩ ✟✆ ✔✪✡✆ ✐✒ ✟✑ ✔✟✏✝ ✢✫✞ ✬

♠ ✭✮ ✯✰✱✮ ✲ ✳ ☎✴✆ ✆ ★❜ ✜ ✌✟ 2 2 2 0

a b c

a x b y c z

x y z

✯❣ ✢ ✣ ✵✆ ✒ ✏✝ ✢✫✞ ✌✟ 2 2 2

a b c

a x b y c z

x y z

  = 
2 2 2

a b c a b c

a b c x y z

x y z x y z

(✤✥✦✆ ✧✣★ ✩ ☞✝ ✚ ✶✆ ✑✆)

= 0 + 0 = 0 (✤✥✦✆ ✧✣★ ✷ ✸✆ ✫✑ ✹ ✟✆ ✐✖ ✡✆✝ ✤ ✟✑✒ ✝ ✐✑)

✺✻✱✮ ✼✽✾ ✿ ✡ ✌☎ ✜✟ ✔✆ ✑ ✌✦✆ ✟ ☞✝ ✚ ✌✟✔ ✕ ✐✞ ✌✘ ✏ ✡✆ ✍✏✞ ✙✆ ☞✝ ✚ ✐✖ ✪✡✝ ✟ ✸☞ ✡☞ ✣✝✞ ❀ ☎ ✗✔✑ ✕ ✐✞ ✌✘ ✏ ✡✆ ✍ ✏✞ ✙✆

☞✝ ✚ ✔✞ ✤✏ ✸☞ ✡☞✆ ✝✞ ☞✝ ✚ ✔✣✆ ✒ ✤✥✦✆ ✵✆ ✝✞ ✟✆ ✝ ✵✆ ✝ ♦❁ ✌☎ ✡✆ ✵✆ ✏✆ ✢✫ ✏✆ ✝ ✔✆✑ ✌✦✆ ✟ ✟✆ ✣✆ ✒ ☞ ✢ ✕ ✑ ✢✏✆ ✢✫ ✬ ✸ ✎✆ ✆ ★ ✏❂❀

✡✌☎ ✢✣  R
i
  ❃ R

i
 + kR

j
 ✡✆ C

i
 ❃ C

i
 + k C

j
 ✟✆ ✐✖ ✡✆ ✝ ✤ ✟✑✝ ✞ ✏✆ ✝ ✔✆ ✑ ✌✦✆ ✟ ✟✆ ✣✆ ✒ ☞ ✢✕ ✑ ✢✏✆ ✢✫ ✬

❧❄❅✮ ❆❇

✣✆ ✒ ✛ ✕✌✵✜ ❈ =

1 2 3

1 2 3

1 2 3

a a a

b b b

c c c

 ✸✆ ✫✑ ❈
1
 = 

1 1 2 2 3 3

1 2 3

1 2 3

a k c a k c a k c

b b b

c c c

,

✵✢✆♥ ❈
1 

✔✞ ✌❉ ✡✆ R
1
 ❃ R

1
 + kR

3
 ☞✝ ✚ ✐✖ ✡✆ ✝ ✤ ✶✆ ✑✆ ✐✖✆ ❊ ✏ ✢✆✝ ✏✆ ✢✫

✡ ✢✆ ♥ ✢ ✣ ✏✕✔✑ ✕ ✐✞ ✌✘ ✏ (R
3
) ☞✝ ✚ ✸☞✡☞✆✝ ✞ ✟✆✝ ✸❋✑ k ✔✝ ✤✥✦✆ ✆ ✟✑☞✝ ✚ ✸✆ ✫✑ ● ❍✢✝✞ ✐✢✛ ✕ ✐✞ ✌✘ ✏ (R

1
) ☞✝ ✚

✔✞ ✤✏ ✸☞✡☞✆✝ ✞ ✣✝✞ ✵✆✝ ♦❁ ✏✝ ✢✫✞ ✬

✔✞☞✝ ✚✏✒ ✶✆ ✑✆ ❜ ✔ ✔✞ ✌❉ ✡✆ ✟✆ ✝ ❜ ✔ ✐✖ ✟✆ ✑ ✌✛ ■ ✆ ✏✝ ✢✫✞ ✌✟ R
1
 ❃ R

1
 + k R

3



❧�✁✂✄�☎        125

✈✆ ✝✞✟✠

✡
1
 =

1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

a a a k c k c k c

b b b b b b

c c c c c c

 (①✞☛☞✌✍✎ ✏ ✑✒✓ ✔☞✕☞)

= ✡ + 0 (t✆ ✖✗ R
1
 ✈☞✘✕ R

3
 ✙✍☞✟✞✝☞✚✛ ✜✘✢)

✈✚✠ ✡ = ✡
1

❢✣✤✥✦✧★

(i) ❀✖✩ ✙☞✕✖☛☞✗ ✡ ✍✒✢ R
i
 ✪ kR

i
  ❀☞ C

i
 ✪ kC

i 
✑✒✓ ✝♦❀☞✒① ✙✒ ✝♦☞✫✚ ✙☞✕✖☛☞✗ ✡

1
✜✘✬ ✚☞✒

✡
1
 = k✡.

(ii) ❀✖✩ ✭✗ ✙☞✮☞ R
i
 ✪ R

i
 + kR

j
 t✘✙✛ ✙✢✖✯❀☞✈☞✒✢ ✗☞ ✭✗ ✙✒ ✈✖✌✗ ✆☞✕ ✝♦❀☞✒① ✖✗❀☞ ①❀☞

✜☞✒ ✚☞✒ ❣❀☞✟ ✩✒✟☞ ✰☞✖✜✭ ✖✗ ✝✜✱✛ ✙✢✖✯❀☞ ✙✒ ✝♦✲☞☞✖✑✚ ✝✢✖✳✚ ✗☞ ✈✴❀ ✙✢✖✯❀☞ ✍✒✢ ✝♦❀☞✒① ✟✜✛✢

✜☞✒✟☞ ✰☞✖✜✭✵ ✶✛✗ ✷✙✛ ✝♦✗☞✕ ✗✛ ✖✸✫✝☛☞✛ ✹✚✢✲☞☞✒✢ ✗✛ ✙✢✖✯❀☞✈☞✒✢ ✍✒✢ ✝♦❀☞✒① ✗✛ t☞✚✛ ✜✘✵

♠✺✻✼✽✾✻ ✿✿ ✖✙❁ ✗✛✖t✭ ✖✗ ✡ = 
32 3 2 4 3 2

3 6 3 10 6 3

a a b a b c

a a b a b c a

a a b a b c

✼❂  ✙☞✕✖☛☞✗ ✡ ✍✒✢ R
2
 ✪ R

2
 – 2R

1
 ✈☞✘✕ R

3
 ✪ R

3
 – 3R

1
 ✗☞ ✝♦❀☞✒① ✗✕✟✒ ✝✕ ✜✍ ✝☞✚✒ ✜✘✢ ✖✗

✡ = 0 2

0 3 7 3

a a b a b c

a a b

a a b

✝✞✟✠ R
3
 ✪ R

3
 – 3R

2 
, ✗☞ ✝♦❀☞✒① ✗✕✟✒ ✙✒ ✜✍ ✝☞✚✒ ✜✘✢ ✖✗

✡ = 0 2

0 0

a a b a b c

a a b

a

C
1 
✑✒✓ ✈✟✞✖✩❃☞ ✝♦✙✕☛☞ ✗✕✟✒ ✝✕

✡ =
2

0

a a b
a

a
 + 0 + 0

= a (a2 – 0) = a (a2) = a3 ✝♦☞✫✚ ✜☞✒✚☞ ✜✘✵
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♠☎✆✝✞✟✆ ✠✡ ✐☛☞✌✍✎ ✏✑✒ ✏✓✔✎ ✏☞✕ ✑✖✏✗✒ ✏✑

✘ = 0

1 1 1

x y y z z x

z x y

✝❣  ✘ ❡✙✚ R
1
 ✛ R

1
 + R

2 
✑✎ ✐☛❞✎✙✜ ✑✌✔✙ ✐✌ ✢❡ ✐✎✣✙ ✢✤✚

✘ =

1 1 1

x y z x y z x y z

z x y

✈✓ R
1
 ✈✎✤✌ R

3
 ♦✙✥ ✈♦❞♦ ☞❡✎✔✦✐✎✣✖ ✢✤✚✧

❜☞✏★✒ ✘ = 0

♠☎✆✝✞✟✆ ✠✩ ✏✔❢✔✏★✏✪✎✣ ✑✎ ❡✎✔ ✫✎✣ ✑✖✏✗✒

✘ =

1

1

1

a bc

b c a

c ab

✝❣  R
2
 ✛ R

2
 – R

1
 ✈✎✤✌ R

3
 ✛ R

3
 – R

1
, ✑✎ ✐☛❞✎✙✜ ✑✌✔✙ ✐✌ ✢❡ ✐✎✣✙ ✢✤✚ ✏✑

✘ =

1

0 ( )

0 ( )

a bc

b a c a b

c a b a c

R
2
 ✈✎✤✌ R

3 
☞✙ ❧❡✬✎✭ (b – a) ✈✎✤✌ (c – a) ✮✯✎❞✏✔✰✱ ★✙✔✙ ✐✌ ✢❡ ✐✎✣✙ ✢✤✚ ✏✑

✘ =

1

( ) ( ) 0 1 –

0 1 –

a bc

b a c a c

b

= (b – a) (c – a) [(– b + c)] (✐✢★✙ ✲✣✚✯✎ ♦✙✥ ✈✔✦✏✳✬✎ ✐☛☞✌✍✎ ✑✌✔✙ ✐✌)

= (a – b) (b – c) (c – a)
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♠✆✝✞✟✠✝ ✡☛ ✥☞✌ ✍✎✥✏✑ ✥✍ 4

b c a a

b c a b abc

c c a b

✞❣ ✒✓✔ ✕✎✥✏✑

✖ =

b c a a

b c a b

c c a b

☞✓✗✥✘✓✍ ✙✗ R
1
 ✚ R

1
 – R

2
 – R

3
 ✍✓ ✙❞✛✓✜✢ ✍✗✔✜ ✙✗ ✣✒ ✙✓✤✜ ✣✦✧ ✥✍

✖ =

0 –2 –2c b

b c a b

c c a b

R
1 
♦✜★ ✩✔✪✥✫✬✓ ✙❞☞✗✘✓ ✍✗✔✜ ✙✗ ✣✒ ✙✓✤✜ ✣✦✧ ✥✍

✖ = 0 – (–2 )
c a b b b

c
c a b c a b

 (–2 )
b c a

b
c c

= 2 c (a b + b2 – bc) – 2 b (b c – c2 – ac)

= 2 a b c + 2 cb2 – 2 bc2 – 2 b2c + 2 bc2 + 2 abc

= 4 abc

♠✆✝✞✟✠✝ ✡✭ ✛✥✫ x, y, z ✥♦✥❢✓✮✔ ✣✓✜✧ ✩✓✦✗

2 3

2 3

2 3

1

1 0

1

x x x

y y y

z z z

,

✤✓✜ ✫✬✓✓r✯✑ ✥✍ 1 + xyz = 0

✞❣ ✣✒✜✧ ✰✓✤ ✣✦ ✖ = 

2 3

2 3

2 3

1

1

1

x x x

y y y

z z z

✖ =

2 2 3

2 2 3

2 2 3

1

1

1

x x x x x

y y y y y

z z z z z

 (✢✪✘✓①✒r ✱ ♦✜★ ✙❞✛✓✜✢ ✲✓✗✓)
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=

2 2

2 2 2

2 2

1 1

( 1) 1 1

1 1

x x x x

y y xyz y y

z z z z

 (C
3
✡C

2
 ✈☎✆✝ ✞✟ C

1
 ✡ C

2 
♦✠☛ ☞✌✍☎✠✎ ✏☎✝☎)

=

2

2

2

1

1 (1 )

1

x x

y y xyz

z z

=

2

2 2

2 2

1

1 0

0

x x

xyz y x y x

z x z x

(R
2
✑R

2
– R

1
 ✈☎✆✝ R

3
 ✑ R

3
–R

1 
❞☎ ☞✌✍☎✠✎ ❞✝✒✠ ☞✝✓

R
2
 ❧✠ (y – x) ✈☎✆✝ R

3 
❧✠ (z – x) ♠✔☎✍✕✒✖✗ ✘✠✒✠ ☞✝ ✙✚ ☞✌☎✛✞ ❞✝✞✠ ✙✆✜ ✕❞

✢ =

21

(1+ ) ( – ) ( – ) 0 1

0 1

x x

xyz y x z x y x

z x

= (1 + xyz) (y – x) (z – x) (z – y)  (C
1
 ♦✠☛ ✈✒✣✕✤✥☎ ☞✌❧✝✦☎ ❞✝✒✠ ☞✝✓

♣✧★✕❞ ✢ = 0 ✈☎✆✝ x, y ✈☎✆✝ z  ❧✔☎✩ ✕✔☎✪✒ ✙✆✜✫

✈✞✬ x – y ✭ 0, y – z ✭ 0, z – x ✭ 0, ❧✠ ✙✚✠✜ 1 + xyz = 0 ☞✌☎✛✞ ✙☎✠✞☎ ✙✆✐

✮✯✰✱✲✳✰ ✴✵ ✤✥☎☎♥✶✷ ✕❞ 

1 1 1
1 1 1

1 1 1 1

1 1 1

a

b abc abc bc ca ab
a b c

c

✱❣  R
1
, R

2
 ✈☎✆✝ R

3 
✚✠✜ ❧✠ ❡✚✥☎✬

 
a, b ✈☎✆✝ c ♠✔☎✍✕✒✖✗ ✘✠✒✠ ☞✝ ✙✚ ☞✌☎✛✞ ❞✝✞✠ ✙✆✜ ✕❞

✟☎★✍☎ ☞❝☎  =

1 1 1
1

1 1 1
1

1 1 1
1

a a a

abc
b b b

c c c

R
1
✑ R

1 
+ R

2 
+ R

3 
❞☎ ☞✌✍☎✠✎ ❞✝✒✠ ☞✝ ✙✚ ☞☎✞✠ ✙✆✜ ✕❞
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✆ =

1 1 1 1 1 1 1 1 1
1 1 1

1 1 1
1

1 1 1
1

a b c a b c a b c

abc
b b b

c c c

✝ ✝ ✝ ✝ ✝ ✝ ✝ ✝ ✝

✝

✝

❀✞ ✆ =

1 1 1

1 1 1 1 1 1
1+ 1

1 1 1
1

abc
a b c b b b

c c c

✟ ✠
✡ ✡ ✡☛ ☞

✌ ✍

✡

✈✎ C
2 
✏ C

2 
– C

1
 ✈✞✑✒ C

3 
✏ C

3 
– C

1 
❞✞ ✓✔❀✞✕✖ ❞✒✗✕ ✓✒ ✘✙ ✓✞✚✕ ✘✑✛ ✜❞

✆ =

1 0 0

1 1 1 1
1+ 1 0

1
0 1

abc
a b c b

c

✟ ✠
✡ ✡☛ ☞

✌ ✍

= ✢ ✣
1 1 1

1 1 1– 0abc
a b c

✤ ✥
✦ ✦ ✦ ✧ ★✩ ✪✫ ✬

✭ ✮

=
1 1 1

1+abc
a b c

✯ ✰
✱ ✱✲ ✳

✴ ✵
 = abc + bc + ca + ab = ♥✞✶❀✞ ✓✷✞

✸❢✹✺✻✼✽✾  ✈✿❀ ✜❁✜❂ ❃✞✒✞  C
1
 ✏ C

1
 – C

2
 ❁ C

3
 ✏ C

3
 – C

2
, ❞✞ ✈✗❄✓✔❀✞✕✖ ❞✒❁✕❅ ✚❆✞✞

C
1
✏ C

1 
– a C

3
 ❞✞ ✓✔❀✞✕✖ ❞✒❁✕❅ ❇✓✒✞✕❈✚ ❇♥✞✘✒❉✞ ❞✞✕ ✘❊ ❞✒✗✕ ❞✞ ✓✔❀❋✗ ❞✒✕✛●

✻✐❍■✽❏❑✾  4.2

✜✎✗✞ ✓✔▲✒❉✞ ✜❞▼ ✈✞✑✒ ▲✞✒✜❉✞❞✞✕✛ ❁✕❅ ✖❄❉✞❂✙✞✕◆ ❞✞ ✓✔❀✞✕✖ ❞✒❁✕❅ ✜✗❖✗✜❊✜P✞✚ ✓✔◗✗ ❘ ▲✕ ❙ ❞✞✕ ✜▲❚

❞❯✜❱▼●

1. 0

x a x a

y b y b

z c z c

❲

❲ ❳

❲

2. 0

a b b c c a

b c c a a b

c a a b b c

3. 

2 7 65

3 8 75 0

5 9 86

❳
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4.

☎ ✆

☎ ✆

☎ ✆

1

1 0

1

bc a b c

ca b c a

ab c a b

✝

✝ ✞

✝

5. 2

b c q r y z a p x

c a r p z x b q y

a b p q x y c r z

✟ ✟ ✟

✟ ✟ ✟ ✠

✟ ✟ ✟

❧✡☛☞✌✡✍✡✎✏ ✑✎✒ ✓✔✌✡✕✖✡✎✗ ✍✡ ✘✙✚✡✎✓ ✍☛✑✎✒ ✘✙✛✜ ✢ ❧✎ ✣✤ ✥✍ ✍✡✎ ☞❧✦ ✍✧☞★✩✪

6.

0

0 0

0

a b

a c

b c

✫

✫ ✫ ✠    7.

2

2 2 2 2

2

4

a ab ac

ba b bc a b c

ca cb c

✫

✫ ✠

✫

8. (i)  
✬ ✭✬ ✭✬ ✭

2

2

2

1

1

1

a a

b b a b b c c a

c c

✠ ✫ ✫ ✫

(ii)  ✮ ✯✮ ✯✮ ✯✮ ✯
3 3 3

1 1 1

a b c a b b c c a a b c

a b c

✠ ✫ ✫ ✫ ✟ ✟

9.

2

2

2

x x yz

y y zx

z z xy

= (x – y) (y – z) (z – x) (xy + yz + zx)

10. (i)  ✰ ✱✰ ✱
2

4 2 2

2 4 5 4 4

2 2 4

x+ x x

x x+ 2x x x

x x x+

✠ ✟ ✫

(ii)  
2 3

y + k y y

y y + k y k y k

y y y + k

11. (i)  
3

2 2

2 2

2 2

a b c a a

b b c a b a b c

c c c a b
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(ii)  ✆ ✝
3

2

2 2

2

x y z x y

z y z x y x y z

z x z x y

✞ ✞

✞ ✞ ✟ ✞ ✞
✞ ✞

12.

2

2
2 3

2

1

1 1

1

x x

x x x

x x

13. ✠ ✡

2 2

3
2 2 2 2

2 2

1 2 2

2 1 2 1

2 2 1

a b ab b

ab a b a a b

b a a b

☛ ☞ ☞

☞ ☛ ✌ ☛ ☛

☞ ☞ ☞

14.

2

2 2 2 2

2

1

1 1

1

a ab ac

ab b bc a b c

ca cb c

✐✍✎✏ ✑✒✓✔✕ 15 r✖✕✕ 16 ❡✗✒ ✑✘✙ ✚✛✕✜ ✢✣✤✏✥✦

15. ✔✤❀ A ✥✱ 3 × 3 ✱✕✗✤❞ ✱✕ ✧★✩ ✪✕✫✔✬✘ ✘✭ r✕✗ | kA| ✱✕ ❡✕✏ ✘✕✗★✕✮
(A) k | A | (B) k2 | A | (C) k3 | A | (D) 3k | A |

16. ✤✏❢✏✤✯✤✓✕r ❡✗✒ ✑✗ ✱✕✭✏ ✑✕ ✱✖✕✏ ✑✘✙ ✘✭✦

(A) ✑✕✜✤✰✕✱ ✥✱ ✧★✩ ✪✕✫✔✬✘ ✘✭✦

(B) ✑✕✜✤✰✕✱ ✥✱ ✪✕✫✔✬✘ ✑✗ ✑✒✲✳ ✥✱ ✑✒✓✔✕ ✘✭✦

(C) ✑✕✜✤✰✕✱ ✥✱ ✧★✩ ✪✕✫✔✬✘ ✑✗ ✑✒✲✳ ✥✱ ✑✒✓✔✕ ✘✭✦

(D) ❜✏❡✗✒ ✑✗ ✱✕✗❜✩ ✏✘✙✒✦

4.4  ✴✵✶✷✶✸✹ ✺✶ ✻✶✼✵✶✽✾✿ (Area of a Triangle)

✘❡✏✗ ✤✐❣✯✙ ✱❁✕✕✪✕✗✒ ❡✗✒ ✑✙✓✕✕ ✘✭ ✤✱ ✥✱ ✤❂✕❃✕✣❄ ✤❄✑✧✗❅ ✎✕✙❆✕✩❇✲❀✣ (x
1
, y

1
), (x

2
, y

2
) r✖✕✕ (x

3
, y

3
),

✘✕✗✒ r✕✗ ✚✑✱✕ ❁✕✗❂✕✐❅✯ ✫✔✒❄✱ 
1

2
[x

1
(y

2
–y

3
) + x

2
 (y

3
–y

1
) + x

3
 (y

1
–y

2
)] ⑥✕✜✕ ✫✔❈r ✤✱✔✕ ❄✕r✕

✘✭✦ ✪✲ ❜✑ ✫✔✒❄✱ ✱✕✗ ✑✕✜✤✰✕✱ ✧✗❅ ❉✐ ❡✗✒ ❜✑ ✐✍✱✕✜ ✤✯✓✕✕ ❄✕ ✑✱r✕ ✘✭✮

❊ =

1 1

2 2

3 3

1
1

1
2

1

x y

x y

x y

... (1)
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❢☎✆✝✞✟✠

(i) ❉✡☛☞✌✍✎ ✏☛☞✑☛✒✓✔ ✕✎ ✖✗☛✘✙✎ ✚☛✍✛☛ ✜☛☞✢✣ ✜✤ ✥✦✍✔✕ ✜✙ ✦✧✤★ ✩✪✫ ✙☞✌ ✦☛✚✍✬☛✎ ✎☛ ✍✗✚✒☞✏☛

✙☛✗ ✔☞✢☞ ✜✤✌❡

(ii) ✡✍✧ ✏☛☞✑☛✒✓✔ ✍✧✡☛ ✜☛☞ ✢☛☞ ❀✬☛✗☛ ★☞✓ ✍✔✕ ✦☛✚✍✬☛✎ ✎☛ ✖✗☛✘✙✎ ✭☛✤✚ ✮✬☛☛✘✙✎ ✧☛☞✗☛☞✌ ✙☛✗☛☞✌ ✎☛

✒✐✡☛☞❀ ✎✣✍✯✕❡

(iii) ✢✣✗ ✦✌✚☞r☛ ✰✱✧✲✭☛☞✌✌ ✦☞ ✱✗☞ ✍✑☛✳☛✲✯ ✎☛ ✏☛☞✑☛✒✓✔ ✛☛✴✵✡ ✜☛☞❀☛❡

♠✶✷✸✹✺✷ ✻✼ ✕✎ ✍✑☛✳☛✲✯ ✎☛ ✏☛☞✑☛✒✓✔ ✽☛✢ ✎✣✍✯✕ ✍✯✦★☞✓ ✛☛✣✾☛✿ (3, 8), (–  4, 2) ✭☛✤✚ (5, 1) ✜✤✌❡

✸❣ ✍✑☛✳☛✲✯ ✎☛ ✏☛☞✑☛✒✓✔❁

❂ =

3 8 1
1

4 2 1
2

5 1 1

–    =  ❃ ❄ ❃ ❄ ❃ ❄
1

3 2 1 8 4 5 1 4 10
2

– – – – – –❅ ❆ ❇❈ ❊

 = ❋ ●
1 61

3 72 14
2 2

–❍ ■

♠✶✷✸✹✺✷ ✻❏ ✦☛✚✍✬☛✎☛☞✌ ✎☛ ✒✐✡☛☞❀ ✎✚★☞✓ A(1, 3) ✭☛✤✚ B (0, 0) ✎☛☞ ✯☛☞❞❑✗☞ ★☛✔✣ ✚☞r☛☛ ✎☛ ✦✙✣✎✚✬☛

✽☛✢ ✎✣✍✯✕ ✭☛✤✚ k ✎☛ ✙☛✗ ✽☛✢ ✎✣✍✯✕ ✡✍✧ ✕✎ ✰✱✧✲ D(k, 0) ✥✦ ✒✐✎☛✚ ✜✤ ✍✎ ❂ ABD ✎☛

✏☛☞✑☛✒✓✔ 3 ★❀✿ ✥✎☛✥✿ ✜✤❡

✸❣ ✙☛✗ ✔✣✍✯✕  AB ✒✚ ✎☛☞✥✿ ✰✱✧✲ P (x, y) ✜✤ ✢✱ ❂ ABP ✎☛ ✏☛☞✑☛✒✓✔ =  0 (❉✡☛☞✌?)

✥✦✍✔✕

0 0 1
1

1 3 1
2

1x y

 = 0

✥✦✦☞ ✒✐☛❜✢ ✜✤ ▲ ▼
1

3
2

y – x  = 0 ✡☛ y = 3x

✯☛☞ ✭✳☛✣✾t ✚☞r☛☛ AB ✎☛ ✦✙✣✎✚✬☛ ✜✤❡

✍✎✌✢✲ ❂ ABD ✎☛ ✏☛☞✑☛✒✓✔ ◆ ★❀✿ ✥✎☛✥✿ ✍✧✡☛ ✜✤ ✭✢❁

1 3 1
1

0 0 1
2

0 1k

 = ± 3  ✜✙☞✌ ✒✐☛❜✢ ✜✤  
3

3
2

k❖
P ◗ , i.e., k = ❘  2
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✐✆✝✞✟✠✡☛ ☞✌✍

1. ❢✎✏✎❢✑❢✒✓✔ ✕✖✗✘✙✚ ✛✙✜ ❢✢✣ ✤✣ ✥✓✦✧✓★ ✩✪✢✫✬✓✙✜ ✭✓✑✙ ❢✮✓✯✓✫✰✓✙✜ ✚✓ ✱✓✙✮✓✕✲✑ ✳✓✔ ✚✦❢✰✣✴

(i) (1, 0), (6, 0), (4, 3) (ii) (2, 7), (1, 1), (10, 8)

(iii) (–2, –3), (3, 2), (–1, –8)

2. ✢✥✓✓★♥✣ ❢✚ ✩✪✢✫ A (a, b + c), B (b, c + a) ✬✓✈✵ C (c, a + b) ✶✜✵✙✒✓ ✷✈✜✴

3. ✕✖✗✘✙✚ ✛✙✜ k ✚✓ ✛✓✎ ✳✓✔ ✚✦❢✰✣ ✘❢✢ ❢✮✓✯✓✫✰✓✙✜ ✚✓ ✱✓✙✮✓✕✲✑ 4 ✭✤★ ♥✚✓♥★ ✷✈ ✰✷✓♦ ✥✓✦✧✓★✩✪✢✫
❢✎✏✎❢✑❢✒✓✔ ✷✜✈✸
(i) (k, 0), (4, 0), (0, 2) (ii) (–2, 0), (0, 4), (0, k)

4. (i) ✶✓✵❢✹✓✚✓✙✜ ✚✓ ✕✖✘✓✙✤ ✚✵✭✙✲ (1, 2) ✬✓✈✵ (3, 6) ✚✓✙ ❢✛✑✓✎✙ ✭✓✑✦ ✵✙✒✓✓ ✚✓ ✶✛✦✚✵✹✓ ✳✓✔
✚✦❢✰✣✴

(ii) ✶✓✵❢✹✓✚✓✙✜ ✚✓ ✕✖✘✓✙✤ ✚✵✭✙✲ (3, 1) ✬✓✈✵ (9, 3) ✚✓✙ ❢✛✑✓✎✙ ✭✓✑✦ ✵✙✒✓✓ ✚✓ ✶✛✦✚✵✹✓ ✳✓✔
✚✦❢✰✣✴

5. ✘❢✢ ✥✓✦✧✓★ (2, –6), (5, 4) ✬✓✈✵ (k, 4) ✭✓✑✙ ❢✮✓✯✓✫✰ ✚✓ ✱✓✙✮✓✕✲✑ ✺✻ ✭✤★ ♥✚✓♥★ ✷✓✙ ✔✓✙ k ✚✓
✛✓✎ ✷✈✸

(A) 12 (B) –2 (C) –12, –2 (D) 12, –2

4.5  ♠✐✼✟✽✾✿✟❀ ❁✟❂✽ ✼❃❄✟❅❆ (Minor and Co-factor)

♥✶ ✬✎✫❜❇✙✢ ✛✙✜ ✷✛ ❈✕✶✓✵❢✹✓✚✓✙✜ ✬✓✈✵ ✶✷✒✓✜❉✓✙✜ ✚✓ ✕✖✘✓✙✤ ✚✵✭✙✲ ✶✓✵❢✹✓✚✓✙ ✭✙✲ ✕✖✶✵✹✓ ✚✓ ❢✭❊✔❋✔ ●✕
❢✑✒✓✎✓ ✶✦✒✓✙✜✤✙✴

❍■❏❑▲▲▼▲▲ ◆ ✶✓✵❢✹✓✚ ✭✙✲ ✬✭✘✭ a
ij 
✚✓ ❈✕✶✓✵❢✹✓✚ ✣✚ ✶✓✵❢✹✓✚ ✷✈ ✰✓✙ i ✭✦ ✕✜❢❖✔ ✬✓✈✵ j ✭✓♦ ❊✔✜✯✓

❢✰✶✛✙✜ ✬✭✘✭ a
ij
 ❢❊P✓✔ ✷✈◗ ✚✓✙ ✷❘✓✎✙ ✶✙ ✕✖✓❙✔ ✷✓✙✔✓ ✷✈✴ ✬✭✘✭ a

ij
 ✭✙✲ ❈✕✶✓✵❢✹✓✚ ✚✓✙ M

ij
 ✭✙✲ ❚✓✵✓

❯✘❖✔ ✚✵✔✙ ✷✈✜✴

❱❲❳❨❩❬❭  n(n ❪ 2) Ø✛ ✭✙✲ ✶✓✵❢✹✓✚ ✭✙✲ ✬✭✘✭ ✚✓ ❈✕✶✓✵❢✹✓✚ n – 1 Ø✛ ✚✓ ✶✓✵❢✹✓✚ ✷✓✙✔✓ ✷✈✴

❫❴▲❵❏❛▲ ◆❝ ✶✓✵❢✹✓✚

1 2 3

4 5 6

7 8 9

❞ ❡  ✛✙✜ ✬✭✘✭ ❣ ✚✓ ❈✕✶✓✵❢✹✓✚ ✳✓✔ ✚✦❢✰✣✴

❵❤  ❖✘✓✙✜❢✚ ❣ ✢❥✶✵✦ ✕✜❢❖✔ ✣✭✜ ✔❋✔✦✘ ❊✔✜✯✓ ✛✙✜ ❢❊P✓✔ ✷✈✴ ♥✶❢✑✣ ♥✶✚✓ ❈✕✶✓❢✵✹✓✚ = M
23

❢✎✏✎❢✑❢✒✓✔ ✕✖✚✓✵ ✶✙ ✕✖✓❙✔ ✷✓✙✔✓ ✷✈✴

M
23

 =
1 2

7 8
 = 8 – 14 = – 6 (❦ ✶✙ R

2
 ✬✓✈✵ C

3
 ✷❘✓✎✙ ✕✵)
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✐☎✆✝✞✞✟✞✞ ✠ ✥✡ ☛☞✌☞ a
ij  
✡❞ ✍✎✏❞✑✒ ✓✔✍✕ A

ij
 ⑥❞✖❞ ✗✌✘✙ ✡✖✙✕ ✎✚✑✛ ✔✎❞✜

A
ij
 = (–1)i + j M

ij
,

☞✕♦ ⑥❞✖❞ ✢✓✖✣❞❞✓✤❞✙ ✡✖✙✕ ✎✚✑ ✔✎❞✜ a
ij  
✡❞ ✦✢✍❞✖✓✧❞✡ M

ij
 ✎✚❣

♠★✞✩✆✪✞ ✠✫ ✍❞✖✓✧❞✡ 
1 2

4 3

–
 ☞✕♦ ✍✣❞✬ ☛☞✌☞❞✕ ✑ ☞✕♦ ✦✢✍❞✖✓✧❞✡ ☞ ✍✎✏❞✑✒ ✭❞✙ ✡✬✓✔✥❣

✩✮ ☛☞✌☞ a
ij
 ✡❞ ✦✢✍❞✖✓✧❞✡ M

ij 
✎✚❣

✌✎❞✜ a
11

 = 1, ❜✍✓✯✥ M
11

 = a
11
✡❞ ✦✢✍❞✖✓✧❞✡ = 3

M
12

 = ☛☞✌☞ a
12

 ✡❞ ✦✢✍❞✖✓✧❞✡ = 4

M
21

 = ☛☞✌☞ a
21

 ✡❞ ✦✢✍❞✖✓✧❞✡ = – 2

M
22

 = ☛☞✌☞ a
22

 ✡❞ ✦✢✍❞✖✓✧❞✡ = 1

☛✈ a
ij
 ✡❞ ✍✎✏❞✑✒ A

ij 
✎✚❣ ❜✍✓✯✥

A
11

 = (–1)1 + 1  M
11

 = (–1)2 (3) = 3

A
12

 = (–1)1 + 2  M
12

 = (–1)3 (4) = – 4

A
21

 = (–1)2 + 1  M
21

 = (–1)3 (–2) = 2

A
22

 = (–1)2 + 2  M
22

 = (–1)4 (1) = 1

♠★✞✩✆✪✞ ✠✰ ✱ =  

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 ☞✕♦ ☛☞✌☞❞✕✑ a
11

 ✙r❞❞ a
21

 ☞✕♦ ✦✢✍❞✖✓✧❞✡ ☛❞✚✖ ✍✎✏❞✑✒

✭❞✙ ✡✬✓✔✥❣

✩✮ ✦✢✍❞✖✓✧❞✡ ☛❞✚✖ ✍✎✏❞✑✒ ✡✬ ✢✓✖✣❞❞✤❞❞ ⑥❞✖❞ ✎✲ ✢❞✙✕ ✎✚✑✳

a
11 
✡❞ ✦✢✍❞✖✓✧❞✡ = M

11
 = 

22 23

32 33

a a

a a
 = a

22
 a

33
– a

23
 a

32

a
11

 ✡❞ ✍✎✏❞✑✒ = A
11

 = (–1)1+1  M
11

 = a
22

 a
33

 – a
23 

a
32

a
21

 ✡❞ ✦✢✍❞✖✓✧❞✡ = M
21

 = 
12 13

32 33

a a

a a
 = a

12
 a

33
 – a

13 
a

32

a
21

 ✡❞ ✍✎✏❞✑✒ = A
21

 = (–1)2+1  M
21

 = (–1) (a
12 

a
33 

– a
13 

a
32

) = – a
12 

a
33 

+ a
13 

a
32
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❢✆✝✞✟✠✡ ✥☛☞✌✍✎☞ ✏✑ ✒✓✔ ✕☞✍✖✎☞✗ ✘✘ ✗☞ R
1
✙✓✚ ✕☞✛✓✜☞ ✛✢✕✍✎☞ ✗✍✣✓ ✛✍ ✌✒ ✛☞✤✓ ✌✦✔ ✖✗

✘ = (–1)1+1 a
11

 
22 23

32 33

a a

a a
+ (–1)1+2 a

12
 

21 23

31 33

a a

a a  + (–1)1+3  a
13

 

21 22

31 32

a a

a a

= a
11 

A
11

 + a
12 

A
12

 + a
13 

A
13

, t✌☞✧ a
ij
 ✗☞ ✕✌❞☞✔★ A

ij 
✌✦✔❣

= R
1
 ✙✓✚ ♦✙✩✙☞✓✔ ♦☞✦✍ ✥✣✙✓✚ ✕✔✪✤ ✕✌❞☞✔★☞✓✔ ✙✓✚ ✪✫✎☞✣✛✚✬ ✗☞ ✩☞✓✪❣

❜✕✭ ✛✢✗☞✍ ✘ ✗☞ R
2
, R

3
, C

1
, C

2
 ♦☞✦✍ C

3 
✙✓✚ ♦✣✫✖☛✮☞ ✯ ✛✢✕✍✎☞ ♦✰✩ ✛✢✗☞✍ ✕✓ ✌✦ ✔❣

♦✤✈ ✕☞✍✖✎☞✗ ✘ , ✖✗✕✭ ✛✔✖✱✤ ✲✩☞ ✳✤✔✴☞✵ ✙✓✚ ♦✙✩✙☞✓✔ ♦☞✦✍ ✥✣✙✓✚ ✕✔✪✤ ✕✌❞☞✔★☞✓✔ ✙✓✚ ✪✫✎☞✣✛✚✬

✗☞ ✩☞✓✪ ✌✦❣

✶✷✸✹✺✻✼✽ ✩✖☛ ❀✗ ✛✔✖✱✤ ✲✩☞ ✳✤✔✴☞✵ ✙✓✚ ♦✙✩✙☞✓✔ ✗☞✓ ♦✰✩ ✛✔✖✱✤ ✲✩☞ ✳✤✔✴☞✵ ✙✓✚ ✕✌❞☞✔★☞✓✔

✕✓ ✪✫✎☞☞ ✖✗✩☞ t☞❀ ✤☞✓ ✥✣✗☞ ✩☞✓✪ ✮☞✾✰✩ ✌☞✓✤☞ ✌✦❣ ✥☛☞✌✍✎☞✤✩☞✿ ✒☞✣☞ ✘ = a
11 

A
21

 + a
12 

A
22

+ a
13 

A
23

 
 
✤r✈

✘ = a
11

 (–1)1+1 
12 13

32 33

a a

a a + a
12

 (–1)1+2 11 13

31 33

a a

a a
+ a

13
 (–1)1+3 11 12

31 32

a a

a a

=

11 12 13

11 12 13

31 32 33

a a a

a a a

a a a

 = 0 ( ✱✩☞✓✔✖✗ R
1
 ♦☞✦✍ R

2
 ✕✒☞✣ ✌✦✔)

❜✕✭ ✛✢✗☞✍ ✌✒ ♦✰✩ ✛✔✖✱✤✩☞✓✔ ♦☞✦✍ ✳✤✔✴☞☞✓✔ ✙✓✚ ✖✬❀ ✛✢✩❁✣ ✗✍ ✕✗✤✓ ✌✦ ✔❣

♠❂✼❃❄✻✼ ❅❅ ✕☞✍✖✎☞✗  

2 3 5

6 0 4

1 5 7

–

–

✙✓✚ ♦✙✩✙☞✓✔ ✙✓✚ ✥✛✕☞✍✖✎☞✗ ♦☞✦✍ ✕✌❞☞✔★ ❆☞✤ ✗✭✖t❀ ♦☞✦✍

✕❁✩☞✖✛✤ ✗✭✖t❀ ✖✗ a
11

 A
31

 + a
12 

A
32

 + a
13 

A
33

= 0 ✌✦❣

❃❇ ✩✌☞✧    M
11

 = 
0 4

5 7–
 = 0 –20 = –20;  ❜✕✖✬❀ A

11
 = (–1)1+1 (–20) = –20

M
12

 = 
6 4

1 7–
 = – 42 – 4 = – 46; ❜✕✖✬❀ A

12
 = (–1)1+2 (– 46) = 46

M
13

 = 
6 0

1 5
 = 30 – 0 = 30; ❜✕✖✬❀  A

13
 = (–1)1+3 (30) = 30
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M
21

 = 
3 5

5 7

–

–
 = 21 – 25 = – 4;  ❜☎✆✝✞ A

21
 = (–1)2+1 (– 4) = 4

M
22

 = 
2 5

1 7–
 = –14 – 5 = –19;  ❜☎✆✝✞ A

22
 = (–1)2+2 (–19) = –19

M
23

 = 
2 3

1 5

–
 = 10 + 3 = 13; ❜☎✆✝✞  A

23
 = (–1)2+3 (13) = –13

M
31

 = 
3 5

0 4

–
 = –12 – 0 = –12;  ❜☎✆✝✞ A

31
 = (–1)3+1 (–12) = –12

M
32

 = 
2 5

6 4
 = 8 – 30 = –22; ❜☎✆✝✞  A

32
 = (–1)3+2 (–22) = 22

✈✟✠✡ M
33

 = 
2 3

6 0

–
 = 0 + 18 = 18; ❜☎✆✝✞  A

33
 = (–1)3+3 (18) = 18

✈☛ a
11 

= 2, a
12

 = –3, a
13

 = 5;  r☞✟✟A
31

 = –12, A
32

 = 22, A
33

 = 18 ❣✠✌

❜☎✆✝✞ a
11

 A
31 

+ a
12 

A
32

 + a
13 

A
33

         = 2 (–12) + (–3) (22) + 5 (18) = –24 – 66 + 90 = 0

✐✍✎✏✑✒✓✔ ✕✖✕

✆❢✗❢✆✝✆✘✟r ☎✟✡✆✙✟✚✟✛✜ ✢✛✣ ✈✢✤✢✟✛ ✜ ✢✛✣ ✥✦☎✟✡✆✙✟✚ ✞✢✜ ☎❣✘✟✜✧ ✆✝✆✘✟✞✌

1. (i)  
2 4

0 3

–
(ii)

a c

b d

2. (i)  

1 0 0

0 1 0

0 0 1

(ii)

1 0 4

3 5 1

0 1 2

–

3. ♥★☎✡✩ ✦✜✆✪r ✢✛✣ ✈✢✤✢✟✛ ✜ ✢✛✣ ☎❣✘✟✜✧✟✛✜ ✚✟ ✦✫✤✟✛✬ ✚✡✢✛✣ ✭ = 

5 3 8

2 0 1

1 2 3

 ✚✟ ❞✟❢ ✮✟r ✚✩✆✯✞✌
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4. r✆✝✞✟ ✠r✡☛☞ ✌✟✍ ✎✌✏✌☞✟✡ ✌✟✍ ✝✑✒☞✡✓☞✟✡ ✔☞ ✕✖✏☞✟✗ ✔✞✌✟✍  ✘ = 

1

1

1

x yz

y zx

z xy
✔☞ ❞☞✙ ✚☞r ✔✆✛✜✢✣

5. ✏✛❀ ✘ = 

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 ✎☞✈✞ a
ij  
✔☞ ✝✑✒☞✡✓ A

ij
 ✑☞✟ r☞✟ ✘ ✔☞ ❞☞✙ ✛✙✤✙✛✥✛✒☞r ✦✕ ❞✟✡

❖✏✧r ✛✔✏☞ ✜☞r☞ ✑✈★

(A) a
11 

A
31

+ a
12 

A
32

 + a
13 

A
33

(B) a
11 

A
11

+ a
12 

A
21

 + a
13 

A
31

(C) a
21 

A
11

+ a
22 

A
12

 + a
23 

A
13

(D) a
11 

A
11

+ a
21 

A
21

 + a
31 

A
31

4.6  ✩✪✫✬✭✮ ✯✰✱ ✲✮✳✪✴✵✶ ✩✪✷✸ ✫✬✹✺✻✼ (Adjoint and Inverse of a Matrix)

✛✕❢✥✟ ✎✽✏☞✏ ❞✟✡ ✑❞✙✟ ✢✔ ✎☞❖✏✾✑ ✌✟✍ ❖✏✿❁❂❞ ✔☞ ✎✽✏✏✙ ✛✔✏☞ ✑✈✣ ❃✝ ✎✙✿❄❢✟❀ ❞✟✡ ✑❞ ✢✔

✎☞❖✏✾✑ ✌✟✍ ❖✏✿❁❂❞ ✌✟✍ ✎✛✠r❁✌ ✌✟✍ ✛✥✢ ❅☞r☞✟❆ ✔✆ ☛☞✆ ❖✏☞✒✏☞ ✔✞✟✡✗✟✣

A–1 ✚☞r ✔✞✙✟ ✌✟✍ ✛✥✢ ✕✑✥✟ ✑❞ ✢✔ ✎☞❖✏✾✑ ✔☞ ✝✑✒☞✡✓✜ ✕✛✞☛☞☞✛❑☞r ✔✞✟✡✗✟✣

4.6.1  ❇❈❉❊❋● ❍❈ ■●❏❈▲▼◆ (Adjoint of a matrix)

✐P◗❘❙❙❚❙❙ ❯ ✢✔ ✌✗❱ ✎☞❖✏✾✑ A = [a
ij
] ✔☞ ✝✑✒☞✡✓✜❲ ✎☞❖✏✾✑ [A

ij
] ✌✟✍ ✕✛✞✌r❱ ✌✟✍ ✦✕ ❞✟✡ ✕✛✞☛☞☞✛❑☞r ✑✈❲

✜✑☞t A
ij
❲ ✎✌✏✌ a

ij 
 ✔☞ ✝✑✒☞✡✓ ✑✈✣ ✎☞❖✏✾✑ A ✌✟✍ ✝✑✒☞✡✓✜ ✔☞✟ adj A ✌✟✍ ♦☞✞☞ ❖✏✧r ✔✞r✟ ✑✈✡✣

❞☞✙ ✥✆✛✜✢ A =

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 ✑✈✣

r❳ adj A =

11 12 13

21 22 23

31 32 33

A A A

A A A

A A A

❨❦ ❩❬❥❭❪❫
11 21 31

12 22 32

13 23 33

A A A

= A A A

A A A

❴ ❵
❛ ❜
❛ ❜
❛ ❜❝ ❡

✑☞✟r☞ ✑✈✣

♠❣❙❤◗♥❙ ♣❯ ✎☞❖✏✾✑ 
2 3

A =
1 4

 ✔☞ ✝✑✒☞✡✓✜ ✚☞r ✔✆✛✜✢✣
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❣☎  ✆ ✝ ✞✟✠ ✡ ☛ ✆ ☞✌ ✍✎ A
11

 = 4, A
12

 = –1, A
21

 = –3, A
22

 = 2

✈✡✏ adj A =
11 21

12 22

A A 4 –3
 =

A A –1 2

✑ ✒ ✑ ✒
✓ ✔ ✓ ✔

✕ ✖✕ ✖

❢✗ ✘✙ ✚ ✛✜  2 × 2 ✎✟ ☛✍❞ ✢☛✣ ✢✤✥ ✈ ✟✦✧★✆ A = 
11 12

21 22

a a

a a

✩ ✪
✫ ✬
✭ ✮

 ✎✟ ✯✆ ✰ ✟✌ ✱ ✞ adj A, a
11

 ✈ ✟ ☞✲ a
22

 ✎✟ ☛ ✳✲✴✳✲

❝✵ ✶✠ ☛ ✷✢✌ a
12

 ✈ ✟☞✲ a
21 

✢☛✣ ✍♦✸ ✳ ✍✲ ✢✍✡ ✥✡ ✎✲ ✵ ☛✠ ☛ ✯☛ ✹ ✟✺ ✳ ✻ ✟✼✡ ✍✎✧ ✟ ✞✟ ✯✎✡ ✟ ✆ ☞ ✞☞ ✯✟ ✠ ✺♦ ☛ ✵ ✽ ✟✟✥ ✧ ✟

✤ ✧ ✟ ✆ ☞✾

 

✆ ✝ ✍❝✠ ✟ ✿✳✳ ✍❀✟ ✢☛✣ ✍✠ ❁✠ ✍✶ ✍✰ ✟✡ ✳ ✻✝☛ ✧ ✍✠ ✍✵✥ ❂❞ ✎✲✡ ☛ ✆ ☞✌✾

✐❃❄❅❆ ❇ ✧ ✍✵ A ✎✟ ☛❈✥ n ✎✟☛ ✍❞ ✎✟ ✈ ✟ ✦✧★✆ ✆ ☞ ✡ ✟☛❉ A(adj A) = (adj A) A = ❊ ❋ , ✞✆ ✟t I, n ✎✟☛ ✍❞

✎✟ ✡ ● ✯✝✎ ✈ ✟ ✦✧★✆ ✆ ☞✾

❧❍❆■✐ ❏❑ ✝✟✠ ✶ ✺✍✞✷

A =

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

, ✆ ☞ ✡ ❝ 

11 21 31

12 22 32

13 23 33

A A A

A = A A A

A A A

adj

▲ ▼
◆ ❖
◆ ❖
◆ ❖P ◗

❘ ✧✟ ☛✌ ✍✎ ✷✎ ✳✌ ✍❘ ✡ ✧✟ ✴✡✌ ✹✟ ✢☛✣ ✈ ✢✧✢✟ ☛✌ ✎✟ ✯✌✤✡ ✯✆✰ ✟✌ ✱ ✟☛✌ ✎✺ ✤ ❙❚ ✟✟ ✎✟ ✧✟ ☛✤ |A | ✢☛ ✣ ✯✝✟✠ ✆ ✟ ☛✡ ✟

✆ ☞ ✈ ❯✧❱ ✟ ✟ ✽ ✟★ ❯ ✧ ✆ ✟ ☛✡ ✟ ✆ ☞✾

❈ ✯ ✳ ✻✎✟✲ A (adj A) =

A 0 0

0 A 0

0 0 A

❲ ❳
❨ ❩
❨ ❩
❨ ❩❬ ❭

 = A  

1

0 0

0 0

0 0

❪ ❫
❴ ❵
❴ ❵
❴ ❵❛ ❜

❡

❡  = A  I

❈ ✯✺ ✳ ✻✎✟✲❉ ✆ ✝ ✵ ✽ ✟✟✥ ✯✎✡ ☛ ✆ ☞✌ ✍✎ (adj A) A = |A | I

✈✡✏ A (adj A) = (adj A) A = |A | I ✯● ✧✟ ✍✳✡ ✆ ☞✾
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✐✆✝✞✟✟✠✟✟ ✡ ✱☛ ☞✌✍ ✎✏✑✒✓✔ A ✎✑✒✈✕✖✗✘✏✙✒ (singular) ☛✔❞✏✚✏ ✔✛ ✒✜✢ A  = 0 ✔✛❣

♠✢✏✔✣✘✏ ☞✤✥ ✜❞✱ ✎✏✑✒✓✔  A = 
1 2

4 8
 ☛✏ ✦✏✣✜✘✏☛ ✧✏✓★✒ ✔✛❣ ✎✚✩ A ✎✑✒✈✕✖✗✘✏✙✒ ✔✛❣

✐✆✝✞✟✟✠✟✟ ✪ ✱☛ ☞✌✍ ✎✏✑✒✓✔  A ✑✒✈✕✖✗✘✏✙✒ (non-singular) ☛✔❞✏✚✏ ✔✛ ✒✜✢ A  ✫ 0

✗✏❡ ❞✙✜✬✱ A = 
1 2

3 4
 ✔✏✤ ✚✏✤ A = 

1 2

3 4
 = 4 – 6 = – 2 ✫ 0 ✔✛❣

✎✚✩ A ✑✒✈✕✖✗✘✏✙✒ ✔✛❣

✔✗ ✜❡✭❡✜❞✜✮✏✚ ✯✰✗✤✒ ✜✲❡✏ ♠✯✯✜✳✏ ☞✤✥ ✜❡✜✢✍✴✵ ☛✣ ✣✔✤ ✔✛✶❣

✐✷✸✹✺ ✻ ✒✜✢ A ✚r✏✏ B ✢✏✤❡✏✤✶ ✱☛ ✔✙ ☛✏✤✜✵ ☞✤✥ ✑✒✈✕✖✗✘✏✙✒ ✎✏✑✒✓✔ ✔✏✤ ✶ ✚✏✤ AB ✚r✏✏ BA ❍✏✙ ♠✦✙

☛✏✤✜✵ ☞✤✥ ✑✒✈✕✖✗✘✏✙✒ ✎✏✑✒✓✔ ✔✏✤✚✤ ✔✶✛❣

✐✷✸✹✺ ✼ ✎✏✑✒✓✔✏✤✶ ☞✤✥ ✌✈✘✏❡✯✥❞ ☛✏ ✦✏✣✜✘✏☛ ♠❡☞✤✥ ✖✗✧✏✩ ✦✏✣✜✘✏☛✏✤✶ ☞✤✥ ✌✈✘✏❡✯✥❞ ☞✤✥ ✦✗✏❡ ✔✏✤✚✏

✔✛ ✎r✏✏✍✚✽ AB  = A  B , ✬✔✏t A ✚r✏✏ B ✦✗✏❡ ☛✏✤✜✵ ☞✤✥ ☞✌✍ ✎✏✑✒✓✔ ✔✛✶❣

❢✾✿❀❁❂❃ ✔✗ ✬✏❡✚✤ ✔✛✶ ✜☛ (adj A) A = A  I = 

A 0 0

0 A 0

0 0 A

✢✏✤❡✏✤✶ ✎✏✤✣ ✎✏✑✒✓✔✏✤✶ ☛✏ ✦✏✣✜✘✏☛ ❞✤❡✤ ✯✣♥

( A)Aadj  =

A 0 0

0 A 0

0 0 A

✎r✏✏✍✚✽ |(adj A)| |A| =
3

1 0 0

A 0 1 0

0 0 1

(❉✒✏✤✶?)

✎r✏✏✍✚✽ |(adj A)| |A| =
3

A  (1)

✎r✏✏✍✚✽ |(adj A)| =
2

A

✑✒✏✯☛ ❖✯ ✦✤♥ ✒✜✢ n ☛✏✤✜✵ ☛✏ ✱☛ ☞✌✍ ✎✏✑✒✓✔ A ✔✏✤ ✚✏✤ |adjA| = |A |n – 1 ✔✏✤✌✏❣
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✐☎✆✝✞ ✟ ✱✠ ✡☛☞ ✌✍✎✏✑✒ A ✡♦✓ ✎✏✔✕✖✗ ✠✍ ✌✘✙✚✕✡ ✒✛✜ ✏✘✢ ✌✍✛✣ ✡♦✓✡✤ ✏✘✢ A ✎✏✔✕✖✗❖✍✥✏ ✌✍✎✏✑✒ ✒✛✦

♠✐✐✧★✩ ✗✍✪ ✤✥✘✫✱ n ✠✍♦✘❞ ✠✍ ✎✏✔✕✖✗❖✍✥✏ ✌✍✎✏✑✒ A ✒✛ ✌✍✛✣ n ✠✍♦✘❞ ✠✍ ✚✕✬✗✠ ✌✍✎✏✑✒ I ✒✛✦

✚r n ✠✍♦✘❞ ✡♦✓ ✱✠ ✡☛☞ ✌✍✎✏✑✒ B ✠✍ ✌✘✙✚✕✡ ✭✬ ✮✯✠✍✣ ✒✍♦ ✚✍✘✠ AB = BA = I

✌r AB = I  ✒✛ ✚✍♦ |AB | = | I |    ✏✍ |A | |B | = 1    (❉✏✍♦✰✘✠ | I | = 1, |AB | = |A | |B |)

✭✬✬♦ ✮✯✍❜✚ ✒✍♦✚✍ ✒✛ |A | ✲ 0. ✌✚✈ A ✎✏✔✕✖✗❖✍✥✏ ✒✛✦

✘✡✤✍♦✗✚✈ ✗✍✪ ✤✥✘✫✱ A ✎✏✔✕✖✗❖✍✥✏ ✒✛✦ ✚r |A | ✲ 0

✌r A (adj A) = (adj A) A = A I (✮✯✗♦✏ ✳)

✏✍ A 
1 1

A A A I
| A | | A |

adj adj
✴ ✵ ✴ ✵

✶ ✶✷ ✸ ✷ ✸
✹ ✺ ✹ ✺

✏✍ AB = BA = I, ✫✒✍t B = 
1

A
| A |

adj

✌✚✈ A ✡♦✓ ✎✏✔✕✖✗ ✠✍ ✌✘✙✚✕✡ ✒✛ ✌✍✛✣ A–1 = 
1

A
| A |

adj

♠✻✩✼✽✾✩ ✿✟  ✏✘✢ A = 

1 3 3

1 4 3

1 3 4

 ✒✍♦ ✚✍♦ ✬✕✏✍✘✮✚ ✠✥✘✫✱ ✘✠ A. adj A = A . I ✌✍✛✣ A–1

❑✍✚ ✠✥✘✫✱✦

✼❣  ✒✗ ✮✍✚♦ ✒✛✰ ✘✠ A  = 1 (16 – 9) –3 (4 – 3) + 3 (3 – 4) = 1 ✲ 0

✌r  A
11

 = 7,  A
12

 = –1, A
13

 = –1, A
21

 = –3, A
22

 = 1, A
23

 = 0, A
31

 = –3, A
32

 = 0, A
33

 = 1

✭✬✘✤✱ adj A =

7 3 3

1 1 0

1 0 1

❀ ❀❁ ❂
❃ ❄❅❃ ❄
❃ ❄❅❆ ❇

✌r A.(adj A) =

1 3 3 7 3 3

1 4 3 1 1 0

1 3 4 1 0 1

❀ ❀❁ ❂ ❁ ❂
❃ ❄ ❃ ❄❅❃ ❄ ❃ ❄
❃ ❄ ❃ ❄❅❆ ❇ ❆ ❇
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=

7 3 3 3 3 0 3 0 3

7 4 3 3 4 0 3 0 3

7 3 4 3 3 0 3 0 4

=

1 0 0

0 1 0

0 0 1

 = (1)  

1 0 0

0 1 0

0 0 1

 = A . I

✈✆✝✞
1 1

A A
A

adj  =

7 3 3
1

1 1 0
1

1 0 1

 

7 3 3

1 1 0

1 0 1

♠✟✠✡☛☞✠ ✌✍  ❀✎✏ A = 
2 3 1 2

, B
1 4 1 3

, r✆✑ ✒✓❀✆✎✔r ✕✖✎✗✘ ✎✕ (AB)–1 = B–1A–1 ❣✝✙

✡✚ ❣✥ ✗✆✛r✑ ❣✝✜ ✎✕ AB = 
2 3 1 2 1 5

1 4 1 3 5 14

✢ ✢✣ ✤ ✣ ✤ ✣ ✤
✦✧ ★ ✧ ★ ✧ ★✢ ✢ ✢✩ ✪ ✩ ✪ ✩ ✪

❉❀✆✑✜✎✕ AB  = –11 ✫ 0, (AB)–1 ✕✆ ✈✎❞r✓✬ ❣✝ ✈✆✝✞ ✭✒✑ ✎✛✮✛✎✯✎✰✆r ✔✱✕✆✞ ✒✑ ✲❀❉r ✎✕❀✆

✗✆r✆ ❣✝✙

(AB)–1 = 
14 51 1

. (AB)
5 1AB 11

adj
✳ ✳✴ ✵

✶✳ ✷ ✸✳ ✳✹ ✺
 

14 51

5 111

✻ ✼
✽ ✾ ✿

❁ ❂

✈✆✝✞ A  = –11 ❃ 0 ✬ B  = 1 ❃ 0. ✭✒✎✯✘ A–1 ✈✆✝✞ B–1 ✏✆✑✛✆✑✜ ✕✆ ✈✎❞r✓✬ ❣✝ ✈✆✝✞ ✎✗✒✑

✎✛✮✛✎✯✎✰✆r ❢✔ ✥✑✜ ✲❀❉r ✎✕❀✆ ✗✆ ✒✕r✆ ❣✝✙

1 1
4 3 3 21

A ,B
1 2 1 111

❄ ❄✢ ✢✣ ✤ ✣ ✤
✦✢ ✦✧ ★ ✧ ★✢✩ ✪ ✩ ✪

✭✒✎✯✘ 1 1
3 2 4 31

B A
1 1 1 211

 
14 51

5 111
 

14 51

5 111

✻ ✼
✽ ✾ ✿

❁ ❂

✈r❅ (AB)–1 = B–1 A–1 ❣✝✙
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♠ ☎✆ ✝✞✟✆ ✠✡  ✐☛☞ ✌✍✎ ✏✑ ✒✓✌✔✕ ✌ ✒ ✖✎ ✗✘ ✙✚ A = 
2 3

1 2
 ❧✛✓ ✒✜✢✎ A2 – 4A + I

 
= O, ✔✚✎ t I

2 × 2 ✒✎ ❞✌✣ ✒✎ ✕✒ ✑ ✤❧✛ ✒ ✖✎ ✗✘ ✙ ✚ ✚✥ ✖✎ ✥✜ O,   2 × 2 ✒✎ ❞✌✣ ✒✎ ✕ ✒ ✍✎ ✙✦✘ ✖✎ ✗✘ ✙ ✚ ✚ ✥✧ ★❧ ✒✓

❧ ✚✎ ✘✑ ✎ ❧❞ A–1 ❑✎ ✑ ✒✓✌ ✔✕✧

✝ ❣ ✚✛ ✔✎ ✩✑ ❞ ✚✥✪ ✌ ✒ 2 2 3 2 3 7 12
A A.A

1 2 1 2 4 7

✫ ✬ ✫ ✬ ✫ ✬
✭ ✭ ✭✮ ✯ ✮ ✯ ✮ ✯

✰ ✱ ✰ ✱ ✰ ✱

✖✑✈ A2 – 4A + I =
7 12 8 12 1 0

4 7 4 8 0 1

0 0
O

0 0

✲ ✳
✴ ✴✵ ✶

✷ ✸

✖✹ A2 – 4A + I = O

★❧✌❜✕ A A – 4A = – I

✘✎ A  A (A–1) – 4 A A–1 = – I A–1 (☞ ✎ ❞✩ ✎ ❞ ✪ ✖✎ ❞ ✜ A–1 ❧❞ ✺✻✎ ✜ ✼✽ ✢✎✩ ✾ ✎ ✜✎ ✿✘ ✎ ❞ ✪✌ ✒ |A| ❀ 0)

✘✎ A (A A–1) – 4I = – A–1

✘✎ AI – 4I = – A–1

✘✎ A–1 = 4I – A  = 
4 0 2 3 2 3

0 4 1 2 1 2

❁✲ ✳ ✲ ✳ ✲ ✳
❁ ✴✵ ✶ ✵ ✶ ✵ ✶❁✷ ✸ ✷ ✸ ✷ ✸

✖✑✈ A–1 =
2 3

1 2

❂❃❄❅❆ ❇❈❉ ❊❋ ●

✐☛ ✍✩ ❍ ✖✎ ✥✜ ■ ✛❞ ✪ ✐☛✤✘ ❞ ✒ ✖ ✎ ✗✘ ✙✚ ✒✎ ❧ ✚❏✎ ✪▲ ✔ ▼adjoint◆ ❑✎ ✎✑ ✒✓✌ ✔✕

1.
1 2

3 4
2.

1 1 2

2 3 5

2 0 1

✐☛ ✍✩ ❖ ✖ ✎ ✥ ✜ P ✛❞ ✪ ❧ ✤✘✎ ✌✐✑ ✒✓✌✔✕ ✌ ✒ A (adj A) = (adj A) .A = A . I ✚ ✥✧

3.
2 3

4 6
4.

1 1 2

3 0 2

1 0 3
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✐✆✝✞ ✟ ✠✡ 11 ❡✡☛ ☞✌✍ ✎✍ ✐✆✏✑✡✒ ✓✔✕✑✖✗✔✡☛ ✘✡✙ ✕✑✚✏✛❡ ✜☞✢✞✒✔ ✓☞✣✤✏✘ ✗✔✡✥ ✦✔✤ ✒✧☞✢✍★

5.
2 2

4 3
6.

1 5

3 2
7.

1 2 3

0 2 4

0 0 5

8.

1 0 0

3 3 0

5 2 1
9.

2 1 3

4 1 0

7 2 1
10.

1 1 2

0 2 3

3 2 4

11.

1 0 0

0 cos sin

0 sin cos

12. ✑☞✌ A = 
3 7

2 5
 ✓✔✈✩ B = 

6 8

7 9
 ✗✈ ✤✔✡ ✠✏✑✔☞✐✤ ✒✧☞✢✍ ☞✒ (AB)–1 = B–1 A–1 ✗✈★

13. ✑☞✌ A = 
3 1

1 2
 ✗✈ ✤✔✡ ✌✝✔✔r✪✍ ☞✒ A2 – 5A + 7I = O ✗✈ ✪✠✒✧ ✠✗✔✑✤✔ ✠✡ A–1 ✦✔✤ ✒✧☞✢✍★

14. ✓✔✕✑✖✗  A = 
3 2

1 1
 ✘✡✙ ☞♦✍ a ✓✔✈✩ b ✍✡✠✧ ✠☛✱✑✔✍✫ ✦✔✤ ✒✧☞✢✍ ✤✔☞✒

A2 + aA + bI = O ✗✔✡★

15. ✓✔✕✑✖✗ A = 

1 1 1

1 2 3

2 1 3

 ✘✡✙ ☞♦✍ ✌✝✔✔r✪✍ ☞✒ A3– 6A2 + 5A + 11 I = O  ✗✈★

✪✠✒✧ ✠✗✔✑✤✔ ✠✡ A–1 ✦✔✤ ✒✧☞✢✍★

16. ✑☞✌ A = 

2 1 1

1 2 1

1 1 2

, ✤✔✡ ✠✏✑✔☞✐✤ ✒✧☞✢✍ ☞✒ A3 – 6A2 + 9A – 4I = O ✗✈ ✤❣✔✔

✪✠✒✧ ✠✗✔✑✤✔ ✠✡ A–1 ✦✔✤ ✒✧☞✢✍★
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17. ❀☎✆ A,  3 × 3 ❞✝ ✞☎✟ ❞✝ ✠✡☛ ☞✝ ✌ ❀✍✎ ✎ ✏ ✑✝ ✞ |adj A | ❞✝ ✒✝ ✓ ✎✏ ✔

(A) | A | (B) | A |2 (C) | A |3 (D) 3 |A |

18. ❀☎✆ A ❞✝ ✞☎ ✟ ✆✝ ✞ ❞✝ ✌ ❀✕✖✗✒✘ ❀ ☞✝ ✌ ❀ ✍✎ ✎✏ ✑✝ ✞  det (A–1) ❝ ✙✝ ❝ ✙✔

(A) det (A) (B)
1

det (A)
(C) 1 (D) 0

4.7  ❧✚ ✛✜✢✚ ✣✚ ✤✥ ✦✚ ✧ ✛ ✦✚ ★ ✩✪✫✚ ✤✥ ✬✤✭ ✦ ✮✯✰✱ ✩✚ ✤✲ ✳Applications of Determinants and

Matrices)

❜ ✴ ☞✓ ✕✵✶ ✞✆ ✒ ✞✷ ✎ ✒ ✆✝ ✞ ❀✝ ✑✘✓ ☞ ✸✝ ✑ ✙✝ ☎✹✝ ❀✝ ✞✷ ✠ ✞✺ ✙✏☎✻✝ ❞ ✴✒✘❞ ✙✼✝ ☎✓ ❞✝ ❀ ✠ ✞ ✺ ✎ ✽ ☞ ✝ ✏ ✙ ✙✏☎✻ ✝ ❞

✴✒✘❞ ✙✼✝ ✝ ✞✷ ✠ ✞✺ ☎✓ ❞✝ ❀ ❞✘ ✴✷ ✡✑✑✝ ❞✘ ✾✝ ✿❁ ✒ ✞✷ ✴✝ ✙☎✼✝ ❞✝ ✞✷ ☞✝ ✏ ✙ ☞✝ ✌ ❀✍✎✝ ✞✷ ✠✞ ✺ ☞✓ ✕❂❃ ❀✝ ✞ ✡✝ ✞ ✷ ❞✝ ✠ ✼✝ ☛✓ ❞ ✙✞ ✷✡✞❄

❅❆❇❈ ❉ ❊❋● ❍■ ☎✓❞✝ ❀ ✴✷✡✑ ❞✎ ✽✝ ✑✝ ✎✏ ❀☎ ✆ ❜ ✴✠✞ ✺ ✎ ✽✝ ✞✷ ❏❑❞ ❀✝ ☞☎ ▲❞▼ ❞✝ ☞ ☎◆ ✑✖✠ ✎✝ ✞ ✑✝ ✎✏ ❄

✈❅ ❆❇❈ ❉ ❊ ❋● ❍■ ☎✓ ❞✝ ❀ ☞ ✴✷ ✡✑ ❞✎ ✽✝ ✑✝ ✎✏ ❀☎ ✆ ❜ ✴✠ ✞✺ ☎❞ ✴✘ ❖✝ ✘ ✎ ✽ ❞✝ ☞☎ ◆✑ ✖✠ ✓ ✎✘ ✷ ✎✝ ✞✑✝ ✎✏ ❄

P❉ ❢◗❘❙● ❚ ❜ ✴ ☞❯ ❀✝ ❀ ✒ ✞✷ ✎✒ ☞☎❱ ✑✘ ❀ ✎ ✽ ✠✞ ✺ ✴✒✘❞ ✙✼✝ ☎✓ ❞✝ ❀ ✑❞ ✴✘☎✒ ✑ ✙✎ ✞ ✷✡✞❄

4.7.1  ❲❳ ❨❩ ❬❭ ❪❫ ❴ ❨ ❩❵ ❛❡❣ ❤❳ ✐❳ ✐❥ ❦♠❳ ♥ ♦ ❣♣ ♥✐q❳ ❳❫ r ❪❫ ❴ ❦s♥❳❩ ♥❳ ❭ t (Solution of a system

of linear equations using inverse of a matrix)

☞✝ ❜❑ ✎✒ ✙✏☎✻ ✝ ❞ ✴✒✘❞ ✙✼✝ ✝ ✞✷ ✠ ✞✺ ☎✓ ❞✝ ❀ ❞✝ ✞ ☞ ✝✌ ❀ ✍✎ ✴✒ ✘❞ ✙✼✝ ✠ ✞✺ ✉ ❂ ✒ ✞✷ ✌ ❀✇ ✑ ❞ ✙✑✞ ✎ ✏ ✷ ☞ ✝✏ ✙ ☞ ✝✌ ❀ ✍✎

✠✞ ✺ ✌ ❀ ✕✖✗✒ ❞✝ ❂❃ ❀✝ ✞✡ ❞ ✙✠ ✞✺ ② ✴✞ ✎ ✽ ❞ ✙✑ ✞ ✎✏ ✷❄

☎✓ ③✓ ☎✽☎✻ ✝ ✑ ✴✒✘❞ ✙✼✝ ☎✓ ❞✝ ❀ ❂✙ ☎✠❁✝ ✙ ❞✘☎✾❑

a
1
 x + b

1 
y + c

1
 z = d

1

a
2
 x + b

2 
y + c

2
 z = d

2

a
3
 x + b

3 
y + c

3
 z = d

3

✒✝✓ ✽✘☎✾❑

1 1 1

2 2 2

3 3 3

A ,

a b c

a b c

a b c

X =

1

2

3

B

x d

y d

z d

④⑤ ⑥⑦

✑❝ ✴✒✘❞✙✼✝ ☎✓ ❞✝ ❀ AX = B ✠ ✞✺ ✉ ❂ ✒ ✞✷ ☎✓ ③✓ ☎ ✽☎✻ ✝ ✑ ❂❃❞✝ ✙ ✴✞ ✌ ❀✇ ✑ ❞✘ ✾✝ ✴❞ ✑✘ ✎✏ ❄

1 1 1

2 2 2

3 3 3

a b c x

a b c y

a b c z

⑧ ⑨ ⑧ ⑨
⑩ ❶ ⑩ ❶
⑩ ❶ ⑩ ❶
⑩ ❶ ⑩ ❶❷ ❸❷ ❸

 =

1

2

3

d

d

d

⑧ ⑨
⑩ ❶
⑩ ❶
⑩ ❶❷ ❸
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❢✆✝✞❢✟ ✠ ✥✡☛ A ✱☞ ✌✥✍✎✏✑✒✓✔✥ ✕✓✌✥✖✗ ✗✘ ✙✚ ✛✜✢✣✤ ✌✥✍✎✏✑ ☞✓ ✕✡✦✙✎✢ ✗✘✧ ✕✙★ AX = B ✜✣

✗✑ ❣✓✙✣ ✗✘✩ ✡☞

A–1 (AX) = A–1 B (A–1 ✜✣ ❣✖✢✪ ✫✍✒✓✬ ✢✣✤ ✭✓✮✓)

✥✓ (A–1A) X = A–1 B (✜✓✗✯✥✪ ✫✍✒✓✬ ✭✓✮✓)

✥✓ I X = A–1 B

✥✓ X = A–1 B

✥✗ ✕✓✌✥✖✗ ✜✑✔☞✮✒✓ ✡☛✱ ✫✱ ✜✑✔☞✮✒✓ ✡✬☞✓✥ ☞✓ ✕✡✭✙✔✥ ✗❀ ❣✰☛✓✬ ☞✮✙✓ ✗✘ ✲✥✓✣✩✡☞ ✱☞

✕✓✌✥✖✗ ☞✓ ✌✥✍✎✏✑ ✕✡✭✙✔✥ ✗✓✣✙✓ ✗✘✧ ✜✑✔☞✮✒✓✓✣✩ ✢✣✤ ✡✬☞✓✥ ✢✣✤ ✗❀ ☞✮✬✣ ☞✔ ✥✗ ✡✢✡✈ ✕✓✌✥✖✗ ✡✢✡✈

☞✗❀✓✙✔ ✗✘✧

❢✆✝✞❢✟ ✳ ✥✡☛ A ✱☞ ✕✌✥✍✎✏✑✒✓✔✥ ✕✓✌✥✖✗ ✗✘ ✙✚ |A | = 0 ✗✓✣✙✓ ✗✘✧

✛✜ ✡✦❜✓✡✙ ✑✣✩ ✗✑ (adj A) B ❑✓✙ ☞✮✙✣ ✗✘✩✧

✥✡☛ (adj A) B ✴ O, (O ✵✓✖✶✥ ✕✓✌✥✖✗ ✗✘), ✙✚ ☞✓✣✛✪ ✗❀ ✬✗✔✩ ✗✓✣✙✓ ✗✘ ✕✓✘✮ ✜✑✔☞✮✒✓ ✡✬☞✓✥

✕✜✩✫✙ ☞✗❀✓✙✔ ✗✘✧

✥✡☛ (adj A) B = O, ✙✚ ✡✬☞✓✥ ✜✩✫✙ ✥✓ ✕✜✩✫✙ ✗✓✣✫✔ ✲✥✓✣ ✩✡☞ ✡✬☞✓✥ ✢✣✤ ✕✬✩✙ ✗❀ ✗✓✣✩✫✣ ✥✓

☞✓✣✛✪ ❞✓✔ ✗❀ ✬✗✔✩ ✗✓✣✫✓✧

♠✷✞✸✹✺✞ ✳✻ ✡✬✼✬✡❀✡✽✓✙ ✜✑✔☞✮✒✓ ✡✬☞✓✥ ☞✓✣ ✗❀ ☞✔✡✾✱★

2x + 5y = 1

3x + 2y = 7

✸✿ ✜✑✔☞✮✒✓ ✡✬☞✓✥ AX = B ✢✣✤ ♦❣ ✑✣✩ ✡❀✽✓✓ ✾✓ ✜☞✙✓ ✗✘❁ ✾✗✓❂

2 5 1
A ,X B

3 2 7

x

y
❃❄❅❥

✕✚, A  = –11 ✴ 0, ✕✙★ A ✌✥✍✎✏✑✒✓✔✥ ✕✓✌✥✖✗ ✗✘ ✛✜✡❀✱ ✛✜✢✣✤ ✌✥✍✎✏✑ ☞✓ ✕✡✦✙✎✢ ✗✘✧ ✕✓✘✮

✛✜☞✓ ✱☞ ✕✡✭✙✔✥ ✗❀ ✗✘✧

è✥✓✬ ☛✔✡✾✱ ✡☞ A–1 = – 
2 51

3 211

✛✜✡❀✱ X = A–1B = – 
2 5 11

3 2 711

✕❜✓✓✪✙❆
331

1111

x

y
 =

3

1

✕✙★ x = 3, y = – 1
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♠☎✆✝✞✟✆ ✠✡ ❢☛☞☛❢✌❢✍✎✏ ✑✒✓✔✕✖✎ ❢☛✔✎✗

3x – 2y + 3z = 8

2x + y – z = 1

4x – 3y + 2z = 4

✔✎❞ ✘✎✙✗✚✛ ❢✜❢✢ ✑❞ ✛✌ ✔✓❢✣✤✥

✝❣ ✑✒✓✔✕✖✎ ❢☛✔✎✗ ✔✎❞ AX = B ✜❞♦ ✦✧ ✒❞★ ✙✗✩✏ ❢✔✗✎ ✣✎ ✑✔✏✎ ✛✪ ✣✛✎✫

3 2 3 8

A 2 1 1 , X B 1

4 3 2 4

x

y

z

✈✬✭❥

✛✒ ✮❞✍✎✏❞ ✛✪★ ❢✔

A  = 3 (2 – 3) + 2(4 + 4) + 3 (– 6 – 4) = – 17 ✯ 0 ✛✪✥

✘✏✰ A ✙✗✱✲✳✒✖✎✓✗ ✛✪✴ ✘✎✪✕ ✵✑✜❞♦ ✙✗✱✲✳✒ ✔✎ ✘❢✶✏✲✜ ✛✪✥

A
11

 = –1, A
12

 = – 8, A
13

 = –10

A
21

 = –5, A
22

 = – 6, A
23

 = 1

A
31

 = –1, A
32

 = 9, A
33

 = 7

✵✑❢✌✤ A–1 =

1 5 1
1

8 6 9
17

10 1 7

✷ ✷ ✷✸ ✹
✺ ✻✷ ✷ ✷✺ ✻
✺ ✻✷✼ ✽

✘✎✪✕ X =
–1

1 5 1 8
1

A B = 8 6 9 1
17

10 1 7 4

✷ ✷ ✷✸ ✹ ✸ ✹
✺ ✻ ✺ ✻✷ ✷ ✷✺ ✻ ✺ ✻
✺ ✻ ✺ ✻✷✼ ✽ ✼ ✽

✘✏✰

x

y

z

✸ ✹
✺ ✻
✺ ✻
✺ ✻✼ ✽

 =

17 1
1

34 2
17

51 3

✾✸ ✹ ✸ ✹
✺ ✻ ✺ ✻✷ ✷ ✿✺ ✻ ✺ ✻
✺ ✻ ✺ ✻✷✼ ✽ ✼ ✽

✘✏✰ x = 1, y = 2 ✜ z = 3

♠☎✆✝✞✟✆ ✠❀ ✏✓☛ ✑★✍✗✎✘✎❞★ ✔✎ ✗✎❞r ❁ ✛✪✥ ✗❢✮ ✛✒ ✏✓✑✕✓ ✑★✍✗✎ ✔✎❞ ❂ ✑❞ r✱✖✎✎ ✔✕✜❞♦ ✮✚✑✕✓ ✑★✍✗✎

✒❞★ ✣✎❞❡❃ ✮❞★ ✏✎❞ ✛✒❞★ ❄❄ ✧❅✎❆✏ ✛✎❞✏✎ ✛✪✥ ✧✛✌✓ ✘✎❞✕ ✏✓✑✕✓ ✔✎❞ ✣✎❞❡❃☛❞ ✑❞ ✛✒❞★ ✮✚✑✕✓ ✑★✍✗✎ ✔✎ ✮✱r✱☛✎ ✧❅✎❆✏

✛✎❞✏✎ ✛✪✥ ✵✑✔✎ ❇✓✣r❢✖✎✏✓✗ ❢☛✦✧✖✎ ✔✓❢✣✤ ✘✎✪✕ ✘✎✙✗✚✛ ❢✜❢✢ ✑❞ ✑★✍✗✎✤✫ ❈✎✏ ✔✓❢✣✤✥
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❣✆ ❡✝✞ ✟✠✡☛☞ ✌✍✟✠✎ ✏✑✒✓✠ ✔ ✕✠✒✓✠ ✒✖✗✘✝ ✙❡✚✝✛ x, y ✈✝✜✓  z, ⑥✝✓✝ ✡✞✢✡✌✕ ✍✜✣ ✕✤ ✏✠ ✥✦✧

✚✝✕✝✬★ ✔✬✩ ✈✞✪✒✝✓ ✍❡✬✖ ✌✫✝✭✕ ✍✝✬✕✝ ✍✜✛

x + y + z = 6

y + 3z = 11

x + z = 2y

✘✝ x – 2y + z = 0

✦✒ ✡✞❜✝✘ ❜✝✬ A X = B ✔✬✩ ✢✌ ❡✬✖ ✡✟✗✝✝ ☛✝ ✒❜✕✝ ✍✜ ☛✍✝♦

A = 

1 1 1

0 1 3

1 2 1–

, X = 

x

y

z

 ✈✝✜✓  B = 

6

11

0

 ✍✜✣

✘✍✝♦ A 1 1 6 0 1 3 1 9 0– ✍✜✣  ✈✤ ✍❡ adj A ❑✝✕ ❜✓✕✬ ✍✜✖✣

A
11

 = 1 (1 + 6) = 7, A
12

 = – (0 – 3) = 3, A
13

 = – 1

A
21

 = – (1 + 2) = – 3, A
22

 = 0, A
23

 = – (– 2 – 1) = 3

A
31

 = (3 – 1) = 2, A
32

 = – (3 – 0) = – 3, A
33

 = (1 – 0) = 1

✈✕✛  adj A = 

7 –3 2

3 0 –3

–1 3 1

✮ ✯
✰ ✱
✰ ✱
✰ ✱✲ ✳

✦✒ ✌✫❜✝✓ A –1 =
1

A
 adj. (A) = 

7 3 2
1

3 0 3
9

1 3 1

–

–

–

✴ ✵
✶ ✷
✶ ✷
✶ ✷✸ ✹

❉✘✝✬✖✡❜ X = A–1 B

X =

7 3 2 6
1

3 0 3 11
9

1 3 1 0

–

–

–

✮ ✯ ✮ ✯
✰ ✱ ✰ ✱
✰ ✱ ✰ ✱
✰ ✱ ✰ ✱✲ ✳ ✲ ✳

✘✝

x

y

z
 =

1

9
 

42 33 0

18 0 0

6 33 0

✺ ✻✼ ✽
✾ ✿✻ ✻✾ ✿
✾ ✿✺ ✻ ✻❀ ❁

 = 
1

9
 

9

18

27
 = 

1

2

3

✈✕✛ x = 1, y = 2, z = 3
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✐☎✆✝✞ ✟✠✡ ✹☛ ☞

❢✌ ✍✌❢✎❢✏ ✑✒ ✓✔✕✌ ✑✖✗ ✘ ✙✖ ✚ ✒✛ ✜ ✢ ✣✤✥ ✙✦ ✢✛✧★✑ ❢✌ ✛✑✩ ✑✖✗ ✛ ✑ ✙✗✣✒ ✪✫ ✑✬✑ ✪ ✙✗✣✒ ✬ ✖✭ ✮ ✓ ✦✖✗ ✬✣✢✥✛✧★✑

✛✢❢❞✯

1. x + 2y = 2 2. 2x – y = 5 3. x + 3y = 5

2x + 3y = 3 x + y = 4 2x + 6y = 8

4. x + y + z = 1 5. 3x–y – 2z = 2 6. 5x – y + 4z = 5

2x + 3y + 2z = 2 2y – z = –1 2x + 3y + 5z = 2

ax + ay + 2az = 4 3x – 5y = 3 5x – 2y + 6z = –1

❢✌ ✍✌ ❢✎❢✏ ✑ ✒ ✓✔✕✌ ✰ ✙✖ ✘ ✱ ✒✛ ✓✔ ✲✩ ✖✛ ✙✦ ✢✛✧★✑ ❢✌ ✛ ✑✩ ✛ ✑✖ ✪ ✑✳✩ ✴✵ ❢✬❢ ✶ ✙✖ ✵✎ ✛ ✢❢ ❞✯✷

7. 5x + 2y = 4 8. 2x – y = –2 9. 4x – 3y = 3

7x + 3y = 5 3x + 4y = 3 3x – 5y = 7

10. 5x + 2y = 3 11. 2x + y + z = 1 12. x – y + z = 4

3x + 2y = 5 x – 2y – z = 
3

2
2x + y – 3z = 0

3y – 5z = 9 x + y + z = 2

13. 2x + 3y +3 z = 5 14. x – y + 2z = 7

x – 2y + z = – 4 3x + 4y – 5z = – 5

3x – y – 2z = 3 2x – y + 3z = 12

15. ✩ ❢✜ A = 

2 3 5

3 2 4

1 1 2

–

–

–

✸ ✺
✻ ✼
✻ ✼
✻ ✼✽ ✾

 ✵✿ ✒✑ ✖ A–1 ❑ ✑✒ ✛ ✢❢❞✯✷ A–1 ✛ ✑ ✓✔✩ ✑ ✖✣ ✛✧✬ ✖✭ ❢✌ ✍✌ ❢✎❢✏ ✑ ✒

✙✦ ✢✛✧ ★✑ ❢✌ ✛✑✩ ✛ ✑ ✖ ✵✎ ✛ ✢❢❞✯✷

2x – 3y + 5z = 11

3x + 2y – 4z = – 5

x + y – 2z = – 3

16. ✱ kg ❀✩ ✑ ❞❁ ❂ kg ✣✖✵ ✴❃ ✪ ✑✿✧ ❄ kg ♣ ✑✬✎ ✛ ✑ ✦ ✴❅✩ Rs ✚ ❆ ✵✿✷ ❄ kg ❀✩ ✑❞❁ ✱ kg ✣✖✵ ✴❃ ✪ ✑✿ ✧

✚ kg ♣ ✑✬✎ ✛ ✑ ✦ ✴ ❅✩ Rs ❇❆ ✵✿✷ ✚ kg ❀✩ ✑ ❞❁ ❄ kg ✪ ✑✿✧ ❂ kg ♣ ✑✬✎ ✛ ✑ ✦ ✴❅✩

Rs ✰❆ ✵✿✷ ✪ ✑✳✩ ✴✵ ❢✬❢ ✶ ❈ ✑✧ ✑ ✓✔ ✲✩ ✖✛ ✛ ✑ ✦ ✴❅✩ ✓✔❢ ✒ kg  ❑ ✑ ✒ ✛ ✢❢❞✯✷
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❢✆❢✆✝ ✞✟✠✡☛☞✠

♠✌✍✎✏✑✎ ✒✓ ✥✔✕ a, b, c ✴✖✗✘✙✚ ✛✗✜✢ ✔✣✗✤✖ ✦✜✧ ★✗✩ ✔✕✪✗✗✫✬ ✔✚ ✭✗✢✔✮✗✚

✯ = 

a b c

b c a

c a b

 ✚✗ ✙✗✖ ❞✮✗✗✘✙✚ ✦✜✰

✍❣ C
1
 ✱ C

1 
+ C

2
 + C

3
 ✚✗ ✲✳✥✗✩✵ ✚✢✖✩ ✲✢

✯ =

a b c b c

a b c c a

a b c a b

✶ ✶

✶ ✶

✶ ✶

 = (a + b + c) 

1

1

1

b c

c a

a b

= (a + b + c) 

1

0

0

b c

c – b a – c

a – b b – c

(R
2
✱R

2
–R

1
,✛✗✜✢ R

3
✱R

3
–R

1 
✚✗ ✲✳✥✗✩✵ ✚✢✖✩ ✲✢)

= (a + b + c) [(c – b) (b – c) – (a – c) (a – b)]   (C
1 
♦✩✷ ✛✖✸✔✕✹✗ ✲✳✭✢✮✗ ✚✢✖✩ ✲✢)

= ( a + b + c)(– a2 – b2 – c2 + ab + bc + ca)

=
1

2

–
 (a + b + c) (2a2 + 2b2 + 2c2 – 2ab – 2bc – 2ca)

=
1

2

–
 (a + b + c) [(a – b)2 + (b – c)2

 
+ (c – a)2]

t✗✩ ❞✮✗✗✘✙✚ ✦✜ ( ❉✥✗✩✧✔✚ a + b + c > 0 ✛✗✜✢ (a – b)2  + (b – c)2

 
+ (c – a)2

 
> 0)

♠✌✎✍✏✑✎ ✒✺ ✥✔✕  a, b, c ✭✙✗✧★✢ ✻✩✼✽✾ ✙✩✧ ✦✗✧✩ ★✗✩ ✔✖✿✖✔❀✔✪✗★ ✭✗✢✔✮✗✚ ✚✗ ✙✗✖ ❁✗★ ✚✾✔t✬

✯ =

2 4 5 7 8

3 5 6 8 9

4 6 7 9 10

y y y a

y y y b

y y y c

✶ ✶ ✶

✶ ✶ ✶

✶ ✶ ✶

✍❣  R
1
 ✱ R

1 
+ R

3 
– 2R

2
 ✚✗ ✲✳✥✗✩✵ ✚✢✖✩ ✲✢

✯ =

0 0 0

3 5 6 8 9

4 6 7 9 10

y y y b

y y y c

❂ ❂ ❂

❂ ❂ ❂
 = 0 (❉✥✗✩✧✔✚ 2b = a + c)



150        ①�✁✂✄

♠☎✆✝✞✟✆ ✠✡ ✥☛☞☞✌✍✎ ✏✑ ✒☞✓✏✔☞✑

✕ =

✖ ✗

✖ ✗

✖ ✗

2

2

2

y z xy zx

xy x z yz

xz yz x y

✘

✘

✘

= 2xyz (x + y + z)3

✝❣   ✒☞✓✏✔☞✑ ❧✙✚ R
1
 ✛ xR

1
, R

2
 ✛ yR

2 
,
 
R

3
 ✛ zR

3
 ✑☞ ❞✜✢☞✙✣ ✑✓✤✙ ✦☞✧✓ xyz, ✒✙ ★☞☞✣ ✑✓✤✙ ❞✓

✩❧ ❞✜☞✪✫ ✑✓✫✙ ✩✧✚ ✏✑ ✒☞✓✏✔☞✑

✕ =

2 2 2

2
2 2

22 2

1
x y z x y x z

xy y x z y z
xyz

xz yz z x y

C
1
 , C

2
 ✦☞✧✓ C

3 
✒✙ ✬❧☛☞✭ x, y, z ✮★☞✢✏✤✯✰ ✱✙✤✙ ❞✓✲

✕ =

✳ ✴

✳ ✴

✳ ✴

2
2 2

2
2 2

2
2 2

y z x x
xyz

y x z y
xyz

z z x y

✘

✘

✘

C
2
 ✛ C

2
– C

1
, C

3
 ✛ C

3
– C

1
,
 
✑☞ ❞✜✢☞✙✣ ✑✓✤✙ ❞✓ ✩❧ ❞✜☞✪✫ ✑✓✫✙ ✩✧✚ ✏✑

✕ =

✵ ✶ ✵ ✶ ✵ ✶

✵ ✶

✵ ✶

2 2 22 2

22 2

22 2

–

0

0 –

y z x y z x y z

y x z y

z x y z

✷ ✷ ✸ ✷

✷ ✸

✷

✦✈ C
2
 ✦☞✧✓ C

3 
✒✙ (x + y + z) ✮★☞✢✏✤✯✰ ✱✙✤✙ ❞✓✲ ❞✜☞✪✫ ✒☞✓✏✔☞✑

✕ = (x + y + z)2 

✹ ✺ ✹ ✺ ✹ ✺

✹ ✺

✹ ✺

2

2

2

y

0

0

z x – y z x – y z

y x z – y

z x y – z

✻ ✻ ✻

✻

✻

R
1
 ✛ R

1
 – (R

2
 + R

3
) ✑☞ ❞✜✢☞✙✣ ✑✓✤✙ ❞✓ ✩❧ ✏✤✼✤✏✱✏✽☞✫ ✒☞✓✏✔☞✑ ❞✜☞✪✫ ✑✓✫✙ ✩✚✧

✕ = (x + y + z)2 
 

2

2

2 2 2

+ 0

0 – z

yz – z – y

y x y z

z x y

✾

✿
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C
2
 ✆ (C

2
 + 

1

y
 C

1
) ✈✝✞✟

3 3 1

1
C C C

z
❞✝ ✠✡☛✝☞✌ ❞✟✍☞ ✠✟ ✠✡✝✎✏ ✑✝✟✒✓✝❞

✔ = (x + y + z)2 
 

2

2

2

2

2 0 0yz

y
y x z

z

z
z x y

y

R
1 
♦☞✕ ✈✍✖✒✗✘✝ ✠✡✑✟✓✝ ❞✟✍☞ ✠✟

✔ = (x + y + z)2 (2yz) [(x + z) (x + y) – yz] = (x + y + z)2 (2yz) (x2 + xy + xz)

   = (x + y + z)3 (2xyz) ✠✡✝✎✏ ✥✝☞✏✝ ✥✞✙

♠✚✛✜✢✣✛ ✤✤ ✈✝✦☛✧✥✝☞★ ♦☞✕ ✌✖✓✝✍✠✕✩

1 1 2 2 0 1

0 2 3 9 2 3

3 2 4 6 1 2

– –

– –

– –

 ❞✝ ✠✡☛✝☞✌ ❞✟✏☞ ✥✖✪ ✒✍✫✍✒✩✒✬✝✏

✑✭✮❞✟✓✝ ✒✍❞✝☛ ❞✝☞ ✥✩ ❞✮✒✯✪✰

x – y + 2z = 1

2y – 3z = 1

3x – 2y + 4z = 2

✜❣ ✒✗☛✝ ✌☛✝ ✌✖✓✝✍✠✕✩

1 1 2 2 0 1

0 2 3 9 2 3

3 2 4 6 1 2

– –

– –

– –

✱ ✲ ✱ ✲
✳ ✴ ✳ ✴
✳ ✴ ✳ ✴
✳ ✴ ✳ ✴✵ ✶ ✵ ✶

= 

2 9 12 0 2 2 1 3 4

0 18 18 0 4 3 0 6 6

6 18 24 0 4 4 3 6 8

✷ ✷ ✸ ✷ ✸ ✸ ✷✱ ✲
✳ ✴✹ ✺ ✹ ✺ ✺ ✹✳ ✴
✳ ✴✺ ✺ ✹ ✺ ✹ ✹ ✺✵ ✶

 = 

1 0 0

0 1 0

0 0 1

✈✏✰

1

1 1 2 2 0 1

0 2 3 9 2 3

3 2 4 6 1 2

–

– –

– –

– –
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✈☎ ✆✝ ✞ ✟✞ ✠✡☛☞✌✍✎ ✆✏ ☞✎ ✑ ☞✎ ✒ ✈ ✎ ✓✑✔ ✕ ✖✒✗ ✘✙ ✆✏ ✚✏ ✆✛✆✜ ✎ ✢ ✘✙ ✡ ✒✣ ✆ ✛✜ ✎✎ ✤✎ ✠☞ ✢✎ ✕✥

1 –1 2 1

0 2 –3 1

3 –2 4 2

x

y

z

✦ ✧ ✦ ✧ ✦ ✧
★ ✩ ★ ✩ ★ ✩✪★ ✩ ★ ✩ ★ ✩
★ ✩ ★ ✩ ★ ✩✫ ✬ ✫ ✬✫ ✬

✑✎

x

y

z

 =

1
1 1 2 1

0 2 3 1

3 2 4 2

✭
✮✯ ✰ ✯ ✰

✱ ✲ ✱ ✲✮✱ ✲ ✱ ✲
✱ ✲ ✱ ✲✮✳ ✴ ✳ ✴

 
= 

2 0 1

9 2 3

6 1 2

–

–

–
  

1

1

2

=

2 0 2 0

9 2 6 5

6 1 4 3

✵ ✶ ✶✦ ✧ ✦ ✧
★ ✩ ★ ✩✷ ✸ ✪★ ✩ ★ ✩
★ ✩ ★ ✩✷ ✸✫ ✬ ✫ ✬

✈✢✹ x = 0, y = 5 ✈✎ ✥✌ z = 3

♠ ✺✻ ✼✽✾✻ ✿ ❀ ✆✠❁ ☞☛✆ ✤✞ ✆☞ ✠✎ ✌✆✍✎ ☞

❂ =
2(1 )

a bx c dx p qx a c p

ax b cx d px q x b d q

u v w u v w

✼❣  ✠✎✌✆✍✎ ☞ ❂ ✙✌ R
1
 ❃ R

1
 – x R

2
 ☞✎ ✙❞ ✑✎ ✒✟ ☞✌✏ ✒ ✙✌ ✕✡ ✒ ✣

D =

2 2 2(1 ) (1 ) (1 )a x c x p x

ax b cx d px q

u v w

✙❞ ✎ ❄ ✢ ✕✎ ✒✢✎ ✕ ✥

=
2(1 )

a c p

x ax b cx d px q

u v w

R
2
 ❃ R

2
 – x R

1
, ☞✎ ✙❞ ✑✎ ✒✟ ☞✌✏ ✒ ✙✌ ✕✡ ✒✣ ✠✎ ✌✆✍✎☞

❂ =
2(1 )

a c p

x b d q

u v w

 ✙❞ ✎ ❄ ✢ ✕✎ ✒✢✎ ✕✥✐



❧�✁✂✄�☎        153

✈✆✝✞✝ ✟ ✠✡ ☛☞☛☞✌ ✠✍✎✏✞☞✑✒

1. ❢✓✔ ✕✖❢✗✘ ❢✕ ✓✙✚❢✛✙✕

sin cos

–sin – 1

cos 1

x

x

x

✜ ✜

✜

✜

, ✢ ✓✣ ✤✥✦✧★✙ ✩✪✫

2. ✓✙✚❢✛✙✕ ✕✙ ✬✭✓✚✛✙ ❢✕✘ ❢✮✯✙ ❢✓✔ ✕✖❢✗✘ ❢✕   

2 2 3

2 2 3

2 2 3

1

1

1

a a bc a a

b b ca b b

c c ab c c

3.  

cos cos cos sin –sin

– sin cos 0

sin cos sin sin cos

✰ ✱ ✰ ✱ ✰

✱ ✱

✰ ✱ ✰ ✱ ✰

 ✕✙ ❞✙✯ ✲✙✦ ✕✖❢✗✘✫

4. ❀❢✳  a, b ✴✙✪✚ c ✥✙✤✦❢✥✕ ✓✧♦❀✙✘✵ ✩✙✣ ✴✙✪✚ ✓✙✚❢✛✙✕

✶ = 0

b c c a a b

c a a b b c

a b b c c a

✩✙✣ ✦✙✣ ✳❣✙✙✷✸✘ ❢✕ ❀✙ ✦✙✣ a + b + c = 0 ❀✙ a = b = c ✩✪✫

5. ❀❢✳ a ✹ 0 ✩✙✣ ✦✙✣ ✓❞✖✕✚✛✙ 0

x a x x

x x a x

x x x a

✺

✺ ✻

✺

✕✙✣ ✩✼ ✕✖❢✗✘✫

6. ❢✓✔ ✕✖❢✗✘ ❢✕

2 2

2 2

2 2

a bc ac c

a ab b ac

ab b bc c

 =  4a2b2c2

7. ❀❢✳ A–1 = 
1

3 1 1 1 2 2

15 6 5 B 1 3 0 AB

5 2 2 0 2 1

– –

– – – ,

– –

✽✾❙❥ ✿✾s ❁✾s ✕✙ ❞✙✯ ✲✙✦ ✕✖❢✗✘✫
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8. ❡☎✆ ✝✞✟✠✡  A = 

1 2 1

2 3 1

1 1 5

–

–  ❣☎☛ ☞☎☛ ✌✍✎☎✟✏☞ ✑✞✟✠✡ ✟✑

(i) [adj A]–1 = adj (A–1) (ii) (A–1)–1 = A

9.  

x y x y

y x y x

x y x y

✒

✒

✒

✑☎ ❡☎✆ ❞☎☞ ✑✞✟✠✡✓

10.   

1

1

1

x y

x y y

x x+ y

✒ ✑☎ ❡☎✆ ❞☎☞ ✑✞✟✠✡✓

✌☎❧✟✔☎✑☎☛✕ ✖☛✗ ✘✙✔☎✚❡☎☛✛ ✑☎ ✏✜✎☎☛✘ ✑❧✖☛✗ ✟✆✢✆✟✝✟✣☎☞ ✤✤ ✌☛ ✤✥ ☞✑ ✏✜✦✆☎☛✕ ✑☎☛ ✟✌✧ ✑✞✟✠✡★

11.

2

2

2

✩ ✩ ✪ ✒ ✫

✪ ✪ ✫ ✒ ✩

✫ ✫ ✩ ✒✪

 = (✬ – ✭)  (✭ – ✮) (✮ – ✬)  (✮ + ✬ + ✭)

12.

2 3

2 3

2 3

1

1

1

x x px

y y py

z z pz

 = (1 + pxyz) (x – y) (y – z) (z – x),

13.

3

3

a 3c

a – a+b – a+c

–b a b –b c

– c – c+b

✒ ✒

✒

 = 3(a + b + c) (ab + bc + ca)

14.

1 1 1

2 3 2 4 3 2

3 6 3 10 6 3

p p q

p p q

p p q

✒ ✒ ✒

✒ ✒ ✒

✒ ✒ ✒

 = 1
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15.

✆ ✝

✆ ✝

✆ ✝

sin cos cos

sin cos cos 0

sin cos cos

✞ ✞ ✞ ✟ ✠

✡ ✡ ✡ ✟ ✠ ☛

☞ ☞ ☞ ✟ ✠

16. ❢✌✍✌❢✎❢✏✑✒ ✓✔✕✖✗✘✑ ❢✌✖✑✙ ✖✑✚ ✛✎ ✖✕❢✜✢

2 3 10
4

x y z

4 6 5
1–

x y z

6 9 20
2–

x y z

❢✌✍✌❢✎❢✏✑✒ ✣✤✥✌✑✚✦ ✧★ ✓✚ ✧✩ ✔✚✦ ✓✛✕ ✪✫✑✗ ✖✑ ✬✭✌✑✮ ✖✕❢✜✢✯

17. ✙❢❀ a, b, c ✓✔✑✦✒✗ ✰✚✱✲✕ ✔✚✦ ✛✑✚✦ ✒✑✚ ✓✑✗❢✘✑✖

2 3 2

3 4 2

4 5 2

x x x a

x x x b

x x x c

✳ ✳ ✳

✳ ✳ ✳

✳ ✳ ✳

 ✖✑ ✔✑✌ ✛✑✚❞✑✴

(A) 0 (B) 1 (C) x (D) 2x

18. ✙❢❀  x, y, z ✥✑✵✶✙✚✒✗ ✮✑✷✒❢✮✖ ✓✦✏✙✑✢✸ ✛✑✚✦ ✒✑✚ ✹✑✺✙✵✛

0 0

A 0 0

0 0

x

y

z

✻ ✼
✽ ✾✿ ✽ ✾
✽ ✾❁ ❂

✖✑ ✺✙✭✫❃✔ ✛❄✴

(A)

1

1

1

0 0

0 0

0 0

x

y

z

❅

❅

❅

❆ ❇
❈ ❉
❈ ❉
❈ ❉
❊ ❋

(B)

1

1

1

0 0

0 0

0 0

x

xyz y

z

❅

❅

❅

❆ ❇
❈ ❉
❈ ❉
❈ ❉
❊ ❋

(C)

0 0
1

0 0

0 0

x

y
xyz

z

● ❍
■ ❏
■ ❏
■ ❏❑ ▲

(D)

1 0 0
1

0 1 0

0 0 1
xyz

● ❍
■ ❏
■ ❏
■ ❏❑ ▲
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19. ❀☎✆  A = 

1 sin 1

sin 1 sin

1 sin 1

, t✝✞✟ 0 ✎ ✠ ✎ 2✏ ✝✞❣ ✡✞❣☛

(A) det (A) = 0 (B) det (A) ☞ (2, ✑)

(C) det (A) ☞ (2, 4) (D) det (A) ☞ [2, 4].

❧✌✍✌✒✓✌

✔ ✈✞✕❀✖✝ 11 1 1A [ ]a  ❞✞ ✗✞✘☎✙✞❞ 11 111 1
a a ♦❣✚ ✛✞✘✞ ☎✆❀✞ t✞✡✞ ✝✜✢

✔ ✈✞✕❀✖✝ 
11 12

21 22

A
a a

a a
 ❞✞ ✗✞✘☎✙✞❞

11 12

21 22

A
a a

a a
✣ = a

11
 a

22
 – a

12
 a

21 
♦❣✚ ✛✞✘✞ ☎✆❀✞ t✞✡✞ ✝✜✢

✔ ✈✞✕❀✖✝ 

1 1 1

2 2 2

3 3 3

A

a b c

a b c

a b c

 ♦❣✚ ✗✞✘☎✙✞❞ ❞✞ ✤✞✥ ✦R
1 
♦❣✚ ✈✥✧☎✆★✞ ✩✪✗✘✙✞ ✗❣) ☎✥✫✥☎✬☎✭✞✡

✿✩ ✛✞✘✞ ☎✆❀✞ t✞✡✞ ✝✜✢

1 1 1

2 2 2 2 2 2

2 2 2 1 1 1

3 3 3 3 3 3

3 3 3

A

a b c
b c a c a b

a b c a b c
b c a c a b

a b c

✮ ✮ ✯ ✰

❢✱✲✳ ✴✵✶ ✷✸✹✺✻✼ A ✴✽✾ ❢❁❂❃ |A| ❢❄❅❄❢❁❢❆✸❇ ✵❈❉✸❊❋✸✽● ✱✸✽ ✲❍❇❈■❏ ✱❑❇✸ ✼▲▼

✔ A = A , t✝✞✟  A = A ❞✞ ✩☎✘♦✡◆ ✝✜✢

✔ ❀☎✆ ✝✤ ✆✞❣ ✩❖☎P✡❀✞❣❖ ❀✞ ◗✡❖❘✞✞❣❖ ❞✞❣ ✩✘◗✩✘ ❙✆✬ ✆❣❖ ✡✞❣ ✗✞✘☎✙✞❞ ❞✞ ☎❚❯ ❙✆✬ t✞✡✞ ✝✜✢

✔ ❀☎✆ ✗✞✘☎✙✞❞ ❞❱ ❞✞❣❲◆ ✆✞❣ ✩❖☎P✡ ❀✞ ◗✡❖❘✞ ✗✤✞✥ ❀✞ ✗✤✞✥✧✩✞✡❱ ✝✞❣❖ ✡✞❣ ✗✞✘☎✙✞❞ ❞✞ ✤✞✥

★✞✖❳❀ ✝✞❣✡✞ ✝✜✢

✔ ❀☎✆ ✝✤ ❨❞ ✗✞✘☎✙✞❞ ❞❱ ❨❞ ✩❖☎P✡ ❀✞ ◗✡❖❘✞ ❞✞❣ ✈❚✘   k, ✗❣ ❩✧✙✞✞ ❞✘ ✆❣❖ ✡✞❣ ✗✞✘☎✙✞❞

❞✞ ✤✞✥ k ❩✧✥✞ ✝✞❣ t✞✡✞ ✝✜✢
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✆ ✱✝ ✞✟✠✡☛✟✝ ✝✟☞  k ✞☞ ✌✍☛✟✟ ✝✠✎☞ ✝✟ ✏✑✟✒ ✓✔ ✡✝ ✕✞✖☞✗ ✏✘✙✠ ✖☞✗✖✚ ✡✝✞✛ ✱✝ ✜✘✡✢✣

❀✟ ✤✣✘✥✟ ✖☞✗ ✏✖❀✖✟☞✘ ✝✟☞  k ✞☞ ✌✍☛✟✟ ✝✠✎✟✦

✆ ❀✡✙ 
3

3 3A [ ] , .A Aija k kr✧★

✆ ❀✡✙ ✱✝ ✞✟✠✡☛✟✝ ✖☞✗ ✱✝ ✜✘✡✢✣ ❀✟ ✤✣✘✥✟ ✖☞✗ ✏✖❀✖ ✙✟☞ ❀✟ ✏✡✩✝ ✏✖❀✖✟☞✘ ✖☞✗ ❀✟☞✌ ✖☞✗

✿✜ ✪☞✘ ✫❀✢✣ ✡✝✱ ✬✟ ✞✝✣☞ ✓✟☞✘ ✣✟☞ ✕✞ ✡✙✱ ✌✱ ✞✟✠✡☛✟✝ ✝✟☞ ✙✟☞ ❀✟ ✏✡✩✝ ✞✟✠✡☛✟✝✟☞✘

✖☞✗ ❀✟☞✌ ✖☞✗ ✿✜ ✪☞✘ ✫❀✢✣ ✡✝❀✟ ✬✟ ✞✝✣✟ ✓✔✦

✆ ❀✡✙ ✱✝ ✞✟✠✡☛✟✝ ✖☞✗ ✡✝✞✛ ✱✝ ✜✘✡✢✣ ❀✟ ✤✣✘✥✟ ✖☞✗ ✜✭✮❀☞✝ ✏✖❀✖ ✖☞✗ ✞✪✌✍☛✟✬ ✏✯❀ ✜✘✡✢✣

❀✟ ✤✣✘✥✟ ✖☞✗ ✞✘✌✣ ✏✖❀✖✟☞✘ ✪☞✘ ✬✟☞✰✲ ✡✙✱ ✬✟✣☞ ✓✔✘ ✣✟☞ ✞✟✠✡☛✟✝ ✝✟ ✪✟✎ ✏✜✡✠✖✡✣✒✣ ✠✓✣✟ ✓✔✦

✆ (x
1
, y

1
), (x

2
, y

2
) ✏✟✔✠  (x

3
, y

3
) ✳✟✛✴✟✟☞✵ ✖✟✚✛ ✡✶✟✥✟✍✬ ✝✟ ✷✟☞✶✟✜✗✚ ✡✎✸✎✡✚✡✹✟✣ ✿✜ ✺✟✠✟

✡✙❀✟ ✬✟✣✟ ✓✔❢

1 1

2 2

3 3

1
1

1
2

1

x y

x y

x y

✻✼

✆ ✡✙✱ ✌✱ ✏✟✫❀✽✓ A ✖☞✗ ✞✟✠✡☛✟✝ ✖☞✗ ✱✝ ✏✖❀✖  a
ij
 ✝✟ ✕✜✞✟✠✡☛✟✝❞ i ✖✛✘ ✜✘✡✢✣ ✏✟✔✠

j ✖✟✘ ✤✣✘✥✟ ✓♦✟✎☞ ✞☞ ✜✭✟✾✣ ✞✟✠✡☛✟✝ ✓✟☞✣✟ ✓✔ ✏✟✔✠ ❁✞☞ M
ij
 ✺✟✠✟ ✫❀✢✣ ✡✝❀✟ ✬✟✣✟ ✓✔✦

✆ a
ij
 ✝✟ ✞✓✹✟✘✰ A

ij
 = (– 1)i+j M

ij 
✺✟✠✟ ✡✙❀✟ ✬✟✣✟ ✓✔✦

✆ A ✖☞✗ ✞✟✠✡☛✟✝ ✝✟ ✪✟✎ A = a
11

 A
11

 + a
12

 A
12

 + a
13

 A
13

 ✓✔ ✏✟✔✠ ❁✞☞ ✱✝ ✜✘✡✢✣ ❀✟

✤✣✘✥✟ ✖☞✗ ✏✖❀✖✟☞✘ ✏✟✔✠ ✕✎✖☞✗ ✞✘✌✣ ✞✓✹✟✘✰✟☞✘ ✖☞✗ ✌✍☛✟✎✜✗✚ ✝✟ ❀✟☞✌ ✝✠✖☞✗ ✜✭✟✾✣ ✡✝❀✟ ✬✟✣✟

✓✔✦

✆ ❀✡✙ ✱✝ ✜✘✡✢✣ ❂❀✟ ✤✣✘✥✟❃ ✖☞✗ ✏✖❀✖✟☞✘ ✏✟✔✠ ✏✯❀ ✙✽✞✠✛ ✜✘✡✢✣ ❂❀✟ ✤✣✘✥✟❃ ✖☞✗ ✞✓✹✟✘✰✟☞✘

✝✛ ✌✍☛✟✟ ✝✠ ✙✛ ✬✟✱ ✣✟☞ ✕✎✝✟ ❀✟☞✌ ✳✟✽✯❀ ✓✟☞✣✟ ✓✔ ✕✙✟✓✠☛✟✣❀✟

a
11 

A
21 

+ a
12 

A
22 

+ a
13

 A
23

 = 0

✆ ❀✡✙ ✏✟✫❀✽✓ 

11 12 13

21 22 23

31 32 33

A ,

a a a

a a a

a a a

❄ ❅
❆ ❇✼ ❆ ❇
❆ ❇❈ ❉

 ✣✟☞ ✞✓✹✟✘✰✬ 

11 21 31

12 22 32

13 23 33

A A A

A A A A

A A A

adj

❄ ❅
❆ ❇✼ ❆ ❇
❆ ❇❈ ❉

✓✟☞✣✟

✓✔❞ ✬✓✟❣ a
ij 
 ✝✟ ✞✓✹✟✘✰ A

ij
 ✓✔✦

✆ A (adj A) = (adj A) A = A I, ✬✓✟❣  A,  n ✝✟☞✡♦ ✝✟ ✖✌✒ ✏✟✫❀✽✓ ✓✔✦

✆ ❀✡✙ ✝✟☞❁✒ ✖✌✒ ✏✟✫❀✽✓ ❊✪✳✟❢ ✏✫❀✍✮❊✪☛✟✛❀ ❀✟ ✫❀✍✮❊✪☛✟✛❀ ✝✓✚✟✣✟ ✓✔ ❀✡✙ A  = 0

❀✟ A  ❋ 0
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☎ ❀✆✝  AB = BA = I, t✞✟✠  B ✱✡ ☛☞✌ ✍✟✎❀✏✞ ✞✑ ✒✓  A ✡✟ ✎❀❞✔✕✖ B ✞✟❣✒✟ ✞✑  ✍✟✑✈
A–1 = B ❀✟  B–1 = A ✍✟✑✈ ✗✘✆✙✱  (A–1)–1 = A

☎ ✆✡✘❢ ☛☞✌ ✍✟✎❀✏✞ A ✡✟ ✎❀❞✔✕✖ ✞✑ ❀✆✝ ✍✟✑✈ ☛❣✚☛✙ ❀✆✝  A ✎❀❞✔✕✖❖✟❢❀ ✞✑✛

☎
–1 1

A ( A)
A

adj

☎ ❀✆✝ a
1 
x

 
+ b

1
 y + c

1
 z = d

1

a
2 
x

 
+ b

2
 y + c

2
 z = d

2

a
3 
x

 
+ b

3
 y + c

3
 z = d

3

✒✓ ✗r ✘✖❢✡✈❖✟✟❣✜ ✡✟❣  A X = B ☛❣✚ ♦✢ ✖❣✜ ✆✙✣✟✟ t✟ ✘✡✒✟ ✞✑✛

t✞✟✠  

1 1 1 1

2 2 2 2

3 3 3 3

A ,X = B=

a b c x d

a b c y d

a b c z d

✤✥✦❥

☎ ✘✖❢✡✈❖✟ AX = B ✡✟ ✍✆✧✒❢❀ ✞✙ X = A–1 B ✧✟✈✟ ✆✝❀✟ t✟✒✟ ✞✑ t✞✟✠  
 
A 0

☎ ✘✖❢✡✈❖✟✟❣✜ ✡✟ ✱✡ ✆r✡✟❀ ✘✜☞✒ ❀✟ ✍✘✜☞✒ ✞✟❣✒✟ ✞✑ ❀✆✝ ✗✘☛❣✚ ✞✙ ✡✟ ✍✆❧✒✔☛ ✞✑ ✍★✟☛✟
r✞❢✜ ✞✑✛

☎ ✍✟✎❀✏✞ ✘✖❢✡✈❖✟ AX = B ✖❣✜ ✱✡ ☛☞✌ ✍✟✎❀✏✞ A ☛❣✚ ✆✙✱

(i) ❀✆✝ A 0 , ✒✟❣ ✍✆✧✒❢❀ ✞✙ ✡✟ ✍✆❧✒✔☛ ✞✑✛

(ii) ❀✆✝ A = 0
 
✍✟✑✈  (adj A) B ✩ O, ✒✟❣ ✆✡✘❢ ✞✙ ✡✟ ✍✆❧✒✔☛ r✞❢✜ ✞✑✛

(iii) ❀✆✝ A = 0
 
✍✟✑✈  (adj A) B = O, ✒✟❣ ✆r✡✟❀ ✘✜☞✒ ❀✟ ✍✘✜☞✒ ✞✟❣✒❢ ✞✑✛

✪✫✬✭✮✯✬✰✲ ✳✴✵✶✷✯✸✬✹

☞❖✟r✟ ✓✟❣✺✌ ✢✈ ✻✺✼✟❣✜ ✡✟ ✢✽❀✟❣☞ ✡✈☛❣✚ ☛❞✚✻ ✈✑✆✣✟✡ ✘✖❢✡✈❖✟✟❣✜ ✡❢ ✍✾✟✒ ✈✟✆✿✟❀✟❣✜ ☛❣✚

☞❞❖✟✟✜✡✟❣✜ ✡✟❣ ✆r♦✆✢✒ ✡✈r❣ ✡❢ ❁❢r❢ ✆☛✆❂ r❣ ☛✟❧✒☛ ✖❣✜ ✆☛✙✟❣✢r ✡❢ ✘✟❂✟✈❖✟ ✆☛✆❂ ✡❢ ✣✟✟❣t

✡✈r❣ ✖❣✜ ✘✞✟❀✒✟ ✡❢ ✞✑✛ ✻✺✼✟❣✜ ✡❢ ✎❀☛❧★✟✟ ✕✖ ✱✡ ✘✟✈✆❖✟✡ ✖❣✜ ✘✜✣❀✟✍✟❣✜ ✡❢ ❃✆❁✒ ✎❀☛❧★✟✟

✕✖ t✑✘❢ ★✟❢✛ ✗✘✆✙✱ ✱✡ ✘✟✈✆❖✟✡ ✡❢ ✘✈✙❢✡✈❖✟ ✖❣✜ ❧✒✜Ø✟✟❣✜ ❀✟ ✢✜✆❄✒❀✟❣✜ ☛❣✚ ❅✟❆✟r❣ ✡✟ ✆☛❁✟✈

❃✔✢♠r ✡✈r❣ ✖❣✜ ❁❢r❢ ✢✽★✟✖ ✆☛❁✟✈✡✟❣✜ ✖❣✜ ★✟❣ (‘Mikami, China, pp 30, 93).

✘❇✟✞☛❢✜ ✿✟✒✟❈✝❢ ☛❣✚ ✖✞✟r t✟✢✟r❢ ☞✆❖✟✒✾  Seki Kowa ✧✟✈✟ ❉❊❋● ✖❣✜ ✆✙✆✣✟✒ ✢❞❧✒✡

'Kai Fukudai no Ho' ✘❣ ✾✟✒ ✞✟❣✒✟ ✞✑ ✆✡ ❃♠✞❣✜ ✘✟✈✆❖✟✡✟❣✜ ✍✟✑✈ ❃r☛❣✚ ✢✽✘✟✈ ✡✟ ✾✟r ★✟✟✛ ✢✈✜✒❞
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♠✆✝✞✟✠✡✟ ☛☞ ✌✍✌✎ ✏✞ ✑✒✓✞✟✔ ✍✟✕✍✖ ✗✞✟ ☞✘✙✏✚✛✞✞✟✠ ☞✟ ✜✏ ✚✞✌✢✞ ✍✟✕ ✌✍✖✞✟✑✡ ✘✟✠ ✌✏✓✞ ✑✚✠✣✤ ✓✤✔✑✣

✚❥✌✥✞✏ ☞✘✙✏✚✛✞✞✟✠ ✍✟✕ ✝✖ ✦✞✣ ✏✚✡✟ ✘✟✠ ☛☞✏✞ ☞✙✎✞ ✑✒✓✞✟✔ ✡✝✙✠ ✌✏✓✞ ✧✞✞★ ‘T. Hayashi,

“The Fakudoi and Determinants in Japanese Mathematics,” in the proc. of the

Tokyo Math. Soc., V.

Vendermonde ✑✝✖✟ ✐✓✌✩✣ ✧✞✟ ✌✪✆✝✞✟✡✟✠ ☞✞✚✌✛✞✏✞✟✠ ✏✞✟ ✫✍✣✠✬✞ ✑✕✖✡ ✏✙ ✣✚✝ ☞✟ ✑✝✭✞✡✞

☛✆✝✟✠ ✌✍✌✎✍✣ ☛☞✏✞ ❜✆✍✟✮✞✏ ✯☞✠✫✧✞✞✑✏✰ ✏✝✞ ✪✞ ☞✏✣✞ ✝❥★ Laplace ✯✱✲✲✳✰ ✡✟ ☞✞✚✌✛✞✏✞✟✠

✏✞✟ ☛☞✍✟✕ ✑❞✚✏ ♠✑☞✞✚✌✛✞✏✞✟✠ ✍✟✕ ✴✑ ✘✟✠ ✐✓✩✣ ✏✚✍✟✕ ✑✒☞✚✛✞ ✏✙ ✐✓✞✑✏ ✌✍✌✎ ✗✙★ ✱✲✲✵ ✘✟✠

Lagrange ✡✟ ✗❞☞✚✟ ✍ ✣✙☞✚✟ ✶✘ ✍✟✕ ☞✞✚✌✛✞✏✞✟✠ ✏✞✟ ✐✓✍✷✣ ✌✏✓✞ ❜✞❥✚ ☞✞✚✌✛✞✏✞✟✠ ✍✟✕ ✝✖ ✍✟✕

❜✌✣✌✚✩✣ ♠✡✏✞ ❜✆✓✬✞ ✈✞✙ ✑✒✓✞✟✔ ✌✏✓✞★ ✱✸✹✱ ✘✟✠ Gauss ✡✟ ☞✠✥✓✞ ✍✟✕ ✌☞✺✞✠✣✞✟✠ ✘✟✠ ☞✞✚✌✛✞✏✞✟✠

✏✞ ✑✒✓✞✟✔ ✌✏✓✞★

❜✔✖✟ ✘✝✞✡ ✓✞✟✔✗✞✡ ✗✟✡✟ ✍✞✖✟ Jacques - Philippe - Marie Binet, (1812) ✧✞✟ ✌✪✆✝✞✟✠✡✟

m-✫✣✠✈✞✞✟✠ ❜✞❥✚ n-✑✠✌✩✣✓✞✟✠ ✍✟✕ ✗✞✟ ❜✞✐✓❞✝✞✟✠ ✍✟✕ ✔✤✛✞✡✑✕✖ ☞✟ ☞✠✻✠✌✎✣ ✑✒✘✟✓ ✏✞ ♠✼✖✟✥✞ ✌✏✓✞ ✪✞✟

✌✍✢✞✟✮✞ ✌✫✧✞✌✣ m = n ✘✟✠ ✔✤✛✞✡✑✕✖ ✑✒✘✟✓ ✘✟✠ ✻✗✖ ✪✞✣✙ ✝❥★

♠☞✙ ✌✗✡ Cauchy (1812) ✡✟ ✈✞✙ ♠☞✙ ✌✍✮✞✓✉✍✫✣✤ ✑✚ ✢✞✞✟✎ ✑✒✫✣✤✣ ✌✏✜★ ♠✆✝✞✟✠✡✟ ❜✞✪

✍✟✟✕ ✐✓✞✍✝✞✌✚✏ ☞✞✚✌✛✞✏ ✢✞♦✗ ✏✞ ✑✒✓✞✟✔ ✌✏✓✞★ ♠✆✝✞✟✠✡✟ Binet ☞✟ ❜✌✎✏ ☞✠✣✤✮✽ ✏✚✡✟ ✍✞✖✙

✔✤✛✞✡✑✕✖ ✑✒✘✟✓ ✏✙ ♠✑✑✌①✞ ✗✙★

☛✡ ✌☞✺✞✠✣✞✟✠ ✑✚ ✘✝✞✡✣✘ ✓✞✟✔✗✞✡ ✍✞✖✟ Carl Gustav Jacob Jacobi ✧✞✟★ ☛☞✍✟✕ ✑✢✭✞✣

☞✞✚✌✛✞✏ ✢✞♦✗ ✏✞✟ ❜✠✌✣✘ ✫✍✙✍✾✕✌✣ ✑✒✞✿✣ ✝✤☛❀★

—❁—



        

�The whole of science is nothing more than a refinement

of everyday thinking.” — ALBERT EINSTEIN �

5.1  ❍✁✂✄☎✆✁ (Introduction)

❀✝ ✥✞❀✟❀ ✥✠✡☛✟❀☞✌✍ ✎✏✟✟ ✑✑ ✒✓✔ ✕✖✗✓ ✘✙ ✕✚✛✡✟✓✔ ☛✓✚ ✥☛✎✛✡
(differentiation) ✎✟ ❞✒✟✘✌ ✝✜✢ ✝✒ ☛✣✚✤ ✠✡✠✦✧✌ ★✝✣✕✩✪❀ ✕✚✛✡✟✓✔
✙☛✔ ✠✱✟✎✟✓✫✟✠✒✌✪❀ ✕✚✛✡✟✓✔ ✎✟ ✥☛✎✛✡ ✎✬✡✟ ✭✪✮✟ ✧✣☛✓✚ ✝✜✔✢
❜✭ ✥✞❀✟❀ ✒✓ ✔ ✝✒ ✭✟✔✌✯❀ (continuity), ✥☛✎✛✡✪❀✌✟
(differentiability) ✌r✟✟ ❜✡☛✓✚ ✕✟✬✰✕✠✬✎ ✭✔★✔✲✟✓✔ ✎✪ ✒✝✯☛✕✳✫✟☞
✭✔✎❧✕✡✟✥✟✓✔ ✎✟✓ ✕✴✰✌✣✌ ✎✬✓✔✘✓✢ ❀✝✟✵ ✝✒ ✕✴✠✌✛✟✓✒ ✠✱✟✎✟✓✫✟✠✒✌✪❀
(inverse trigonometric) ✕✚✛✡✟✓✔ ✎✟ ✥☛✎✛✡ ✎✬✡✟ ✐✟✪ ✭✪✮✟✓✔✘✓✢
✥★ ✝✒ ☛✣✚✤ ✡✙ ✕✴✎✟✬ ☛✓✚ ✕✚✛✡✟✓✔ ✎✟✓ ✕✴✰✌✣✌ ✎✬ ✬✝✓ ✝✜✔✈ ✠✶✡✎✟✓
✧✬♣✟✟✌✟✔✎✪  (exponential) ✥✟✜✬ ✛♣✟✣✘✫✟✎✪❀ (logarithmic) ✕✚✛✡
✎✝✌✓ ✝✜✔✢ ❜✡ ✕✚✛✡✟✓✔ ✷✟✬✟ ✝✒✓✔ ✥☛✎✛✡ ✎✪ ✭✦✟✸✌ ✕✴✠☛✠✲❀✟✓✔ ✎✟ ✹✟✡
✝✟✓✌✟ ✝✜✢ ✥☛✎✛ ✘✠✫✟✌ ✺differential calculus✻ ☛✓✚ ✒✟✞❀✒ ✭✓ ✝✒
❚❀✟✠✒✌✪❀ ✼✕ ✭✓ ✭✣✰✕✽✾ ✺obvious✻ ☛✣✚✤ ✠✰r✟✠✌❀✟✓✔ ✎✟✓ ✭✒♦✟✌✓ ✝✜✔✢
❜✭ ✕✴✠❞❀✟✈ ✒✓✔ ✝✒ ❜✭ ✠☛✽✟❀ ✎✪ ☛✣✚✤ ✥✟✲✟✬✐✟✳✌ ✿✒✳✛❁ ✕✴✒✓❀✟✓✔
✺theorems✻ ✎✟✓ ✭✪✮✟✓✔✘✓✢
5.2  ❂✁❃❄❅❆ (Continuity)

✭✟✔✌✯❀ ✎✪ ✭✔✎❧✕✡✟ ✎✟ ☛✣✚✤ ✥✡✣✒✟✡ ✿★✟✓✲❁ ✎✬✟✡✓ ☛✓✚
✠✛✙✈ ✝✒ ✥✡✣❢✤✓✩ ✎✟✓ ✩✟✓ ✥✡✟✜✕✧✟✠✬✎ ❇✩✟✝✬✫✟✟✓✔ ✭✓ ✕✴✟✬✔✐✟
✎✬✌✓ ✝✜✔✢ ✠✡❈✡✠✛✠✮✟✌ ✕✚✛✡ ✕✬ ✠☛✧✟✬ ✎✪✠✶✙✍

1, 0
( )

2, 0

x
f x

x

❉❊♥
❉❊♥

❀✝ ✕✚✛✡ ☛✟✰✌☛ ✒✓✔ ☛✟✰✌✠☛✎ ✬✓✮✟✟ ✿real line❁ ☛✓✚
✕✴✯❀✓✎ ❋★✩✣ ✕✬ ✕✠✬✐✟✟✠✽✟✌ ✝✜✢ ❜✭ ✕✚✛✡ ✎✟ ✥✟✛✓✮✟
✥✟☛●✚✠✌ ■❏✑ ✒✓✔ ✩✦✟✟☞❀✟ ✘❀✟ ✝✜✢ ✎✟✓❜☞ ✐✟✪ ❜✭ ✥✟✛✓✮✟ ✭✓
✠✡✽✎✽✟☞ ✠✡✎✟✛ ✭✎✌✟ ✝✜ ✠✎  x = 0 ☛✓✚ ✥✠✌✠✬✸✌✈ x❑✥✏✟

▲▼◆❖◆ 5

P◗❘❙❯❱ ❙❲◗◗ ❳❨❩❬❭❪❱❙◗

(Continuity and Differentiability)

Sir Issac Newton

(1642-1727)

❫❴❵❛❝❡❣ ❤❥❦
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♦☞✌ ✍✎✏ ✑✒✎✓✔✕ ✖✗✘✙✍✚☞✛ ♦☞✌ ✒✜✢ ✣✌✜✓ ♦☞✌ ✑✛✤✥ ✦✚✓ ✧✚★ x = 0 ✔✚☞ ✩✚☞✪✫✔✬ ✢✔ ✘✭✑✬☞ ♦☞✌ ✑✦★✣
✮✜✤✧✚✤ ✑✦✚✓✯ ✰✱✛✲ ✳ ♦☞✌ ✑✒✎✓✔✕ ✗✚✏★✛ ✍✚☞✬ ♦☞✌ ✖✗✘✙✍✚☞✛✴ ✍✵✚✚✶✥✷ – 0.1, – 0.01, – 0.001, ✣✐✔✚✬
♦☞✌ ✖✗✘✙✍✚☞✛✴ ✣✬ ✣✌✜✓ ✔✚ ✦✚✓ ✸ ✰✱ ✥✵✚✚ ✳ ♦☞✌ ✑✒✎✓✔✕ ✘✚✏★✛ ✍✚☞✬ ♦☞✌ ✖✗✘✙✍✚☞✛✴ ✍✵✚✚✶✥✷ 0.1, 0.01,

0.001, ✣✐✔✚✬ ♦☞✌ ✖✗✘✙✍✚☞✛ ✣✬ ✣✌✜✓ ✔✚ ✦✚✓ ✹ ✰✱✲ ✗✚✢✺ ✍✚✱✬ ✘✚✢✺ ✣✻✚ ✔★ ✑★✦✚✍✚☞✛ ✮limits✯ ✔★ ✧✚✚✼✚✚
✔✚ ✣✐✏✚☞✤ ✔✬♦☞✌✴ ✰✦ ✔✰ ✑✔✥☞ ✰✱✛ ✒✔ x = 0 ✣✬ ✣✌✜✓ f  ♦☞✌ ✗✚✢✺ ✥✵✚✚ ✘✚✢✺ ✣✻✚ ✔★ ✑★✦✚✢✺ ✽✦✾✚✿
✸ ✥✵✚✚ ✹ ✰✱✛✲ ✒♦✾✚☞✼✚ ❀✣ ✑☞ ✗✚✢✺ ✥✵✚✚ ✘✚✢✺ ✣✻✚ ✔★ ✑★✦✚✢✺ ✑✦✚✓ ❁ ✑✛✣✚✥★ ✮coincident✯ ✓✰★✛ ✰✱✛✲
✰✦ ✏✰ ✧✚★ ✘☞❣✚✥☞ ✰✱✛ ✒✔ x = 0 ✣✬ ✣✌✜✓ ✔✚ ✦✚✓ ✗✚✢✺ ✣✻✚ ✔★ ✑★✦✚ ♦☞✌ ✑✛✣✚✥★ ✰✱ ✮✗✬✚✗✬ ✰✱✯✲
✓✚☞✕ ✔★✒✉✢ ✒✔ ❂✑ ✍✚✜☞❣✚ ✔✚☞ ✰✦ ✜✤✚✥✚✬ ✢✔ ✑✚✵✚ ✮in one stroke✯✴ ✍✵✚✚✶✥✷ ✔✜✦ ✔✚☞ ❂✑
✔✚✤❞✚ ✔★ ✑✥✰ ✑☞ ✒✗✓✚ ❃❄✚✢✴ ✓✰★✛ ❣✚★✛❅ ✑✔✥☞✲ ♦✚❆✥♦ ✦☞✛✴ ✰✦☞✛ ✔✜✦ ✔✚☞ ❃❄✚✓☞ ✔★ ✍✚♦✾✏✔✥✚
✥✗ ✰✚☞✥★ ✰✱ ✉✗ ✰✦ ✾✚✭✎✏ ✑☞ ✗✚✏★✛ ✍✚☞✬ ✍✚✥☞ ✰✱✛✲ ✏✰ ✢✔ ❃✘✚✰✬r✚ ✰✱ ✉✰✚✺ ✣✌✜✓
x = 0 ✣✬ ✑✛✥✥ ✮continuous✯ ✓✰★✛ ✰✱✲

✍✗ ✓★❅☞ ✘✾✚✚✶✢ ✤✢ ✣✌✜✓ ✣✬ ✒♦❅✚✬ ✔★✒✉✢✿

1, 0
( )

2, 0

x
f x

x

❇❈♥

❇❈♥

✏✰ ✣✌✜✓ ✧✚★ ✣✐❉✏☞✔ ✖✗✘✙ ✣✬ ✣✒✬✧✚✚✒✼✚✥ ✰✱✲

x = 0 ✣✬ ✘✚☞✓✚☞✛ ✰★✴ ✗✚✢✺ ✥✵✚✚ ✘✚✢✺ ✣✻✚ ✔★ ✑★✦✚✢✺ ✸ ♦☞✌

✗✬✚✗✬ ✰✱✛✲ ✒✔✛✥✙ x = 0 ✣✬ ✣✌✜✓ ✔✚ ✦✚✓ ✹ ✰✱✴ ✉✚☞ ✗✚✢✺

✍✚✱✬ ✘✚✢✺ ✣✻✚ ✔★ ✑★✦✚✍✚☞✛ ♦☞✌ ❃✧✚✏✒✓✼❄ ✦✚✓ ♦☞✌ ✗✬✚✗✬

✓✰★✛ ✰✱✲

✣✙✓✿ ✰✦ ✓✚☞✕ ✔✬✥☞ ✰✱✛ ✒✔ ✣✌✜✓ ♦☞✌ ✍✚✜☞❣✚ ✔✚☞

✒✗✓✚ ✔✜✦ ❃❄✚✢ ✰✦ ✓✰★✛ ❣✚★✛❅ ✑✔✥☞ ✰✱✛✲ ✏✰ ✢✔

✘✭✑✬✚ ❃✘✚✰✬r✚ ✰✱ ✒✉✑✦☞✛ x = 0 ✣✬ ✣✌✜✓ ✑✛✥✥ ✓✰★✛ ✰✱✲

✑✰✉ ❀✣ ✑☞ (naively) ✰✦ ✔✰ ✑✔✥☞ ✰✱✛ ✒✔

✢✔ ✍❅✬ ✖✗✘✙ ✣✬ ✔✚☞❂✶ ✣✌✜✓ ✑✛✥✥ ✰✱✴ ✏✒✘ ❃✑ ✖✗✘✙ ♦☞✌ ✍✚✑❊✣✚✑ ✮around✯ ✣✌✜✓ ♦☞✌ ✍✚✜☞❣✚

✔✚☞ ✰✦ ✔✚✤❞✚ ✔★ ✑✥✰ ✑☞ ✔✜✦ ❃❄✚✢ ✒✗✓✚ ❣✚★✛❅ ✑✔✥☞ ✰✱✛✲ ❂✑ ✗✚✥ ✔✚☞ ✰✦ ✤✒r✚✥★✏ ✧✚✚✼✚✚ ✦☞✛✴

✏✵✚✚✥✵✏ ✮precisely✯✴ ✒✓❋✓✒✜✒❣✚✥ ✣✐✔✚✬ ✑☞ ●✏❍✥ ✔✬ ✑✔✥☞ ✰✱✛✿

■❏❑▲▼▼◆▼▼ ❖ ✦✚✓ ✜★✒✉✢ ✒✔ f  ♦✚❆✥✒♦✔ ✑✛❣✏✚✍✚☞✛ ♦☞✌ ✒✔✑★ ❃✣✑✦✙P❅✏ ✦☞✛ ✣✒✬✧✚✚✒✼✚✥ ✢✔ ♦✚❆✥✒♦✔

✣✌✜✓ ✰✱ ✍✚✱✬ ✦✚✓ ✜★✒✉✢ ✒✔ f ♦☞✌ ✣✐✚✛✥ ✦☞✛ c ✢✔ ✖✗✘✙ ✰✱✲ ✥✗ f  ✖✗✘✙ c ✣✬ ✑✛✥✥ ✰✱✴ ✏✒✘

lim ( ) ( )
x c

f x f c  ✰✱✲

✒♦❆✥❢✥ ❀✣ ✑☞ ✏✒✘ x = c ✣✬ ✗✚✢✺ ✣✻✚ ✔★ ✑★✦✚✴ ✘✚✢✺ ✣✻✚ ✔★ ✑★✦✚ ✥✵✚✚ ✣✌✜✓ ♦☞✌ ✦✚✓ ✔✚

✏✒✘ ✍✒❆✥❉♦ ✮existence✯ ✰✱ ✍✚✱✬ ✏☞ ✑✧✚★ ✢✔ ✘✭✑✬☞ ♦☞✌ ✗✬✚✗✬ ✰✚☞✛✴ ✥✚☞ x = c ✣✬ f  ✑✛✥✥ ✔✰✜✚✥✚

✰✱✲ ❆✦✬r✚ ✔★✒✉✢ ✒✔ ✏✒✘ x = c ✣✬ ✗✚✢✺ ✣✻✚ ✥✵✚✚ ✘✚✢✺ ✣✻✚ ✔★ ✑★✦✚✢✺ ✑✛✣✚✥★ ✰✱✛✴ ✥✚☞ ❂✓♦☞✌ ❃✧✚✏✒✓✼❄

✈◗❘❙❚❯❱ ❲❳❨
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❡☎✆ ✝☎✞ ✟❡ x = c ✐✠ ✐✡☛✆ ✝☞ ✌☞❡☎ ✝✟✍✞ ✟✎✏✑ ✒✌ ✐✓✝☎✠ ✟❡ ✌☎✏✍✔✕ ✝☞ ✐✖✠✗☎☎✘☎☎ ✝☎✞ ✙✝ ✚✛✕

✐✓✝☎✠ ✌✞ ✗☎☞ ✜✕✢✍ ✝✠ ✌✝✍✞ ✟✎✏✣ ✤✎✌☎ ✖✝ ✆☞✥✞ ✖✦✕☎ ✧✕☎ ✟✎✑

✙✝ ✐✡☛✆  x = c ✐✠ ✌✏✍✍ ✟✎✣ ✕✖✦ ✐✡☛✆ x = c ✐✠ ✐✖✠✗☎☎✖✘☎✍ ✟✎ ✚☎✎✠ ✕✖✦ x = c ✐✠ ✐✡☛✆

✝☎ ❡☎✆ x = c ✐✠ ✐✡☛✆ ✝☞ ✌☞❡☎ ★✞✡ ✩✠☎✩✠ ✟✎✑ ✕✖✦ x = c ✐✠ ✐✡☛✆ ✌✏✍✍ ✆✟☞✏ ✟✎ ✍☎✞ ✟❡ ✝✟✍✞

✟✎✏ ✖✝ c ✐✠ f  ✚✌✏✍✍ ✈discontinuous✮ ✟✎ ✍✪☎☎ c ✝☎✞ f ✝☎ ✙✝ ✫✬✭✯✰✱✲ ✳✭ ✴✵✶✷ ✈point of

discontinuity✮ ✝✟✍✞ ✟✎✏✑

♠✸✹✺✻✼✹ ✽  x = 1 ✐✠ ✐✡☛✆ f (x) = 2x + 3 ★✞✡ ✌☎✏✍✔✕ ✝☞ ✤☎♦✥ ✝☞✖✤✙✑

✺❣ ✐✟☛✞ ✕✟ ✾✕☎✆ ✦☞✖✤✙ ✖✝ ✐✡☛✆✣ x = 1 ✐✠ ✐✖✠✗☎☎✖✘☎✍ ✟✎ ✚☎✎✠ ✒✌✝☎ ❡☎✆ ✿ ✟✎✑ ✚✩ ✐✡☛✆

✝☞ x = 1 ✐✠ ✌☞❡☎ ❀☎✍ ✝✠✍✞ ✟✎✏✑ ❁✐✘❂ ✟✎ ✖✝

1 1
lim ( ) lim(2 3) 2(1) 3 5
x x

f x x ✟✎✑

✚✍❃ 1
lim ( ) 5 (1)
x

f x f

✚✍✙★ x = 1 ✐✠ f ✌✏✍✍ ✟✎✑

♠✸✹✺✻✼✹ ❄ ✤☎♦✖✥✙ ✖✝ ✢✕☎ ✐✡☛✆ f (x) = x2, x = 0 ✐✠ ✌✏✍✍ ✟✎❅

✺❣ ✾✕☎✆ ✦☞✖✤✙ ✖✝ ✐✓✦Ù☎ ❆✩✦❇ x = 0 ✐✠ ✐✡☛✆ ✐✖✠✗☎☎✖✘☎✍ ✟✎ ✚☎✎✠ ✒✌✝☎ ❡☎✆ ❈ ✟✎✑ ✚✩

x = 0 ✐✠ ✐✡☛✆ ✝☞ ✌☞❡☎ ✖✆✝☎☛✍✞ ✟✎✏✑ ❁✐✘❂✍✕☎

2 2

0 0
lim ( ) lim 0 0
x x

f x x

✒✌ ✐✓✝☎✠
0

lim ( ) 0 (0)
x

f x f

✚✍❃ x = 0 ✐✠  f  ✌✏✍✍ ✟✎✑

♠✸✹✺✻✼✹ ❉ x = 0 ✐✠ ✐✡☛✆  f (x) = | x | ★✞✡ ✌☎✏✍✔✕ ✐✠ ✖★✥☎✠ ✝☞✖✤✙✑

✺❣ ✐✖✠✗☎☎✘☎☎ ❊☎✠☎

f (x) =
, 0

, 0

x x

x x

❋●♥

❋●♥

❁✐✘❂✍✕☎ x = 0 ✐✠ ✐✡☛✆ ✐✖✠✗☎☎✖✘☎✍ ✟✎ ✚☎✎✠ f (0) = 0 ✟✎✑ ❆✩✦❇ x = 0 ✐✠ f  ✝☞ ✩☎✙♦ ✐❞☎ ✝☞ ✌☞❡☎

0 0
lim ( ) lim (– ) 0
x x

f x x  ✟✎✑
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❜☞✌ ✍✎✏✑✒ 0 ✍✒ f ✏✌ ❞✑✓✔ ✍✕✑ ✏✌ ☞✌✖✑ ✗✘✙ ✚✛✓

0
lim ( )
x

f x  =
0

lim 0
x

x  ❣✜✢

❜☞ ✍✎✏✑✒ x = 0 ✍✒ ✐✑✓✔ ✍✕✑ ✏✌ ☞✌✖✑✣ ❞✑✓✔ ✍✕✑ ✏✌ ☞✌✖✑ ✤✥✑✑ ✍✙✛✦ ✏✑ ✖✑✦ ☞✧✍✑✤✌ ❣✧✜✢ ★✤✩

x = 0 ✍✒ f  ☞✧✤✤ ❣✜✢

♠✪✫✬✭✮✫ ✯ ❞♥✑✑✰❜✓ ✚✏ ✍✙✛✦

f (x) =

3 3, 0

1, 0

x x

x

❀✱✲

❀✱✲

x = 0 ✍✒ ☞✧✤✤ ✦❣✌✧ ❣✜✢

✬✳  ✴❣✑✔ x = 0 ✍✒ ✍✙✛✦ ✍✚✒✵✑✑✚✶✑✤ ❣✜ ★✑✜✒ x = 0 ✍✒ ❜☞✏✑ ✖✑✦ ✷ ❣✜✢ ✸✐ x ✹ 0, ✤✐ ✍✙✛✦

✐❣❝✍❞✌✴ ❣✜✢ ❜☞✚✛✓

0
lim ( )
x

f x
✺

 =
3 3

0
lim ( 3) 0 3 3
x

x
✻

✼ ✽ ✼ ✽

❉✴✑✘✧✚✏ x = 0  ✍✒  f ✏✌ ☞✌✖✑✣ f (0) ✗✘✙ ✐✒✑✐✒ ✦❣✌✧ ❣✜✣ ❜☞✚✛✓ x = 0 ✍✒ ✍✙✛✦ ☞✧✤✤ ✦❣✌✧

❣✜✢ ❣✖ ✴❣ ✵✑✌ ☞❝✚✦✚♥✾✤ ✏✒ ☞✏✤✘ ❣✜✧ ✚✏ ❜☞ ✍✙✛✦ ✗✘✙ ✚✛✓ ★☞✑✧✤✿✴ ✏✑ ❁✐❞❝ ✗✘✙✗✛ x = 0 ❣✜✢

♠✪✫✬✭✮✫ ❂ ❃✦ ❁✐❞❝★✑✘✧ ✏✌ ✸✑✔✾ ✏✌✚✸✓ ✚✸✦ ✍✒ ★✾✒ ✍✙✛✦ ❄Constant function❅

f (x) = k ☞✧✤✤ ❣✜✢

✬✳ ✴❣ ✍✙✛✦ ☞✵✑✌ ✗✑❆✤✚✗✏ ☞✧❇✴✑★✑✘✧ ✗✘✙ ✚✛✓ ✍✚✒✵✑✑✚✶✑✤ ❣✜ ★✑✜✒ ✚✏☞✌ ✵✑✌ ✗✑❆✤✚✗✏ ☞✧❇✴✑ ✗✘✙

✚✛✓ ❜☞✏✑ ✖✑✦ k ❣✜✢ ✖✑✦ ✛✌✚✸✓ ✚✏ c ✓✏ ✗✑❆✤✚✗✏ ☞✧❇✴✑ ❣✜✣ ✤✑✘

lim ( )
x c

f x
❈

 = lim
x c

k k
❈

❊

✾♣✔✚✏ ✚✏☞✌ ✗✑❆✤✚✗✏ ☞✧❇✴✑ c ✗✘✙ ✚✛✓  f (c) = k = lim
x c✺  f (x) ❣✜ ❜☞✚✛✓ ✍✙✛✦ f ✍✎✿✴✘✏

✗✑❆✤✚✗✏ ☞✧❇✴✑ ✗✘✙ ✚✛✓ ☞✧✤✤ ❣✜✢

♠✪✫✬✭✮✫ ❋ ✚☞❢ ✏✌✚✸✓ ✚✏ ✗✑❆✤✚✗✏ ☞✧❇✴✑★✑✘✧ ✗✘✙ ✚✛✓ ✤✿☞✖✏ ✍✙✛✦ ❄Identity function❅

f (x) = x, ✍✎✿✴✘✏ ✗✑❆✤✚✗✏ ☞✧❇✴✑ ✗✘✙ ✚✛✓ ☞✧✤✤ ❣✜✢

✬✳ ❆✍✶▲✤✴✑ ✴❣ ✍✙✛✦ ✍✎✿✴✘✏ ❁✐❞❝ ✍✒ ✍✚✒✵✑✑✚✶✑✤ ❣✜ ★✑✜✒ ✍✎✿✴✘✏ ✗✑❆✤✚✗✏ ☞✧❇✴✑ c ✗✘✙ ✚✛✓

f (c) = c ❣✜✢

☞✑✥✑ ❣✌ lim ( )
x c

f x
❈

 = lim
x c

x c
✺

●
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❜☎ ✆✝✞✟✠✡ lim
x c☛

f(x) = c = f(c) ✈✟☞✠ ❜☎✌✍✎ ✏✑ ✆✒✍✓ f ✥✔✒ ✆✝✟✕✖ ✥✔✒ ☎✗✟✘ ✙✚✛✜✈✟✔✕ ✆✠ ☎✕✖✖ ✑☞ ❆

✎✞ ✆✝✛✱✟ ✙✚✛✜ ✆✠ ✌✞☎✘ ✆✒✍✓ ✥✔✒ ☎✟✕✖✢✏ ✞✟✔ ✆✌✠✗✟✟✌✣✟✖ ✞✠✓✔ ✥✔✒ ✚✟✛ ✈✚ ✑✤ ❜☎ ✆✌✠✗✟✟✣✟✟

✞✟ ❞✥✟✗✟✟✌✥✞ ✆✝☎✟✠ ✦extension✮ ✞✠✥✔✒ ✌✞☎✘ ✆✒✍✓ ✥✔✒✡ ✧☎✥✔✒ ✆✝✟✕✖ ✤✔✕✡ ☎✟✕✖✢✏ ✆✠ ✌✥★✟✠ ✞✠✔✕✩✔❆

✐✪✫✬✭✭✯✭✭ ✰ ✎✞ ✥✟❞✖✌✥✞ ✆✒✍✓  f  ☎✕✖✖ ✞✑✍✟✖✟ ✑☞ ✏✌✛ ✥✑  f ✥✔✒ ✆✝✟✕✖ ✥✔✒ ✆✝✢✏✔✞ ✙✚✛✜ ✆✠ ☎✕✖✖ ✑☞❆

❜☎ ✆✌✠✗✟✟✣✟✟ ✞✟✔ ✥✜✒✲ ✌✥❞✖✟✠ ☎✔ ☎✤✳✓✔ ✞✘ ✈✟✥✴✏✞✖✟ ✑☞❆ ✤✟✓ ✍✘✌✵✎ ✌✞ f  ✎✞ ✎✔☎✟ ✆✒✍✓ ✑☞✡

✵✟✔ ☎✕✥t✖ ✈✕✖✠✟✍ ✦closed interval✮ [a, b] ✤✔✕ ✆✌✠✗✟✟✌✣✟✖ ✑☞✡ ✖✟✔ f  ✥✔✒ ☎✕✖✖ ✑✟✔✓✔ ✥✔✒ ✌✍✎ ✈✟✥✴✏✞

✑☞ ✌✞ ✥✑  [a, b] ✥✔✒ ✈✕✢✏ ✙✚✛✜✈✟✔✕ ✦end points✮ a ✖r✟✟ b ☎✌✑✖ ✧☎✥✔✒ ✆✝✢✏✔✞ ✙✚✛✜ ✆✠ ☎✕✖✖ ✑✟✔❆

f ✞✟ ✈✕✢✏ ✙✚✛✜  a ✆✠ ☎✕✟✖✢✏ ✞✟ ✈r✟✶ ✑☞ ✌✞

lim ( )
x a

f x✷✸
= f (a)

✈✟☞✠ f ✞✟ b ✆✠ ☎✟✕✖✢✏ ✞✟ ✈r✟✶ ✑☞ ✌✞

–
lim ( )

x b
f x

✹
= f(b)

✆✝✔✺✟✻✟ ✞✘✌✵✎ ✌✞ lim ( )
x a

f x✼✸
 ✖r✟✟ lim ( )

x b
f x✷✸

✞✟ ✞✟✔❜✶ ✈r✟✶ ✓✑✘✕ ✑☞❆ ❜☎ ✆✌✠✗✟✟✣✟✟ ✥✔✒ ✆✌✠✻✟✟✤❞✥✽✆✡

✏✌✛ f ✥✔✒✥✍ ✎✞ ✙✚✛✜ ✆✠ ✆✌✠✗✟✟✌✣✟✖ ✑☞✡ ✖✟✔ ✥✑ ✧☎ ✙✚✛✜ ✆✠ ☎✕✖✖ ✑✟✔✖✟ ✑☞✡ ✈r✟✟✶✖✾ ✏✌✛ f ✞✟

✆✝✟✕✖ ✎✞✍ ✦☎✤✜✿★✏✮ ✑☞✡ ✖✟✔ f ✎✞ ☎✕✖✖ ✆✒✍✓ ✑✟✔✖✟ ✑☞❆

♠❀✭❁✫❂✭ ❃ ❉✏✟  f (x) = | x | ⑥✟✠✟ ✆✌✠✗✟✟✌✣✟✖ ✆✒✍✓ ✎✞ ☎✕✖✖ ✆✒✍✓ ✑☞❄

❁❣ f ✞✟✔ ✑✤ ✎✔☎✔ ✌✍❅✟ ☎✞✖✔ ✑☞✕ ✌✞ f (x) = 
, 0

, 0

x x

x x

❇❈♥

❇❈♥

✧✛✟✑✠✻✟ ❊ ☎✔ ✑✤ ✵✟✓✖✔ ✑☞✕ ✌✞ x = 0 ✆✠ f ☎✕✖✖ ✑☞❆

✤✟✓ ✍✘✌✵✎ ✌✞ c ✎✞ ✥✟❞✖✌✥✞ ☎✕❅✏✟ ❜☎ ✆✝✞✟✠ ✑☞ ✌✞ c < 0  ✑☞❆ ✈✖✎✥ f (c) = – c

☎✟r✟ ✑✘ lim ( )
x c

f x
❋

 = lim ( ) –
x c

x c
❋

● ❍           (❉✏✟✔✕?)

★♣■✌✞ lim ( ) ( )
x c

f x f c
❋

❍ , ❜☎✌✍✎  f  ☎✗✟✘ ❧✻✟✟✢✤✞ ✥✟❞✖✌✥✞ ☎✕❅✏✟✈✟✔✕ ✥✔✒ ✌✍✎ ☎✕✖✖ ✑☞❆

✈✚ ✤✟✓ ✍✘✌✵✎ ✌✞ c ✎✞ ✥✟❞✖✌✥✞ ☎✕❅✏✟ ❜☎ ✆✝✞✟✠ ✑☞ ✌✞ c > 0 ✑☞❆ ✈✖✎✥ f (c) = c

☎✟r✟ ✑✘ lim ( )
x c

f x
☛  = lim

x c
x c

☛
❏                  (❉✏✟✔✕?)
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❉☞✌✍✎✏✑ lim ( ) ( )
x c

f x f c
✒

✓ , ❜✔✏✕✖ f ✔✥✌✗ ✘✙✌✚✛✑ ✜✌✢✣✏✜✑ ✔✎✤☞✌✦✌✍✎ ✜✍✧ ✏✕✖ ✔✎✣✣ ★✩✪

♣✫✬✏✑ f  ✔✥✌✗ ✭✮✯✰✦✌✍✎ ✱✲ ✔✎✣✣ ★✩✳ ✦✣✴ ☞★ ✖✑ ✔✎✣✣ ✱✧✕✙ ★✩✪

♠✵✶✷✸✹✶ ✺ ✱✧✕✙ f (x) = x3 + x2 – 1 ✜✍✧ ✔✌✎✣✚☞ ✱✲ ✏✜♣✌✲ ✑✗✏♦✖✪

✷❣ ✢✱▲✻✣☞✌  f ✱✼✚☞✍✑ ✜✌✢✣✏✜✑ ✔✎✤☞✌ c ✜✍✧ ✏✕✖ ✱✏✲✥✌✌✏▲✌✣ ★✩ ✦✌✩✲ c ✱✲ ❜✔✑✌ ✛✌✙

c3 + c2 – 1 ★✩✪ ★✛ ☞★ ✥✌✗ ♦✌✙✣✍ ★✩✎ ✏✑

lim ( )
x c

f x
✽

 =
3 2 3 2lim ( 1) 1

x c
x x c c

✾
✿ ❀ ❁ ✿ ❀

✦✣✴ lim ( ) ( )
x c

f x f c
✽

❂  ★✩ ❜✔✏✕✖ ✱✼✚☞✍✑ ✜✌✢✣✏✜✑ ✔✎✤☞✌ ✜✍✧ ✏✕✖ f ✔✎✣✣ ★✩✪ ❜✔✑✌ ✦❃✌❄

★✩ ✏✑ f  ✖✑ ✔✎✣✣ ✱✧✕✙ ★✩✪

♠✵✶✷✸✹✶ 9  f (x) = 
1

x
, x ❅ 0 ⑥✌✲✌ ✱✏✲✥✌✌✏▲✌✣ ✱✧✕✙ f ✜✍✧ ✔✌✎✣✚☞ ✱✲ ✏✜♣✌✲ ✑✗✏♦✖✪

✷❣ ✏✑✔✗ ✖✑ ❢✌✫❆☞✍✣✲ ( Non-zero) ✜✌✢✣✏✜✑ ✔✎✤☞✌ c ✑✌✍ ✔✰✏✙✏❢♣✣ ✑✗✏♦✖

✦✮
1 1

lim ( ) lim
x c x c

f x
x c❇ ❇

❈ ❈

✔✌❃✌ ★✗✳ ♣✫✬✏✑ c ❅ 0, ❜✔✏✕✖
1

( )f c
c

❈  ★✩✪ ❜✔ ✱✼✑✌✲ lim ( ) ( )
x c

f x f c
✒

✓  ✦✌✩✲ ❜✔✏✕✖ f ✦✱✙✍

✱✼✌✎✣ ✜✍✧ ✱✼✚☞✍✑ ✭✮✯✰ ✱✲ ✔✎✣✣ ★✩✪ ❜✔ ✱✼✑✌✲ f ✖✑ ✔✎✣✣ ✱✧✕✙ ★✩✪

★✛ ❜✔ ✦✜✔✲ ✑✌ ✕✌✥✌✳ ✈❊❋● ❍infinity■ ✑✗ ✔✎✑❏✱✙✌ ❍concept■ ✑✌✍ ✔✛❑✌✙✍ ✜✍✧ ✏✕✖✳

▼◆✌✣✍ ★✩✎✪ ★✛ ❜✔✜✍✧ ✏✕✖ ✱✧✕✙  f (x) = 
1

x
 ✑✌ ✏✜❢✕✍▲✌❞✌ x = 0 ✜✍✧ ✏✙✑✻✢❃✌ ✛✌✙✌✎✍ ✱✲ ✑✲✣✍ ★✩✎✪

❜✔✜✍✧ ✏✕✖ ★✛ ❖ ✜✍✧ P◗❘❊❙❚ ✑✗ ✜✌✢✣✏✜✑ ✔✎✤☞✌✦✌✍✎ ✜✍✧ ✏✕✖ ✱✧✕✙ ✜✍✧ ✛✌✙✌✍✎ ✑✌ ✦❯☞☞✙ ✑✲✙✍

✑✗ ✱✼♣✏✕✣ ☞✰✏❉✣ ✑✌ ✱✼☞✌✍❱ ✑✲✣✍ ★✩✎✪ ✦✏✙✜✌☞❄✣✴ ❍essentially■ ★✛ x = 0 ✱✲ f ✜✍✧ ✯✌✖✬ ✱❲✌ ✑✗

✔✗✛✌ ❳✌✣ ✑✲✙✍ ✑✌ ✱✼☞✌✔ ✑✲✣✍ ★✩✎✪ ❜✔✑✌✍ ★✛ ✙✗♣✍ ✔✌✲❞✌✗✮❨ ✑✲✣✍ ★✩✎✪ (✔✌✲❞✌✗ 5.1)

❩❬❭❪❬❫ ❴❵❛

x 1 0.3 0.2 0.1 = 10–1 0.01 = 10–2 0.001 = 10–3 10–n

f (x) 1 3.333... 5 10 100 = 102 1000 = 103 10n

★✛ ✯✍✤✌✣✍ ★✩✎ ✏✑ ♦✩✔✍❝♦✩✔✍ x ✯✌☞✗✎ ✦✌✍✲ ✔✍ ❖ ✜✍✧ ✏✙✑✻ ✦❱✼✔✲ ★✌✍✣✌ ★✩ f (x) ✑✌ ✛✌✙ ▼❡✌✲✌✍❡✌✲

✦✏✣ ❢✌✗❤✌✼✣✌ ✔✍ ✮✐❥✣✌ ♦✌✣✌ ★✩✪ ❜✔ ✮✌✣ ✑✌✍ ✖✑ ✦❆☞ ✱✼✑✌✲ ✔✍ ✥✌✗ ❦☞❉✣ ✏✑☞✌ ♦✌ ✔✑✣✌ ★✩✳ ♦✩✔✍✴
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✱☎ ✆✝ ✞✟✠✡☛✞☎ ☞✌✍✎✟ ☎✟✏ ✑ ✞✏✒ ✓✔✎✌✡ ☛✝☎✕ ✖✗✝☎✘✙ f (x) ✞✏✒ ♦✟✝ ☎✟✏ ☛☎☞✚ ✛✟✚ ✜✢✣✤✟ ☞✌✍✎✟

☞✏ ✓☛✆☎ ☛☎✎✟ ❧✟ ☞☎✡✟ ✥✦✧ ✜✢✡✚☎✟✏ ✌ ♦✏ ✌ ★☞ ✩✟✡ ☎✟✏ ✥♦ ☛✝✪✝☛✫☛✍✟✡ ✜✢☎✟✘ ☞✏ ☛✫✍✟✡✏ ✥✦✌ ☛☎

0
lim ( )
x

f x✬✭
✮ ✯ ✰

(★☞☎✟✏ ★☞ ✜✢☎✟✘ ✜❜✲✟ ❧✟✡✟ ✥✦✳ ✑ ✜✘✙ f (x)  ✞✏✒ ✣✟✱✴ ✜✵✟ ☎✚ ✆✝✟✔♦☎ ☞✚♦✟ ✓✝✌✡ ✥✦✶✧ ✎✥✟✴ ✜✘

✥♦ ✩✫ ✣✏✝✟ ✖✟✥✡✏ ✥✦✌ ☛☎ + ✷ ✱☎ ✞✟✠✡☛✞☎ ☞✌✍✎✟ ✝✥✚✌ ✥✦ ✓✟✦✘ ★☞☛✫✱ ✑ ✜✘ f ✞✏✒ ✣✟✱✴ ✜✵✟ ☎✚

☞✚♦✟ ☎✟ ✓☛✠✡✔✞ ✝✥✚✌ ✥✦ ✸✞✟✠✡☛✞☎ ☞✌✍✎✟✓✟✏ ✌ ✞✏✒ ✹✜ ♦✏✌✶✧

★☞✚ ✜✢☎✟✘ ☞✏ ✑ ✜✘  f  ✞✏✒ ✩✟✱✴ ✜✵✟ ☎✚ ☞✚♦✟ ✺✟✡ ☎✚ ❧✟ ☞☎✡✚ ✥✦✧ ☛✝✪✝☛✫☛✍✟✡ ☞✟✘✻✟✚ ☞✏

✠✞✡✳ ✠✜▲✕ ✥✦✧

✼✽✾✿✽❀ ❁❂❃

x – 1 – 0.3 – 0.2 – 10–1 – 10–2 – 10–3 – 10–n

f (x) – 1 – 3.333... – 5 – 10 – 102 – 103 – 10n

☞✟✘✻✟✚ ❄❅❆ ☞✏ ✥♦ ☛✝▲☎▲✟❇ ☛✝☎✟✫✡✏ ✥✦✌ ☛☎ ✱☎

➼✻✟✟✔♦☎ ✞✟✠✡☛✞☎ ☞✌✍✎✟ ☎✟✏ ✑ ✞✏✒ ✓✔✎✌✡ ☛✝☎✕

✖✗✝☎✘✙ f (x) ✞✏✒ ♦✟✝ ☎✟✏ ☛☎☞✚ ✛✟✚ ✜✢✣✤✟ ☞✌✍✎✟ ☞✏

☎♦ ☛☎✎✟ ❧✟ ☞☎✡✟ ✥✦✧ ✜✢✡✚☎✟✔♦☎ ✹✜ ☞✏ ✥♦

0
lim ( )
x

f x❈✭
✮ ❉✰ ☛✫✍✟✡✏ ✥✦✌

(☛❧☞✏ ★☞ ✜✢☎✟✘ ✜❜✲✟ ❧✟✡✟ ✥✦✳ ✑ ✜✘  f (x) ✞✏✒ ✩✟✱✴

✜✵✟ ☎✚ ☞✚♦✟ ➼✻✟✟✔♦☎ ✓✝✌✡ ✥✦✧) ✎✥✟✴ ✥♦ ★☞ ✩✟✡

✜✘ ✩✫ ✣✏✝✟ ✖✟✥✡✏ ✥✦✌ ☛☎ – ✷ ✱☎ ✞✟✠✡☛✞☎ ☞✌✍✎✟

✝✥✚✌ ✥✦ ✓✡✱✞ ✑ ✜✘ f  ✞✏✒ ✩✟✱✴ ✜✵✟ ☎✚ ☞✚♦✟ ☎✟

✓☛✠✡✔✞ ✝✥✚✌ ✥✦ ✸✞✟✠✡☛✞☎ ☞✌✍✎✟✓✟✏✌ ✞✏✒ ✹✜ ♦✏✌✶✧

✓✟✞✈✒☛✡ 5.3 ☎✟ ✓✟✫✏✍✟ ❞✜✎✗❇❊✡ ✡❋✎✟✏ ✌ ☎✟ ●✎✟☛♦✡✚✎

☛✝✹✜✻✟ ✥✦✧

♠❍■❏❑▼■ ◆❖ ☛✝✪✝☛✫☛✍✟✡ ✜✒✫✝ ✞✏✒ ☞✟✌✡✔✎ ✜✘ ☛✞✖✟✘ ☎✚☛❧✱✳

f (x) =
2, 1

2, 1

x x

x x

P◗♥

P◗♥

❏❣ ✜✒✫✝ f ✞✟✠✡☛✞☎ ✘✏✍✟✟ ✞✏✒ ✜✢✔✎✏☎ ❘✩✣✗ ✜✘ ✜☛✘✛✟✟☛▲✟✡ ✥✦✧

❍❙■■ 1 ✎☛✣  c < 1, ✡✟✏ f (c) = c + 2 ✥✦✧ ★☞ ✜✢☎✟✘ lim ( ) lim 2 2
x c x c

f x x c ✥✦✧

❚✽❯❱❲❳❨ ❁❂❩
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✈☞✌ ✍ ✎✏ ✑✒ ✎✓✔✕ ✖✔✗☞✘✖✑ ✎✙✚✛✔✈✔✏✙ ✜✢  f  ✎✙☞☞ ✣✤✥

♥✦✧✧ 2  ✛✘❀ c > 1, ☞✔✏  f (c) = c – 2 ✣✤✥

❜✎✘★✩ lim ( ) lim
x c x c

f x
✪ ✪

✫ (x – 2) = c – 2 = f (c) ✣✤✥

✈☞✩✖ ✬✭ ✎✓✔✕ ✮✯❀✰✈✔✏✙ ✜✢ ✱✣✔✲ x > 1 ✣✤❣ f ✎✙☞☞ ✣✤✥

♥✦✧✧ 3 ✛✘❀ c = 1, ☞✔✏ x = 1 ✜✢ f ✖✏✳ ✯✔✩✲ ✜✴✔ ✑✕ ✎✕✒✔❣

✈✵✔✔✶☞✷

– –1 1
lim ( ) lim ( 2) 1 2 3
x x

f x x
✪ ✪

✫ ✸ ✫ ✸ ✫

x = 1 ✜✢ f  ✖✏✳ ❀✔✩✲ ✜✴✔ ✑✕ ✎✕✒✔❣ ✈✵✔✔✶☞✷

–1 1
lim ( ) lim ( 2) 1 2 1
x x

f x x✹✪ ✪
✫ ✺ ✫ ✺ ✫ ✺

✈✯ ✻✼✲✘✑ x = 1 ✜✢ f  ✖✏✳ ✯✔✩✲ ☞✵✔✔ ❀✔✩✲ ✜✴✔ ✑✕ ✎✕✒✔✩✲ ✎✙✜✔☞✕ ♦coincident✽ ✭✣✕✙ ✣✤✙❣ ✈☞✌

x = 1 ✜✢ f ✎✙☞☞ ✭✣✕✙ ✣✤✥ ❜✎ ✜✾✑✔✢ f  ✖✏✳ ✈✎✔✙☞✿✛ ✑✔ ✮✯❀✰ ✖✏✳✖★ ✒✔❁✔ x  = 1 ✣✤✥ ❜✎ ✜✳★✭

✑✔ ✈✔★✏✚✔ ✈✔✖❞✳✘☞ ❂❃❄ ✒✏✙ ❀❅✔✔✶✛✔ ❆✛✔ ✣✤✥

♠♥✧❇❈❉✧ 11  ✘✭❢✭✘★✘✚✔☞ ✜✾✑✔✢ ✎✏ ✜✘✢✓✔✔✘❊✔☞ ✜✳★✭ f ✖✏✳ ✎✒✗☞ ♦✎✓✔✕✽ ✈✎✔✙☞✿✛ ✮✯❀✰✈✔✏✙ ✑✔✏ ❋✔☞ ✑✕✘✱✩

f (x) =

2, 1

0, 1

2, 1

x x

x

x x

●❍■

●❍■

●❍■

❇❏ ✜✼✖✶✖☞✕✶ ✬❀✔✣✢✐✔ ✑✕ ☞✢✣ ✛✣✔✲ ✓✔✕ ✣✒ ❀✏✚✔☞✏ ✣✤✙ ✜✾✿✛✏✑ ✖✔✗☞✘✖✑ ✎✙✚✛✔ x ❑ 1 ✖✏✳ ✘★✩ f ✎✙☞☞

✣✤✥ x = 1 ✖✏✳ ✘★✩ f ✖✏✳ ✯✔✩✲ ✜✴✔ ✑✕ ✎✕✒✔❣ 
–1 1

lim ( ) lim ( 2) 1 2 3
x x

f x x ✣✤✥

x = 1 ✖✏✳ ✘★✩ f ✖✏✳ ❀✔✩✲ ✜✴✔ ✑✕ ✎✕✒✔❣ –1 1
lim ( ) lim ( 2) 1 2 1

x x
f x x ✣✤✥

✻✼✲✘✑ x = 1 ✜✢ f ✖✏✳ ✯✔✩✲ ☞✵✔✔ ❀✔✩✲ ✜✴✔ ✑✕ ✎✕✒✔✩✲ ✎✙✜✔☞✕ ✭✣✕✙ ✣✤✙❣ ✈☞✌ x = 1 ✜✢ f  ✎✙☞☞

✭✣✕✙ ✣✤✥ ❜✎ ✜✾✑✔✢ f  ✖✏✳ ✈✎✔✙☞✿✛ ✑✔ ✮✯❀✰ ✖✏✳✖★ ✒✔❁✔ x = 1  ✣✤✥ ❜✎ ✜✳★✭ ✑✔ ✈✔★✏✚✔ ✈✔✖❞✳✘☞

❂❃❂ ✒✏✙ ❀❅✔✔✶✛✔ ❆✛✔ ✣✤✥

♠♥✧❇❈❉✧ 12  ✘✭❢✭✘★✘✚✔☞ ✜✳★✭ ✖✏✳ ✎✔✙☞✿✛ ✜✢ ✘✖✻✔✢ ✑✕✘✱✩✌

f (x) =
2, 0

2, 0

x x

x x

●❍■

●❍■

▲▼◆❖P◗❘ ❙❚❯
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❣☎ è✆✝✞ ✟✠✡☛☞ ✡✌ ✡✍✎✝✏✝✑✠✞ ✒✓✔✞ ✕ ✖✗✝✘✙✆✚ ✍✛✓

✈✡✜✡✏✢✜ ✈✙✆ ✣✤✥✜ ✍✝✥✜✡✍✌ ✣✦✧✆✝✈✝✛✦ ✍✛✓ ✡✔☞ ✒✡✏★✝✝✡✩✝✜

✪✫✬ ✒✡✏★✝✝✩✝✝✞✭✣✝✏ ✮✣ ✒✓✔✞ ✌✝ ✒✯✝✦✜

D
1
 ✰ D

2
 ✪✫ ☛✪✝✱ D

1
 = {x ✲ R : x < 0} ✈✝✫✏

D
2
 = {x ✲ R : x > 0}✪✫✬

♥✳✴✴ 1 ✆✡✟ c ✲ D
1
, ✜✝✛ lim ( ) lim

x c x c
f x  (x + 2) =

c + 2 = f (c) ✪✫ ✈✜☞✍ D
1
  ✤✛✦ f ✣✦✜✜ ✪✫✬

♥✳✴✴ 2 ✆✡✟ c ✲ D
2
, ✜✝✛ lim ( ) lim

x c x c
f x  (– x + 2) =

– c + 2 = f (c) ✪✫ ✈✜☞✍ D
2
 ✤✛✦ ★✝✠ f ✣✦✜✜ ✪✫✬

✢✆✝✛✦✡✌  f  ✈✒✞✛ ✒✯✝✦✜ ✍✛✓ ✣✤✥✜ ✵✶✟✭✈✝✛✦ ✒✏ ✣✦✜✜ ✪✫

✡☛✣✣✛ ✪✤ ✡✞✩✌✩✝❢ ✡✞✌✝✔✜✛ ✪✫✦ ✡✌ f  ☞✌ ✣✦✜✜ ✒✓✔✞ ✪✫✬

✮✣ ✒✓✔✞ ✌✝ ✈✝✔✛✧✝ ✈✝✍❜✓✡✜ 5.6 ✤✛✦ ✧✝✠✦✎✝ ❡✆✝ ✪✫✬ è✆✝✞

✟✠✡☛☞ ✡✌ ✮✣ ✒✓✔✞ ✍✛✓ ✈✝✔✛✧✝ ✌✝✛ ✧✝✠✦✎✞✛ ✍✛✓ ✡✔☞ ✪✤✛✦

✌✔✤ ✌✝✛ ✌✝❡❞✝ ✌✠ ✣✜✪ ✣✛ ✷✸✝✞✝ ✒✹✺✜✝ ✪✫✻ ✡✌✦✜✭ ✪✤✛✦

☞✛✣✝ ✍✛✓✍✔ ✷✞ ✵✶✟✭✈✝✛ ✦ ✒✏ ✌✏✞✝ ✒✹✺✜✝ ✪✫ ☛✪✝✱ ✒✏ ✒✓✔✞

✒✡✏★✝✝✡✩✝✜ ✞✪✠✦ ✪✫✬

♠♥✴❣✼✽✴ 13  ✡✞✾✞✡✔✡✧✝✜ ✒✓✔✞ ✍✛✓ ✣✝✦✜✿✆ ✒✏ ✡✍✎✝✏

✌✠✡☛☞❀

f (x) = 2

, 0

, 0

x x

x x

❁❂❃

❁❂❃

❣☎ ✥✒✩▲✜✆✝✻ ✒✯✟❄✝ ✒✓✔✞ ✒✯✿✆✛✌ ✍✝✥✜✡✍✌ ✣✦✧✆✝ ✍✛✓

✡✔☞ ✒✡✏★✝✝✡✩✝✜ ✪✫✬ ✮✣ ✒✓✔✞ ✌✝ ✈✝✔✛✧✝ ✈✝✍❜✓✡✜ 5.7

✤✛✦ ✡✟✆✝ ✪✫✬ ✮✣ ✈✝✔✛✧✝ ✍✛✓ ✡✞✏✠❅✝❆✝ ✣✛ ✆✪ ✜✍❢✓✣✦❡✜

✔❡✜✝ ✪✫ ✡✌ ✒✓✔✞ ✍✛✓ ✒✯✝✦✜ ✌✝✛ ✍✝✥✜✡✍✌ ✏✛✧✝✝ ✍✛✓ ✜✠✞

✈✣✦✆✭✢✜ ✖disjoint✚ ✷✒ ✣✤✭❇✎✆✝✛✦ ✤✛✦ ✡✍★✝✝✡☛✜ ✌✏

✡✔✆✝ ☛✝☞✬ ✤✝✞ ✡✔✆✝ ✡✌

D
1
 = {x ✲ R : x < 0}, D

2
 = {0} ✜r✝✝

D
3
 = {x ✲ R : x > 0}✪✫✬

❈❉❊❋●❍■ ❏❑❏

❈❉❊❋●❍■ ❏❑▼

  ❈❉❊❋●❍■ ❏❑◆
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♥☞✌✌ 1 D
1
 ♦✍✎ ✏✑✒✓ ✔✕✓ ✖✗✘✙ ✚✛  f (x) = x2 ❣✜ ✢✕✜✛ ✣❣ ✒✛✤✥✕ ✒✍ ✘✍✦✕✕ ✧✕ ✒✑✥✕ ❣✜ ✏✑ D

1 
❡✍★

f ✒★✥✥ ❣✜✩ ✪✫✘✕❣✛✬✕ ✭ ✘✍✏✦✕✮✯

♥☞✌✌ 2 D
3
 ♦✍✎ ✏✑✒✓ ✔✕✓ ✖✗✘✙ ✚✛  f (x) = x  ❣✜ ✢✕✜✛ ✣❣ ✒✛✤✥✕ ✒✍ ✘✍✦✕✕ ✧✕ ✒✑✥✕ ❣✜ ✏✑ D

3 
❡✍★

f ✒★✥✥ ❣✜✩ ✪✫✘✕❣✛✬✕ ✰ ✘✍✏✦✕✮✯

♥☞✌✌ 3 ✢✗ ❣❡ x = 0 ✚✛ ✚✎✤✐ ✑✕ ✏♦✱✤✍✲✕✬✕ ✑✛✥✍ ❣✜★✩ ✳ ♦✍✎ ✏✤✮ ✚✎✤✐ ✑✕ ❡✕✐ f (0) = 0 ❣✜✩

✳ ✚✛ f ♦✍✎ ✗✕✮✴ ✚✵✕ ✑✓ ✒✓❡✕

2 2

–0 0
lim ( ) lim 0 0

x x
f x x ❣✜ ✥✶✕✕

✳ ✚✛ f ♦✍✎ ✘✕✮✴ ✚✵✕ ✑✓ ✒✓❡✕

0 0
lim ( ) lim 0

x x
f x x ❣✜✩

✢✥✈
0

lim ( ) 0
x

f x = f (0) ✢✥✮♦ ✳ ✚✛ f ✒★✥✥ ❣✜✩ ✷✒✑✕ ✢✶✕✸ ✣❣ ❣✙✢✕ ✏✑ f ✢✚✐✍ ✚✹✕★✥ ♦✍✎

✚✹✺✣✍✑ ✖✗✘✙ ✚✛ ✒★✥✥ ❣✜✩ ✢✥✈ f ✮✑ ✒★✥✥ ✚✎✤✐ ❣✜✩

♠♥✌✻✼✽✌ 14  ✘✱✕✕✸✷✮ ✏✑ ✚✹✺✣✍✑ ✗❣✙✚✘ ✚✎✤✐ ✒★✥✥ ❣✕✍✥✕ ❣✜✩

✻✾ ▲❡✛✬✕ ✑✓✏✧✮ ✏✑ ✑✕✍✷✸ ✚✎✤✐ p, ✮✑ ✗❣✙✚✘ ✚✎✤✐ ❣✕✍✥✕ ❣✜ ✣✏✘ ♦❣ ✏✑✒✓ ✚✹✕♦✿✎✥ ✒★✦✣✕ n

♦✍✎ ✏✤✮ p(x) = a
0
 + a

1
 x + ... + a

n
 xn  ⑥✕✛✕ ✚✏✛✔✕✕✏✲✕✥ ❣✕✍❀ ✧❣✕✴ a

i
 ❁ R ✥✶✕✕ a

n
 ❂ 0 ❣✜✩ ▲✚✲❃✥✣✕

✣❣ ✚✎✤✐ ✚✹✺✣✍✑ ♦✕▲✥✏♦✑ ✒★✦✣✕ ♦✍✎ ✏✤✮ ✚✏✛✔✕✕✏✲✕✥ ❣✜✩ ✏✑✒✓ ✏✐✏✱❄✥ ♦✕▲✥✏♦✑ ✒★✦✣✕ c ♦✍✎ ✏✤✮

❣❡ ✘✍✦✕✥✍ ❣✜★ ✏✑

lim ( ) ( )
x c

p x p c

✷✒✏✤✮ ✚✏✛✔✕✕✲✕✕ ⑥✕✛✕ c ✚✛ p ✒★✥✥ ❣✜✩ ❄❅✴✏✑ c ✑✕✍✷✸ ✔✕✓ ♦✕▲✥✏♦✑ ✒★✦✣✕ ❣✜ ✷✒✏✤✮ p ✏✑✒✓

✔✕✓ ♦✕▲✥✏♦✑ ✒★✦✣✕ ♦✍✎ ✏✤✮ ✒★✥✥ ❣✜❀

✢✶✕✕✸✥❆ p ✮✑ ✒★✥✥ ✚✎✤✐ ❣✜✩

♠♥✌✻✼✽✌ ❇❈ f (x) = [x] ⑥✕✛✕ ✚✏✛✔✕✕✏✲✕✥

❡❣❉✕❡ ✚❅✬✕✕❊✑ ✚✎✤✐ ♦✍✎ ✢✒✕★✥✺✣ ♦✍✎ ✒❡▲✥

✖✗✘✙✢✕✍★ ✑✕✍ ➥✕✥ ✑✓✏✧✮❀ ✧❣✕✴ [x] ✫✒

❡❣❉✕❡ ✚❅✬✕✕❊✑ ✑✕✍ ✚✹✑❃ ✑✛✥✕ ❣✜❀ ✧✕✍ x ✒✍

✑❡ ✣✕ ✫✒♦✍✎ ✗✛✕✗✛ ❣✜✩

✻✾ ✚❣✤✍ ✥✕✍ ❣❡ ✣❣ ✘✍✦✕✥✍ ❣✜★ ✏✑ f  ✒✔✕✓

♦✕▲✥✏♦✑ ✒★✦✣✕✢✕✍★ ♦✍✎ ✏✤✮ ✚✏✛✔✕✕✏✲✕✥ ❣✜✩

✷✒ ✚✎✤✐ ✑✕ ✢✕✤✍✦✕ ✢✕♦✿✎✏✥ 5.8 ❡✍★

✏✘✦✕✕✣✕ ❢✣✕ ❣✜✩  ❋●❍■❏❑▼ ◆❖P
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✈☎✆✝✞☎ ✟✝ ✠✝✟☎ ✡☛☞✌☞ ✍☎✝☞☎ ✍✎ ✏✑ ✡☛✒✓☎ ✡✔✆✕ x ✥✝✔ ✟✖☎✌ ✡✗✘☎☎✙✑ ✚☎✕☎✝✛ ✥✝✔ ✏✆✠ ✈✟✛☞☞ ✍✎✜ ✕✌✢✝ ✍✚

◆☎✕✣✌✕ ✑✤✝✛✦✝ ✏✑ ✧★☎ ★✍ ✟✩★ ✍✎✜

♥✪✫✫ ✬ ✚☎✕ ✆✌✏✭✠ ✏✑  c ✠✑ ✠✝✟✌ ✥☎✱☞✏✥✑ ✟✛✞★☎ ✍✎✮ ✭☎✝ ✏✑✟✌ ✖☎✌ ✡✗✘☎☎✙✑ ✥✝✔ ✣✤☎✣✤ ✕✍✌✛ ✍✎✜

✈☎✆✝✞☎ ✟✝ ★✍ ✱✡✯✰ ✍✎ ✏✑ c ✥✝✔ ✏✕✑✰ ✑✌ ✟✖☎✌ ✥☎✱☞✏✥✑ ✟✛✞★☎✈☎✝✛ ✥✝✔ ✏✆✠ ✏✒✠ ✍♦✠ ✡✔✆✕ ✑☎

✚☎✕ [c]; ✍✎✛✮ ✈✲☎☎✳☞✴ lim ( ) lim [ ] [ ]
x c x c

f x x c
✵ ✵

✶ ✶  ✟☎✲☎ ✍✌  f (c) = [c] ✈☞✷ ✡☛✒✓☎ ✡✔✆✕✮ ✸✕ ✟✖☎✌

✥☎✱☞✏✥✑ ✟✛✞★☎✈☎✝✛ ✥✝✔ ✏✆✠ ✟✛☞☞ ✍✎✮ ✭☎✝ ✡✗✘☎☎✙✑ ✕✍✌✛ ✍✎✜

♥✪✫✫ ✹ ✚☎✕ ✆✌✏✭✠ ✏✑  c ✠✑ ✡✗✘☎☎✙✑ ✍✎✜ ✈☞✠✥ ✍✚ ✠✑ ✠✝✟✌ ✡★☎✳✺☞☞✷ ◆☎✝✰✌ ✥☎✱☞✏✥✑ ✟✛✞★☎

r > 0 ✡☛☎✺☞ ✑✤ ✟✑☞✝ ✍✎✛ ✭☎✝ ✏✑ [c – r] = c – 1 ✭✣✏✑ [c + r] = c ✍✎✜

✟✌✚☎✈☎✝✛ ✥✝✔ ❧✡ ✚✝✛✮ ✻✟✑☎ ✈✲☎✳ ★✍ ✍♦✈☎ ✏✑

lim
x c✼✵

f (x) = c – 1 ☞✲☎☎ lim
x c✽✵

f (x) = c

✢✗♣✏✑ ✏✑✟✌ ✖☎✌ ✡✗✘☎☎✙✑ c ✥✝✔ ✏✆✠ ★✝ ✟✌✚☎✠♣ ✟✚☎✕ ✕✍✌✛ ✍☎✝ ✟✑☞✌ ✍✎✛✮ ✈☞✷ ✡☛✒✓☎ ✡✔✆✕ x ✟✖☎✌

✡✗✘☎☎✙✑ ✚☎✕☎✝✛ ✥✝✔ ✏✆✠ ✈✟✛☞☞ ✍✎✜

5.2.1  ✾✿❀❀ ❁❂❃❄❅❆✿ ❇❅ ❈❉❊❋●❍❅❀ (Algebra of continuous functions)

✏✡◆✆✌ ✑❢☎☎ ✚✝✛✮ ✟✌✚☎ ✑✌ ✟✛✑■✡✕☎ ✟✚❏✕✝ ✥✝✔ ✸✡✤☎✛☞✮ ✍✚✕✝✛ ✟✌✚☎✈☎✝✛ ✥✝✔ ✣✌✭✦✏✘☎☞ ✑☎ ✥♦✔◆

✈❑★★✕ ✏✑★☎ ✲☎☎✜ ✈✕♦❧✡☞✷ ✈✣ ✍✚ ✟✛☞☞ ✡✔✆✕☎✝✛ ✥✝✔ ✣✌✭✦✏✘☎☞ ✑☎ ✖☎✌ ✥♦✔◆ ✈❑★★✕ ✑✤✝✛✦✝✜ ✢✗♣✏✑

✏✑✟✌ ▲✣✒♦ ✡✤ ✠✑ ✡✔✆✕ ✑☎ ✟☎✛☞✩★ ✡✗✘☎✳❧✡ ✟✝ ✸✟ ▲✣✒♦ ✡✤ ✡✔✆✕ ✑✌ ✟✌✚☎ ▼☎✤☎

✏✕❖☎✳✏✤☞ ✍☎✝☞☎ ✍✎✮ ✈☞✠✥ ★✍ ☞✑✳✟✛✦☞ ✍✎ ✏✑ ✍✚ ✟✌✚☎✈☎✝✛ ✥✝✔ ✟✒P◗★ ✍✌ ★✍☎♣ ✖☎✌ ✣✌✭✌★ ✡✏✤✘☎☎✚☎✝✛

✑✌ ✈✡✝❢☎☎ ✑✤✝✛✜

✐❘❙❚❯ ✬ ✚☎✕ ✆✌✏✭✠ ✏✑ f ☞✲☎☎ g ✒☎✝ ✠✝✟✝ ✥☎✱☞✏✥✑ ✡✔✆✕ ✍✎✛✮ ✭☎✝ ✠✑ ✥☎✱☞✏✥✑ ✟✛✞★☎ c ✥✝✔ ✏✆✠

✟✛☞☞ ✍✎✛✜ ☞✣✮

(1)  f + g , x = c ✡✤ ✟✛☞☞ ✍✎

(2) f – g ,  x = c ✡✤ ✟✛☞☞ ✍✎

(3) f . g ,  x = c ✡✤ ✟✛☞☞ ✍✎

(4)
f

g

❱ ❲
❳ ❨
❩ ❬

 ,  x = c ✡✤ ✟✛☞☞ ✍✎  (✭✣✏✑ g (c) ❭ 0 ✍✎✜)

♠✐✐❪❫✫ ✍✚ ▲✣✒♦ x = c ✡✤ (f + g) ✥✝✔ ✟☎✛☞✩★ ✑✌ ✭☎♣✢ ✑✤☞✝ ✍✎✛✜ ✍✚ ✒✞☎☞✝ ✍✎✛ ✏✑

lim( )( )
x c

f g x
✵

❴  = lim [ ( ) ( )]
x c

f x g x
✵

❴ (f + g ✑✌ ✡✏✤✖☎☎✯☎☎ ▼☎✤☎)

= lim ( ) lim ( )
x c x c

f x g x
✵ ✵

❴ (✟✌✚☎✈☎✝✛ ✥✝✔ ✡☛✚✝★ ▼☎✤☎)
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= f (c) + g(c) ✭☞✌✍✎✏ f r✑✍✍ g ✒✏rr ✓✔✕✖ ✗✏✘✙

= (f + g) (c) ✭f + g ❞✚ ✓✛✜✢✍✍✣✍✍ ✤✍✜✍✙

✈r✥✦ f + g ✢✍✚ x = c ♦✎✔ ✛✕✧ ✒✏rr ✗✘★

✓✐✩✎✌ ✪ ♦✎✔ ✫✍✎✣✍ ✢✍✍✬✍✎✏ ❞✚ ✮✓✓✛✯✍ ✰✒✚ ♦✎✔ ✒✩✍✖ ✗✘ ✛✱✲✗✏✎ ✓✍✳❞✍✎✏ ♦✎✔ ✛✕✧ ✈✢✌✍✒ ✗✎r✴ ✵✍✎✶✷

✛❢✌✍ ✬✌✍ ✗✘★

✸✹✺✻✼✽✾

(i) ✮✓✌✴♠☞r ✓✐✩✎✌ ♦✎✔ ✢✍✍✬ ✭✿✙ ❞✚ ✧❞ ✛♦✫✍✎✣✍ ❢✫✍✍ ♦✎✔ ✛✕✧✦ ✌✛❢ f  ✧❞ ✈❀✜ ✓✔✕✖

f (x) = ❁ ✗✍✎✦ ✱✗✍❣ ❂, ❞✍✎✰♠ ✈❀✜ ♦✍❃r✛♦❞ ✒✏❄✌✍ ✗✘✦ r✍✎ (❁ . g) (x) = ❁ . g (x) ✤✍✜✍

✓✛✜✢✍✍✛✣✍r ✓✔✕✖ ✭❂ . g)  ✢✍✚ ✧❞ ✒✏rr ✓✔✕✖ ✗✘★ ✛♦✫✍✎✣✍ ❍✓ ✒✎✦ ✌✛❢ ❂ = – 1,  r✍✎ f ♦✎✔

✒✍✏r❅✌ ✩✎✏ – f ❞✍ ✒✍✏r❅✌ ✈✏r✛✖♠✛✗r ✗✍✎r✍ ✗✘★

(ii) ✮✓✌✴♠☞r ✓✐✩✎✌ ♦✎✔ ✢✍✍✬  (4) ❞✚ ✧❞ ✛♦✫✍✎✣✍ ❢✫✍✍ ♦✎✔ ✛✕✧✦ ✌✛❢ f ✧❞ ✈❀✜ ✓✔✕✖

f (x) = ❁, r✍✎ ( )
( )

x
g g x

❆ ❆
❇ ✤✍✜✍ ✓✛✜✢✍✍✛✣✍r ✓✔✕✖

g

❆
 ✢✍✚ ✧❞ ✒✏rr ✓✔✕✖ ✗✍✎r✍ ✗✘✦ ✱✗✍❣

g(x) ❈ 0 ✗✘★ ✛♦✫✍✎✣✍ ❍✓ ✒✎✦ g ♦✎✔ ✒✍✏r❅✌ ✩✎✏
1

g
 ❞✍ ✒✍✏r❅✌ ✈✏r✛✖♠✛✗r ✗✘★

✮✓✌✴♠☞r ❢✍✎✖✍✎✏ ✓✐✩✎✌✍✎✏ ♦✎✔ ✮✓✌✍✎✬ ✤✍✜✍ ✈✖✎❞ ✒✏rr ✓✔✕✖✍✎✏ ❞✍✎ ❉✖✍✌✍ ✱✍ ✒❞r✍ ✗✘★ ✰✖✒✎ ✌✗

✛✖✛✫❀r ❞✜✖✎ ✩✎✏ ✢✍✚ ✒✗✍✌r✍ ✛✩✕r✚ ✗✘ ✛❞ ❞✍✎✰♠ ✓✔✕✖ ✒✏rr ✗✘ ✌✍ ✖✗✚✏★ ✛✖❊✖✛✕✛❄✍r ✮❢✍✗✜❋✍✍✎✏ ✩✎ ✏

✌✗ ❉✍r ❃✓✣● ❞✚ ✬✰♠ ✗✘★

■❏❑▲▼◆❑ ❖P ✛✒◗ ❞✚✛✱✧ ✛❞ ✓✐❅✌✎❞ ✓✛✜✩✎✌ ✓✔✕✖ ✒✏rr ✗✍✎r✍ ✗✘★

▲❘ ❃✩✜❋✍ ❞✚✛✱✧ ✛❞ ✓✐❅✌✎❞ ✓✛✜✩✎✌ ✓✔✕✖  f  ✛✖❊✖✛✕✛❄✍r ❍✓ ❞✍ ✗✍✎r✍ ✗✘✥

( )
( ) , ( ) 0

( )

p x
f x q x

q x
❇ ❙

✱✗✍❣  p ✈✍✘✜ q ❉✗✴✓❢ ✓✔✕✖ ✗✘✏★ f  ❞✍ ✓✐✍✏r✦ ✮✖ ❚❉❢✴✈✍✎✏ ❞✍✎ ✵✍✎✶✷❞✜ ✛✱✖ ✓✜ q ✫✍❯✲✌ ✗✘✦ ✒✩❃r

♦✍❃r✛♦❞ ✒✏❄✌✍✧❣ ✗✘✏★ ❀❯❣✛❞ ❉✗✴✓❢ ✓✔✕✖ ✒✏rr ✗✍✎r✎ ✗✘✏ ✭✮❢✍✗✜❋✍ ✪❱✙✦ ✈r✧♦ ✓✐✩✎✌ ✪ ♦✎✔ ✢✍✍✬ ✭❱✙

✤✍✜✍ f ✧❞ ✒✏rr ✓✔✕✖ ✗✘★

■❏❑▲▼◆❑ ❖❲ sine ✓✔✕✖ ♦✎✔ ✒✍✏r❅✌ ✓✜ ✛♦❀✍✜ ❞✚✛✱✧★

▲❘ ✰✒ ✓✜ ✛♦❀✍✜ ❞✜✖✎ ♦✎✔ ✛✕✧ ✗✩ ✛✖❊✖✛✕✛❄✍r r✑✌✍✎✏ ❞✍ ✓✐✌✍✎✬ ❞✜r✎ ✗✘✏✥

0
lim sin 0
x

x
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❣☎✆✝ ✞✆ ✟✠✡☛✝☞ ✌☛✝ ✡❣☛✍ ✎✏☎☛✑✒☛✟ ✟☛✝ ✆❣✓☞ ✑✌✡☛ ❣✔✕ ✑✌✖✟✗  sine ✎✐✘✆ ✙✝✐ ✚☛✘✝✛☛ ✌☛✝ ✜☛✢✖✡ ✙✝✐

✑✆✌❢ ✣✝✛☛ ✌✤ ✡✝ ✟✠✡ ✥❣✦☛✆✗✧☛✢✑✟ ★intuitively✮ ✥✝ ✩✎✪❢ ❣☛✝ ✦☛✟☛ ❣✔✫

✚✈ ✣✝✑✛☛✬ ✑✌  f (x) = sin x ✥✧☛✓ ✙☛✩✟✑✙✌ ✥☞✛✡☛✚☛✝☞ ✙✝✐ ✑✘✬ ✎✑✤✧☛☛✑✪☛✟ ❣✔✫ ☎☛✆ ✘✓✑✦✬ ✑✌

c ✬✌ ✙☛✩✟✑✙✌ ✥☞✛✡☛ ❣✔✫ x = c + h ✤✛☛✆✝ ✎✤✕ ✡✑✣ x ✭ c ✟☛✝ ❣☎ ✣✝✛☛✟✝ ❣✔☞ ✑✌ h ✭ 0 ✞✥✑✘✬

lim ( )
x c

f x
✯  = lim sin

x c
x

✯

=
0

lim sin( )
h

c h
✯

✰

=
0

lim [sin cos cos sin ]
h

c h c h
✯

✰

=
0 0

lim [sin cos ] lim [cos sin ]
h h

c h c h
✯ ✯

✰

= sin c + 0 = sin c = f (c)

✞✥ ✎✏✌☛✤ lim
x c✯

 f (x) = f (c) ✚✟✱ f ✬✌ ✥☞✟✟ ✎✐✘✆ ❣✔✫

✲✳✴✵✶✷✸ ✞✥✓ ✎✏✌☛✤ cosine ✎✐✘✆ ✙✝✐ ✥☛☞✟✹✡ ✌☛✝ ✧☛✓ ✎✏☎☛✑✒☛✟ ✑✌✡☛ ✦☛ ✥✌✟☛ ❣✔✫

♠✺✻✼✽✾✻ ✿❀ ✑✥❁ ✌✓✑✦✬ ✑✌ f (x) = tan x ✬✌ ✥☞✟✟ ✎✐✘✆ ❣✔✫

✼❂ ✑✣✡☛ ❣✗✚☛ ✎✐✘✆ f (x) = tan x = 
sin

cos

x

x
 ❣✔✫ ✡❣ ✎✐✘✆ ❃✆ ✥✧☛✓ ✙☛✩✟✑✙✌ ✥☞✛✡☛✚☛✝☞ ✙✝✐ ✑✘✬

✎✑✤✧☛☛✑✪☛✟ ❣✔✕ ✦❣☛✍ cos x ❄ 0, ✚✠☛☛❅✟❆ x ❄ (2n +1)
2

❇
  ❣✔✫ ❣☎✆✝ ✚✧☛✓ ✎✏☎☛✑✒☛✟ ✑✌✡☛ ❣✔ ✑✌ sine ✚☛✔✤

cosine ✎✐✘✆✕ ✥☞✟✟ ✎✐✘✆ ❣✔☞✫ ✞✥✑✘✬ tan ✎✐✘✆✕ ✞✆ ✣☛✝✆☛✝☞ ✎✐✘✆☛✝☞ ✌☛ ✧☛☛❈✎✐✘ ❣☛✝✆✝ ✙✝✐ ✌☛✤✒☛✕ x

✙✝✐ ❃✆ ✥✧☛✓ ☎☛✆☛✝☞ ✙✝✐ ✑✘✬ ✥☞✟✟ ❣✔ ✑✦✆ ✙✝✐ ✑✘✬ ✡❣ ✎✑✤✧☛☛✑✪☛✟ ❣✔✫

✎✐✘✆☛✝☞ ✙✝✐ ✥☞✡☛✝✦✆ ★composition✮ ✥✝ ✥☞✈☞✑❉✟✕ ✥☞✟✟ ✎✐✘✆☛✝☞ ✌☛ ❊✡✙❣☛✤ ✬✌ ✤☛✝❋✌ ✟✠✡ ❣✔✫

✩☎✤✒☛ ✌✓✑✦✬ ✑✌ ✡✑✣  f ✚☛✔✤ g ✣☛✝ ✙☛✩✟✑✙✌ ✎✐✘✆ ❣✔☞✕ ✟☛✝

(f o g) (x) = f (g (x))

✎✑✤✧☛☛✑✪☛✟ ❣✔✕ ✦✈ ✌✧☛✓ g ✌☛ ✎✑✤✥✤ f ✙✝✐ ✎✏☛☞✟ ✌☛ ✬✌ ❃✎✥☎✗●❋✡ ❣☛✝✟☛ ❣✔✫ ✑✆❍✆✑✘✑✛☛✟ ✎✏☎✝✡

★✎✏☎☛✒☛ ✑✈✆☛ ✙✝✐✙✘ ❊✡■✟✮✕ ✥☞✡✗■✟ ★composite✮ ✎✐✘✆☛✝☞ ✙✝✐ ✥☛☞✟✹✡ ✌☛✝ ✎✑✤✧☛☛✑✪☛✟ ✌✤✟✓ ❣✔✫

❏❑▲▼◆ ❖ ☎☛✆ ✘✓✑✦✬ ✑✌  f ✚☛✔✤ g ✞✥ ✎✏✌☛✤ ✙✝✐ ✣☛✝ ✙☛✩✟✑✙✌ ☎☛✆✓✡ ★real valued✮ ✎✐✘✆ ❣✔☞

✑✌ c ✎✤ (f o g) ✎✑✤✧☛☛✑✪☛✟ ❣✔✫ ✡✑✣ c ✎✤ g ✟✠☛☛ g (c)  ✎✤ f ✥☞✟✟ ❣✔✕ ✟☛✝ c ✎✤  (f o g) ✥☞✟✟

❣☛✝✟☛ ❣✔✫

✑✆❍✆✑✘✑✛☛✟ ❃✣☛❣✤✒☛☛✝☞ ☎✝☞ ✞✥ ✎✏☎✝✡ ✌☛✝ ✩✎✪❢ ✑✌✡☛ ❈✡☛ ❣✔✫
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♠☞✌✍✎✏✌ ✑✒ ♥✓✔✔✕✖✗ ✘✙ f (x) = sin (x2) ⑥✔✚✔ ✛✘✚✜✔✔✘✢✔✣ ✛✤✥✦✧ ✗✙ ★✩✣✣ ✛✤✥✦ ✪✫✬

✍❣ ✛✐✭✮✔✯✔ ✙✰✘✱✗ ✘✙ ✘✲✳✔✚✔✴✰✦ ✛✤✥✦ ✛✭✵✶✐✙ ✲✔✷✣✘✲✙ ★✩✸✶✔ ✲✐✤ ✘✥✗ ✛✘✚✜✔✔✘✢✔✣ ✪✫✐✬ ✛✤✥✦

f ✙✔✐✧ g ✣r✔✔ h ♥✔✐ ✛✤✥✦✔✐✩ ✲✐✤ ★✩✶✔✐✱✦ ✹g o h✺✲✐✤ ✻✛ ✼✐✩ ★✔✐✳✔ ✱✔ ★✙✣✔ ✪✫✧ ✱✪✔✽ g (x) = sin x

✣r✔✔ h (x) = x2 ✪✫✬ ✳✾✽✘✙ g ✈✔✫✚ h ♥✔✐✦✔✐✩ ✪✰ ★✩✣✣ ✛✤✥✦ ✪✫✩✧ ✖★✘✥✗ ✛✭✼✐✶ ✿ ⑥✔✚✔ ✶✪ ✘✦✢✙✢✔✕ ✘✦✙✔✥✔

✱✔ ★✙✣✔ ✪✫✧ ✘✙ f ✗✙ ★✩✣✣ ✛✤✥✦ ✪✫✬

♠☞✌✍✎✏✌ ❀❁ ♥✓✔✔✕✖✗ ✘✙ f (x) = |1 – x + | x | | ⑥✔✚✔ ✛✘✚✜✔✔✘✢✔✣ ✛✤✥✦ f✧ ✱✪✔✽  x ✗✙ ✲✔✷✣✘✲✙ ★✩✸✶✔

✪✫✧ ✗✙ ★✩✣✣ ✛✤✥✦ ✪✫✬

✍❣ ★✜✔✰ ✲✔✷✣✘✲✙ ★✩✸✶✔✈✔✐✩ x ✲✐✤ ✘✥✗ g  ✙✔✐ g (x) = 1 – x + | x | ✣r✔✔ h ✙✔✐ h (x) = | x | ⑥✔✚✔

✛✘✚✜✔✔✘✢✔✣ ✙✰✘✱✗✬ ✣❂✧

(h o g) (x) = h (g (x))

= h (1– x + | x |)

= | 1– x + | x | | = f (x)

❃♥✔✪✚✯✔ ❄ ✼✐✩ ✪✼ ♥✐✸✔ ✳❅✲✐✤ ✪✫✩ ✘✙ h ✗✙ ★✩✣✣ ✛✤✥✦ ✪✫✬ ✖★✰ ✛✭✙✔✚ ✗✙ ❂✪❅✛♥ ✛✤✥✦ ✈✔✫✚ ✗✙

✼✔✛✔✩✙ ✛✤✥✦ ✙✔ ✶✔✐❡ ✪✔✐✦✐ ✲✐✤ ✙✔✚✯✔ g ✗✙ ★✩✣✣ ✛✤✥✦ ✪✫✬ ✈✣❆ ♥✔✐ ★✩✣✣ ✛✤✥✦✔✐✩ ✙✔ ★✩✶❅❇✣ ✛✤✥✦

✪✔✐✦✐ ✲✐✤ ✙✔✚✯✔ f  ✜✔✰ ✗✙ ★✩✣✣ ✛✤✥✦ ✪✫✬

❈❉❊❋●❍■❏ ❑▲▼

1. ✘★❢ ✙✰✘✱✗ ✘✙ ✛✤✥✦  f (x) = 5x – 3, x = 0, x = – 3 ✣r✔✔  x = 5 ✛✚ ★✩✣✣ ✪✫✬

2.  x = 3 ✛✚ ✛✤✥✦ f (x) = 2x2 – 1 ✲✐✤ ★✔✩✣✵✶ ✙✰ ✱✔✽✳ ✙✰✘✱✗✬

3. ✘✦◆✦✘✥✘✸✔✣ ✛✤✥✦✔✐✩ ✲✐✤ ★✔✩✣✵✶ ✙✰ ✱✔✽✳ ✙✰✘✱✗❆

(a) f (x) = x – 5 (b) f (x) = 
1

5x ❖
, x P 5

(c) f (x) = 
2 25

5

x

x

◗

❘
, x P –5 (d) f (x) = | x – 5 |

4. ✘★❢ ✙✰✘✱✗ ✘✙ ✛✤✥✦  f (x) = xn , x = n, ✛✚ ★✩✣✣ ✪✫✧ ✱✪✔✽ n ✗✙ ✴✦ ✛✾✯✔✔❙✙ ✪✫✬

5. ❇✶✔
, 1

( )
5, > 1

x x
f x

x

❚❯❱

❚❯❱
  ⑥✔✚✔ ✛✘✚✜✔✔✘✢✔✣ ✛✤✥✦ f

x = 0, x = 1, ✣r✔✔ x = 2 ✛✚ ★✩✣✣ ✪✫❲
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f  ♦☎✆ ✝✞✟✠ ✡✝✟☛☞✌✍ ♦☎✆ ✎✏✑✒✡✟☎☛ ✓✟☎ ✔✟☞ ✓✠✕✖✗✘ ✖✏ ✕✓ f ✕✥✙✥✕✚✕✛✟☞ ✜✢✓✟✣ ✝☎ ✜✕✣✞✟✟✕✤✟☞ ✦✧★

6.
2 3, 2

( )
2 3, > 2

x x
f x

x x

❀✩♥

❀✩♥
7.

| | 3, 3

( ) 2 , 3 3

6 2, 3

x x

f x x x

x x

❀✩♥

❀✩♥

❀✩♥

8.

| |
, 0

( )

0, 0

x
x

f x x

x

❀✩♥

❀✩♥

9.
, 0

| |( )

1, 0

x
x

xf x

x

✪✫✬

✪✫✬

10. 2

1, 1
( )

1, 1

x x
f x

x x

✭✮✯

✭✮✯
11.

3

2

3, 2
( )

1, 2

x x
f x

x x

✰✱✲

✰✱✲

12.
10

2

1, 1
( )

, 1

x x
f x

x x

✳✴✵

✳✴✵

13. ❉✍✟ 
5, 1

( )
5, 1

x x
f x

x x

❀✩♥

❀✩♥
 ⑥✟✣✟ ✜✕✣✞✟✟✕✤✟☞ ✜✆✚✥✘ ✗✓ ✝☛☞☞ ✜✆✚✥ ✦✧✶

✜✆✚✥  f , ♦☎✆ ✝✟☛☞✌✍ ✜✣ ✕♦✷✟✣ ✓✠✕✖✗✘ ✖✦✟✸ f ✕✥✙✥✕✚✕✛✟☞ ⑥✟✣✟ ✜✕✣✞✟✟✕✤✟☞ ✦✧★

14.

3, 0 1

( ) 4, 1 3

5, 3 10

x

f x x

x

❀✩♥

❀✩♥

❀✩♥

15.

2 , 0

( ) 0, 0 1

4 , > 1

x x

f x x

x x

❀✩♥

❀✩♥

❀✩♥

16.

2, 1

( ) 2 , 1 1

2, 1

x

f x x x

x

❀✩♥

❀✩♥

❀✩♥

17. a ✡✟✧✣ b ♦☎✆ ✹✥ ✺✟✥✟☎☛ ✓✟☎ ✔✟☞ ✓✠✕✖✗ ✕✖✥♦☎✆ ✕✚✗

1, 3
( )

3, 3

ax x
f x

bx x

❀✩♥

❀✩♥

⑥✟✣✟ ✜✕✣✞✟✟✕✤✟☞ ✜✆✚✥ x = 3 ✜✣ ✝☛☞☞ ✦✧✐
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18. ☞ ♦✌✍ ✎✏✑ ✒✓✔ ♦✌✍ ✎✕✖

2( 2 ), 0
( )

4 1, 0

x x x
f x

x x

❀✗♥

❀✗♥

 ⑥✓✘✓ ✙✎✘✚✓✓✎✛✓✜ ✙✍✕✔ x = 0 ✙✘ ✑✐✜✜ ✢✣✤ x =  1 ✙✘ ✥✑♦✌✍ ✑✓✐✜✦✧ ✙✘ ✎♦★✓✘ ✏✩✎✪✖✤

19. ✫✬✓✓✭✥✖ ✎✏ g (x) = x – [x] ⑥✓✘✓ ✙✎✘✚✓✓✎✛✓✜ ✙✍✕✔ ✑✒✮✜ ✙✯✰✓✓✱✏ ✲✳✫✴✵✓✌✐ ✙✘ ✵✑✐✜✜ ✢✣✤ ✧✢✓✶

[x] ♠✑ ✒✢✷✓✒ ✙✯✰✓✓✱✏ ✎✔✸✎✙✜ ✏✘✜✓ ✢✣✹ ✪✓✌ x ♦✌✍ ✳✘✓✳✘ ✧✓ x ✑✌ ✏✒ ✢✣✤

20. ❉✧✓  f (x) = x2 – sin x + 5 ⑥✓✘✓ ✙✎✘✚✓✓✎✛✓✜ ✙✍✕✔ x = ✺ ✙✘ ✑✐✜✜ ✢✣?

21. ✎✔❢✔✎✕✎✻✓✜ ✙✍✕✔✓✌✐ ♦✌✍ ✑✓✐✜✦✧ ✙✘ ✎♦★✓✘ ✏✩✎✪✖✼

(a) f (x) = sin x + cos x (b) f (x) = sin x – cos x

(c) f (x) = sin x . cos x

22. cosine, cosecant, secant ✵✓✣✘ cotangent ✙✍✕✔✓✌✐ ♦✌✍ ✑✓✐✜✦✧ ✙✘ ✎♦★✓✘ ✏✩✎✪✖✤

23. f  ♦✌✍ ✑✚✓✩ ✵✑✓✐✜✦✧✜✓ ♦✌✍ ✲✳✫✴✵✓✌✐ ✏✓✌ ✽✓✜ ✏✩✎✪✖✹ ✪✢✓✶

sin
, 0

( )

1, 0

x
x

f x x

x x

✾✿❁

✾✿❁

24.  ✎✔❂✓✭✎✘✜ ✏✩✎✪✖ ✎✏ ✙✍✕✔ f

2 1
sin , 0

( )

0, 0

x x
f x x

x

✾✿❁

✾✿❁

 ⑥✓✘✓ ✙✎✘✚✓✓✎✛✓✜ ✖✏ ✑✐✜✜ ✙✍✕✔ ✢✣✤

25.  f   ♦✌✍ ✑✓✐✜✦✧ ✏✩ ✪✓✶★ ✏✩✎✪✖✹ ✪✢✓✶ f   ✎✔❢✔✎✕✎✻✓✜ ✙❃✏✓✘ ✑✌ ✙✎✘✚✓✓✎✛✓✜ ✢✣

sin cos , 0
( )

1, 0

x x x
f x

x

✾✿❁

✾✿❁

 ✙❃✬✔ ❄❅ ✑✌ ❄❆ ✒✌✐ k  ♦✌✍ ✒✓✔✓✌✐ ✏✓✌ ✽✓✜ ✏✩✎✪✖ ✜✓✎✏ ✙❃✫✷✓ ✙✍✕✔ ✎✔✎✫✭✛❇ ✲✳✫✴ ✙✘ ✑✐✜✜ ✢✓✌✼

26.

cos
,

2 2
( )

3,
2

k x
x

x
f x

x

✾✿❁

✾✿❁

          ⑥✓✘✓ ✙✎✘✚✓✓✎✛✓✜ ✙✍✕✔ x = 
2

❈
  ✙✘
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27.

2 , 2
( )

3, 2

kx x
f x

x

❀☎♥

❀☎♥
✥✆✝✆ ✞✟✝✠✆✆✟✡✆☛ ✞☞✌✍ x = 2 ✞✝

28.
1,

( )
cos ,

kx x
f x

x x

✎✏✑

✎✏✑
         ✥✆✝✆ ✞✟✝✠✆✆✟✡✆☛ ✞☞✌✍ x = ✒ ✞✝

29.
1, 5

( )
3 5, 5

kx x
f x

x x

✎✏✑

✎✏✑
         ✥✆✝✆ ✞✟✝✠✆✆✟✡✆☛ ✞☞✌✍  x = 5 ✞✝

30. a ☛r✆✆ b ♦✓☞ ✔✆✍✆✓✕ ✖✆✓ ✗✆☛ ✖✘✟✙✚ ☛✆✟✖

5, 2

( ) , 2 10

21, 10

x

f x ax b x

x

✎✏✑

✎✏✑

✎✏✑

✥✆✝✆ ✞✟✝✠✆✆✟✡✆☛ ✞☞✌✍ ✚✖ ⑥✕☛☛ ✞☞✌✍ ✛✆✓✜

31. ✢✣✆✆✤✦✚ ✟✖  f (x) = cos (x2) ✥✆✝✆ ✞✟✝✠✆✆✟✡✆☛ ✞☞✌✍ ✚✖ ⑥✕☛☛ ✞☞✌✍ ✛✧✜

32. ✢✣✆✆✤✦✚ ✟✖  f (x) = | cos x | ✥✆✝✆ ✞✟✝✠✆✆✟✡✆☛ ✞☞✌✍ ✚✖ ⑥✕☛☛ ✞☞✌✍ ✛✧✜

33. ✙t✆✟★✚ ✟✖ ✩✪✆ sin | x | ✚✖ ⑥✕☛☛ ✞☞✌✍ ✛✧✜

34.  f (x) = | x | – | x + 1 | ✥✆✝✆ ✞✟✝✠✆✆✟✡✆☛ ✞☞✌✍  f ♦✓☞ ⑥✠✆✘ ✫⑥✆✕✬✪☛✆ ♦✓☞ ✭✮✢✯✫✆✓✕ ✖✆✓ ✗✆☛

✖✘✟✙✚✜

5.3.   ✈✰✱✲✳✴✵✶✷  (Differentiability)

✟✞❢✌✘ ✖✸✆✆ ✔✓✕ ⑥✘✹✆✓ ✺✚ ☛r✪✆✓✕ ✖✆✓ ✻✔✝✼✆ ✖✘✟✙✚✜ ✛✔✍✓✕ ✚✖ ♦✆✻☛✟♦✖ ✞☞✌✍ ♦✓☞ ✫♦✖✌✙

✽Derivative✾ ✖✆✓ ✟✍✿✍✟✌✟✹✆☛ ✞❁✖✆✝ ⑥✓ ✞✟✝✠✆✆✟✡✆☛ ✟✖✪✆ r✆✆✜

✔✆✍ ✌✘✟✙✚ ✟✖ f ✚✖ ♦✆✻☛✟♦✖ ✞☞✌✍ ✛✧ ☛r✆✆ c ✦⑥♦✓☞ ✞❁✆✕☛ ✔✓✕ ✟✻r✆☛ ✚✖ ✭✮✢✯ ✛✧✜ c ✞✝ f

✖✆ ✫♦✖✌✙ ✟✍✿✍✟✌✟✹✆☛ ✞❁✖✆✝ ⑥✓ ✞✟✝✠✆✆✟✡✆☛ ✛✧❞

0

( ) ( )
lim
h

f c h f c

h❂

❃ ❄

✪✟✢ ✦⑥ ⑥✘✔✆ ✖✆ ✫✟✻☛✬♦ ✛✆✓ ☛✆✓ c  ✞✝  f ♦✓☞ ✫♦✖✌✙ ✖✆✓ f❅(c) ✪✆ ( ( )) | c

d
f x

dx
✥✆✝✆ ✞❁✖❆

✖✝☛✓ ✛✧✕✜

0

( ) ( )
( ) lim

h

f x h f x
f x

h❂

❃ ❄
❇ ❈
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⑥☞✌☞ ✍✎✌✏☞☞✎✑☞✒ ✍✓✔✕✖ ✗✘ ✏☞✙ ✚✛ ✛✙✜☞ ✢☞ ✣✎✤✒✥✦ ✧☞★✖  f  ✦★✓ ✣✦✢✔✗ ✢☞★ ✍✎✌✏☞☞✎✑☞✒ ✢✌✒☞ ✧♦✩

f  ✦★✓ ✣✦✢✔✗ ✢☞★ f ✪ (x) ❀☞ ( ( ))
d

f x
dx

⑥☞✌☞ ✍✫✢✬ ✢✌✒★ ✧♦✭ ✣☞♦✌ ❀✎✮ y = f (x) ✒☞★ ✚✛★
dy

dx
❀☞ y ✪

⑥☞✌☞ ✍✫✢✬ ✢✌✒★ ✧♦✭✩ ✎✢✛✙ ✍✓✔✕ ✢☞ ✣✦✢✔✗ ✯☞✒ ✢✌✕★ ✢✙ ✍✫✎✰❀☞ ✢☞★ ✣✦✢✔✕

✱differentiation✲✢✧✒★ ✧♦✭✩ ✧✜ ✦☞✳❀☞✭✴☞ ✵x ✦★✓ ✛☞✍★✶☞  f (x) ✢☞ ✣✦✢✔✕ ✢✙✎✗❞ ✱differentiate✲✷

✢☞ ✏☞✙ ✍✫❀☞★✸ ✢✌✒★ ✧♦✭✖ ✎✗✛✢☞ ✣✹☞✺ ✧☞★✒☞ ✧♦ ✎✢ f ✪(x) ✯☞✒ ✢✙✎✗❞✩

✣✦✢✔✗ ✦★✓ ✘✙✗✸✎✈☞✒ ✦★✓ ✻✍ ✜★✭ ✎✕✼✕✎✔✎✽☞✒ ✎✕❀✜☞★✭ ✢☞★ ✍✫✜☞✎✈☞✒ ✎✢❀☞ ✗☞ ✾✿✢☞ ✧♦❁

(1) (u ± v)✪ = u✪ ± v✪.

(2) (uv)✪ = u✪v + uv✪ (✔★✘✕✙②☞ ❀☞ ✸✿✈☞✕✍✓✔ ✎✕❀✜)

(3)
2

u u v uv

v v

❂ ❂ ❃ ❂❄ ❅
❆❇ ❈

❉ ❊
, ✗✧☞t v ❋ 0 (✏☞☞✸✍✓✔ ✎✕❀✜)

✕✙✾★ ✮✙ ✸✚✺ ✛☞✌✈☞✙ ✜★✭ ✦✿✓✉ ✍✫☞✜☞✎✈☞✢ (standard✲ ✍✓✔✕☞★✭ ✦★✓ ✣✦✢✔✗☞★✭ ✢✙ ✛●✾✙ ✮✙ ✸✚✺ ✧♦❁

❍■❏❑■▲ ▼◆❖

✗✘ ✢✏☞✙ ✏☞✙ ✧✜✕★ ✣✦✢✔✗ ✢☞★ ✍✎✌✏☞☞✎✑☞✒ ✎✢❀☞ ✧♦ ✒☞★ ❞✢ ✛✿P☞✦ ✏☞✙ ✎✮❀☞ ✧♦ ✎✢ ✵◗❘❙ ❚❯❱❲

❳❲ ❨❘❩❬❭❪ ❫❲❴ ❵✷ ✣✘ ✤✦☞✏☞☞✎✦✢ ✻✍ ✛★ ✍✫✴✕ ➳❛✒☞ ✧♦ ✎✢ ❀✎✮ ❞★✛☞ ✕✧✙✭ ✧♦ ✒☞★ ✳❀☞ ✧☞★✸☞❜ ❀✧

✍✫✴✕ ✎✕✒☞✭✒ ✍✫☞✛✭✎✸✢ ✧♦ ✣☞♦✌ ✚✛✢☞ ➳✐☞✌ ✏☞✙✩ ❀✎✮
0

( ) ( )
lim
h

f c h f c

h❝

❡ ❢
 ✢☞ ✣✎✤✒✥✦ ✕✧✙✭ ✧♦✖ ✒☞★

✧✜ ✢✧✒★ ✧♦✭ ✎✢ c ✍✌ f ✣✦✢✔✕✙❀ ✕✧✙✭ ✧♦✩ ✮●✛✌★ ✴☞❣✮☞★✭ ✜★✭✖ ✧✜ ✢✧✒★ ✧♦✭ ✎✢ ✣✍✕★ ✍✫☞✭✒ ✦★✓ ✎✢✛✙

➥✘✮✿ c ✍✌ ✍✓✔✕ f ✣✦✢✔✕✙❀ ✧♦✖ ❀✎✮ ✮☞ ★✕☞ ★ ✭ ✛✙✜☞❞ t
–0

( ) ( )
lim
h

f c h f c

h❤

❥ ❦
 ✒✹☞☞

0

( ) ( )
lim
h

f c h f c

h♠❤

❥ ❦
 ✍✎✌✎✜✒ (finite) ✒✹☞☞ ✛✜☞✕ ✧♦✭✩ ✍✓✔✕ ✣✭✒✌☞✔ [a, b] ✜★✭ ✣✦✢✔✕✙❀

✢✧✔☞✒☞ ✧♦✖ ❀✎✮ ✦✧ ✣✭✒✌☞✔ [a, b] ✦★✓ ✍✫✥❀★✢ ➥✘✮✿ ✍✌ ✣✦✢✔✕✙❀ ✧♦✩ ✗♦✛☞ ✎✢ ✛☞✭✒✥❀ ✦★✓ ✛✭✮✏☞✺

✜★✭ ✢✧☞ ✸❀☞ ✹☞☞ ✎✢ ✣✭✥❀ ➥✘✮✿✣☞★✭ a ✒✹☞☞ b ✍✌ ✧✜ ✰✜✴☞❁ ✮☞❞t ✒✹☞☞ ✘☞❞t ✍✶☞ ✢✙ ✛✙✜☞❞t ✔★✒★ ✧♦✭✖

✗☞★ ✎✢ ✣☞♦✌ ✦✿✓✉ ✕✧✙✭✖ ✘✎♥✢ a ✒✹☞☞ b ✍✌ ✍✓✔✕ ✦★✓ ✮☞❞t ✍✶☞ ✒✹☞☞ ✘☞❞t ✍✶☞ ✦★✓ ✣✦✢✔✗ ✧✙ ✧✭♦✩

✚✛✙ ✍✫✢☞✌ ✍✓✔✕ ✣✭✒✌☞✔ (a, b) ✜★✭ ✣✦✢✔✕✙❀ ✢✧✔☞✒☞ ✧♦✖ ❀✎✮ ✦✧ ✣✭✒✌☞✔ (a, b) ✦★✓ ✍✫✥❀★✢

➥✘✮✿ ✍✌ ✣✦✢✔✕✙❀ ✧♦✩

f (x) xn sin x cos x tan x

f ✪(x) nxn – 1 cos x – sin x sec2 x
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✐☎✆✝✞  3 ❀✟✠ ✡☛☞✌ ✟✍✎✏ ✑✒✠✓ c ✡✔ ✕✖✍☞✌✏❀ ✗✘✙ ✚✛✜ ✢✎ ✑✒✠✓ ✡✔ ✖✗ ✎✣✚✚ ✤✛✏ ✗✘✥

♠✐✐✦✧★ ✩✪✫✟✍ ✑✒✠✓ c ✡✔ f ✕✖✍☞✌✏❀ ✗✘✙ ✕✚✬

( ) ( )
lim ( )
x c

f x f c
f c

x c✭

✮
✯ ✰

✮

✟✍✣✚✓ x ✱ c ✖✜☛ ✟☞♦

f (x) – f (c) =
( ) ( )

. ( )
f x f c

x c
x c

✲
✲

✲

❜✎✟☞♦ lim [ ( ) ( )]
x c

f x f c
✳

✴  =
( ) ( )

lim . ( )
x c

f x f c
x c

x c✵

✶✷ ✸
✶✹ ✺✶✻ ✼

❀✛ lim [ ( )] lim [ ( )]
x c x c

f x f c
✳ ✳

✴  =
( ) ( )

lim . lim [( )]
x c x c

f x f c
x c

x c✵ ✵

✶✷ ✸
✶✹ ✺✶✻ ✼

= f ✽(c) . 0 = 0

❀✛ lim ( )
x c

f x
✳

 = f (c)

❜✎ ✡✾✍✛✔ x = c  ✡✔ ✡☛☞✌ f  ✎✣✚✚ ✗✘✥

♠✐✐☎✆✝✞ ✿ ✡✾❁❀✜✍ ✕✖✍☞✌✏❀ ✡☛☞✌ ✎✣✚✚ ✗✛✜✚✛ ✗✘✥

❀✗✛✫ ✗❂ ❃❀✛✌ ✟✠☞✛✚✜ ✗✘✣ ✟✍ ✢✡❀✓❄❅✚ ✍❆✛✌ ✍✛ ✟✖☞✛✜❂ (converse) ✎❁❀ ✌✗✏✣ ✗✘✥ ✟✌❧✩❀ ✗✏ ✗❂

✠✜♥✛ ✩✓✖✜☛ ✗✘✣ ✟✍  f (x) = | x | ⑥✛✔✛ ✡✟✔✤✛✛✟❇✛✚ ✡☛☞✌ ♦✍ ✎✣✚✚ ✡☛☞✌ ✗✘✥ ❜✎ ✡☛☞✌ ✖✜☛ ✒✛♦✫ ✡❈✛ ✍✏

✎✏❂✛ ✡✔ ✟✖✩✛✔ ✍✔✌✜ ✎✜

–0

(0 ) (0)
lim 1
h

f h f h

h h❉

❊ ✲ ✲
❋ ❋ ✲

✚❆✛✛ ✠✛✫♦ ✡❈✛ ✍✏ ✎✏❂✛

0

(0 ) (0)
lim 1
h

f h f h

h h●✭

❍ ✮
✯ ✯ ✗✘✥

✩✪✫✟✍ ♣ ✡✔ ✢✡❀✓❄❅✚ ✒✛♦✫ ✚❆✛✛ ✠✛♦✫ ✡❈✛ ✍✏ ✎✏❂✛♦✫ ✎❂✛✌ ✌✗✏✣ ✗✣✘✙ ❜✎✟☞♦  
0

(0 ) (0)
lim
h

f h f

h❉

❊ ✲

✍✛ ✕✟❞✚❁✖ ✌✗✏✣ ✗✘ ✕✛✘✔ ❜✎ ✡✾✍✛✔ ♣ ✡✔ f ✕✖✍☞✌✏❀ ✌✗✏✣ ✗✘✥ ✕✚✬ f ♦✍ ✕✖✍☞✌✏❀ ✡☛☞✌

✌✗✏✣ ✗✘✥
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5.3.1  ☞✌✍✎✏✑ ✒✓✔✕✖✗✌ ✘✗✓ ✙✘✚✔✛ ✭Differentials of composite functions✮

✜✢✣✤✥✦ ✧★✩✪✫✬✢ ✯✬★ ✰✯✱✩✲ ✯✬★ ✰✳✣✣✪ ✱✫✬ ✴✵ ✶✱ ✷✸✫✴✹✺✫ ✻✫✹✫ ✼✧✽✾ ✱✹✬✢✿✬❀ ✵✫✪ ✩❁❂✲✶ ❂✱

✴✵ f ✱✫ ✰✯✱✩✲ ❃✫✦ ✱✹✪✫ ❄✫✴✦✬ ✴❅✢❆ ✲✴✫❇

f (x) = (2x + 1)3

✶✱ ❂✯❂❈ ✣✴ ✴❅ ❂✱ ❂✻✧✸ ✧❉✵✬✣ ✯✬★ ✧❉✣✫✬✿ ✻✫✹✫  (2x + 1)3 ✱✫✬ ✧❉✜✫❂✹✦ ✱✹✯✬★ ✧❉✫❞✦ ❊✴✤✧✸ ✧★✩✪

✱✫ ✰✯✱✩✲ ❃✫✦ ✱✹✬✢❆ ✲❅✜✫ ✪❁❄✬ ✼✧✽✾ ❂✱✣✫ ✿✣✫ ✴❅❋

( )
d

f x
dx

 =
3(2 1)

d
x

dx
● ❍■❏ ❑

=
3 2(8 12 6 1)

d
x x x

dx
▲ ▲ ▲

= 24x2 + 24x + 6

= 6 (2x + 1)2

✰❊❆ ✳✣✫✪ ✸❁❂✲✶ ❂✱

f (x) = (h o g) (x)

✲✴✫❇ g(x) = 2x + 1 ✦r✫✫ h(x) = x3  ✴❅❀ ✵✫✪ ✩❁❂✲✶  t = g(x) = 2x + 1. ✦✫✬ f (x) = h(t) = t3.

✰✦✈ 
df

dx
 = 6 (2x + 1)2 = 3(2x + 1)2 . 2 = 3t2 . 2 = 

dh dt

dt dx

❜✜ ✸▼✜✹❁ ❂✯❂❈ ✱✫ ✩✫◆✫ ✣✴ ✴❅ ❂✱ ✯✤★❖ ✧❉✱✫✹ ✯✬★ ✧★✩✪❆ ✲❅✜✬ (2x + 1)100 ✯✬★ ✰✯✱✩✲ ✱✫

✧❂✹✱✩✪ ✱✹✪✫ ❜✜ ❂✯❂✳✫ ✻✫✹✫ ✜✹✩ ✴✫✬ ✲✫✦✫ ✴❅❀ ✷✧✣✤✐✥✦ ✧❂✹❄❄✫✐ ✜✬ ✴✵✬✢ ✰✫❅✧❄✫❂✹✱ P✧ ✜✬

❂✪❢✪❂✩❂◗✫✦ ✧❉✵✬✣ ✧❉✫❞✦ ✴✫✬✦✫ ✴❅❆ ❂✲✜✬ ❘✫❙✢◗✫✩✫ ❂✪✣✵ ❚chain rule❯ ✱✴✦✬ ✴❅✢❀

❱❲❳❨❩ 4  (Ü❬❭❪❫❬❴❬ ❵❛❩❳ ) ✵✫✪ ✩❁❂✲✶ ❂✱ f  ✶✱ ✯✫✼✦❂✯✱ ✵✫✪❁✣ ✧★✩✪ ✴❅❆ ✲✫✬ u ✦r✫✫ v  ✸✫✬ ✧★✩✪✫✬✢

✱✫ ✜✢✣✫✬✲✪ ✴❅❋ ✰r✫✫✐✦❝ f = v o u. ✵✫✪ ✩❁❂✲✶ ❂✱ t = u (x) ✰✫❅✹❆ ✣❂✸
dt

dx
 ✦r✫✫

dv

dt
 ✸✫✬✪✫✬✢ ✱✫

✰❂✼✦❡✯ ✴❅❆ ✦✫✬
df dv dt

dx dt dx

✴✵ ❜✜ ✧❉✵✬✣ ✱❁ ✷✧✧❂❣✫ ❖✫✬❤❥ ✸✬✦✬ ✴❅✢❀ ❘✫❙✢◗✫✩✫ ❂✪✣✵ ✱✫ ❂✯✼✦✫✹ ❂✪❢✪❂✩❂◗✫✦ ✧❉✱✫✹ ✜✬ ❂✱✣✫

✲✫ ✜✱✦✫ ✴❅❀ ✵✫✪ ✩❁❂✲✶ ❂✱  f  ✶✱ ✯✫✼✦❂✯✱ ✵✫✪❁✣ ✧★✩✪ ✴❅❆ ✲✫✬ ✦❁✪ ✧★✩✪✫✬✢ u, v ✰✫❅✹ w  ✱✫

✜✢✣✫✬✲✪ ✴❅❆ ✰r✫✫✐✦❝

f = (w o u) o v ✴❅ ✣❂✸  t = u (x) ✦r✫✫ s = v (t) ✴❅ ✦✫✬

( o )
df d dt dw ds dt

w u
dx dt dx ds dt dx
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❀☎✆ ✝✞❀✟✠✡☛ ☞✌✍✎ ✏✑✒ ✓✔✍✕ ✖✏☞✗✘✍✑✙ ☞✍ ✖☎✚☛✛✏ ✜✍✑ ☛✍✑ ✞✍✢☞ ✖✍✣✤ ✖☎✥☞ ✞✒✗✎✍✑✙ ✏✑✒ ✓✙❀✍✑✘✎

✏✑✒ ☎✗♦ ✦✍✧✙★✍✗✍ ☎✎❀✩ ☞✍✑ ✞✪❀✟✡☛ ☞✤ ✓☞☛✑ ✜✣✙✫

♠✬✭✮✯✰✭ ✱✲ f (x) = sin (x2) ☞✍ ✖✏☞✗✘ ❞✍☛ ☞✕☎✘♦✫

✮❣ è❀✍✎ ✆✕☎✘♦ ☎☞ ✞✪✆✳✍ ✞✒✗✎ ✆✍✑ ✞✒✗✎✍✑✙ ☞✍ ✓✙❀✍✑✘✎ ✜✣✫ ✏✍✚☛✏ ✩✑✙✴ ❀☎✆ u(x) = x2 ✖✍✣✤

v(t) = sin t ✜✣ ☛✍✑

f (x) = (v o u) (x) = v(u(x)) = v(x2) = sin x2

 t = u(x) = x2 ✤★✍✎✑ ✞✤ è❀✍✎ ✆✕☎✘♦ ☎☞ cos
dv

t
dt
✵  ☛✌✍✍ 2

dt
x

dx
✵  ✖✍✣✤ ✆✍✑✎✍✑✙ ☞✍ ✖☎✚☛✛✏ ✔✍✕

✜✣✙✫ ✖☛✶ ✦✍✧✙★✍✗✍ ☎✎❀✩ ✷✍✤✍

df

dx
 = cos . 2

dv dt
t x

dt dx

✓✍✩✍❧❀☛✶ ✖✙☎☛✩ ✞☎✤✸✍✍✩ ☞✍✑ x ✏✑✒ ✞✆✍✑✙ ✩✑✙ ✹❀✡☛ ☞✤✎✑ ☞✍ ✞✪✺✗✎ ✜✣ ✖☛♦✏

df

dx
 =

2cos 2 2 cost x x x

❢✻✼✽✾✿❁ ✜✩ ✓✕✥✑ ✔✍✕ ❂✓☞✍ ✩✍✎ ☎✎☞✍✗ ✓☞☛✑ ✜✣✙ ✘✣✓✑ ✎✕✺✑ ✏☎✸✍✠☛ ✜✣✴

y = sin (x2) ❃ 
dy d

dx dx
❄ (sin x2)

= cos x2 
d

dx
(x2) = 2x cos x2

♠✬✭✮✯✰✭ ✱✱ tan (2x + 3) ☞✍ ✖✏☞✗✘ ❞✍☛ ☞✕☎✘♦✫

✮❣  ✩✍✎ ✗✕☎✘♦ ☎☞ f (x) = tan (2x + 3), u (x) = 2x + 3 ☛✌✍✍ v(t) = tan t ✜✣✫

(v o u) (x) = v(u(x)) = v(2x + 3) = tan (2x + 3) = f (x)

❂✓ ✞✪☞✍✤  f ✆✍✑ ✞✒✗✎✍✑✙ ☞✍ ✓✙❀✍✑✘✎ ✜✣✫ ❀☎✆  t = u(x) = 2x + 3. ☛✍✑  
2sec

dv
t

dt
✵  ☛✌✍✍

2
dt

dx
❄ ☛✌✍✍ ✆✍✑✎✍✑✙ ☞✍ ✜✕ ✖☎✚☛✛✏ ✜✣✫ ✖☛✶ ✦✍✧✙★✍✗✍ ☎✎❀✩ ✷✍✤✍

22sec (2 3)
df dv dt

x
dx dt dx
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♠☞✌✍✎✏✌ ✑✒ x ♦✓✔ ✕✖✗✓✘✖ sin (cos (x2)) ❞✖ ✙♦❞✚✛ ❞✜✢✣✤✥

✍❣ ✗✔✚✛  f (x) = sin (cos (x2)) ,  u, v r✦✖✖  w, r✜✛ ✗✔✚✛✖✓✧ ❞✖ ✕✧★✖✓✣✛ ✩✪✥ ✫✕ ✗✬❞✖✭

 f (x) = (w o v o u) (x), ✣✩✖t u(x) = x2, v(t) = cos t r✦✖✖ w(s) = sin s ✩✪✥  t = u(x) = x2 ✙✖✪✭

s = v(t) = cos t ✭❥✖✛✓ ✗✭ ✩✮ ✯✓❥✖r✓ ✩✪✧ ✢❞ cos , sin
dw ds

s t
ds dt

✰ ✰ ✱ r✦✖✖ 2
dt

x
dx

✰  ✙✖✪✭ ✫✛ ✕✈✖✜

❞✖✲ x ♦✓✔ ✕✈✖✜ ♦✖✳r✢♦❞ ✮✖✛✖✓✧ ♦✓✔ ✢✚✤ ✙✢✳r✴♦ ✩✪✥

✙r✵ ✶✖✷✧❥✖✚✖ ✢✛★✮ ♦✓✔ ✸★✖✗❞✜❞✭✹✖ ✺✖✭✖

df dw ds dt

dx ds dt dx
 = (cos s)  (– sin t)  (2x) = – 2x sin x2 cos (cos x2)

❢✻✼✽✾✿❀

y = sin (cos x2)

✫✕✢✚✤
dy d

dx dx
✰  sin (cos x2) = cos (cos x2) 

d

dx
 (cos x2)

= cos (cos x2) (– sin x2) 
d

dx
 (x2)

= – sin x2 cos (cos x2) (2x)

= – 2x sin x2 cos (cos x2)

✐❁❂❃❄❅❆❇ ❈❉❊

✗✬❋✛ ● ✕✓ ❍ ✮✓✧ x ♦✓✔ ✕✖✗✓✘✖ ✢✛■✛✢✚✢❥✖r ✗✔✚✛✖✓✧ ❞✖ ✙♦❞✚✛ ❞✜✢✣✤✵

1. sin (x2 + 5) 2. cos (sin x) 3. sin (ax + b)

4. sec (tan ( x )) 5.
sin ( )

cos ( )

ax b

cx d

❏

❏
6. cos x3 . sin2 (x5)

7. ❑ ▲22 cot x 8. ▼ ◆cos x

9. ✢✕❖ ❞✜✢✣✤ ✢❞ ✗✔✚✛ f (x) = |x – 1 |, x P R, x = 1 ✗✭ ✙♦❞✢✚r ✛✩✜✧ ✩✪✥

10. ✢✕❖ ❞✜✢✣✤ ✢❞ ✮✩◗✖✮ ✗❘✹✖✖❙❞ ✗✔✚✛  f (x) =[x], 0 < x < 3, x = 1 r✦✖✖ x = 2 ✗✭

✙♦❞✢✚r ✛✩✜✧ ✩✪✥
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5.3.2  ✈☎ ✆✝✞ ✆✟ ✠✡☛ ☞ ✌ ✍☞ ✟ ✈ ✍✎ ✠✏ (Derivatives of Implicit Functions)

✑✒ ✓✔ ✕✖  y = f (x) ♦✗✘ ✙✚ ♦✗✘ ✛♦✛♦✜ ✚✘✢✣ ✤ ✗✥ ✔✤ ✑ ♦✔ ✢✣ ✔ ✦✓ ✗ ✦✕✗ ✕✧ ✥ ✚✦✥✓ ★ ✩ ✕ ✑ ✤ ♦✪ ✩✔

✣ ✕✉✥ ✕✧ ✛✔ ✚✘✢✣ ✤ ✗✥ ✔✤ ✗ ✫✬✧ ♦ ✭✫ ✉ ✙ ✚ ✖ ✗✥ ✮ ✩✯✓ ✛✔ ✩✤ ✰✤ ✱✲ ✳✬ ✤✕ ✦✴✤ ✤✵ ✤✶✷ x ✑ ✤✧ ✦ y ♦✗✘ ✒ ✉✸ ✛✣ ✹✣ ✛✢✛✺ ✤ ✓

✫ ✥✒ ✥✜✤ ✗✥ ✖ ✗✥ ✫ ✗ ✱✔ ✚✦ ✛♦✪ ✤ ✗❧✤ ✙✚ ✫ ✗ ✛♦✸ ✤ ✦ ✔ ✉✛✰ ✱✻

x – y – ✼ = 0

x + sin xy – y = 0

✚✕✢ ✉ ✬ ✪ ✤ ✤ ✖ ✗✥✷ ✕✖ y ♦✗✘ ✛✢ ✱ ✫ ✦✢ ✔ ✦ ✫✔ ✓ ✗ ✕✧ ✥ ✑ ✤✧ ✦ ✫ ✥✒ ✥✜ ✔ ✤ ✗ y = x – ✼ ♦✗✘ ✙ ✚ ✖ ✗✥ ✛✢✺ ✤

✫✔✓ ✗ ✕✧ ✥✲ ✬ ✽✫ ✦✉ ✬ ✪ ✤ ✤ ✖ ✗✥✷ ✱✗✫ ✤ ✣ ✕ ✉✥ ✢✾✓ ✤ ✕✧ ✛✔ ✫ ✥✒ ✥✜ y ✔ ✤ ✗ ✫ ✦✢ ✔ ✦✣ ✗ ✔✤ ✔ ✤ ✗✭ ✶ ✑ ✤✫ ✤✣ ✓✦✉✔ ✤ ✕✧✲

✛✚✘✦ ❢ ✤ ✉ ✬ ✤ ✗✣ ✤ ✗✥ ✖ ✗✥ ✫ ✗ ✛✔✫ ✉ ❢✤ ✉ ✬ ✪ ✤ ✤ ✖ ✗✥✷ y ✔ ✉ x ✚✦ ✛✣ ❢ ✤ ✶✦✓✤ ♦✗✘ ✒ ✤ ✦✗ ✖ ✗✥ ✔ ✤✗✭ ✶ ✫ ✥✬ ✗✕ ✣ ✕ ✉✥ ✕✧ ✲ ✰✒ x

✑ ✤✧ ✦ y ♦✗✘ ✒ ✉✸ ✔ ✤ ✫ ✥✒ ✥✜ ✭ ✫ ✚✿✔ ✤✦ ✮ ✩✯ ✓ ✛✔ ✩ ✤ ✾✩ ✤ ✕✤ ✗ ✛✔ ✳ ✫ ✗ y ♦✗✘ ✛✢ ✱ ✫ ✦✢ ✔✦✣ ✤ ✑ ✤✫ ✤✣

✕✤ ✗ ✑ ✤✧ ✦ y = f (x) ♦✗✘ ✙✚ ✖ ✗✥ ✛✢✺ ✤ ✤ ✰ ✤ ✫ ♦✗✘✷ ✓ ✤✗ ✕✖ ✔✕ ✓ ✗ ✕✧ ✥ ✛✔ y ✔✤ ✗ x ♦✗✘ ❀✚❧❁ ❂explicit❃ ✚✘✢✣

♦✗ ✘ ✙✚ ✖ ✗✥ ✮ ✩ ✯✓ ✛✔ ✩ ✤ ✾✩✤ ✕✧✲ ✳ ✚✩★ ✶✯✓ ✬ ✽✫ ✦✗ ✫ ✥✒ ✥✜ ✖ ✗✥✷ ✕✖ ✔ ✕✓ ✗ ✕✧ ✥ ✛✔ y ✔ ✤ ✗ x ♦✗✘ ✑ ❀✚❧❁

❂implicity❃ ✚✘✢✣ ♦✗✘ ✙✚ ✖ ✗✥ ✮ ✩ ✯✓ ✛✔ ✩✤ ✾✩✤ ✕✧✲

♠ ❄❅ ❆❇❈❅ 24  ✩ ✛✬ x – y = ✼ ✓ ✤ ✗
dy

dx
 ❑ ✤ ✓ ✔ ✉✛✰ ✱✲

❆❣ ✱✔ ✛♦✛✜ ✩ ✕ ✕✧ ✛✔ ✕✖ y ♦✗✘ ✛✢✱ ✫ ✦✢ ✔ ✦♦✗ ✘ ✳ ✚✩ ★✶✯✓ ✫ ✥✒ ✥✜ ✔ ✤✗ ✛✣ ✹✣ ✚✿✔ ✤ ✦ ✛✢✺ ✤ ✗✥ ✩ ✵✤ ✤

y = x – ✼

✓✒
dy

dx
 = 1

❉ ❊❋ ●❍■❏ ✭✫ ✫ ✥✒ ✥ ✜ ✔ ✤ x, ♦✗✘ ✫ ✤ ✚✗▲✤ ✫ ✉✜✗ ✑ ♦✔ ✢✣ ✔ ✦✣ ✗ ✚✦

( )
d

x y
dx

▼  =  
d

dx

◆

✩✤✬ ✔ ✉✛✰ ✱ ✛✔ 
d

dx

◆
 ✔ ✤ ✑ ✵✤ ✶ ✕✧ ✛✔ x ♦✗✘ ✫ ✤✚✗ ▲✤ ✱✔ ✑✸ ✦ ❖ ✔ ✤ ✑ ♦✔ ✢✣ ✔✦✣ ✤✲ ✭ ✫ ✚✿ ✔✤ ✦

( ) ( )
d d

x y
dx dx

P  = 0

✛✰✫✔ ✤ ✓✤ ◗✚✩ ✶ ✕✧ ✛✔

dy

dx
 = 1

dx

dx
❘
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♠☞✌✍✎✏✌ 25  ❀✑✒ y + sin y = cos x r✓✔
dy

dx
 ❑✓r ✕✖✑✗✘✙

✍❣ ✚✛ ✜✢ ✢✣✤✣✥ ✕✓ ✢✖✥✔ ✦✧✕★✗ ✕✩r✔ ✚✪✣✙

(sin )
dy d

y
dx dx

✫  = (cos )
d

x
dx

✬✓✭✣✮✓★✓ ✑✯❀✛ ✕✓ ✰✱❀✓✔✲ ✕✩✯✔ ✰✩

cos
dy dy

y
dx dx

✳ ✴  = – sin x

✜✢✢✔ ✑✯❜✯✑★✑✮✓r ✰✑✩✵✓✓✛ ✑✛★r✓ ✚✪✶

dy

dx
 =

sin

1 cos

x

y
✷

✸

✗✚✓t y ✹ (2n + 1) ✺

5.3.3  ✐✻✼✽✾✿❁❂ ✼❃✿❄✿❁❅✿✼❂✽❆❇ ✐❈✾❉✿❁❊ ❋❁❈ ●❋❄✾❍ (Derivatives of Inverse Trigonometric

Functions)

✚✛ ✰■✯❏ ▲❀✓✯ ✑✒★✓r✔ ✚✪✣ ✑✕ ✰✱✑r★✓✔✛ ✑▼✓✕✓✔✵✓✑✛r✖❀ ✰◆★✯ ✢✣rr ✚✓✔r✔ ✚✪✣✶ ✰✩✣r■ ✚✛ ✜✢✔ ✰✱✛✓✑✵✓r ✯✚✖✣

✕✩✔✣✲✔✙ ✦✤ ✚✛ ✜✯ ✰◆★✯✓✔✣ ✧✔◆ ✦✧✕★✗✓✔✣ ✕✓✔ ❑✓r ✕✩✯✔ ✧✔◆ ✑★✘ ✬✓✭✣✮✓★✓ ✑✯❀✛ ✕✓ ✰✱❀✓✔✲ ✕✩✔✣✲✔✙

♠☞✌✍✎✏✌ 26  f (x) = sin–1 x ✕✓ ✦✧✕★✗ ❑✓r ✕✖✑✗✘✙ ❀✚ ✛✓✯ ★✖✑✗✘ ✑✕ ✜✢✕✓

✦✑✈r❖✧ ✚✪✙

✍❣ ✛✓✯ ★✖✑✗✘ ✑✕ y = f (x) = sin–1 x ✚✪ r✓✔ x = sin y

✒✓✔✯✓✔✣ ✰♥✓✓✔✣ ✕✓ x ✧✔◆ ✢✓✰✔♥✓ ✦✧✕★✯ ✕✩✯✔ ✰✩

1 = cos y 
dy

dx

P
dy

dx
 = 1

1 1

cos cos(sin )y x◗❘

▲❀✓✯ ✒✖✑✗✘ ✑✕ ❀✚ ✧✔◆✧★ cos y ✹ 0 ✧✔◆ ✑★✘ ✰✑✩♦✓✓✑❙✓r ✚✪✶ ✦❚✓✓❯r❱ , sin–1 x ✹ ,
2 2

❲ ❲
❳ , ✦❚✓✓❯r❱

x ✹ – 1, 1, ✦❚✓✓❯r❱ x ❨ (– 1, 1)
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❜☎ ✆✝✞✟✠✠✡ ☛✠☞ ✌✍✎✏ ✑✠☛✒✠✓☛ ✔✕✠✕☞ ✖☞✗✍ ✖✡ ✝✕✘✕✝✙✝✚✠✗ ✛✜✌✖✠✞ ☛✠✢✣✠✙ ✤manipulation✮

☛✞✗☞ ✖✢❞✥ ✦✡✞✟✠ ☛✧✝★✩ ✝☛  x ✪ (– 1, 1) ✌☞✎ ✝✙✩ sin (sin–1 x) = x ✑✠✢✞ ❜☎ ✆✈☛✠✞

cos2 y = 1 – (sin y)2 = 1 – (sin (sin–1 x))2 = 1 – x2

☎✠❧✠ ✖✧ ✫✬✭✝☛ y ✪ ,
2 2

✯ ✯✰ ✱
✲✳ ✴

✵ ✶
, cos y ✩☛ ✷✕✠✸✡☛ ✞✠✝✣✠ ✖✢ ✑✠✢✞ ❜☎✝✙✩ cos y = 21 x✹

❜☎ ✆✈☛✠✞ x ✪ (– 1, 1) ✌☞✎ ✝✙✩

2

1 1

cos 1

dy

dx y x
✺ ✺

✻

♠✼✽✾✿❀✽ 27  f (x) = tan–1 x  ☛✠ ✑✌☛✙★ ❁✠✗ ☛✧✝★✩❂ ✜✖ ✡✠✕✗☞ ✖✍✩ ✝☛ ❜☎☛✠ ✑✝✦✗✸✌ ✖✢✥

✾❣ ✡✠✕ ✙✧✝★✩ ✝☛  y = tan–1 x  ✖✢ ✗✠☞ x = tan y ✖✢✥ x ✌☞✎ ☎✠✆☞♦✠ ❃✠☞✕✠☞❞ ✆♦✠✠☞ ❞ ☛✠ ✑✌☛✙✕

☛✞✕☞ ✆✞

1 = sec2 y 
dy

dx

❄ 2 2 1 2 2

1 1 1 1

sec 1 tan 1 (tan (tan )) 1

dy

dx y y x x
❅❆ ❆ ❆ ❆

❇ ❇ ❇

✑❈✜ ✆✈✝✗✙✠☞✡ ✝❉✠☛✠☞✟✠✝✡✗✧✜ ✆✎✙✕✠☞❞ ✌☞✎ ✑✌☛✙★✠☞❞ ☛✠ ❁✠✗ ☛✞✕✠ ✑✠✆✌☞✎ ✑❊✜✠☎ ✌☞✎ ✝✙✩ ✏✠☞❋●

✝❃✜✠ ❢✜✠ ✖✢✥  ✣✠☞✒✠ ✆✈✝✗✙✠☞✡ ✝❉✠☛✠☞✟✠✝✡✗✧✜ ✆✎✙✕✠☞❞ ✌☞✎ ✑✌☛✙★✠☞❞ ☛✠☞ ✝✕✘✕✝✙✝✚✠✗ ☎✠✞✟✠✧ ❍■❏ ✡☞❞ ✝❃✜✠

❢✜✠ ✖✢✥

❑✽✿❀✽▲ 5.4

f (x) cos–1x cot–1x sec–1x cosec–1x

f ▼(x) 2

1

1 x
2

1

1 x

✻

◆ 2

1

1x x ❖
2

1

1x x

P

P

Domain of f ▼ (–1, 1) R (– ◗, –1) ❘ (1, ◗) (– ◗, –1) ❘ (1, ◗)
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✐☞✌✍✎ ✏✑✒ ✓✔ ✕

❢✖ ✗✖❢✘❢ ✙✚ ✛ ✜✢✣ ✖✚ ✤✥ ✦ ✤✥ 
dy

dx
 ❑✚✛ ✧★❢ ✩✪

1. 2x + 3y = sin x 2. 2x + 3y = sin y 3. ax + by2 = cos y

4. xy + y2 = tan x + y 5. x2 + xy + y2 = 100 6. x3 + x2y + xy2 + y3 = 81

7. sin2 y + cos xy = k 8. sin2 x + cos2 y = 1 9. y = sin–1 2

2

1

x

x

✫ ✬
✭ ✮

✯✰ ✱

10. y = tan–1

3

2

3
,

1 3

x x

x

✲ ✳✴
✵ ✶

✴✷ ✸
 

1 1

3 3
x✹ ✺ ✺

11.

2
1

2

1
,cos 0 1

1

x
y x

x

✻ ✼ ✽✾
✿ ❀ ❀❁ ❂

❃❄ ❅

12.

2
1

2

1
,sin 0 1

1

x
y x

x

❆ ✲ ✳✴
❇ ❈ ❈✵ ✶

❉✷ ✸

13.
1

2

2
,cos 1 1

1

x
y x

x

❊ ❋ ●❍ ■ ❏ ❏▲ ▼
◆❖ P

14. ◗ ❘1 2 1 1
,sin 2 1

2 2
y x x x

❙❚ ✹ ✹ ✺ ✺

15.
1

2

1 1
,sec 0

2 1 2
y x

x

❊ ❋ ●❍ ❏ ❏▲ ▼
■❖ P

5.4  ♣❯❱❲❲ ❳❨❲ ❩❬ ❳ ❭❲❲ ❪❱❲ ❫❴❵❲ ❩❬❛ ❜❝ ❪❞ (Exponential and Logarithmic Functions)

✈❡✚ ★ ✛✧ ❣✦ ✖ ✤ ✜❤✘ ✖✚ ✤✥❥ ✩❦♠ ✤ ♥❣ ♦ ✜q ✜❤✘ ✖❥ ✜❢ r✦ ✤s ✜❤✘ ✖ ✛ t✚ ✚ ❢✉✚ ✧✚ ✤✇✚ ❢✦✛★ s ✜❤✘ ✖❥ ①✤❤ ❢ ①❢❡ ✚ ② ✖ ①③✚ ✤④

①✤❤ ①♦❤⑤ ✜❣ ✘ ♦✈ ✚ ✤ ✥ ①✤❤ ♥✚ r✤ ✦ ✤✥ ♠★ ✙✚✚ ❣ ❦⑥ ⑦♠ ✈ ✖ ♦⑧⑤ ✤q ✦ ✤✥ ❣✦ ✜r⑨✜r ♠ ✥♥ ✥❢ ⑩✛ ✜❤✘ ✖✚ ✤✥ ①✤❤ ✪✧ ✖ ✪ ①③❶

①✤❤ ♥✚ r✤ ✦ ✤✥ ♠★✙✚ ✤✥③✤❥ ❢✩②❣ ✤✥ ❷r❸✚✚ ✛✚ ✥✧★ ❹exponential❺ ✛ t✚✚ ✘ ❸✚ ♦③✇✚ ✧★ s ❹logarithmic❺ ✜❤✘ ✖ ✧❣✛ ✤

❣ ❦✥⑥ s❣ ✚ ❻ ✜r ❢ ①✣ ✚ ✤❼✚ ❽ ✜ ♠ ✤ s❣ ♥ ✛✘ ✚ ✖✚ ✈ ✚ ①✣ s✧ ❣ ❦ ❢✧ ⑦♠ ✈ ✖ ♦⑧⑤ ✤q ①✤❤ ♥❣ ♦✛ ♠ ✤ ✧ t✚ ✖ ✜✢✤r✧ ✛ t✚ ✚

st✚ ✚ ✛ t s ❣ ❦ ✥ ✈✚ ❦r ❾ ✖✧★ ❾ ✜✜❢❿✚ s✚ ❻ ⑦♠ ✜♦ ⑨✛✧ ✧★ ❢ ①❼✚ s➀ ①⑨✛ ♦ ①✤❤ ➁✚ ✤✉✚ ♠ ✤ ♥ ✚❣ r ❣ ❦✥⑥
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✈ ☎ ✆✝ ✞✟✠ ✡ ☛☞ ✌✍✎ y = f
1
(x) = x, y = f

2
(x) = x2, y = f

3
(x) = x3 ✠ r ☎ ☎ y = f

4
(x) = x4 ✆✍✞ ✈ ☎ ♦ ✍✏ ☎

✟❢ ✑ ✒ ✑ ✓✔ ✎✕ ✖ ✗ ☎✘ ❢✙✟✚ ✑ ✟✛ ✜ ✗ ☎✍ ✎✢ ✜ ✗☎ ✍✎ x ✛✙ ❞☎ ☎✠ ✣✤✥✠ ✙ ✚☎✠ ✙ ✓✔ ✆✦ ✛✙ ✧★✆✩☎✠ ☎ ✪ ☎✙ ✣ ✤✥✠ ✙ ✚☎✠ ✙

✓✔✕ ✆✦ ✛✙ ✧★✆✩☎✠ ☎ ✣ ✤✥✘ ✍ ❣ ✍ ✆✝✟✫ ✛✙ ❢✬ ✠ ✍ ✚

✓☎ ✍✠ ✙ ✚☎✠ ✙ ✓✔✕ ✭ ❣✛ ☎ ✈ r ☎✮ ✗✓ ✓✔ ✟✛ x (>1) ✆✍✞

✌ ☎✘ ✌✍✎ ✟✘✟ ❡✯✠ ✆✝✟✫ ✆✍ ✞ ❣ ✎✒✠ y = f
n
(x) ✛ ☎

✌ ☎✘ ✣ ✤✥✠ ☎ ✚☎✠ ☎ ✓✔ ✚✔❣ ✍✢ ✚✔❣ ✍ n ✛☎ ✌☎✘ ✰ ✱ ✲ ✱

✸ ✱ ✳ ✓☎ ✍✠ ☎ ✚☎✠ ☎ ✓✔✕ ✗✓ ✛ ✴✧✘ ✙ ✗ ✓✔ ✟✛ ✑✍❣ ☎

✛r ☎✘ ❣✪ ☎✙ ✵✘ ☎✶ ✌✛ ✌☎✘ ✆✍✞ ✟ ♦✑ ❣ ✶✗ ✓✔ ✚✓ ☎✷

f
n
(x) = xn ✓✔✕ ✈ ☎ ✆❡✗✛ ✹✧ ❣ ✍✱ ✭ ❣✛ ☎ ✈r ☎✮ ✗✓

✓ ✺ ✈ ☎ ✟ ✛ ✚ ✔ ❣ ✍ ✢ ✚ ✔ ❣ ✍ n ✌ ✍ ✎ ✆ ✝ ✟ ✫ ✓ ☎ ✍ ✠ ✙ ✚ ☎ ✠ ✙ ✓ ✔

y = f
n 
(x) ✛☎ ✈ ☎ ♦ ✍✏ ☎ y-✈ ✻☎ ✛✙ ✈ ☎ ✍✬ ✈✟ ✵✛

❃✺✛✠ ☎ ✚☎✠ ☎ ✓ ✔✕ ✼ ❢☎ ✓✬ ✩☎ ✆✍✞ ✟ ♦✑ f
10

(x) = x10

✠r ☎ ☎ f
15

(x) = x15 ✧✬ ✟ ✆✯☎✬ ✛✙✟✚ ✑✕ ✗✟ ❢ x  ✛ ☎

✌ ☎✘ ✰ ❣ ✍ ✣✤✥✛✬ ✲ ✓ ☎ ✍ ✚☎✠ ☎ ✓ ✔✱ ✠ ☎ ✍ f
10 

✛ ☎ ✌☎✘

✰ ❣ ✍ ✣✤✥✛✬ 210  ✓ ☎✍ ✚ ☎✠ ☎ ✓✔✱ ✚✣✟✛ f
15 

✛ ☎ ✌☎✘

✰ ❣ ✍ ✣✤✥✛✬ 215 ✓ ☎✍ ✚☎✠ ☎ ✓ ✔✕ ✭❣ ✧★✛ ☎✬ x  ✌✍✎ ❣ ✌☎✘ ✆✝✟✫ ✆✍✞ ✟ ♦✑✱ f
15 

✛✙ ✆✝✟✫
  
f
10 

✛✙ ✆✝✟✫ ✆✍ ✞

✈ ✧✍✻☎ ☎ ✈✟ ✵✛ ✠ ✙✆★✠ ☎ ❣ ✍ ✓ ☎ ✍✠✙ ✓✔✕

✼ ✧✗✺✮ ♠✠ ✧✟✬ ✯✯☎✮ ✛ ☎ ✟✘ ✽✛✽ ☎✮ ✗ ✓ ✓✔ ✟✛ ✣ ✓✺ ✧❢ ✧✞♦✘ ☎ ✍✎ ✛✙ ✆✝✟✫ ✼✘ ✆✍✞ ❞☎ ☎✠ ✧✬ ✟✘ ✪ ☎✮ ✬ ✛✬✠ ✙ ✓✔ ✱

✈r ☎ ☎✮ ✠ ✾ ❞☎ ☎✠ ✣✤✥ ☎✠ ✍ ✚☎✭ ✑ ✆✝✟✫ ✣ ✤✥✠ ✙ ✚☎ ✑✒✙✕ ✭ ❣ ✆✍✞ ✼✧✬ ☎ ✎✠ ✑✛ ✿✆☎✪ ☎ ☎✟ ✆✛ ✧★❡✘ ✗ ✓ ✼❀✠ ☎ ✓✔ ✟✛ ✱

♠ ✗ ☎ ✛ ☎ ✍✭ ✮ ✑✍❣ ☎ ✧✞♦✘ ✓✔ ✚☎ ✍ ✣✓✺ ✧❢ ✧✞♦✘ ☎✍ ✎ ✛✙ ✈ ✧✍✻ ☎☎ ✈✟ ✵✛ ✠ ✍✚✙ ❣ ✍ ✣✤✥ ✠ ☎ ✓✔❉ ✭ ❣✛☎ ✼❁ ☎✬

❣✛☎✬ ☎ ✶✌✛ ✓ ✔ ✈ ☎✔✬ ✭ ❣ ✧★✛ ☎✬ ✆✍✞ ✧✞♦✘ ✛ ☎ ✑✛ ✼ ❢ ☎ ✓✬ ✩☎ y = f (x) = 10x ✓✔

✓✌ ☎✬ ☎ ❢ ☎ ✆☎ ✗ ✓ ✓ ✔ ✟✛ ✟✛❣✙ ✵✘ ✧❂ ✩☎ ☎❄✛ n  ✆✍✞ ✟ ♦ ✑ ✗ ✓ ✧✞♦✘  f ✱ ✧✞♦✘ f
n
 (x) = xn  ✛✙

✈ ✧✍✻☎ ☎ ✈ ✟✵✛ ✠ ✍✚✙ ❣ ✍ ✣ ✤✥✠ ☎ ✓ ✔✕ ✼❢ ☎ ✓✬ ✩☎ ✆✍✞ ✟♦ ✑ ✓ ✌ ✟❣✫ ✛✬ ❣✛✠ ✍ ✓✔✎ ✟✛ f
100 

(x) = x100  ✛✙

✈ ✧✍✻☎ ☎ 10x ✈ ✟✵✛ ✠ ✍✚✙ ❣ ✍ ✣✤✥ ✠ ☎ ✓✔✕ ✗✓ ✘ ☎ ✍❅ ✛✙✟ ✚✑ ✟✛ x ✆✍✞ ✣❆✥ ✍ ✌☎✘ ☎✍ ✎ ✆✍ ✞ ✟ ♦ ✑✱ ✚✔❣ ✍ x = 103,

f
100

 (x) = (103)100 = 10300 ✚✣✟✛ f (103) = 
31010 = 101000 ✓✔✕ ✿✧✽ ❅✠ ❇  f

100 
(x) ✛✙ ✈ ✧✍✻☎ ☎ f (x)

✛☎ ✌ ☎✘ ✣ ✓✺✠ ✈ ✟✵✛ ✓ ✔✕ ✗✓ ✟❣✫ ✛✬✘ ☎ ✛✟ ❀✘ ✘ ✓✙✎ ✓✔ ✟✛ x  ✆✍✞ ✼✘ ❣✪ ☎✙ ✌☎✘ ☎✍ ✎ ✆✍✞ ✟ ♦ ✑ ✚✓☎ ✷

x > 103 , f (x) > f
100

 (x) ✓✔✕  ✟✛ ✎✠ ✺ ✓✌ ✗ ✓☎ ✷ ✧✬ ✭ ❣✛✙ ✼✧✧✟❁ ☎ ❢ ✍✘ ✍ ✛☎ ✧★✗☎❣ ✘ ✓✙ ✎ ✛✬ ✍✎✒ ✍✕ ✭ ❣✙ ✧★✛ ☎✬

x ✆✍✞ ✣❆✥ ✍ ✌☎✘ ☎ ✍✎ ✛ ☎ ✍ ✯✺✘ ✛✬ ✗✓ ❣ ✶✗ ☎✟ ✧✠ ✟✛ ✗☎ ✚☎ ❣✛✠ ☎ ✓✔ ✟✛✱ ✟✛❣ ✙ ✪ ☎✙ ✵✘ ✧❂ ✩☎ ☎❄✛ n ✆✍✞ ✟ ♦ ✑

f
n
 (x) ✛✙ ✈ ✧✍✻☎ ☎  f (x)   ✛ ☎ ✌☎✘ ✈✟ ✵✛ ✠ ✍✚✙ ❣ ✍ ✣✤✥ ✠ ☎ ✓✔✕

✐❈❊ ❋● ●❍ ● ● 3  ✧✞♦✘ y = f (x) = bx,✵✘ ☎✶ ✌✛ ✈ ☎ ✵☎✬  b > 1 ✆✍✞ ✟ ♦ ✑ ✯✬ ❞☎ ☎✠ ☎ ✎✛✙ ✧✞♦✘ ✛ ✓♦ ☎✠ ☎ ✓✔✕

✈ ☎ ✆✝ ✞✟✠ ✡ ☛☞ ✌✍✎ y = 10x ✛ ☎ ✬ ✍✏ ☎ ☎✟ ✯■ ☎ ❢ ❡☎ ☎✮ ✗☎ ✒ ✗☎ ✓✔✕

❏❑▲ ▼◆ ❖P ◗❘ ❙
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❀☞ ✌✍✎☞ ✏✑ ✒✎✓✑ ☞✔ ✕✖ ✗✎✘✖ ✙✌ ✚✛✜✎✎✕✢✣✎ ✖✎✛ b ♦✛✤ ✕♦✕✥✎✦✧ ★✎✩✎✛✪✫ ✒✔✌✛ 2, 3 ✈✎✔✚ 4 ♦✛✤ ✕✍✬

✜✎✑✪✢ ✖✚ ✏✛✜✎✛✪❬ ✢✚✭✎✎✓✎✪✖✑ ✗✤✍✩ ✖✑ ♦❞✤✮ ✗✯★❞✜✎ ✕♦✥✎✛✦✎✓✎✬✰ ✕✩✱✩✕✍✕✜✎✓ ☞✔✪✲

(1) ✢✚✭✎✎✓✎✪✖✑ ✗✤✍✩ ✖✎ ✗✯✎✪✓✫ ♦✎♣✓✕♦✖ ✌✪✜❀✎✈✎✛✪ ✖✎ ✌★❞✳✢❀ R ☞✎✛✓✎ ☞✔❬

(2) ✢✚✭✎✎✓✎✪✖✑ ✗✤✍✩ ✖✎ ✗✕✚✌✚✫ ✌★♣✓ ✴✩✎✵★✖ ♦✎♣✓✕♦✖ ✌✪✜❀✎✈✎✛✪ ✖✎ ✌★❞✳✢❀ ☞✎✛✓✎ ☞✔❬

(3) ➥✶✏❞  (0, 1) ✢✚✭✎✎✓✎✪✖✑ ✗✤✍✩ ♦✛✤ ✈✎✍✛✜✎ ✗✚ ✌✏✔♦ ☞✎✛✓✎ ☞✔ ✷❀☞ ✙✌ ✓✸❀ ✖✎ ✗❞✩✲ ✖✸✎✩

☞✔ ✕✖ ✕✖✌✑ ❣✎✑ ♦✎♣✓✕♦✖ ✌✪✜❀✎ b > 1 ♦✛✤ ✕✍✬ b0 = 1)

(4) ✢✚✭✎✎✓✎✪✖✑ ✗✤✍✩ ✌✏✔♦ ✬✖ ♦✴✹★✎✩ ✗✤✍✩ ✷increasing function✺ ☞✎✛✓✎ ☞✔✫ ✈✸✎✎✹✓✻

✒✔✌✛t✒✔✌✛ ☞★ ✶✎✬✰ ✌✛ ✏✎✬✰ ✈✎✛✚ ✶✼✽✓✛ ✒✎✓✛ ☞✔✪✫ ✈✎✍✛✜✎ ✾✗✚ ✿✘✓✎ ✒✎✓✎ ☞✔❬

(5) x ♦✛✤ ✈✵❀✕✴✖ ✶❁✽✛ ❂❃✎✎✵★✖ ★✎✩✎✛✪ ♦✛✤ ✕✍✬ ✢✚✭✎✎✓✎✪✖✑ ✗✤✍✩ ✖✎ ★✎✩ ❄ ♦✛✤ ✈✵❀✪✓ ✕✩✖✧

☞✎✛✓✎ ☞✔❬ ✏❅✌✚✛ ✥✎❆✏✎✛✪ ★✛✪✫ ✕❇✓✑❀ ✢✓❞✸✎✎❈✥✎ ★✛✪✫ ✈✎✍✛✜✎ ✿❉✎✚✎✛❉✎✚ x-✈❊✎ ✖✑ ✈✎✛✚ ✈❋✯✌✚ ☞✎✛✓✎

☞✔ ✷✕✖✪✓❞ ✿✌✌✛ ✖❣✎✑ ✕★✍✓✎ ✩☞✑✪ ☞✔❬✺

✈✎✴✎✚ ●❄ ♦✎✍✛ ✢✚✭✎✎✓✎✪✖✑ ✗✤✍✩ ✖✎✛ ❍■❏■❑▲■ ▼❑◆■■❖■P◗❘ ❙❚❯❱ (common exponential

Function) ✖☞✓✛ ☞✔✪❬ ✖❊✎✎ XI ✖✑ ✗✎✘✻❀✗❞♣✓✖ ♦✛✤ ✗✕✚✕✥✎✦✧ A.1.4 ★✛✪ ☞★✩✛ ✏✛✜✎✎ ✸✎✎ ✕✖ ❡✛❃✎✑

1 1
1 ...

1! 2!
❲ ❲ ❲ ☞✔❬

✖✎ ❀✎✛❋ ✬✖ ✬✛✌✑ ✌✪✜❀✎ ☞✔ ✕✒✌✖✎ ★✎✩ ❳ ✓✸✎✎ ❨ ♦✛✤ ★❩❀ ☞✎✛✓✎ ☞✔ ✈✎✔✚ ✕✒✌✛ e ❇✎✚✎ ✗✯✖✧ ✖✚✓✛ ☞✔✪❬

✙✌ e ✖✎✛ ✈✎✴✎✚ ♦✛✤ ❭✗ ★✛✪ ✗✯❀✎✛❋ ✖✚✩✛ ✗✚✫ ☞★✛✪ ✬✖ ✈✵❀✪✓ ★☞✵♦✗❅❃✎✹ ✢✚✭✎✎✓✎✪✖✑ ✗✤✍✩

y = ex ✗✯✎✐✓ ☞✎✛✓✎ ☞✔❬ ✙✌✛ ❙❪■❫❴❚❵❖◗ ▼❑◆■■❖■P◗❘ ❙❚❯❱ (natural exponential function)

✖☞✓✛ ☞✔✪❬

❀☞ ✒✎✩✩✎ ❛✕✢✖✚ ☞✎✛❋✎ ✕✖ ❜❀✎ ✢✚✭✎✎✓✎✪✖✑ ✗✤✍✩ ♦✛✤ ✗✯✕✓✍✎✛★ ✖✎ ✈✕♣✓✵♦ ☞✔ ✈✎✔✚ ❀✕✏ ❝☞✎✰❢

✓✎✛ ❜❀✎ ✿✌✖✑ ✬✖ ✌★❞✕✢✓ r❀✎✜❀✎ ✖✑ ✒✎ ✌✖✓✑ ☞✔❬ ❀☞ ✜✎✎✛✒ ✕✩✱✩✕✍✕✜✎✓ ✗✕✚❣✎✎✦✎✎ ♦✛✤ ✕✍✬ ✗✯✛✕✚✓

✖✚✓✑ ☞✔❬

❙❵❑❤■■❥■■ ❦ ★✎✩ ✍✑✕✒✬ ✕✖ b > 1 ✬✖ ♦✎♣✓✕♦✖ ✌✪✜❀✎ ☞✔❬ ✓✶ ☞★ ✖☞✓✛ ☞✔✪ ✕✖✫

b ✈✎✴✎✚ ✗✚ a ✖✎ ✍✭✎❞❋❃✎✖ x ☞✔✫ ❀✕✏  bx = a ☞✔❬

b ✈✎✴✎✚ ✗✚ a ♦✛✤ ✍✭✎❞❋❃✎✖ ✖✎✛ ✗✯✓✑✖ log
b
a ✌✛ ✗✯✖✧ ✖✚✓✛ ☞✔✪❬ ✙✌ ✗✯✖✎✚ ❀✕✏ bx = a, ✓✎✛

log
b
 a = x ✙✌✖✎ ✈✩❞❣✎♦ ✖✚✩✛ ♦✛✤ ✕✍✬ ✈✎✙✬ ☞★ ♦❞✤✮ ♣✗✦✧ ✿✏✎☞✚❃✎✎✛ ✪ ✖✎ ✗✯❀✎✛❋ ✖✚✛✪❬ ☞★✛✪ ♠✎✓

☞✔ ✕✖ 23 = 8 ☞✔❬ ✍✭✎❞❋❃✎✖✑❀ ✥✎❆✏✎✛✪ ★✛✪ ☞★ ✙✌✑ ✶✎✓ ✖✎✛ ✗❞✩✲ log
2
 8 = 3 ✕✍✜✎ ✌✖✓✛ ☞✔✪❬ ✙✌✑ ✗✯✖✎✚

104 = 10000 ✓✸✎✎ log
10

 10000 = 4 ✌★✓❞♥❀ ✖✸✎✩ ☞✔✪❬ ✙✌✑ ✓✚☞ ✌✛ 625 = 54 = 252 ✓✸✎✎ log
5

625 = 4 ✈✸✎♦✎ log
25

 625 = 2 ✌★✓❞♥❀ ✖✸✎✩ ☞✔✪❬

✸✎✎✛❁✽✎ ✌✎ ✈✎✔✚ ✈✕✴✖ ✗✕✚✗❜♦ ✏q✕✦✧✖✎✛❃✎ ✌✛ ✕♦✢✎✚ ✖✚✩✛ ✗✚ ☞★ ✖☞ ✌✖✓✛ ☞✔✪ ✕✖  b > 1 ✖✎✛

✈✎✴✎✚ ✕✩✴✎✹✕✚✓ ✖✚✩✛ ♦✛✤ ✖✎✚❃✎ ❝✍✭✎❞❋❃✎✖❢ ✖✎✛ ✴✩ ♦✎♣✓✕♦✖ ✌✪✜❀✎✈✎✛✪ ♦✛✤ ✌★❞✳✢❀ ✌✛ ✌❣✎✑



188        ①�✁✂✄

♦☎✆✝✞♦✟ ✠✡☛☞☎✌☎✍✡ ♦✍✎ ✠✏✑✒✓☞ ✏✍✡ ✔✟ ✕✎✖✗

♦✍✎ ✘✕ ✏✍✡ ✙✍☛☎☎ ✚☎ ✠✟✝☎ ✛✜✢ ☞✛ ✕✎✖✗✣ ✞✚✠✍

②✤✥✦✧★✥✩✪✫ ✬✭②✮ (logarithmic function)

✟✛✝✍ ✛✜✡✣ ✞✗❞✗✞✖✞☛☎✝ ✕✯✟☎✰ ✠✍ ✕✞✰✱☎☎✞✲☎✝ ✛✜✳

log
b
 : R+ ✴ R

x ✴ log
b
 x = y   ☞✞✙  by = x

✕✐♦✵ ✟✞✶☎✝ ✝✰✛ ✠✍✣ ☞✞✙ ✌☎✷☎✰ b = 10 ✛✜

✝☎✍ r✠✍ ❫✸✥✹✥✺★✥ ②✤✥✦✧★✥✩✻ ✌☎✜✰ ☞✞✙ b = e ✛✜

✝☎✍ r✠✍ ❫✬✼✥✽✾✭✿❀✩ ②✤✥✦✧★✥✩✻ ✟✛✝✍ ✛✜✡✢ ❁✛✑✷☎

✕✯☎♦❂✎✞✝✟ ✖❃☎✑❄❅☎✟ ✟☎✍  ln  ⑥☎✰☎ ✕✯✟❆ ✟✰✝✍ ✛✜✡✢

r✠ ✌❜☞☎☞ ✏✍✡ log x ✌☎✷☎✰ e ♦☎✖✍ ✖❃☎✑❄❅☎✟❇☞ ✕✎✖✗ ✟☎✍ ✞✗✘✞✕✝ ✟✰✝☎ ✛✜✢ ✌☎♦❂✎✞✝ ❈❉❊❋ ✏✍✡ 2,

✝✶☎☎ 10 ✌☎✷☎✰❇☞ ✖❃☎✑❄❅☎✟❇☞ ✕✎✖✗☎✍ ✡ ♦✍✎ ✌☎✖✍☛☎ ✙✈☎☎✵✔ ❄✔ ✛✜✡✢

✌☎✷☎✰ b > 1 ♦☎✖✍ ✖❃☎✑❄❅☎✟❇☞ ✕✎✖✗☎✍✡ ✟❇ ♦✑✎● ✏✛❍♦✕✐❅☎✵ ✞♦✈☎✍✲☎✝☎✔■ ✗❇✓✍ ✠✐✓❇❁❏ ✛✜✡✳

(1) ✷✗✍✝✰ ❑non-positive▲ ✠✡☛☞☎✌☎✍✡ ♦✍✎ ✞✖✔ ✛✏ ✖❃☎✑❄❅☎✟ ✟❇ ✟☎✍r✵ ✌✶☎✵✕✐❅☎✵ ✕✞✰✱☎☎✲☎☎ ✗✛❇✡ ❁✗☎

✠✟✝✍ ✛✜✡ ✌☎✜✰ r✠✞✖✔ ✖❃☎✑❄❅☎✟❇☞ ✕✎✖✗ ✟☎ ✕✯☎✡✝ R+ ✛✜✢

(2) ✖❃☎✑❄❅☎✟❇☞ ✕✎✖✗ ✟☎ ✕✞✰✠✰ ✠✏✆✝ ♦☎✆✝✞♦✟ ✠✡☛☞☎✌☎✍✡ ✟☎ ✠✏✑✒✓☞ ✛✜✢

(3) ➥❁✙✑ (1, 0) ✖❃☎✑❄❅☎✟❇☞ ✕✎✖✗☎✍✡ ♦✍✎ ✌☎✖✍☛☎ ✕✰ ✠✙✜♦ ✰✛✝☎ ✛✜✢

(4) ✖❃☎✑❄❅☎✟❇☞ ✕✎✖✗ ✔✟ ♦✷✵✏☎✗ ✕✎✖✗ ✛☎✍✝✍ ✛✜✡✣ ✌✶☎☎✵✝▼ ◆☞☎✍✡❖◆☞☎✍✡ ✛✏ ❁☎✔■ ✠✍ ✙☎✔■ ✌☎✍✰ ✓✖✝✍

✛✜✡✣ ✌☎✖✍☛☎ ❣P☎✰☎✍P☎✰ ◗✕✰ ❣❘✝☎ ✚☎✝☎ ✛✜✢

(5) 0 ♦✍✎ ✌❍☞☎✞✷✟ ✞✗✟❆ ♦☎✖✍ x ♦✍✎ ✞✖✔✣

log x ♦✍✎ ✏☎✗ ✟☎✍ ✞✟✠❇ ✱☎❇ ✙❇ ❄r✵

♦☎✆✝✞♦✟ ✠✡☛☞☎ ✠✍ ✟✏ ✞✟☞☎ ✚☎ ✠✟✝☎

✛✜✢ ✙✐✠✰✍ ✈☎❙✙☎✍✡ ✏✍✡✣ ✓☎✜✶☎✍ ❑✓✝✑✶☎✵▲ ✓✝✑✶☎☎❚✈☎ ✏✍✡

✌☎✖✍☛☎ y-✌❯☎ ♦✍✎ ✞✗✟❆✝✏ ✌❄✯✠✰ ✛☎✍✝☎ ✛✜

❑✞✟✡✝✑ r✠✠✍ ✟✱☎❇ ✞✏✖✝☎ ✗✛❇✡ ✛✜▲✢

(6) ✌☎♦❂✎✞✝ 5.11 ✏✍✡ y = ex ✝✶☎☎ y = log
e
 x

♦✍✎ ✌☎✖✍☛☎ ✙✈☎☎✵✔ ❄✔ ✛✡✜✢ ☞✛ ❜☞☎✗ ✙✍✗☎

✰☎✍✓✟ ✛✜ ✞✟ ✙☎✍✗☎✍✡ ♦❥ ✰✍☛☎☎ y = x ✏✍✡ ✔✟

✙✐✠✰✍ ♦✍✎ ✙✕✵❅☎ ✕✯✞✝✞❁✡❁ ✛✜✡✢

✖❃☎✑❄❅☎✟❇☞ ✕✎✖✗☎✍✡ ♦✍✎ ✙☎✍ ✏✛❍♦✕✐❅☎✵ ❄✑❅☎ ✗❇✓✍ ✕✯✏☎✞❅☎✝ ✞✟✔ ❄✔ ✛✜✡✳

(1) ✌☎✷☎✰ ✕✞✰♦✝✵✗ ✟☎ ✔✟ ✏☎✗✟ ✞✗☞✏ ✛✜✣ ✞✚✠✠✍  log
a
 p ✟☎✍ log

b
 p ♦✍✎ ✕✙☎✍✡ ✏✍ ✡ ❱☎✝ ✞✟☞☎

✚☎ ✠✟✝☎ ✛✜✢ ✏☎✗ ✖❇✞✚✔ ✞✟ log
a
 p = ❲, log

b
 p = ❳ ✝✶☎☎ log

b
 a = ❨ ✛✜✢ r✠✟☎ ✌✶☎✵ ☞✛

 ❩❬❭❪❴❵❛ ❝❡❢❤

 ❩❬❭❪❴❵❛ ❝❡❢❢
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❣☞ ✌✍ a✎ = p, b✏ = p r✑✒✒ b✓ = a ❣☞✔ ✈✕ r✖✗✘✙ ✚✌✘✛✒✒✜ ✍✒✙ ✚❣✢✙ ✜✙✣ ✘✤✒✥✙ ✗✙

(b✓)✎ = b✦✧ = p

❜✗✍✒✙ ★✩✗✘✙ ✗✜✖✍✘✛✒ ✜✙✣ ✚✪✫✒✙✬ ✍✘✥✙ ✚✘
b✏ = p = b✓✎

✈r✭ ✮ = ✯✰ ✈✑✒✱✒ ✲ = 
✳

✴
 ❣☞✔ ❜✗ ✚✪✍✒✘

log
a
 p =

b

b

p

a

log

log

(2) ✬①✛✒✥✚✵✢✥✒✙✣ ✚✘ log ✚✵✢✥ ✍✒ ✚✪✐✒✒✱ ❜✗✍✒ ✶✍ ✈✷✫ ✘✒✙✸✍ ✬①✛✒ ❣☞✔ ✜✒✥ ✢✖✌✹✶ ✌✍

log
b
 pq = ✲ ❣☞✔ ❜✗✗✙ b✎ = pq ✚✪✒✺r ❣✒✙r✒ ❣☞✔ ❜✗✖ ✚✪✍✒✘ ✫✌★ log

b
 p = ✻ r✑✒✒ log

b
 q = ✼

❣☞ r✒✙ b✏ = p r✑✒✒ b✓ = q ✚✪✒✺r ❣✒✙r✒ ❣☞✔ ✚✘✣r① b✎ = pq = b✏b✓ = b✏ + ✓ ❣☞✔

❜✗✍✒ r✒✽✚✫✾ ❣☞ ✌✍ ✲ = ✻ + ✼, ✈✑✒✒✾r✿

log
b
 pq = log

b
 p + log

b
 q

❜✗✗✙ ✶✍ ✌✱❀✒✙❁✒ ✘✒✙✸✍ r✑✒✒ ✜❣✽✱✚✩✛✒✾ ✚✌✘✛✒✒✜ r✕ ✌✥✍✢r✒ ❣☞ ✹✕  p = q ❣☞✔ ✶✙✗✖ ★❀✒✒ ✜✙✣❂

♠✚✫①✾❃r ✍✒✙ ✚①✥✭ ✌✥❄✥✌✢✌✤✒r ✚✪✍✒✘ ✗✙ ✌✢✤✒✒ ✹✒ ✗✍r✒ ❣☞

log
b
 p2 =  log

b
 p + log

b
 p = 2 log

b
 p

❜✗✍✒ ✶✍ ✗✘✢ ❅✫✒✚✍✖✍✘✛✒ ✈✐✫✒✗ ✱✙✵ ✌✢✶ ❆✒✙❇❈ ✌★✫✒ ✬✫✒ ❣☞ ✈✑✒✒✾r✿ ✌✍✗✖ ✐✒✖ ❍✥ ✚✩✛✒✒❉✍

n ✱✙✵ ✌✢✶
log

b
 pn = n log

b
 p

✱✒♦r✱ ✜✙✣ ✫❣ ✚✌✘✛✒✒✜ n ✱✙✵ ✌✍✗✖ ✐✒✖ ✱✒♦r✌✱✍ ✜✒✥ ✱✙✵ ✌✢✶ ✗✽✫ ❣☞❂ ✌✍✣r① ❜✗✙ ❣✜ ✚✪✜✒✌✛✒r

✍✘✥✙ ✍✒ ✚✪✫✒✗ ✥❣✖✣ ✍✘✙✣✬✙✔ ❜✗✖ ✌✱✌❍ ✗✙ ✚✒❞✍ ✌✥❄✥✌✢✌✤✒r ✍✒✙ ✗✽✫✒✌✚r ✍✘ ✗✍r✙ ❣☞✣✭

logb

x

y
 = log

b
 x – log

b
 y

❊❋●■❏❑● 28  ❃✫✒ ✫❣ ✗✽✫ ❣☞ ✌✍ x ✱✙✵ ✗✐✒✖ ✱✒♦r✌✱✍ ✜✒✥✒✙✣ ✱✙✵ ✌✢✶ x = elog x ❣☞?

■▲ ✚❣✢✙ r✒✙ ▼✫✒✥ ★✖✌✹✶ ✌✍ log ✚✵✢✥ ✍✒ ✚✪✒✣r ✗✐✒✖ ❍✥ ✱✒♦r✌✱✍ ✗✣✤✫✒✈✒✙✣ ✍✒ ✗✜①◆✸✫ ❣✒✙r✒

❣☞✔ ❜✗✌✢✶ ♠✚✫①✾❃r ✗✜✖✍✘✛✒ ❍✥✙r✘ ✱✒♦r✌✱✍ ✗✣✤✫✒✈✒✙✣ ✱✙✵ ✌✢✶ ✗✽✫ ✥❣✖✣ ❣☞✔ ✈✕ ✜✒✥ ✢✖✌✹✶

✌✍ y = elog x ❣☞✔ ✫✌★ y > 0 r✕ ★✒✙✥✒✙ ✚❖✒✒✙ ✣ ✍✒ ✢P✒①✬✛✒✍ ✢✙✥✙ ✗✙ log y = log (elog x) = log x . log

e = log x ❣☞✔ ✌✹✗✗✙ y = x ✚✪✒✺r ❣✒✙r✒ ❣☞✔ ✈r✶✱ x = elog x ✱✙✵✱✢ x ✱✙✵ ❍✥ ✜✒✥✒✙✣ ✱✙✵ ✌✢✶ ✗✽✫ ❣☞✔

✈✱✍✢ ✬✌✛✒r (differential calculus) ✜✙✣❂ ✚✪✒✱◗✵✌r✍ ✸✘P✒✒r✒✣✍✖ ✚✵✢✥ ✍✒ ✶✍ ✈✗✒❍✒✘✛✒ ✬①✛✒

✫❣ ❣☞ ✌✍❂ ✈✱✍✢✥ ✍✖ ✚✪✌❘✫✒ ✜✙✣ ✫❣ ✚✌✘✱✌r✾r ✥❣✖✣ ❣✒✙r✒ ❣☞✔ ❜✗ ✬①✛✒ ✍✒✙ ✥✖✸✙ ✚✪✜✙✫✒✙ ✣ ✜✙✣ ❅✫❃r

✌✍✫✒ ✬✫✒ ❣☞❂ ✌✹✗✍✖ ♠✚✚✌❢✒ ✍✒✙ ❣✜ ❆✒✙❇❈ ★✙r✙ ❣☞ ✣✔
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✐☎✆✝✞ 5*

(1) x ♦✟✠ ✡☛☞✟✌☛ ex ❞☛ ✍♦❞✎✏ ex ❣✑ ❣☛✟✒☛ ❣✓✔ ✍✕☛☛✖✒✗
d

dx
(ex) = ex

(2) x ♦✟✠ ✡☛☞✟✌☛ log x ❞☛ ✍♦❞✎✏
1

x
 ❣☛✟✒☛ ❣✓✔ ✍✕☛☛✖✒✗  

d

dx
(log x) = 

1

x

♠✘✙✚✛✜✙ 29  x ♦✟✠ ✡☛☞✟✌☛ ✢✣✤✣✢✎✢✥☛✒ ❞☛ ✍♦❞✎✣ ❞✑✢✏✦✧

(i) e–x (ii) sin (log x), x > 0 (iii) cos–1 (ex) (iv) ecos x

✚★

(i) ❡☛✣ ✎✑✢✏✦ y = e– x  ❣✓✩ ✍✪    Ü☛✫✬✥☛✎☛ ✢✣✭❡ ♦✟✠ ☞✮✭☛✟✯ ✰☛✱☛

xdy d
e

dx dx
 (– x) = – e– x

(ii) ❡☛✣ ✎✑✢✏✦ ✢❞  y = sin (log x) ❣✓✩ ✍✪   Ü☛✫ ✬✥☛✎☛ ✢✣✭❡ ✰☛✱☛

cos (log )
cos(log ) (log )

dy d x
x x

dx dx x

(iii) ❡☛✣ ✎✑✢✏✦ ✢❞ y = cos–1 (ex) ❣✓✩ ✍✪   Ü☛✫ ✬✥☛✎☛ ✢✣✭❡ ✰☛✱☛

2 2

1
( )

1 ( ) 1

x
x

x x

dy d e
e

dx dxe e
.

(iv) ❡☛✣ ✎✑✢✏✦ ✢❞  y = ecos x  ❣✓✩ ✍✪  Ü☛✫✬✥☛✎☛ ✢✣✭❡ ✰☛✱☛

cos cos( sin ) (sin )x xdy
e x x e

dx

✲✳✴✵✶✷✸✹ ✺✻✼

✢✣✤✣✢✎✢✥☛✒ ❞☛ x ♦✟✠ ✡☛☞✟✌☛ ✍♦❞✎✣ ❞✑✢✏✦✧

1.
sin

x
e

x
2.

1sin xe
✽

3.
3

xe

4. sin (tan–1 e–x) 5. log (cos ex) 6.
2 5

...x x x
e e e✾ ✾ ✾

7. , 0x
e x ✿ 8. log (log x), x > 1 9.

cos
, 0

log

x
x

x
❀

10. cos (log x + ex)

*❁❂❃❄❅❆ ❄❇❈❉ ❄❆❊❋❅ ●❆❍■❏❑ ❄❂▲❊ ▼◆▼❖▼◆P ❄❈ ◗❘❙❆❘❚
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5.5.  ②☞✌ ✍✎✏✌ ✑✒✓ ✔✕ ✑②✖ (Logarithmic Differentiation)

❜ ✗ ✘✙ ✚✛✜ ✢✣ ✤ ✢✥ ✦✤ ✧ ✙★✙✧✩ ✧✪ ✫✬ ✭✮✯✫ ✰ ✱✢✲ ✳✯ ✧ ✱✧✴ ✫✵✶ ✱✷✸ ✱✢ ✲ ✭✲✩ ✙ ✫✢ ✥ ✯ ✫ ✘ ✱✯✩ ✙ ✯ ✰✙ ✫ ✗✹ ✪✫ ✢✥✷ ✢✺

y = f (x) = [u(x)]v (x)

✩ ✻✫ ✚✷✼ ✫✯ (e ✘✫✈✫ ✰ ✭✰ ) ✩ ✢✙ ✢ ✭✰ ✽ ✭✾ ✚✸ ✿✬ ✯ ✫✢ ✧ ✙ ★✙✧✩ ✧ ✪✫✬ ✭✮✯ ✫ ✰ ✗✢ ✭✚✙✺ ✧✩ ✪ ✫ ✗✯✬ ✢ ✦❀✥

log y = v (x) log [u(x)]

❁ ✫❂ ✥✪ ✫✩ ✫ ✧ ✙✾✤ ✱✢✲ ✭✮✾✫ ✢✷ ❃ ✫ ✰✫

1 dy

y dx
 =

1
( )

( )
v x

u x
 . u❄(x) + v❄(x) . log [u(x)]

❜ ✗✯ ✫ ✬ ✫❅ ✭✾✸ ✦ ❀ ✧✯

dy

dx
 =

( )
( ) ( ) log ( )

( )

v x
y u x v x u x

u x

❜ ✗ ✧ ✱✧ ✈ ✤ ✢✥ ❆ ✾ ✫ ✙ ✣ ✢✙ ✢ ✯✹ ✤ ✚✪ ✾ ❇ ✫✬ ✾✦ ✦❀ ✧✯ f (x) ✬ r ✫✫ u(x) ✯ ✫ ✢ ✗✣ ❀✱ ✈✙✫❅✤✯ ✦✫ ✢✙ ✫ ❞ ✫✧ ✦✳

✘❈✾r✫✫ ✽ ✙✱✢✲ ✩ ✻✫✚✷✼ ✫✯ ✭✧✰❉✫ ✫✧✵ ✫✬ ✙✦✹✥ ✦✫ ✢✥✷ ✢❊ ❜ ✗ ✭✮✧❋✾✫ ✯✫ ✢ ●❍■❏❑▲■ ▼◆❖ P◗▼● ❘ (logarithmic

differentiation) ✯ ✦✬ ✢ ✦ ❀✥ ✘✫ ❀✰ ✧❙✗ ✢ ✧ ✙ ★✙✧✩✧ ✪ ✫✬ ✽ ✣ ✫ ✦✰✼ ✫ ✫ ✢✥ ❃ ✫ ✰✫ ❚✭✵✶ ✧✯ ✾✫ ✷ ✾ ✫ ✦ ❀❊

♠ ❯■ ❱❲ ▲■ 30  x ✱✢✲ ✗✫✭✢❳ ✫
2

2

( 3) ( 4)

3 4 5

x x

x x

❨ ❩

❩ ❩
 ✯✫ ✘✱✯✩ ✙ ✯✹✧ ❙✳❊

❱● ✤ ✫✙ ✩✹✧ ❙✳ ✧✯ 

2

2

( 3) ( 4)

(3 4 5)

x x
y

x x

❬ ❭
❪

❭ ❭

✣✫ ✢✙ ✫ ✢✥ ✭❳ ✫ ✫ ✢✥ ✱✢✲ ✩ ✻✫ ✚✷✼ ✫✯ ✩ ✢✙✢ ✭✰

log y =
1

2
[log (x – 3) + log (x2 + 4) – log (3x2 + 4x + 5)]

✣✫ ✢✙ ✫ ✢✥ ✭❳ ✫ ✫ ✢✥ ✯ ✫  x, ✱✢✲ ✗ ✫✭✢❳ ✫ ✘✱✩ ✯ ✙ ✯ ✰✙ ✢ ✭✰

1 dy

y dx
 = 2 2

1 1 2 6 4

2 ( 3) 4 3 4 5

x x

x x x x

✘r✫✱✫
dy

dx
 = 2 2

1 2 6 4

2 ( 3) 4 3 4 5

y x x

x x x x

=

2

2 2 2

1 ( 3)( 4) 1 2 6 4

2 ( 3)3 4 5 4 3 4 5

x x x x

xx x x x x
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♠☎✆✝✞✟✆  31  x ♦✠✡ ☛☞✌✠✍☞ ax ❞☞ ✎♦❞✏✑ ❞✒✓✔✕✖ ✔✗☞✘ a ✕❞ ✱✑ ✎✙✚ ✗✛✜

✝❣  ❡☞✑ ✏✒✓✔✕ ✓❞ y = ax, r☞✠

log y = x log a

♥☞✠✑☞✠✢ ✌✍☞☞✠✢ ❞☞ x, ♦✠✡ ☛☞✌✠✍☞ ✎♦❞✏✑ ❞✚✑✠ ✌✚

1 dy

y dx
 = log a

✎✈☞♦☞
dy

dx
 = y log a

❜☛ ✌✣❞☞✚ ( )xd
a

dx
 = ax log a

❢✤✥✦✧★✩ ( )xd
a

dx
 =

log ) log( ( log )x a x ad d
e e x a

dx dx
✪

= ex log a . log a = ax log a

♠☎✆✝✞✟✆ 32  x ♦✠✡ ☛☞✌✠✍☞ xsin x, ❞☞ ✎♦❞✏✑ ❞✒✓✔✕✖ ✔✫ ✓❞ x > 0 ✗✛✜

✝❣ ❡☞✑ ✏✒✓✔✕ ✓❞ y = xsin x ✗✛✜ ✎✫ ♥☞✠✑☞✠✢ ✌✍☞☞✠✢ ❞☞ ✏✬☞✭✮✯☞❞ ✏✠✑✠ ✌✚

log y = sin x log x

✎r✕♦
1

.
dy

y dx
 = sin (log ) log (sin )

d d
x x x x

dx dx
✰

❀☞
1 dy

y dx
 =

1
(sin ) log cosx x x

x

❀☞
dy

dx
 =

sin
cos log

x
y x x

x

✲ ✳
✴✵ ✶✷ ✸

=
sin sin

cos logx x
x x x

x

✲ ✳
✴✵ ✶✷ ✸

= sin 1 sinsin cos logx x
x x x x x

♠☎✆✝✞✟✆ 33  ❀✓♥ yx + xy + xx = ab ✗✛✜ r☞✠
dy

dx
 ❑☞r ❞✒✓✔✕✜

✝❣ ✓♥❀☞ ✗✛ ✓❞ yx + xy + xx = ab

u = yx, v = xy r✈☞☞ w = xx ✚❥☞✑✠ ✌✚ ✗❡✠✢ u + v + w = ab ✌✣☞✐r ✗☞✠r☞ ✗✛✜
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❜☞✌✍✎
du dv dw

dx dx dx
= 0 ... (1)

✈✏ u = yx ❣✑✒ ✓✔✕✖✔✕✗ ✘✙✔✔✕✗ ✚✔ ✍✛✔✜✢✣✔✚ ✍✕✖✕ ✘✤

log u = x log y

✓✔✕✖✔✕✗ ✘✙✔✔✕✗ ✚✔ x ♦✕✥ ☞✔✘✕✙✔ ✈♦✚✍✖ ✚✤✖✕ ✘✤

1 du

u dx
 = (log ) log ( )

d d
x y y x

dx dx
✦

=
1

log 1
dy

x y
y dx

✘✧✔★✩ ❣✔✕✩✔ ❣✑✒

❜☞✌✍✎
du

dx
 = log logxx dy x dy

u y y y
y dx y dx

✪ ✫ ✬ ✭
✮ ✯ ✮✰ ✱ ✲ ✳

✴ ✵ ✶ ✷
   ... (2)

❜☞✸ ✘✧✚✔✤ v = xy

✓✔✕✖✔✕✗ ✘✙✔✔✕✗ ✚✔ ✍✛✔✜✢✣✔✚ ✍✕✖✕ ✘✤
log v = y log x

✓✔✕✖✔✕✗ ✘✙✔✔✕✗ ✚✔ x ♦✕✥ ☞✔✘✕✙✔ ✈♦✚✍✖ ✚✤✖✕ ✘✤

1
.
dv

v dx
 = (log ) log

d dy
y x x

dx dx
✹

=
1

log
dy

y x
x dx

✘✧✔★✩ ❣✔✕✩✔ ❣✑✒

✈✩✎♦
dv

dx
 = log

y dy
v x

x dx

✺ ✻
✼✽ ✾✿ ❀

= logy y dy
x x

x dx

✺ ✻
✼✽ ✾✿ ❀

... (3)

✘✜✖✐ w = xx

✓✔✕✖✔✕✗ ✘✙✔✔✕✗ ✚✔ ✍✛✔✜✢✣✔✖ ✚✤✖✕ ✘✤
log w = x log x

✓✔✕✖✔✕✗ ✘✙✔✔✕✗ ✚✔ x ♦✕✥ ☞✔✘✕✙✔ ✈♦✚✍✖ ✚✤✖✕ ✘✤

1 dw

w dx
 = (log ) log . ( )

d d
x x x x

dx dx
✦

=
1

log 1x x
x

✘✧✔★✩ ❣✔✕✩✔ ❣✑✒
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✈☎✆✆✝✞✟
dw

dx
 = w (1 + log x)

= xx (1 + log x) ... (4)

(1), (2), (3) ✞☎✆✆ (4), ⑥✆✠✆

log logx yx dy y dy
y y x x

y dx x dx

✡ ☛ ✡ ☛
☞ ☞ ☞✌ ✍✌ ✍ ✎ ✏✎ ✏

 + xx (1 + log x) = 0

❀✆ (x . yx – 1 + xy . log x) 
dy

dx
 = – xx (1 + log x) – y . xy–1 – yx log y

✈✞✑
dy

dx
 =

1

1

[ log . (1 log )]

. log

x y x

x y

y y y x x x

x y x x

✒

✒
✓ ✔ ✔ ✔

✔

✐✕✖✗✘✙✚✛ ✜✢✜

1 ❧✣ 11 ✞r ✤✣✥ ✦✧★✩✆✣✪ ✫✣✪ ✦✧✬✭✆ ✦✥✮✩✆✣✪ r✆ x ✤✣✥ ❧✆✦✣♦✆ ✈✤r✮✩ r✯✰✱✲✑

1. cos x . cos 2x . cos 3x 2.
( 1) ( 2)

( 3) ( 4) ( 5)

x x

x x x

✳ ✳

✳ ✳ ✳

3. (log x)cos x 4. xx – 2sin x

5. (x + 3)2 . (x + 4)3 . (x + 5)4 6.

1
11

x

xx x
x

✴ ✵✶✷ ✸✹ ✺✻ ✼
✽ ✽✾ ✿

❁ ❂

7. (log x)x + xlog x 8. (sin x)x + sin–1 x

9. xsin x + (sin x)cos x 10.

2
cos

2

1

1

x x x
x

x

❃
❃

❄

11. (x cos x)x + 

1

( sin ) xx x

12 ❧✣ ❅❆ ✞r ✤✣✥ ✦✧★✩✆✣✪ ✫✣✪ ✦✧✬✭✆ ✦✥✮✩✆✣✪ ✤✣✥ ✰✮✲
dy

dx
❑✆✞ r✯✰✱✲✑

12. xy + yx = 1 13. yx = xy

14. (cos x)y = (cos y)x 15. xy = e(x – y)

16.  f (x) = (1 + x) (1 + x2) (1 + x4) (1 + x8) ⑥✆✠✆ ✦✧✬✭✆ ✦✥✮✩ r✆ ✈✤r✮✱ ❑✆✞ r✯✰✱✲ ✈✆❇✠

❜❧ ✦✧r✆✠ f ❈(1) ❑✆✞ r✯✰✱✲❉
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17. (x2 – 5x + 8) (x3 + 7x + 9) ❞☞ ✌✍❞✎✏ ✑✏✒✏✑✎✑✓☞✔ ✔✕✏ ✖✗❞☞✘ ✙✚ ❞✕✑✛✜✢

(i) ①✣✤☞✏✖✥✎ ✑✏✦✧ ❞☞ ✖✗✦☞✚① ❞✘✍✚✥

(ii) ①✣✤☞✏✖✥✎ ✍✚✥ ✑✍★✔☞✘✤☞ ✩☞✘☞ ✜❞ ✜❞✎ ✪✫✣✖✬ ✖✗☞✭✔ ❞✘✍✚✥

(iii) ✎②☞✣①✤☞❞✕✦ ✌✍❞✎✏ ✩☞✘☞

✦✫ ❀☞✕ ✙✮✦☞✑✖✔ ❞✕✑✛✜ ✑❞ ✯✙ ✖✗❞☞✘ ✖✗☞✭✔ ✔✕✏☞✚✰ ✱✲☞✘ ✙✧☞✏ ✫✳✰✴

18. ✦✑✬ u, v ✔r☞☞ w , x ✍✚✥ ✖✥✎✏ ✫✰✳, ✔☞✚ ✬☞✚ ✑✍✑✵✦☞✚✰ ✌r☞☞✶✔✷ ✖✗r☞✧✸①✣✤☞✏✖✥✎ ✑✏✦✧ ❞✕ ✖✣✏✘☞✍✹✑✲☞

✩☞✘☞⑥ ✑✩✔✕✦ ✸ ✎②☞✣①✤☞❞✕✦ ✌✍❞✎✏ ✩☞✘☞ ✬✺☞☞✶✯✜ ✑❞

d

dx
 (u. v. w) =

du

dx
 v. w + u . 

dv

dx
 . w + u . v 

dw

dx

5.6  ✐✻✼✽✾✿❁ ❂✿✻ ✐❃✾❄❅✼❆ ❇✐✾✿❁ ❂✿✻ ❈❂❆✼❉ (Derivatives of Functions in

Parametric Forms)

❞❀☞✕✸❞❀☞✕ ✬☞✚ ❊✘ ✘☞✑✺☞✦☞✚✰ ✍✚✥ ✪✕❊ ❞☞ ✙✰✪✰✵ ✏ ✔☞✚ ★✖❋● ✫☞✚✔☞ ✫✳ ✌☞✳✘ ✏ ✌★✖❋●⑥ ✑❞✰✔✣ ✜❞ ✌❍✦

■✔✕✙✘✕❏ ❊✘ ✘☞✑✺☞ ✙✚ ✖✹r☞✍✷✥✸✖✹r☞✍✷✥ ✙✰✪✰✵☞✚✰ ✩☞✘☞ ✖✗r☞✧ ✬☞✚ ✘☞✑✺☞✦☞✚✰ ✍✚✥ ✧❑✦ ✜❞ ✙✰✪✰✵ ★r☞☞✑✖✔ ✫☞✚ ✛☞✔☞

✫✳ ✜✚✙✕ ✑★r☞✑✔ ✧✚✰ ✫✧ ❞✫✔✚ ✫✳✰ ✑❞ ✱✏ ✬☞✚✏☞✚✰ ✍✚✥ ✪✕❊ ❞☞ ✙✰✪✰✵ ✜❞ ✔✕✙✘✕ ❊✘ ✘☞✑✺☞ ✍✚✥ ✧☞❑✦✧ ✙✚

✍✑✤☞✶✔ ✫✳✴ ✦✫ ✔✕✙✘✕ ❊✘ ✘☞✑✺☞ ▲▼◆❖P (Parameter) ❞✫✎☞✔✕ ✫✳✴ ✌✑✵❞ ✙✣★✖❋● ✔✘✕✍✚✥ ✙✚ ✬☞✚ ❊✘

✘☞✑✺☞✦☞✚✰ x ✔r☞☞ y ✍✚✥ ✪✕❊⑥ x = f (t), y = g (t) ✍✚✥ ♦✖ ✧✚✰ ◗✦❘✔ ✙✰✪✰✵⑥ ❞☞✚ ✖✗☞❊✑✎❞ ♦✖ ✧✚✰ ◗✦❘✔

✙✰✪✰✵ ❞✫✔✚ ✫✳✰⑥ ✛✫☞❙ t ✜❞ ✖✗☞❊✎ ✫✳✴

✯✙ ♦✖ ✍✚✥ ✖✥✎✏☞✚✰ ✍✚✥ ✌✍❞✎✛ ❜☞✔ ❞✘✏✚ ✫✚✔✣⑥ ❚☞✹✰✓☞✎☞ ✑✏✦✧ ✩☞✘☞

dy

dt
 =

dy dx

dx dt

✦☞
dy

dx
 = 0

dy

dxdt

dx dt

dt

t❯ ❱❲❦❤ ✖✗☞✭✔ ✫☞✚✔☞ ✫✳✴

✯✙ ✖✗❞☞✘
dy

dx
 =

( )
( ) ( )

( )

g t dy dx
g t f t

f t dt dt
❳❨❦❩❬ ❢❱ ❭❪❦❦  [✪✺☞✔✚✶ f ❫(t) ❴ 0]

♠❵◆❛❝❡◆  34 ✦✑✬ x = a cos ❣, y = a sin ❣❥ ✔☞✚
dy

dx
 ❜☞✔ ❞✕✑✛✜✴

❛P ✑✬✦☞ ✫✳ ✑❞

x = a cos ❣, y = a sin ❣

✯✙✑✎✜
dx

d♥
 = – a sin ❣, 

dy

d♥
 = a cos ❣
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✈☎✆
dy

dx
 =

cos
cot

sin

dy

ad
dx a

d

✝✝ ✞ ✞ ✟ ✝
✟ ✝

✝

♠✠✡☛☞✌✡  35  ❀✍✎  x = at2, y = 2at ❣✏ ☎✑✒ 
dy

dx
 ❑✑☎ ✓✔✍✕✖✗

☛✘ ✍✎❀✑ ❣✏ ✍✓  x = at2, y = 2at

❜✙✍✚✖
dx

dt
 = 2at   ☎r✑✑   

dy

dt
= 2a

✈☎✆
dy

dx
 =

2 1

2

dy

adt
dx at t

dt

✞ ✞

♠✠✡☛☞✌✡  36  ❀✍✎ x = a (✛ + sin ✛), y = a (1 – cos ✛) ❣✏ ☎✑✒ 
dy

dx
 ❑✑☎ ✓✔✍✕✖ ✗

☛✘ ❀❣✑✜ 
dx

d✢
= a(1 + cos ✛), 

dy

d✣
 = a (sin ✛)

✈☎✆
dy

dx
 =

sin
tan

(1 cos ) 2

dy

ad
dx a

d

✤ ✤✤ ✥ ✥
✦ ✤

✤

✧❢★✩✪✌✡✫ ❀❣✑✜✬ ❀❣ ✭❀✑✮ ✎✔✍✕✖ ✍✓
dy

dx
 ✓✑✒ ❞✯✰❀ ✱✲ ✲✑✍✳✑❀✑✒✴ x ✈✑✏✲ y ✓✑✒ ✙✍✵❞✍✚☎ ✍✓✖

✍✶✮✑ ❣✔✬ ✷✒✸✷✚ ✹✺✑✱✚ ✷✒✸ ✹✎✑✒✴ ❞✒✴ ✻❀✼☎ ✓✲☎✒ ❣✏ ✴✗

♠✠✡☛☞✌✡  37  ❀✍✎ 

2 2 2

3 3 3
dy

x y a
dx

✽✾ ✿❁s   ❑✑☎ ✓✔✍✕✖✗

☛✘ ❞✑✮ ✚✔✍✕✖ ✍✓  x = a cos3 ✛, y = a sin3 ✛ ❣✏ ☎✶

2 3

3 2x y❂  =

2 2

3 33 3( cos ) ( sin )a a❃ ❂ ❃

=

2 2

2 23 3(cos (sin )a a❄ ❅ ❄ ❆
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✈☞✌ x = a cos3✍, y = a sin3✍, 

2 2 2

3 3 3x y a✎ ✏ ❞✑ ✒✓✑✔✕✖❞ ✗✘✙❞✚✛✑ ✜✢✣

❜✗ ✒✓❞✑✚✤
dx

d✥
 = – 3a cos2 ✍ sin ✍ ✈✑✢✚

dy

d✥
 = 3a sin2 ✍ cos ✍

❜✗✕✖✦✤
dy

dx
 =

2

3
2

3 sin cos
tan

3 cos sin

dy

a yd
dx xa

d

✧ ✧✧ ★ ★ ✩ ✧ ★ ✩
✩ ✧ ✧

✧

✪❢✫✬✭✮✯✰   ❀✕✱ ✜✘ ✈✲✒✳✴ ✒✵✖✶ ✷✸✵ ✈✷❞✖✶ ❞✚✶✸ ❞✙ ✕✷✕✹ ❞✑ ✒✓❀✑✸✺ ❞✚☞✸ ✜✢✻ ☞✑✸ ❀✜

✕✶☞✑✻☞ ✼✕✴✖ ✜✑✸☞✑✣

✐✽✾✿❁❂❃❄ ❅❆❇

❀✕✱  ✒✓❈✶ ✗✻❉❀✑ ❊ ✗✸ ❊❋ ☞❞ ✘✸✻ x ☞r✑✑ y ✕✱✦ ✗✘✙❞✚✛✑✑✸✻ ●✑✚✑✤ ✦❞ ✱❍✗✚✸ ✗✸ ✒✓✑✔✕✖❞ ■✒ ✘✸✻

✗✻❏✻✕✹☞ ✜✑✸✻✤ ☞✑✸ ✒✓✑✔✖✑✸✻ ❞✑ ✕✷✖✑✸✒✶ ✕❞✦ ✕❏✶✑✤
dy

dx
❑✑☞ ❞✙✕✼✦✌

1. x = 2at2, y = at4 2. x = a cos ✍, y = b cos ✍

3. x = sin t, y = cos 2t 4. x = 4t, y = 
4

t

5. x = cos ✍ – cos 2✍, y = sin ✍ – sin 2✍

6. x = a (✍ – sin ✍), y = a (1 + cos ✍) 7. x = 

3sin

cos2

t

t
, 

3cos

cos 2

t
y

t
▲

8. cos log tan
2

t
x a t

▼ ◆
❖ P◗ ❘

❙ ❚
 y = a sin t 9. x = a sec ✍, y = b tan ✍

10. x = a (cos ✍ + ✍ sin ✍),  y = a (sin ✍ – ✍ cos ✍)

11. ❀✕✱ 
1 1sin cos, ,t t dy y

x a y a
dx x

❯❱s ♥❲❱❱❩❳❨ ❬❭

5.7  ❢❪❫✰❴ ❵✯❛❢✫ ❵✯ ❝❡❵❣❤ (Second Order Derivative)

✘✑✶ ✖✙✕✼✦ ✕❞ y = f (x) ✜✢ ☞✑✸

dy

dx
 = f ❥(x) ... (1)
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❀☎✆  f ✠(x) ✈✝✞✟✡☛❀ ☞✌ ✍✎✏ ☞✑ x ✝✏♦ ✒✎✓✏✔✎ ✕✖✗ ✞✎ ✓✘✡✙ ✈✝✞✟✡ ✞✚ ✒✞✍✏ ☞✌✛✜ ✢✒ ✓✣✞✎✚

❝✎❀✎✤ ✓✔✎
d dy

dx dx

✥ ✦
✧ ★
✩ ✪

 ☞✎✏ ❣✎✍✎ ☞✌✫ ☎❣✒✏ ☎✬✍☛❀ ✞✎✏☎✭ ✞✎ ✈✝✞✟❣ ✕Second Order Derviative✗

✞☞✍✏ ☞✌✛ ✈✎✌✚
2

2

d y

dx
 ✒✏ ☎✡❧☎✓✍ ✞✚✍✏ ☞✌✛✜ f (x) ✝✏♦ ☎✬✍☛❀ ✞✎✏☎✭ ✝✏♦ ✈✝✞✟❣ ✞✎✏ f ✮(x) ✒✏ ✯✎☛

☎✡❧☎✓✍ ✞✚✍✏ ☞✌✛✜  ❀☎✆ y = f (x) ☞✎✏ ✍✎✏ ✢✒✏  D2(y) ❀✎ y✮  ❀✎ y
2
 ✒✏ ✯✎☛ ☎✡❧☎✓✍ ✞✚✍✏ ☞✌✛✜ ☞✑ ☎✭✰✓✱✎☛

✞✚✍✏ ☞✌✛ ☎✞ ❞✲✳ ✴✑ ✝✏♦ ✈✝✞✟✡ ✯✎☛ ✢✒☛ ✓✣✞✎✚ ☎✞✵ ❣✎✍✏ ☞✌✛✜

♠✶✷✸✹✺✷  38  ❀☎✆ y = x3 + tan x ☞✌ ✍✎✏
2

2

d y

dx
 ❑✎✍ ✞☛☎❣✵✜

✸✻ ☎✆❀✎ ☞✌ ☎✞ y = x3 + tan x ☞✌✜ ✈❝

dy

dx
 = 3x2 + sec2 x

✢✒☎✟✵
2

2

d y

dx
 = ✼ ✽2 23 sec

d
x x

dx
✾

= 6x + 2 sec x . sec x tan x = 6x + 2 sec2 x tan x

♠✶✷✸✹✺✷ 39  ❀☎✆ y = A sin x + B cos x ☞✌ ✍✎✏ ☎✒✿ ✞☛☎❣✵ ☎✞
2

2
0

d y
y

dx
❁ ❂ ☞✌✜

✸✻ ❀☞✎✤ ✓✚

dy

dx
 = A cos x – B sin x

✈✎✌✚
2

2

d y

dx
 =

d

dx
 (A cos x – B sin x)

= – A sin x – B cos x = – y

✢✒ ✓✣✞✎✚
2

2

d y

dx
 + y = 0

♠✶✷✸✹✺✷ 40  ❀☎✆  y = 3e2x + 2e3x ☞✌ ✍✎✏ ☎✒✿ ✞☛☎❣✵ ☎✞
2

2
5 6 0

d y dy
y

dxdx
❃ ❁ ❂

✸✻   ❀☞✎✤ y = 3e2x + 2e3x ☞✌✜ ✈❝

dy

dx
 = 6e2x + 6e3x = 6 (e2x + e3x)
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❜☞✌✍✎
2

2

d y

dx
 = 12e2x + 18e3x = 6 (2e2x + 3e3x)

✈✏✑
2

2
5

d y dy

dxdx
✒  + 6y = 6 (2e2x + 3e3x)

– 30 (e2x + e3x) + 6 (3e2x + 2e3x) = 0

♠✓✔✕✖✗✔ 41  ❀✌✘ y = sin–1 x ❣✙ ✏✚✛ ✘✜✚✚✢❜✎ ✌✣ (1 – x2) 
2

2
0

d y dy
x

dxdx
✤ ✥ ❣✙✦

✕✧ ❀❣✚★  y = sin–1x ❣✙ ✏✚✛

dy

dx
 = 

2

1

(1 )x✩

❀✚
2(1 ) 1

dy
x

dx
✪ ✫

❀✚
2(1 ) 0

d dy
x

dx dx

❀✚
2

2 2

2
(1 ) (1 ) 0

d y dy d
x x

dx dxdx

❀✚

2
2

2 2

2
(1 ) 0

2 1

d y dy x
x

dxdx x

✈✏✑
2

2

2
(1 ) 0

d y dy
x x

dxdx
✒ ✒ ✬

❢✭✮✯✰✱✲ ✌✘❀✚ ❣✙ ✌✣ y = sin–1 x ❣✙ ✏✚✛

1
2

1

1
y

x
✳

✴
, ✈✵✚✚✢✏✶ ✷ ✸2 2

1
1 1x y✴ ✳

✈✏✎✹ 2 2
1 2 1(1 ) 2 (0 2 ) 0x y y y x

✈✏✑ (1 – x2) y
2
 – xy

1
 = 0

✐✺✻✼✽✾✿❁ ❂❃❄

❅❆✜❇ ☞❈❉❀✚ 1 ☞✛ 10 ✏✣ r✛❈ ✌✘✎ ❅❊✍❇✚✛❈ ✹✛❊ ✌❋✏●❀ ✣✚✛✌❍ ✹✛❊ ✈✹✣✍■ ❏✚✏ ✣●✌■✎✑

1. x2 + 3x + 2 2. x20 3. x . cos x

4. log x 5. x3 log x 6. ex sin 5x
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7. e6x cos 3x 8. tan–1 x 9. log (log x)

10. sin (log x) 11. ❀☎✆ y = 5 cos x – 3 sin x ❣✝ ✞✟✠ ☎✡☛ ☞✌☎✍✎ ☎☞
2

2
0

d y
y

dx
✏ ✑

12. ❀☎✆ y = cos–1 x ❣✝ ✞✟✠
2

2

d y

dx
 ☞✟✠ ❞✠✒❞✓ y ❞✠✒ ♦✆✟✠✔ ✕✠✔ ✖✟✞ ☞✌☎✍✎✗

13. ❀☎✆  y = 3 cos (log x) + 4 sin (log x) ❣✝ ✞✟✠ ✆✘✟✟✙✚✎ ☎☞  x2 y
2
 + xy

1
 + y = 0

14. ❀☎✆  y = Aemx + Benx ❣✝ ✞✟✠ ✆✘✟✟✙✚✎ ☎☞  

2

2
( ) 0

d y dy
m n mny

dxdx
✛ ✜ ✜ ✢

15. ❀☎✆ y = 500e7x + 600e–7x ❣✝ ✞✟✠ ✆✘✟✟✙✚✎ ☎☞ 

2

2
49

d y
y

dx
✑  ❣✝✗

16. ❀☎✆ ey

 
(x + 1) = 1 ❣✝ ✞✟✠ ✆✘✟✟✙✚✎ ☎☞ 

22

2

d y dy

dxdx

✣ ✤
✥ ✦ ✧
★ ✩

❣✝✗

17. ❀☎✆  y = (tan–1 x)2 ❣✝ ✞✟✠ ✆✘✟✟✙✚✎ ☎☞ (x2 + 1)2 y
2
 + 2x (x2 + 1) y

1
 = 2 ❣✝✗

5.8  ❡✪✫✬❡✪✭ ✮✯❡✰✬ (Mean Value Theorem)

✚✡ ❜✱✲✳✴✠✆ ✕✠✔ ❣✕ ❜❞☞✓ ✵☎✶✟✞ ❞✠✒ ✆✟✠ ❜✟✷✟✸✹✟✺✞ ♦☎✸✶✟✟✕✟✠✔ ☞✟✠✻ ☎✼✱✟ ☎✡☛ ☎☞✎✻ ✽❀✾✞ ☞✸✠✔✵✠✗

❣✕ ✚✱ ♦✿✕✠❀✟✠✔ ☞✌ ❁❀✟☎✕✞✌❀ ✽❀✟❂❀✟ (geometric interpretation) ☞✟ ✹✟✌ ✖✟✱ ♦✿✟❃✞ ☞✸✠✔✵✠✗

✐❄❅❆❇ 6 ❥❈❆❉❆ ❊❈ ✐❄❅❆❇ (Rolle's Theorem) ✕✟✱ ✓✌☎✍✎ ☎☞ f : [a, b] ❋ R ✡✔❞❧✞ ❜✔✞✸✟✓

[a, b] ✕✠✔ ✡✔✞✞ ✞●✟✟ ☎❞❞❧✞ ❜✔✞✸✟✓ (a, b) ✕✠✔ ❜❞☞✓✱✌❀ ❣✝ ❜✟✝✸ f(a) = f(b) ❣✝ ✍❣✟❍ a ❜✟✝✸ b ☞✟✠✚✙

❞✟■✞☎❞☞ ✡✔❂❀✟✎❍ ❣✝✔✗ ✞✼ ☎❞❞❧✞ ❜✔✞✸✟✓ (a, b) ✕✠✔ ☎☞✡✌ ✎✠✡✠ c ☞✟ ❜☎■✞❏❞ ❣✝ ☎☞ f ❑(c) = 0 ❣✝✗

❜✟❞❧✒☎✞ ✈▲▼◆ ❜✟✝✸ ✈▲▼❖ ✕✠✔ ❞✲✒✴ ✎✠✡✠ ☎❞☎✘✟P◗ ♦✒✓✱✟✠✔ ❞✠✒ ❜✟✓✠❂✟ ☎✆✎ ✵✎ ❣✝✔✻ ✍✟✠ ✸✟✠✓✠ ❞✠✒ ♦✿✕✠❀

☞✌ ♦☎✸☞❘♦✱✟ ☞✟✠ ✡✔✞✲P◗ ☞✸✞✠ ❣✝✔✗

❙❚❯❱❲❳❨ ❩❬❭❪ ❙❚❯❱❲❳❨ ❩❬❭❫
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è ☞✌ ✍ ✎ ✏✑✒ ✓ ✑✔ a ✈✌ ✕✖ b ♦✗ ✘ ✙è ☞ ✑✚✛✌ ✜ ♦✢ ♦✗ ✘ ✣✤ ✎✥✈✌ ✗ ✦ ✧✖ ✚ ✧★✌ ✩ ✖✗ ✪✌ ✌ ✔✏ ✧✫ ♦✬✌ ✜✌ ✧✖ ✭ ☞✌

❄✌ ✑✮✜ ✯✌ ✗✜ ✌ ✯ ✕✰ ✱✍ ✙✗ ✦ ✲✗ ✧✫ ✳ ☞✗✔ ✈✌ ✴✗ ✪✌ ✙✗ ✦ ✔✙ ✲✗ ✔✙ ✓✔ ✣✤ ✎✥ ✧✖ ✧✫ ♦✬✌ ✜✌ ★✌ ✵✶ ☞ ✯✌ ✗ ✒✌ ✜ ✏ ✯ ✕✰

✖✌ ✗✴ ✗ ♦✗ ✘ ✧✫✙✗ ☞ ✔✌ ☞✛✌ ✌ ✜✛ ☞ ☞✯ ✏ ✎✌ ♦✌ ✯✕ ❥ ✭ ☞✌ ✗ ✦✑✔ y = f (x) ♦✗ ✘ ✈✌ ✴✗ ✪✌ ♦✗ ✘ ✑✔✲ ✏ ✣✤ ✎✥ ✧✖ ✚ ✧★✌ ✩

✖✗ ✪✌ ✌ ✔ ✏ ✧✫ ♦✬✌ ✜ ✌ ♦✥ ✘✷ ✈✶ ☞ ✍ ✯ ✏✦ ✈ ✑✧✜✥ ✸✲ ✣✤ ✎✥ ✧✖  f (x)  ✔✌ ✈ ♦✔✴✒ ✯✌ ✗✜ ✌ ✯✕✰

✐✹✺✻✼ 7 ✺❡ ✽✼ ✺❡ ✾ ✐ ✹✺✻✼ (Mean Value Theorem) ✙✌ ✍ ✴ ✏✑✒ ✓ ✑✔ f : [a, b] ✿ R ✈ ✦✜✖✌ ✴

[a, b] ✙✗ ✦ ✲ ✦✜ ✜ ✜ ✛✌ ✌ ✈ ✦✜✖✌ ✴ (a, b) ✙✗ ✦ ✈ ♦✔✴✍ ✏☞ ✯✕ ✰ ✜✤ ✈ ✦✜ ✖✌ ✴ (a, b) ✙✗ ✦ ✑✔✲ ✏ ✓✗✲✗ c ✔✌

✈ ✑✚✜ ✳♦ ✯ ✕ ✑✔

( ) ( )
( )

f b f a
f c

b a

❀
❁ ❂

❀
✯✕ ✰

è ☞✌ ✍ ✎ ✏✑✒ ✓ ✑✔ ✙✌ è ☞✙✌ ✍ ✧✫✙✗ ☞ (MVT), ✖✌ ✗✴ ✗ ♦✗ ✘ ✧✫✙✗ ☞ ✔✌ ✓✔ ✑♦✚✜ ✌ ✖✬✌ (extension) ✯✕✰

✈ ✌ ✱✓ ✈✤ ✯✙ ✙✌è ☞✙✌ ✍ ✧✫✙✗ ☞ ✔ ✏ ❃ ☞✌ ✑✙✜ ✏☞ ❅ ☞✌ ✪ ☞✌ ✲✙ ❆✗ ✦✰ ✧✘✴ ✍ y = f (x) ✔✌ ✈✌ ✴✗ ✪✌ ✈✌ ♦❞ ✘✑✜

❇ ❈❉❊ ✙✗ ✦ ✑✎ ☞✌ ✯ ✕✰ ✯✙ ✧✯ ✴ ✗ ✯ ✏ f ❋(c) ✔ ✏ ❅ ☞✌ ✪ ☞✌ ♦✢  y = f (x) ♦✗ ✘ ✣✤ ✎✥ (c, f (c)) ✧✖ ✪✌ ✏✦●✏ ❍✱ ✩

✚ ✧★✌ ✩ ✖✗ ✪✌✌ ✔ ✏ ✧✫ ♦✬✌ ✜ ✌ ♦✗ ✘ ▲ ✧ ✙✗ ✦ ✔✖ ●✥ ♦✗ ✘ ✯✕ ✦✰ ✈✌ ♦❞ ✘✑✜ ❇ ❈❉■ ✲✗ ✚ ✧❏✮ ✯ ✕ ✑✔
( ) ( )f b f a

b a

❑

❑
 ✣✤ ✎✥✈✌ ✗ ✦

(a, f (a)) ✈✌ ✕✖ (b, f (b)) ♦✗ ✘ ✙è ☞ ✪✌ ✏✦ ●✏ ❍✱ ✩ ✷✗ ✎✔ ✖✗ ✪✌ ✌ (Secant) ✔ ✏ ✧✫ ♦✬✌ ✜✌ ✯✕✰ ✙✌ è ☞✙✌ ✍ ✧✫ ✙✗ ☞

✙✗ ✦ ✔✯ ✌ ❍☞✌ ✯✕ ✑✔ ✈ ✦✜ ✖✌✴ (a, b) ✙✗ ✦ ✑✚ ✛✌ ✜ ✓✔ ✣✤ ✎✥ c ✱✲ ✧✫✔✌✖ ✯✕ ✣✤ ✎✥ (c, f(c)) ✧✖ ✪✌ ✏✦●✏ ❍✱✩

✚ ✧★✌ ✩ ✖✗ ✪✌✌ ❥ (a, f (a)) ✜ ✛✌ ✌ (b, f (b)) ✣✤ ✎✥✈ ✌✗ ✦ ♦✗ ✘ ✤ ✏● ✪✌ ✏✦●✏ ❍✱✩ ✷ ✗ ✎✔ ✖✗ ✪✌ ✌ ♦✗ ✘ ✲✙✌ ✦✜✖ ✯✌ ✗✜ ✏ ✯✕✰ ✎✵✲✖✗

★✌ ▼ ✎✌✗ ✦ ✙✗ ✦ ❥ (a, b) ✙✗ ✦ ✓✔ ✣✤ ✎✥ c ✓✗✲✌ ✯ ✕ ✒✌ ✗ ◆c, f (c)) ✧✖ ✚ ✧★✌ ✩ ✖✗ ✪✌ ✌ ❥ (a, f (a)) ✜ ✛✌ ✌ (b, f (b))

✔✌ ✗ ✑✙✴ ✌ ✍ ✗ ♦✌ ✴ ✏ ✖✗ ✪✌ ✌ ✪✌ ✦❖ ♦✗ ✘ ✲✙ ✦✌✜ ✖ ✯ ✕✰

P◗ ❘❙ ❚❯❱ ❲❳ ❨❩

♠ ❬❡ ❭❪❫❡  42  ✧✘✴ ✍ y = x2 + 2 ♦✗ ✘ ✑✴ ✓ ✖✌ ✗✴ ✗ ♦✗ ✘ ✧✫✙✗ ☞ ✔✌ ✗ ✲ ✳☞✌ ✑✧✜ ✔ ✏✑✒ ✓❥ ✒✤ a = – 2 ✜ ✛✌ ✌

b = 2 ✯ ✕✰
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❣☎ ✐✆✝✞ y = x2 + 2, ✈✟✠✡☛✝ [– 2, 2] ❡☞✟ ✌✟✠✠ ✠✍☛☛ ✈✟✠✡☛✝ (– 2, 2) ❡☞✟ ✈✎✏✝✞✑✒ ✓✔✕ ✌☛✍☛ ✓✑

f (– 2) = f ( 2) = 6 ✓✔ ✈✠✖✎ f (x) ✏☛ ❡☛✞ – 2 ✠✍☛☛ 2 ✐✡ ✌❡☛✞ ✓✔✟✕ ✡☛☞✝☞ ✎☞✆ ✐✗❡☞✒ ✎☞✆ ✈✞✘✌☛✡ ✖✏

➥✙✚✘ c ✛ (– 2, 2) ✏☛ ✈❞✜✠✢✎ ✓☛☞✣☛✤ ✥✓☛✦ f✧(c) = 0 ✓✔✕ ♣★✦❞✏ f✧ (x) = 2x ✓✔ ❜✌❞✝✖  c = 0 ✐✡

f✧ (c) = 0 ✈☛✔✡ c = 0 ✛ (– 2, 2)

♠✩✪❣✫✬✪ 43 ✈✟✠✡☛✝ [2, 4] ❡☞✟ ✐✆✝✞ f (x) = x2 ✎☞✆ ❞✝✖ ❡☛♦✒❡☛✞ ✐✗❡☞✒ ✏☛☞ ✌✢✒☛❞✐✠ ✏✑❞✥✖✕

❣☎ ✐✆✝✞ f (x) = x2 ✈✟✠✡☛✝ [2, 4] ❡☞✟ ✌✟✠✠ ✈☛✔✡ ✈✟✠✡☛✝ (2, 4) ❡☞✟ ✈✎✏✝✞✑✒ ✓✔✤ ✭✒☛☞ ✟❞✏ ❜✌✏☛

✈✎✏✝✥ f✧ (x) = 2x ✈✟✠✡☛✝ (2, 4) ❡☞✟ ✐❞✡✮☛☛❞✯☛✠ ✓✔✕

✈✙  f (2) = 4 ✈☛✔✡ f (4) = 16 ✓✔✟✕ ❜✌❞✝✖

( ) ( ) 16 4
6

4 2

f b f a

b a

✰ ✰
✱ ✱

✰ ✰

❡☛♦✒❡☛✞ ✐✗❡☞✒ ✎☞✆ ✈✞✘✌☛✡ ✖✏ ➥✙✚✘  c ✛ (2, 4) ✖☞✌☛ ✓☛☞✞☛ ♣☛❞✓✖ ✠☛❞✏ f✧ (c) = 6 ✓☛☞✕ ✒✓☛✦

f✧(x) = 2x ✈✠✖✎ c = 3 ✓✔✕ ✈✠✲ c = 3 ✛ (2, 4), ✐✡ f✧(c) = 6 ✓✔✕

✳✴✵✶✷✸✹✺ ✻✼✽

1. ✐✆✝✞ f (x) = x2 + 2x – 8, x ✛ [– 4, 2] ✎☞✆ ❞✝✖ ✡☛☞✝☞ ✎☞✆ ✐✗❡☞✒ ✏☛☞ ✌✢✒☛❞✐✠ ✏✑❞✥✖✕

2. ✥☛✦♣ ✏✑❞✥✖ ❞✏ ✭✒☛ ✡☛☞✝☞ ✏☛ ✐✗❡☞✒ ❞✞t✞❞✝❞✾☛✠ ✐✆✝✞☛☞✟ ❡☞✟ ✌☞ ❞✏✞✿❞✏✞ ✐✡ ✝☛✣★ ✓☛☞✠☛ ✓✔✕

❜✞ ❀✚☛✓✡❁☛☛☞✟ ✌☞ ✭✒☛ ✈☛✐ ✡☛☞✝☞ ✎☞✆ ✐✗❡☞✒ ✎☞✆ ❞✎✝☛☞❡ ✎☞✆ ✙☛✡☞ ❡☞✟ ✎✘✆❂ ✏✓ ✌✏✠☞ ✓✔✟❃

(i) f (x) = [x] ✎☞✆ ❞✝✖  x ✛ [5, 9] (ii) f (x) = [x] ✎☞✆ ❞✝✖ x ✛ [– 2, 2]

(iii) f (x) = x2 – 1 ✎☞✆ ❞✝✖  x ✛ [1, 2]

3. ✒❞✚  f : [– 5, 5] ❄ R ✖✏ ✌✟✠✠ ✐✆✝✞ ✓✔ ✈☛✔✡ ✒❞✚ f ❅(x) ❞✏✌✑ ✮☛✑ ➥✙✚✘ ✐✡ ❢☛★❆✒ ✞✓✑✟ ✓☛☞✠☛

✓✔ ✠☛☞ ❞✌❇ ✏✑❞✥✖ ❞✏ f (– 5) ❈ f (5)

4. ❡☛♦✒❡☛✞ ✐✗❡☞✒ ✌✢✒☛❞✐✠ ✏✑❞✥✖✤ ✒❞✚ ✈✟✠✡☛✝ [a, b] ❡☞✟  f (x) = x2 – 4x – 3, ✥✓☛✦ a = 1

✈☛✔✡ b = 4 ✓✔✕

5. ❡☛♦✒❡☛✞ ✐✗❡☞✒ ✌✢✒☛❞✐✠ ✏✑❞✥✖ ✒❞✚ ✈✟✠✡☛✝ [a, b] ❡☞✟  f (x) = x3– 5x2 – 3x, ✥✓☛✦ a = 1

✈☛✔✡ b = 3 ✓✔✕  f ❅(c) = 0 ✎☞✆ ❞✝✖ c ✛ (1, 3) ✏☛☞ ❉☛✠ ✏✑❞✥✖✕

6. ✐✗❢✞ ✌✟✾✒☛ ❊ ❡☞✟ ❀✐✡☛☞✭✠ ❞✚✖ ✠✑✞☛☞✟ ✐✆✝✞☛☞✟ ✎☞✆ ❞✝✖ ❡☛♦✒❡☛✞ ✐✗❡☞✒ ✏✑ ✈✞✘✐✒☛☞❞✣✠☛ ✏✑ ✥☛✦♣ ✏✑❞✥✖✕

❋●❋●❍ ■❏❑▲▼◆❑

♠✩✪❣✫✬✪  44  x ✎☞✆ ✌☛✐☞❖☛ ❞✞t✞❞✝❞✾☛✠ ✏☛ ✈✎✏✝✞ ✏✑❞✥✖✲

(i)
2

1
3 2

2 4
x

x
P P

P
(ii)   

2sec –13cosxe x◗ (iii)    log
7
 (log x)



 ❧�✁✂✄☎ ✂✆�� ✝✞✟✠✡☛☎✂�        203

❣☞

(i) ❡✌✍ ✎✏✑✒✓ ✑✔  y = 
2

1
3 2

2 4
x

x
✕ ✕

✕
= 

1 1

22 2(3 2) (2 4)x x
✖

✗ ✗ ✗ ✘✙✚

è✛✌✍ ✜✏✑✒✓ ✑✔ ✛✘ ✢✣✎✍ ✤✥✌✏ ✦✌✧★✑✦✔ ✤✩✪✛✌✫✌✬✩
2

3
x ✭ ✮ ✦✬✣ ✑✎✓ ✢✑♦✥✌✌✑✯✌★ ✘✙✚ ✰✤✑✎✓

dy

dx
 =

1 1
1 1

2 22 2
1 1

(3 2) (3 2) (2 4) (2 4)
2 2

d d
x x x x

dx dx

=

1 3

22 2
1 1

(3 2) (3) (2 4) 4
2 2

x x x

=

✱ ✲
3

2 2

3 2

2 3 2
2 4

x

x
x

✳
✕

✕

✛✘ ✤✥✌✏ ✦✌✧★✑✦✔ ✤✩✪✛✌✫✌✬✩
2

3
x ✴ ✵  ✦✬✣ ✑✎✓ ✢✑♦✥✌✌✑✯✌★ ✘✙✚

(ii) ❡✌✍ ✎✏✑✒✓ ✑✔
2sec 13cosx

y e x✶✷ ✸ ✘✙✚ ✛✘ [ 1,1]✳ ✦✬✣ ✢✹✺✛✬✔ ✻✼✜✽ ✦✬✣ ✑✎✓ ✢✑♦✥✌✌✑✯✌★

✘✙✚ ✰✤✑✎✓

dy

dx
 =

2sec 2

2

1
(sec ) 3

1

x d
e x

dx x

=
2sec

2

3
2sec (sec )

1

x d
e x x

dx x

=
2sec

2

3
2sec (sec tan )

1

x
x x x e

x

=
22 sec

2

3
2sec tan

1

x
x x e

x

è✛✌✍ ✜✏✑✒✓ ✑✔ ✢✹✜✾✌ ✢✣✎✍ ✔✌ ✫✦✔✎✒ ✦✬✣✦✎ [ 1,1]✳  ❡✬✩ ✘✏ ❡✌✿✛ ✘✙❀ ❁✛✌✬✩✑✔

cos–1 x ✦✬✣ ✫✦✔✎✒ ✔✌ ✫✑✧★✺✦ ✦✬✣✦✎ (– 1, 1) ❡✬✩ ✘✙✚
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(iii) ❡☎✆ ✝✞✟✠✡ ✟☛  y = log
7
 (log x) = 

log (log )

log7

x
 (✈☎☞☎✌ ✍✟✌✎✏✑✆ ✎✒✓ ✔✕✖☎ ✗☎✌☎)

✔❡❧✏ ✎☎❧✏✟✎☛ ✔✘✙✚☎✈☎✒✘ x > 1 ✎✒✓ ✟✝✡ ✍✓✝✆ ✍✟✌♦☎☎✟✛☎✏ ✜✢✣ ❜✔✟✝✡

dy

dx
 =

1
(log (log ))

log7

d
x

dx

=
1 1

(log )
log 7 log

d
x

x dx

=
1

log7 logx x

♠✤✥✦✧★✥ 45  x ✎✒✓ ✔☎✍✒✩☎ ✟✆✪✆✟✝✟✙☎✏ ☛☎ ✈✎☛✝✆ ☛✞✟✠✡✫

(i) cos –1 (sin x) (ii)   1 sin
tan

1 cos

x

x

✬ ✭ ✮
✯ ✰

✱✲ ✳
 (iii)   

1
1 2

sin
1 4

x

x

✴
✵ ✶ ✷

✸ ✹
✺✻ ✼

✦❣

(i) ❡☎✆ ✝✞✟✠✡ ✟☛ f (x) = cos –1 (sin x) ✜✢✣ è✚☎✆ ✽✞✟✠✡ ✟☛ ✚✜ ✍✓✝✆ ✔♦☎✞ ✎☎❧✏✟✎☛

✔✘✙✚☎✈☎✒✘ ✎✒✓ ✟✝✡ ✍✟✌♦☎☎✟✛☎✏ ✜✢✣ ✜❡ ❜✔✒ ✟✆✪✆✟✝✟✙☎✏ ✾✍ ❡✒✘ ✟✝✙☎ ✔☛✏✒ ✜✢✘✣

f (x) = cos–1 (sin x)

=
1cos cos

2
x , since [0. ]

2
x

✿
❀ ❁ ✿

=
2

x

✈✏✫ f ❂(x) = – 1 ✜✢✣

(ii) ❡☎✆ ✝✞✟✠✡ ✟☛  f (x) = tan –1 
sin

1 cos

x

x

❃ ❄
❅ ❆

❇❈ ❉
 ✜✢✣ è✚☎✆ ✽✞✟✠✡ ✟☛ ✚✜ ✍✓✝✆ ❊✆ ✔♦☎✞

✎☎❧✏✟✎☛ ✔✘✙✚☎✈☎✒✘ ✎✒✓ ✟✝✡ ✍✟✌♦☎☎✟✛☎✏ ✜✢ ✟✠✆✎✒✓ ✟✝✡ cos x ❋ – 1, ✈●☎☎✑✏❍ ■ ✎✒✓ ✔❡❧✏

✟✎✛☎❡ ❢❏❑☎✠☎✒✘ ✎✒✓ ✈✟✏✟✌▲✏ ✈▼✚ ✔♦☎✞ ✎☎❧✏✟✎☛ ✔✘✙✚☎✈☎✒✘ ✎✒✓ ✟✝✡ ✜❡ ❜✔ ✍✓✝✆ ☛☎✒

✟✆✪✆✟✝✟✙☎✏ ✍◆☛☎✌ ✔✒ ✍❏✆✫ ❖✚▲✏ ☛✌ ✔☛✏✒ ✜✢✘✫

f (x) =
1 sin

tan
1 cos

x

x

✬ ✭ ✮
✯ ✰

✱✲ ✳

=
1

2

2 sin cos
2 2

tan

2cos
2

x x

x
P

◗ ❘❙ ❚ ❙ ❚
❯ ❱ ❯ ❱❲ ❳❨ ❩ ❨ ❩

❲ ❳
❲ ❳
❲ ❳❬ ❭

 = 
1tan tan

2 2

x x✵ ❪ ❫✶ ✷
❴✸ ✹❵ ❛✻ ✼❝ ❞
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è☞✌✍ ✎✏✑✒✓ ✑✔ ✕✖ ✗✘✙✌ ✚✛✌✌ ✕✜ ✖✢✘ cos
2

x✣ ✤
✥ ✦
✧ ★

✔✌✢ ✔✌✩ ✪✫✢✬✭ ✮☞✌✢✘✑✔ ☞✕ ✙✌✯✰☞ ✫✢✬ ✱✜✌✱✜

✍✕✏✘ ✕✉✲ ✗✚✳ f ✴(x) = 
1

2
 ✕✉✲

(iii) ✖✌✍ ❡✏✑✒✓ ✑✔ f (x) = sin–1 

12

1 4

x

x

✵✶ ✷
✸ ✹

✺✻ ✼
 ✕✉✲  ❜✪ ✽✬❡✍ ✔✌ ✽✾✌✘✚ ✿✌✚ ✔✜✍✢ ✫✢✬ ✑❡✓ ✕✖✢✘ ❀✍

✪❁✌✏ x ✔✌✢ ✿✌✚ ✔✜✍✢ ✔✏ ✗✌✫✙☞✔✚✌ ✕✉ ✑✒✍✫✢✬ ✑❡✓
12

1 1
1 4

x

x

❂
❃ ❄ ❄

❅
✕✉✲ ✮☞✌✢✘✑✔

12

1 4

x

x ✪✎✉✫

❆✍ ✜✌✑✙✌ ✕✉✭ ❜✪✑❡✓ ✕✖✢✘ ❀✍ ✪❁✌✏ x ✔✌✢ ✿✌✚ ✔✜✍✌ ✕✉ ✑✒✍✫✢✬ ✑❡✓
12

1
1 4

x

x

❇
❈

❉
, ✗✛✌✌✈✚❊ ✫✢

✪❁✌✏ x ✑✒✍✫✢✬ ✑❡✓ 2x + 1 ❋ 1 + 4x  ✕✉✲ ✕✖ ❜✪✔✌✢ 2 ❋ 
1

2x
 + 2x ✽✾✔✌✜ ❁✌✏ ✑❡●✌ ✪✔✚✢ ✕✉✘✭

✒✌✢ ✪❁✌✏ x ✫✢✬ ✑❡✓ ✪♦☞ ✕✉✲ ✗✚✳ ✽✬❡✍ ✽✾♦☞✢✔ ✫✌❍✚✑✫✔ ✪✘●☞✌ ✫✢✬ ✑❡✓ ✽✑✜❁✌✌✑■✌✚ ✕✉✲ ✗✱

2x = tan ❏ ✜●✌✍✢ ✽✜ ☞✕ ✽✬❡✍ ✑✍❥✍✑❡✑●✌✚ ✽✾✔✌✜ ✪✢ ✽❑✍✳ ✑❡●✌✌ ✒✌ ✪✔✚✌ ✕✉✳

f (x) =

1
1 2

sin
1 4

x

x

✵
▲ ▼ ◆

❖ P
✺◗ ❘

=
1

2

2 2
sin

1 2

x

x

=
1

2

2 tan
sin

1 tan

❙ ❚❯ ❱
❲ ❳❅ ❚❨ ❩

= sin –1 [sin 2❏] = 2❏ = 2 tan – 1 (2x)

✗✚✳ f ✴(x) = 2

1
2 (2 )

1 2

x

x

d

dx

=
2

(2 )log 2
1 4

x

x

=

12 log 2

1 4

x

x

❇

❉
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♠☎✆✝✞✟✆  46  ❀✠✡ ☛☞✌✍ 0 < x < ✎ ♦✏✑ ✠✒✓  f (x) = (sin x)sin x ❣✔ ✕✌✏ f ✖(x) ❑✌✕ ✗✍✠✘✓✙
✝✚  ❀❣✌✛ ✜✑✒✢ y = (sin x)sin x ☛☞✌✍ ❧✢ ♦✌✣✕✠♦✗ ☛✤✥❀✌✦✌✏✤ ♦✏✑ ✠✒✓ ✜✠✧☞✌✌✠★✌✕ ❣✔✙ ✒✩✌✪✫✬✌✗
✒✏✢✏ ✜✧

log y = log (sin x)sin x = sin x log (sin x)

✦✈
1 dy

y dx
 =

d

dx
 (sin x log (sin x))

= cos x log (sin x) + sin x . 
1

(sin )
sin

d
x

x dx

= cos x log (sin x) + cos x

= (1 + log (sin x)) cos x

✦✈
dy

dx
 = y((1 + log (sin x)) cos x) = (1 + log (sin x)) ( sin x)sin x cos x

♠☎✆✝✞✟✆ 47  ❧✢✌✴✭✗ ✦✮✧ a ♦✏✑ ✠✒✓ dy

dx
, ❑✌✕ ✗✍✠✘✓✯ ✘❣✌✛

1
1

,

a
t

ty a x t
t

r✰✱✱ ❣✔✙

✝✚  è❀✌✢ ✡✍✠✘✓ ✠✗ ✡✌✏✢✌✏✤ y ✕✲✌✌ x, ☛✭✣✕ ♦✌✣✕✠♦✗ ☛✤✥❀✌ t ✳ 0 ♦✏✑ ✠✒✓ ✜✠✧☞✌✌✠★✌✕ ❣✔✤✙ ✣✜★✵✕✶
dy

dt
 = ✷ ✸

1
t

t

d
adt

✹
 =

1
1

. log
t

t
d

a t a
dt t

✺ ✻ ✼✽✾ ✿❁ ❂

=

1

2

1
1 log

t
ta a

t

❃ ❄ ❅❆❇ ❈❉ ❊

❜☛✍ ✜❋✗✌✧
dx

dt
 =

1
1 1

a
d

a t t
t dt t

●❍ ■ ✻ ✼✽ ❏ ✽✾ ✿▲ ▼◆ ❖ ❁ ❂

=

1

2

1 1
1

a

a t
t t

dx

dt
 ✳ 0 ♦✏✑♦✒ ❀✠✡ t ✳ ± 1 ❣✔✙ ✦✕✶ t ✳ ± 1 ♦✏✑ ✠✒✓

dy

dy dt
dxdx

dt

P  =

1

2

1

2

1
1 log

1 1
1

t
t

a

a a
t

a t
t t

 = 

1

1

log

1

t
t

a

a a

a t
t

✺
●✻ ✼✽✾ ✿❁ ❂
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♠☞✌✍✎✏✌  48  e cos x    ♦✑✒ ✓✔✕✑✖✔ sin2 x ❞✔ ✗♦❞✘✙ ❞✚✛✜✢✣

✍❣ ❡✔✙ ✘✚✛✜✢ ✛❞ u (x) = sin2 x r✤✔✔ v (x) = e cos x ✥✦✣ ✧✥✔★ ✥❡✑✩ /

/

du du dx

dv dv dx
✪  ❑✔r ❞✫✙✔ ✥✦✣ ✬✕✭✮r✯

du

dx
 = 2 sin x cos x ✗✔✦✫ 

dv

dx
 = e cos x (– sin x) = – (sin x) e cos x ✥✦✣

✗r✯
du

dv
 = cos cos

2sin cos 2cos

sin x x

x x x

x e e
✰ ✱

✱

✈✲✳✴✳ ✵ ✶✷ ✸✹✸✹✺ ✶✻✼✽✴✹✾✿

✕✐❀✙ ✓✩❁✧✔ ❂ ✓✑ ❂❂ r❞ ✕✐❃❄✔ ✕✒✘✙✔✑✩ ❞✔❅ x ♦✑✒ ✓✔✕✑✖✔ ✗♦❞✘✙ ❞✚✛✜✢✯
1. (3x2 – 9x + 5)9 2. sin3 x + cos6 x

3. (5x)3 cos x 2x 4. sin–1(x x ), 0 ❆ x ❆ 1.

5.

1cos
2

2 7

x

x

❇

❈
, – 2 < x < 2.

6.   
1 1 sin 1 sin

cot
1 sin 1 sin

x x

x x

❉ ❊ ❋● ● ❍
■ ❏

● ❍ ❍▲ ▼
, 0 < x <

2

◆

7. (log x)log x, x > 1

8. cos (a cos x + b sin x), ✛❞❢✥✚✩✩ ✗❖✫ a r✤✔✔ b ♦✑✒ ✛✘✢

9. (sin x – cos x) (sin x – cos x), 
3

4 4
x

◆ ◆
P P

10. xx + xa + ax + aa, ✛❞✓✚ ✛✙✧r a > 0 r✤✔✔ x > 0 ♦✑✒ ✛✘✢

11. ◗ ❘
22 3 3

xx
x x❙ ❚ ❯ , x > 3 ♦✑✒ ✛✘✢

12.  ✧✛❃  y = 12 (1 – cos t), x = 10 (t – sin t), 
2 2

t
❱ ❱

❲ ❳ ❳  r✔✑ 
dy

dx
 ❑✔r ❞✚✛✜✢✣

13. ✧✛❃ y = sin–1 x + sin–1 21 x❨ , – 1 ❆ x ❆ 1 ✥✦ r✔✑ 
dy

dx
  ❑✔r ❞✚✛✜✢✣

14. ✧✛❃  – 1 < x < 1 ♦✑✒ ✛✘✢ 1 1 0x y y x❩ ❩ ❩ ❬  ✥✦ r✔✑ ✛✓❭ ❞✚✛✜✢ ✛❞

❪ ❫2

1

1

dy

dx x
❴ ❵

❛
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15. ❀☎✆ ☎✝✞✟ c > 0 ♦✠✡ ☎☛ ☞ (x – a)2 + (y – b)2 = c2 ❣ ✌ ✍ ✎ ✠ ☎ ✞✏ ✝✟☎ ✑☞ ☎✝

3
2 2

2

2

1
dy

dx

d y

dx

✒ ✓✔ ✕
✖✗ ✘✙ ✚

✛ ✜✢ ✣ ,  a ✈✎ ✌✤ b ✞✠ ❧♦✍ ✥✦✎ ☞✝ ☎ ❧✧✎✤ ✤✎ ☎★✎ ❣ ✌✩

16. ❀☎✆ cos y = x cos (a + y), ✍ ✧✎✎ cos a ✪ ± 1, ✍ ✎ ✠ ☎ ✞✏ ✝✟☎ ✑☞ ☎✝
2cos ( )

sin

dy a y

dx a

✫
✬

17. ❀☎✆ x = a (cos t + t sin t) ✈✎ ✌✤ y = a (sin t – t cos t), ✍ ✎ ✠
2

2

d y

dx
❑✎ ✍ ✝✟☎ ✑☞✩

18. ❀☎✆ f (x) = | x |3, ✍ ✎ ✠ r✭✮✎☎ ✯✎ ✍ ✝✟☎ ✑☞ ☎ ✝ f ✰(x) ✝✎ ✈ ☎❧✍ ❞♦ ❣ ✌ ✈ ✎ ✌✤ ✱ ✞✠ ❑✎ ✍ ✲✎ ✟ ✝✟☎ ✑☞✩

19. ✳☎ ✯✎ ✍ ✟❀ ✈✎ ✳✮✴ ♦ ✠✡ ☎ ✞✏ ✎✥ ✍ ♦ ✠✡ r✭❀✎ ✠ ✳ ✵✎ ✤✎ ✶ ☎ ✞✏ ✝✟☎ ✑☞ ☎✝ ✞✲✎ ✟ ✷✴ r✸ ✯✎✎ ✹✝ n ♦ ✠✡ ☎☛ ☞

✺ ✻ 1n nd
x nx

dx

✼✽ ❣✌✩

20. sin (A + B) = sin A cos B + cos A sin B ✝✎ r✭ ❀✎ ✠✳ ✝✤✍ ✠ ❣ ✾ ☞ ✈♦ ✝☛✴ ✵✎ ✤✎ cosines

♦ ✠✡ ☎☛ ☞ ❀✎ ✠✳ ✞✸✦✎ ❑✎✍ ✝✟☎✑ ☞✩

21. ❉ ❀✎ ☞✝ ☞✠ ✞✠ r✡☛✴ ✝✎ ✈ ☎ ❧✍ ❞♦ ❣ ✌✶ ✑✎ ✠ r✭❞❀ ✠✝ ✿❁✆ ✾ r✤ ✞✥✍ ✍ ❣ ✎ ✠ ☎ ✝✥✍ ✾ ♦ ✠✡♦☛ ✆ ✎ ✠ ✿❁✆ ✾✈ ✎ ✠✥ r✤

✈ ♦✝☛ ✴ ✟❀ ✴ ❣✎ ✠❂ ✈ r✴ ✠ ❃ ❄✎ ✤ ✝✎ ✈✎ ✌☎ ❅❞❀ ✲✎ ✟ ❁ ✍☛ ✎ ✱☞✩

22. ❀☎✆  

( ) ( ) ( )f x g x h x

y l m n

a b c

❆ ❣ ✌ ✍✎ ✠ ☎ ✞✏ ✝✟☎ ✑☞ ☎✝  

( ) ( ) ( )f x g x h x
dy

l m n
dx

a b c

❇ ❇ ❇

❈

23. ❀☎✆ y = 
1cosa xe

❊
, – 1 ❋ x ❋ 1, ✍✎ ✠ ✆ ★✎✎ ●✱ ☞ ☎ ✝

❍ ■
2

2 2

2
1 0

d y dy
x x a y

dxdx
❏ ❏ ❏ ▲

▼◆ ❖◆ P ◗◆

❘ ☞✝ ♦✎ ❧✍☎♦ ✝ ✮✎ ✴ ✟❀ r✡☛✴ ✈ r✴ ✠ r✭✎ ✥✍ ♦ ✠✡ ☎ ✝✞✟ ✿❁✆ ✾ r✤ ✞✥ ✍✍ ❣ ✎ ✠✍✎ ❣ ✌ ❀☎✆ ❃ ✞ ✿❁✆ ✾

r✤ r✡☛ ✴ ✝✟ ✞✟✮✎ ✶ ❃ ✞ ✿❁ ✆ ✾ r✤ r✡☛ ✴ ♦ ✠✡ ✮✎ ✴ ♦ ✠✡ ❁✤✎ ❁ ✤ ❣✎ ✠✍ ✟ ❣ ✌✩

❘ ✞✥✍ ✍ r✡☛ ✴✎ ✠✥ ♦ ✠✡ ❀✎ ✠ ✳✶ ✈ ✥✍ ✤✶ ✳✾ ✯✎✴ r✡☛ ✈ ✎ ✌✤ ✲✎✎ ✳r✡☛ ✞✥ ✍✍ ❣✎ ✠✍ ✠ ❣ ✌✥ ✶ ✈ ✧✎ ✎ ●✍ ❙✶ ❀☎✆  f ✍ ✧✎ ✎

g ✞✥✍ ✍ r✡☛ ✴ ❣ ✌✥✶ ✍ ✎ ✠

(f ± g) (x) = f (x) ± g (x) ✞✥✍ ✍ ❣ ✎ ✠✍✎ ❣ ✌✩
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(f . g) (x) = f (x) . g (x) ☞✌✍✍ ✎✏✑✍✏ ✎✒✓

( )
( )

( )

f f x
x

g g x

✔ ✕
✖✗ ✘

✙ ✚
 (t✎✏✛ g (x) ✜ 0) ☞✌✍✍ ✎✏✑✍✏ ✎✒✓

✢ ✐✣✤✥✑✦ ✧★✦✩✪✫✥ ✐✬✩✪ ☞✌✍✍ ✎✏✑✍✏ ✎✒ ✭✦✌✍✮ ✯☞✦✏ ✭★✩✏✑✰ ☞✤✥ ✪✎✫✌ ✎✒✓

✢   Ü✏✱ ✌✲✏✩✏✳✭✪✥✰ ✐✬✩✪✏✑✌ ★✑✬ ☞✌✥✏✑t✪ ✦✏ ✧★✦✩✪ ✦✴✪✑ ★✑✬ ✭✩✵ ✵✦ ✭✪✥✰ ✎✒✓ ✥✭✶

f = v o u, t = u (x) ✧✏✒✴ ✥✭✶
dt

dx
 ✍r✏✏

dv

dt
 ✦✏ ✧✭❞✍✤★ ✎✒ ✍✏✑

df dv dt

dx dt dx

✢ ★✮✬♦ ✰✏✪✦ ✧★✦✩t ✷✐✭✴✸✏✏✭✹✏✍ ✐✣✏✌✍✏✑✌ ✰✑✌✺ ✭✪✻✪✭✩✭✲✏✍ ✎✒✌✼

✽ ✾1

2

1
sin

1

d
x

dx x

✿ ✖
❀

1

2

1
cos

1

d
x

dx x

❁ ❂1

2

1
tan

1

d
x

dx x

✿ ✖
❃

❁ ❂1

2

1
cot

1

d
x

dx x

✿ ❀
✖

❃

1

2

1
sec

1

d
x

dx x x

1

2

1
cosec

1

d
x

dx x x

❄ ❅x xd
e e

dx
❆ ❇ ❈

1
log

d
x

dx x
❆

✢ ✩②✏✮❉❊✏✦✫✥ ✧★✦✩✪❋ f (x) = [u (x)]v (x)  ★✑✬ ●✐ ★✑✬ ✐✬✩✪✏✑✌ ★✑✬ ✧★✦✩✪ ✦✴✪✑ ★✑✬ ✭✩✵

✵✦ ☞❍✏■✍ ✍✦✪✫✦ ✎✒✓ ✯☞ ✍✦✪✫✦ ★✑✬ ✧r✏❏✐❑❊✏❏ ✎✏✑✪✑ ★✑✬ ✭✩✵ ✧✏★❍✥✦ ✎✒ ✭✦ f (x)

✍r✏✏ u (x) ✶✏✑✪✏✑✌ ✎✫ ♥✪✏✤✰✦ ✎✏✑✌✓

✢ ✴✏✑✩✑ ✦✏ ✐✣✰✑✥✼ ✥✭✶  f : [a, b] ▲ R ✧✌✍✴✏✩ [a, b] ✰✑✌ ☞✌✍✍ ✍r✏✏ ✧✌✍✴✏✩ (a, b) ✰✑✌

✧★✦✩✪✫✥ ✎✏✑❋ ✍r✏✏ f (a) = f (b) ✎✏✑ ✍✏✑ (a, b) ✰✑✌ ✵✦ ✵✑☞✑ c ✦✏ ✧✭❞✍✤★ ✎✒ ✭t☞★✑✬

✭✩✵ f ▼(c) = 0.

✢ ✰✏❡✥✰✏✪ ✐✣✰✑✥✼ ✥✭✶ f : [a, b] ▲ R ✧✌✍✴✏✩ [a, b] ✰✑✌ ☞✌✍✍ ✍r✏✏ ✧✌✍✴✏✩ (a, b) ✰✑✌

✧★✦✩✪✫✥ ✎✏✑ ✍✏✑ ✧✌✍✴✏✩ (a, b) ✰✑✌ ✵✦ ✵✑☞✑ c ✦✏ ✧✭❞✍✤★ ✎✒ ✭t☞★✑✬ ✭✩✵

( ) ( )
( )

f b f a
f c

b a

◆
❖ ❆

◆

—P—



        

�With the Calculus as a key, Mathematics can be successfully applied

to the explanation of the course of Nature — WHITEHEAD �
6.1 ❍✁✂✄☎✆✁ (Introduction)

✈✝✞✟✞ ✠ ✡☛☞ ✌✡✍☛ ✎☞✞✏✑✒ ✓✔✕✍✟☛☞✖ ✓✗✘✒✕✟☛✡ ✘✙✟✚✟☛✛✟✘✡✒✜✞ ✓✔✕✍✟☛☞✖ ✈✢✓✣✤ ✓✔✕✍✟☛☞✖ ✥✦✧✟✟✒✟☞✚✜✞ ✓✔✕✍✟☛☞
✈✟★✦ ✕✧✟✏✧✟✟✒✟☞✚✜✞ ✓✔✕✍✟☛☞ ✚✟ ✈✩✚✕✪ ✫✟✒ ✚✦✍✟ ✎✜✬✟✟ ✌★✭ ✓✗✢✒✏✒ ✈✝✞✟✞ ✡☛☞✖ ✌✡ ✮✘✛✟✒ ✚✜
✘✩✘❢✟✯✍ ✰✟✟✬✟✟✈✟☛☞ ✡☛☞ ✈✩✚✕✪ ✩☛✔ ✈✍✏✓✗✞✟☛✮ ✚✟ ✈✝✞✞✍ ✚✦☛☞✮☛ ✞✱✟✟ ✲☞✘✪✘✍✞✘✦☞✮✖ ✘✩✫✟✍✖ ✎✟✡✟✘✪✚
✘✩✫✟✍ ✈✟★✦ ✚✲✳ ✴✵✎✦☛ ✶✟ ☛✙✟✭ ✷✴✟✌✦✛✟ ✩☛✔ ✘✕✸ ✌✡ ✎✜✬✟☛☞✮☛ ✘✚ ✘✚✎ ✓✗✚✟✦ ✈✩✚✕✪ ✚✟ ✷✓✞✟☛✮
(i) ✦✟✘✰✟✞✟☛☞ ✩☛✔ ✓✘✦✩✒✳✍ ✚✜ ✴✦ ✫✟✒ ✚✦✍☛ ✡☛☞✖ (ii) ✘✚✎✜ ✹✺✴✏ ✓✦ ✢✓✰✟✳ ✦☛✬✟✟ ✒✱✟✟ ✈✘❢✟✕☞✺ ✚✜
✎✡✜✚✦✛✟ ✫✟✒ ✚✦✍☛ ✡☛☞✖ (iii) ✸✚ ✓✔✕✍ ✩☛✔ ✈✟✕☛✬✟ ✓✦ ✩✒✳✍ ✹✺✴✏ ✫✟✒ ✚✦✍☛ ✡☛☞✖ ✪✟☛ ✌✡☛☞ ✷✍ ✹✺✴✏✈✟☛☞
✚✟☛ ✫✟✒ ✚✦✍☛ ✡☛☞ ✎✌✟✞✚ ✌✟☛✒✟ ✌★ ✘✪✍ ✓✦ ✓✔✕✍ ✚✟ ✈✘❞✚✒✡ ✞✟ ✯✞✵✍✒✡ ✡✟✍ ✌✟☛✒✟ ✌★✭ ✌✡ ✷✍
✈☞✒✦✟✕✟☛☞ ✚✟☛ ✫✟✒ ✚✦✍☛ ✡☛☞ ❢✟✜ ✈✩✚✕✪ ✚✟ ✷✓✞✟☛✮ ✚✦☛☞✮☛✖ ✘✪✍✡☛☞ ✸✚ ✓✔✕✍ ✩❞✳✡✟✍ ✞✟ ✻✟✎✡✟✍
✌✟☛✒✟ ✌★✭ ✈☞✒✒❣ ✌✡ ✩✏✔✼ ✦✟✘✰✟✞✟☛☞ ✩☛✔ ✎✘✯✍✚✤ ✡✟✍ ✓✗✟✽✒ ✚✦✍☛ ✡☛☞ ✈✩✚✕✪ ✓✗✞✏✑✒ ✚✦☛☞✮☛✭
6.2 ❥✁✄✾✁✿✁❀❁ ❂❀❃ ❄✄❥❂❅❆❇ ✆❈ ❉❥ (Rate of Change of Quantities)

✓✏✍❣ ✢✡✦✛✟ ✚✜✘✪✸ ✘✚ ✈✩✚✕✪ ds

dt
✎☛ ✌✡✟✦✟ ✒✟❧✓✞✳ ✎✡✞ ✈☞✒✦✟✕ t ✩☛✔ ✎✟✓☛✶✟ ✴✵✦✜ s  ✩☛✔ ✓✘✦✩✒✳✍

✚✜ ✴✦ ✎☛ ✌★✭ ✲✎✜ ✓✗✚✟✦✖ ✞✘✴ ✸✚ ✦✟✘✰✟ y ✸✚ ✴✵✎✦✜ ✦✟✘✰✟ x ✩☛✔ ✎✟✓☛✶✟ ✘✚✎✜ ✘✍✞✡ ( )y f x

✚✟☛ ✎☞✒✏✣✤ ✚✦✒☛ ✌✏✸ ✓✘✦✩✘✒✳✒ ✌✟☛✒✜ ✌★ ✒✟☛ dy

dx
 (✞✟ f ❊(x)),  x ✩☛✔ ✎✟✓☛✶✟ y ✩☛✔ ✓✘✦✩✒✳✍ ✚✜ ✴✦ ✚✟☛

✓✗✴✘✰✟✳✒ ✚✦✒✟ ✌★ ✈✟★✦
0x x

dy

dx  (✞✟  f ❊(x
0
)) 0x x ✓✦✐ x ✩☛✔ ✎✟✓☛✶✟ y ✚✜ ✓✘✦✩✒✳✍ ✚✜ ✴✦ ✚✟☛

✓✗✴✘✰✟✳✒ ✚✦✒✟ ✌★✭

❋●■❏❑ ●▲▼ ❋◆❖P◗❘❙▲❚

(Application of Derivatives)

❯❱❲❳❲ 6
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❜✌✍✎✏ ✑✒✓✒✔✕✓✖ ✗✒✘ ✘✙✎ ✔✙✒✚✙✗✙✛ x ✑✙✜✔ y, t ✍✎✏ ✌✙♦✎✢✙ ♦✒✔✍✒✓✣✓ ✤✙✎ ✔✤✥ ✤✙✎✦ ✑✧✙✙✣✓★

( )x f t ✑✙✜✔ ( )y g t  ✤✜ ✓❣ ✩✙✪✦✫✙✬✙ ✒✭✗✮ ✌✎

dy

dx
 =

dy dx

dt dt
,  ✗✒✘  0

dx

dt
 ♦✐✙✯✓ ✤✙✎✓✙ ✤✜✰

❜✌ ♦✐✱✙✔✖ x ✍✎✏ ✌✙♦✎✢✙ y ✍✎✏ ♦✒✔✍✓✣✭ ✱✥ ✘✔ ✱✙ ♦✒✔✱✬✭ t ✍✎✏ ✌✙♦✎✢✙ y ✑✙✜✔ x ✍✎✏ ♦✒✔✍✓✣✭

✱✥ ✘✔ ✱✙ ♦✐✗✙✎❞ ✱✔✍✎✏ ✒✱✗✙ ✲✙ ✌✱✓✙ ✤✜ ✰

✑✙❜✳ ✤✮ ✍✴✏✵ ✶✘✙✤✔✷✙✙✎✦ ♦✔ ✒✍✸✙✔ ✱✔✎✦✰

♠✹✺✻✼✽✺ ✾ ✍✪✿✙ ✍✎✏ ✢✙✎❀✙♦✏✬ ✍✎✏ ♦✒✔✍✓✣✭ ✱✥ ✘✔ ❜✌✱✥ ✒❀✙❁✗✙  r ✍✎✏ ✌✙♦✎✢✙ ❂✙✓ ✱✥✒✲✳ ✲❣
r = 5 cm ✤✜✰

✻❃ ✒❀✙❁✗✙ r ✍✙✬✎ ✍✪✿✙ ✱✙ ✢✙✎❀✙♦✏✬ A = ❄ r2 ✌✎ ✒✘✗✙ ✲✙✓✙ ✤✜✰ ❜✌✒✬✳✖ r  ✍✎✏ ✌✙♦✎✢✙ A ✍✎✏ ♦✒✔✍✓✣✭

✱✥ ✘✔
2A

( ) 2
d d

r r
dr dr

❅ ❆ ❅ ❆  ✌✎ ♦✐✙✯✓ ✤✜✰ ✲❣ r = 5 cm ✓✙✎ 
A

10
d

dr
❅ ❆  ✤✜✰ ✑✓❇ ✍✪✿✙ ✱✙

✢✙✎❀✙♦✏✬ 10❄ cm2/cm ✱✥ ✘✔ ✌✎ ❣✘✬ ✔✤✙ ✤✜✰

♠✹✺✻✼✽✺ ❈ ✳✱ ❉✙✭ ✱✙ ✑✙✗✓✭ ❊ cm3/s ✱✥ ✘✔ ✌✎ ❣❋● ✔✤✙ ✤✜✰ ✗✒✘ ❜✌✍✎✏ ✱✙✎✔ ✱✥ ✬✦❣✙✗✥✦

❍■ cm ✤✜ ✓✙✎ ❜✌✍✎✏ ♦✪❏❑ ✱✙ ✢✙✎❀✙♦✏✬ ✒✱✌ ✘✔ ✌✎ ❣❋● ✔✤✙ ✤✜✰

✻❃ ✮✙✭ ✬✥✒✲✳ ✒✱ ❉✙✭ ✱✥ ✳✱ ✱✙✎✔ ✱✥ ✬✦❣✙✗✥✦ x cm ✤✜✰ ❉✙✭ ✱✙ ✑✙✗✓✭ V ✓✧✙✙ ❉✙✭ ✍✎✏ ♦✪❏❑

✱✙ ✢✙✎❀✙♦✏✬ S  ✤✜✰ ✓❣✖ V = x3 ✑✙✜✔  S = 6x2, ✲✤✙✛ x ✌✮✗  t ✱✙ ♦✏✬✭ ✤✜✰

✑❣
Vd

dt
 = 9 cm3/s (✒✘✗✙ ✤✜)

❜✌✒✬✳ 9 =
3 3V

( ) ( )
d d d dx

x x
dt dt dx dt

▲ ▲ ▼ ◆ ✩✙✪✦✫✙✬✙ ✒✭✗✮ ✌✎)

=
23

dx
x

dt
❖

✗✙
dx

dt
 = 2

3

x
... (1)

✑❣
dS

dt
 =

2 2(6 ) (6 )
d d dx

x x
dt dx dt

▲ ▼ ( ✩✙✪✦✫✙✬✙ ✒✭✗✮ ✌✎)

= 2

3 36
12x

xx

P ◗
❘ ❙❚ ❯
❱ ❲

((1) ✍✎✏ ♦✐✗✙✎❞ ✌✎)

✑✓❇✖ ✲❣ x = 10 cm, 
dS

dt
= 3.6 cm2/s
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♠ ☎✆ ✝✞✟✆ ✠  ✱✡ ☛☞✌✍ ✎ ✏✑✒ ✓✔✕ ✱✡ ✖✗ ✌✍ ✎ ✘ ✍✒ ✍ ✙ ✍✚ ✍ ✛ ✜ ✢ ✍ ✜✎ ✚ ✎✕✣✔ ✕✕ ✤✥✦ ✍ ✍✔ ✕ ✓✔✕ 4 cm/s ✡✑ ✣☛✚ ✧✔

♣✒✚ ✑ ✛ ✜✕★ ✙ ✩ ✤✥✦ ✍ ✍✡ ✍✎ ✚ ✎✕ ✣ ✡✑ ☛✪✍✫ ✬ ✍ 10 cm ✛ ✜✭ ✚ ✍ ✔ ✮ ✧ ✯ ✍✰ ✍✭ ☛✲✍ ✎✍ ✛ ✳✢ ✍ ✯ ✍✔ ✪✍✖✴✒ ☛✡✚ ✵✑ ✚ ✔✙ ✑

✧ ✔ ✩❧ ✶ ✎✛ ✍ ✛ ✜✷

✝ ❣ ☛✪✍✫ ✬ ✍ r ✤ ✍✒ ✔ ✤✥ ✦ ✍ ✡✍ ✯ ✍✔ ✪✍ ✖✴✒ A = ✸ r2 ✧✔ ☛✹✬ ✍ ✙ ✍✚ ✍ ✛ ✜ ★ ✺ ✧☛✒✱ ✧✓✬ t ✤ ✔✴ ✧✍ ✖✔✯ ✍ ✯ ✍ ✔✪✍ ✖✴✒

A ✤ ✔✴ ✖☛✎✤✚ ♦✵ ✡✑ ✹ ✎ ✛ ✜

Ad

dt
 =

2 2( ) ( )
d d dr

r r
dt dr dt

✻ ✼ ✻ ✽  = 2✸ r 
dr

dt
( ✾✍ ✕✥ ✿ ✍✒ ✍ ☛✵ ✬ ✓ ✧✔)

✬✛ ☛✹ ✬ ✍ ✣✬ ✍ ✛ ✜ ☛✡
dr

dt
 = 4 cm

✺✧☛✒ ✱ ✙ ✩ r = 10 cm

Ad

dt
 = 2✸ (10) (4) = 80✸

✢✚ ✈ ✙ ✩ r = 10 cm ✚ ✩ ✤✥✦ ✍ ✧✔ ☛✲✍ ✎✔ ✯ ✍✔ ✪✍ ✡ ✍ ✯ ✍ ✔✪✍ ✖✴✒ 80✸ cm2/s ✡✑ ✹ ✎ ✧✔ ✩❧ ✶ ✎✛ ✍ ✛ ✜★

❀❢ ❁ ❂❃✟✆ ❄    x ✡ ✍ ✓✍✵ ✩❧ ✶✵ ✔ ✧✔ ✬ ☛✹ y ✡ ✍ ✓✍✵ ✩❧ ✶✚ ✍ ✛ ✜ ✚ ✍ ✔
dy

dx
❅✵ ✍ ✗✓✡ ✛ ✍ ✔✚ ✍ ✛ ✜ ✢ ✍ ✜✎ x

✡ ✍ ✓✍✵ ✩❧ ✶✵ ✔ ✧✔ ✬ ☛✹ y ✡✍ ✓✍✵ ✲✍ ❆✚ ✍ ✛ ✜✭ ✚ ✍ ✔
dy

dx
❇✰ ✍ ✍ ✗✓✡ ✛ ✍ ✔✚ ✍ ✛ ✜★

♠ ☎ ✆ ✝ ✞ ✟ ✆ ❈ ☛✡ ✧✑ ✢ ✍✬✚ ✡✑ ✒ ✕✩✍✬ ✑✕ x, 3 cm/min ✡✑ ✹ ✎ ✧✔ ✲✍❆ ✎✛✑ ✛ ✜ ✢ ✍✜✎ ♣ ✍✜✘ ✶✍ ✺♦

y, 2 cm/min ✡✑ ✹ ✎ ✧✔ ✩❧✶ ✎✛✑ ✛✜★ ✙✩ x = 10 cm ✢✍✜✎ y = 6 cm ✛✜ ✚✩ ✢✍✬✚ ✤✔✴ (a) ✖☛✎✓✍✖ ✢✍✜✎

(b) ✯ ✍✔ ✪✍✖✴✒ ✓✔✕ ✖☛✎✤✚ ♦✵ ✡✑ ✹ ✎ ④ ✍✚ ✡✑ ☛✙✱ ★

✝ ❣ ❉✬ ✍ ✔✕☛✡ ✧✓✬ ✤ ✔✴ ✧✍ ✖✔✯ ✍ ✒ ✕✩ ✍✬ ✑ ✕ x ✲✍ ❆ ✎✛✑ ✛ ✜ ✢ ✍ ✜✎ ♣ ✍ ✜✘ ✶✍ ✺♦ y ✩❧ ✶ ✎✛✑ ✛ ✜ ✚ ✍ ✔ ✛ ✓ ✖✍✚ ✔ ✛ ✜✕ ☛✡

dx

dt
 = – 3 cm/min   ✢ ✍ ✜✎   

dy

dt
 = 2 cm/min

(a) ✢ ✍✬✚ ✡ ✍ ✖☛✎✓✍ ✖ P ✧✔ ✖❊✹ ✦ ✍ ✛ ✜✭ ✢ ✌ ✍✍♦✚ ❋

P = 2(x + y)

✺ ✧☛✒✱
Pd

dt
 = 2 2( 3 2) 2 cm/min

dx dy

dt dt

(b) ✢ ✍✬✚ ✡ ✍ ✯ ✍ ✔✪✍ ✖✴✒ A ✧✔ ✖❊ ✹✦ ✍ ✛ ✜ ✬ ✌✍ ✍
A = x . y
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❜✌✍✎✏
Ad

dt
 =

dx dy
y x

dt dt
✑ ✒ ✑

= – 3(6) + 10(2) (❉✓✔✕✖✍✗ x = 10 cm ✥✔✘✙ y = 6cm)

= 2 cm2/min

♠✚✛✜✢✣✛ ✤ ✍✗✌❢ ♦✦✧★ ✗❢ x ❜✗✔❜✓✔✕✖ ♦✕✩ ✪✫✬✔✭✮ ❡✕✖ ♦★✩✎ ✎✔✯✧ C(x) ✰✬✓✕ ❡✕✖

C(x) = 0.005 x3 – 0.02 x2 + 30x + 5000

✌✕ ✬❧✭✱✔ ✲✘✳ ✌❢❡✔✖✧ ✎✔✯✧ ✴✔✧ ✗❢✍✵✏ ✵✶ ✷ ❜✗✔❜✸ ✪✫✬✔✍✭✧ ✗❢ ✵✔✧❢ ✲✘✳ ✵✲✔✹ ✌❢❡✔✖✧ ✎✔✯✧

(marginal cost ✓✔ MC) ✌✕ ✲❡✔✙✔ ✥✍✺✔✬❧✔✓ ✍✗✌❢ ✦✧✙ ✬✙ ✪✫✬✔✭✮ ♦✕✩ ✌✖✬✻✼✔✸ ✎✔✯✧ ❡✕✖ ✧✔✫✗✔✍✎✗

✬✍✙♦✧✸✮ ✗❢ ✭✙ ✌✕ ✲✘✳

✜❣ ❉✓✔✕✖✍✗ ✌❢❡✔✖✧ ✎✔✯✧ ✪✫✬✔✭✮ ♦✕✩ ✍✗✌❢ ✦✧✙ ✬✙ x ❜✗✔❜✸ ♦✕✩ ✌✔✬✕✽✔ ✌✖✬✻✼✔✸ ✎✔✯✧ ♦✕✩ ✬✍✙♦✧✸✮

✗❢ ✭✙ ✲✘✳ ✲❡ ✬✔✧✕ ✲✘✖ ✍✗

✌❢❡✔✖✧ ✎✔✯✧ MC =
2C

0.005(3 ) 0.02(2 ) 30
d

x x
dx

✵✶  x = 3 ✲✘ ✧✶ MC =
20.015(3 ) 0.04(3) 30

= 0.135 – 0.12 + 30 = 30.015

✥✧✾ ✥✺✔❢✿❀ ✌❢❡✔✖✧ ✎✔✯✧ ✥❁✔✔✸✧ ✎✔✯✧ ✬❧✍✧ ❜✗✔❜✸ Rs 30.02 ❂✎✯✺✔✯❃ ✲✘✳

♠✚✛✜✢✣✛ ❄ ✍✗✌❢ ✪✫✬✔✭ ✗❢ x ❜✗✔❜✓✔✕✖ ♦✕✩ ✍♦❅✓ ✌✕ ✬❧✔❆✧ ♦★✩✎ ✥✔✓ ✰✬✓✕ ❡✕✖ R(x) = 3x2 + 36x

+ 5 ✌✕ ✬❧✭✱✔ ✲✘✳ ✵✶ x = 5  ✲✔✕ ✧✔✕ ✌❢❡✔✖✧ ✥✔✓ ✴✔✧ ✗❢✍✵✏✳ ✵✲✔✹ ✌❢❡✔✖✧ ✥✔✓ (marginal revenue

or MR) ✌✕ ✲❡✔✙✔ ✥✍✺✔✬❧✔✓ ✍✗✌❢ ✽✔✼✔ ✍♦❅✓ ✗❢ ✯❜✸ ♦✦✧★✥✔✕✖ ♦✕✩ ✌✔✬✕✽✔ ✌✖✬✻✼✔✸ ✥✔✓ ♦✕✩ ✬✍✙♦✧✸✮

✗❢ ✭✙ ✌✕ ✲✘✳

✜❣ ❉✓✔✕✖✍✗ ✌❢❡✔✖✧ ✥✔✓ ✍✗✌❢ ✽✔✼✔ ✍♦❅✓ ✗❢ ✯❜✸ ♦✦✧★✥✔✕✖ ♦✕✩ ✌✔✬✕✽✔ ✥✔✓ ✬✍✙♦✧✸✮ ✗❢ ✭✙ ✲✔✕✧❢

✲✘✳ ✲❡ ✵✔✮✧✕ ✲✖✘ ✍✗

✌❢❡✔✖✧ ✥✔✓ MR =
R

6 36
d

x
dx
❇ ❈

✵✶  x = 5 ✲✘ ✧✶ MR = 6(5) + 36 = 66

✥✧✾ ✥✺✔❢✿❀ ✌❢❡✔✖✧ ✥✔✓ ✥❁✔✔✸✧ ✥✔✓ ✬❧✍✧ ❜✗✔❜✸ Rs 66 ✲✘✳

✐❊❋●❍■❏❑ ▲▼◆

1. ♦❖✱✔ ♦✕✩ ✽✔✕P✔✬✩✎ ♦✕✩ ✬✍✙♦✧✸✮ ✗❢ ✭✙ ❜✌✗❢ ✍P✔◗✓✔ r ♦✕✩ ✌✔✬✕✽✔ ✴✔✧ ✗❢✍✵✏ ✵✶✍✗

(a) r = 3 cm ✲✘✳ (b) r = 4 cm ✲✘✳
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2. ✱☎ ✆✝✞ ☎✝ ✟✝✠✡✞ ☛ cm3/s ☎✥ ☞✌ ✍✎ ✏✑✒ ✌✓✝ ✓✔✕ ✖✗✘✙ ✚✝✎✛✝✖✜✢ ✣☎✍ ☞✌ ✍✎ ✏✑✒ ✌✓✝ ✓✔

t✏✣☎ ✤✍✦✎✜ ✣☎✞✝✌✎ ☎✥ ✢✧✏✝✠✥✧ ★✩ cm ✓✔✕

3. ✱☎ ✦✗✪✝ ☎✥ ✣✛✝✫✠✝ ✍✬✝✞ ✭✖ ✍✎ ✮ cm/s ☎✥ ☞✌ ✍✎ ✏✑✒ ✌✓✥ ✓✔✕ ✯✝✡ ☎✥✣t✱ ✣☎ ✦✗✪✝ ☎✝

✚✝✎✛✝✖✜✢ ✣☎✍ ☞✌ ✍✎ ✏✑✒ ✌✓✝ ✓✔ t✏ ✣✛✝✫✠✝ ★④ cm ✓✔✕

4. ✱☎ ✖✣✌✦✡✰✞✲✝✥✢ ✆✝✞ ☎✝ ✣☎✞✝✌✝ 3 cm/s ☎✥ ☞✌ ✍✎ ✏✑✒ ✌✓✝ ✓✔✕ ✆✝✞ ☎✝ ✟✝✠✡✞ ✣☎✍ ☞✌

✍✎ ✏✑✒ ✌✓✝ ✓✔ t✏✣☎ ✣☎✞✝✌✝ ★④ cm ✢✧✏✝ ✓✔✳

5. ✱☎ ✣✴✵✝✌ ✶✥✢ ✬✎✧ ✱☎ ✖✷✵✝✌ ✸✝✢✝ t✝✡✝ ✓✔ ✟✝✎✌ ✡✌✧✹✎✧✧ ✦✗✪✝✝✎✧ ✬✎✧ ✺ cm/s ☎✥ ✹✣✡ ✍✎ ✻✢✡✥

✓✔✧✕ t✏ ✦✗✪✝✝☎✝✌ ✡✌✧✹ ☎✥ ✣✛✝✫✠✝ ☛ cm ✓✔ ✡✝✎ ✼✍ ✚✝✽✝✾ ✣✆✝✌✝ ✓✿✟✝ ✚✝✎✛✝✖✜✢ ✣☎✍ ☞✌ ✍✎ ✏✑✒

✌✓✝ ✓✔✳

6. ✱☎ ✦✗✪✝ ☎✥ ✣✛✝✫✠✝ ④❀❁ cm/s ☎✥ ☞✌ ✍✎ ✏✑✒ ✌✓✥ ✓✔✕ ✤✍☎✥ ✖✣✌✣❂ ☎✥ ✦✗✣❃ ☎✥ ☞✌ ❄✠✝

✓✔ t✏ r = 4.9 cm ✓✔✳

7. ✱☎ ✟✝✠✡ ☎✥ ✢✧✏✝✠✥✧  x, 5 cm/min ☎✥ ☞✌ ✍✎ ✆✝❅ ✌✓✥ ✓✔ ✟✝✔✌ ✻✝✔✸✒✝✤✰ y, 4 cm/min ☎✥

☞✌ ✍✎ ✏✑✒ ✌✓✥ ✓✔✕ t✏ x = 8 cm ✟✝✔✌ y = 6 cm ✓✔✧ ✡✏ ✟✝✠✡ ✦✎✜ (a) ✖✣✌✬✝✖ (b) ✚✝✎✛✝✖✜✢

✦✎✜ ✖✣✌✦✡✰✞ ☎✥ ☞✌ ✯✝✡ ☎✥✣t✱✕

8. ✱☎ ✹✿❆✏✝✌✝ t✝✎ ✍☞✔✦ ✹✝✎✢✝☎✝✌ ✌✓✡✝ ✓✔✾ ✱☎ ✖✧✖ ❇✝✌✝ ❈④④ cm3 ✹✔✍ ✖❉✣✡ ✍✎☎✧✸ ❊✝✌ ☎✌

✖✿✜✢✝✠✝ t✝✡✝ ✓✔✕ ✹✿❆✏✝✌✎ ☎✥ ✣✛✝✫✠✝ ✦✎✜ ✖✣✌✦✡✰✞ ☎✥ ☞✌ ✯✝✡ ☎✥✣t✱ t✏ ✣✛✝✫✠✝ ★✺ cm ✓✔✕

9. ✱☎ ✹✿❆✏✝✌✝ t✝✎ ✍☞✔✦ ✹✝✎✢✝☎✝✌ ✌✓✡✝ ✓✔✾ ☎✥ ✣✛✝✫✠✝ ✖✣✌✦✡✰✞✲✝✥✢ ✓✔✕ ✣✛✝✫✠✝ ✦✎✜ ✍✝✖✎✚✝ ✟✝✠✡✞

✦✎✜ ✖✣✌✦✡✰✞ ☎✥ ☞✌ ✯✝✡ ☎✥✣t✱ t✏ ✣✛✝✫✠✝ ★④ cm ✓✔✕

10. ✱☎ ✺ m ✢✧✏✥ ✍✥✑✒✥ ☞✥✦✝✌ ✦✎✜ ✍✓✝✌✎ ✶✿☎✥ ✓✔✕ ✍✥✑✒✥ ☎✝ ✞✥✻✎ ☎✝ ✣✍✌✝✾ t✬✥✞ ✦✎✜ ✟✞✿✣☞✲✝✾

☞✥✦✝✌ ✍✎ ☞♥✌ ✩ cm/s ☎✥ ☞✌ ✍✎ ❋✝✥✧✻✝ t✝✡✝ ✓✔✕ ☞✥✦✝✌ ✖✌ ✤✍☎✥ ●❍✻✝✤✰ ✣☎✍ ☞✌ ✍✎ ✆✝❅

✌✓✥ ✓✔ t✏✣☎ ✍✥✑✒✥ ✦✎✜ ✞✥✻✎ ☎✝ ✣✍✌✝ ☞✥✦✝✌ ✍✎ ❥ m ☞♥✌ ✓✔?

11. ✱☎ ☎✽✝ ✦■ 6y = x3 +2 ✦✎✜ ✟✞✿✹✡ ✹✣✡ ☎✌ ✌✓✝ ✓✔✧✕ ✦■ ✖✌ ✼✞ ♦✏☞✿✟✝✎✧ ☎✝✎ ✯✝✡ ☎✥✣t✱

t✏✣☎ x-✣✞☞✎✰✲✝✝✧☎ ☎✥ ✡✿✢✞✝ ✬✎✧ y-✣✞☞✎✰✲✝✝✧☎ ☛ ✹✿✞✝ ✡✥✦❉✡✝ ✍✎ ✏☞✢ ✌✓✝ ✓✔✕

12. ✓✦✝ ✦✎✜ ✱☎ ✏✿✢✏✿✢✎ ☎✥ ✣✛✝✫✠✝
1

2
cm/s ☎✥ ☞✌ ✍✎ ✏✑✒ ✌✓✥ ✓✔✕ ✏✿✢✏✿✢✎ ☎✝ ✟✝✠✡✞ ✣☎✍

☞✌ ✍✎ ✏✑✒ ✌✓✝ ✓✔ t✏✣☎ ✣✛✝✫✠✝ ★ cm ✓✔✳

13. ✱☎ ✹✿❆✏✝✌✝✾ t✝✎ ✍☞✔✦ ✹✝✎✢✝☎✝✌ ✌✓✡✝ ✓✔✾ ☎✝ ✖✣✌✦✡✰✞✲✝✥✢ ❏✠✝✍ 
3

(2 1)
2

x ✓✔✕ x ✦✎✜ ✍✝✖✎✚✝

✟✝✠✡✞ ✦✎✜ ✖✣✌✦✡✰✞ ☎✥ ☞✌ ✯✝✡ ☎✥✣t✱✕

14. ✱☎ ✖✝✤✖ ✍✎ ✌✎✡ ★✩ cm3/s ☎✥ ☞✌ ✍✎ ✣✹✌ ✌✓✥ ✓✔✕ ✣✹✌✡✥ ✌✎✡ t✬✥✞ ✖✌ ✱☎ ✱✎✍✝ ✲✝✧✦✿✜ ✏✞✝✡✥

✓✔ ✣t✍☎✥ ●❍✻✝✤✰ ✍☞✔✦ ✟✝❂✝✌ ☎✥ ✣✛✝✫✠✝ ☎✝ ❣✙✝ ❊✝✝✹ ✓✔✕ ✌✎✡ ✍✎ ✏✞✎ ✦✎✜ ✲✝✧✦✿✜ ☎✥ ●❍✻✝✤✰

✣☎✍ ☞✌ ✍✎ ✏✑✒ ✌✓✥ ✓✔ t✏✣☎ ●❍✻✝✤✰ ❥ cm ✓✔✳
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15. ✱✌ ✍✎✏✑ ✌✒ x ❜✌✓❜✔✓✕✖ ✍✕✗ ✘✙✚✓✛✜ ✢✕ ✢✖✣✖✤ ✍✑✗✥ ✥✓✦✏ C (x)  ✭✧✚✔✕ ★✕✖✩

C (x) = 0.007x3 – 0.003x2 + 15x + 4000

✢✕ ✚❧✛✪✓ ✫✬✮ ✢✒★✓✖✏ ✥✓✦✏ ✯✓✏ ✌✒✰✲✱ ✲✣✰✌ ✳✴ ❜✌✓❜✔✓✕✖ ✌✓ ✘✙✚✓✛✜ ✰✌✔✓ ✦✔✓ ✫✬✮

16. ✰✌✢✒ ✘✙✚✓✛ ✌✒ x ❜✌✓❜✔✓✕✖ ✍✕✗ ✰✍✵✔ ✢✕ ✚❧✓✶✏ ✍✑✗✥ ✷✓✔ R (x) ✧✚✔✓✕✖ ★✕✖

R (x) = 13x2 + 26x + 15

✢✕ ✚❧✛✪✓ ✫✬✮ ✢✒★✓✖✏ ✷✓✔ ✯✓✏ ✌✒✰✲✱ ✲✣ x = 7 ✫✬✮

✚❧✐✜ 17 ✏r✓✓ 18 ★✕✖ ✢✫✒ ✘✪✓❡ ✌✓ ✸✔✜ ✌✒✰✲✱✹

17. ✱✌ ✍✺✪✓ ✌✒ ✰✻✓✼✔✓ r = 6 cm ✚❡ r ✍✕✗ ✢✓✚✕✽✓ ✽✓✕✻✓✚✗✥ ★✕✖ ✚✰❡✍✏✾✜ ✌✒ ✛❡ ✫✬✹

(A) 10✿ (B) 12✿ (C) 8✿ (D) 11✿

18. ✱✌ ✘✙✚✓✛ ✌✒ x ❜✌✓❜✔✓✕✖ ✍✕✗ ✰✍✵✔ ✢✕ ✚❧✓✶✏ ✍✑✗✥ ✷✓✔ ✧✚✔✓✕✖ ★✕✖

R(x) = 3x2 + 36x + 5 ✢✕ ✚❧✛✪✓ ✫✬✮ ✲✣ x = 15 ✫✬ ✏✓✕ ✢✒★✓✖✏ ✷✓✔ ✫✬✹

(A) 116 (B) 96 (C) 90 (D) 126

6.3  ♦❀❁❂❃❄ (Increasing) ❅❃❆❇ ❈❃❉❂❃❄ (Decreasing ) ❊❋●❄

❜✢ ✷✜✑❍■✕✛ ★✕✖ ✫★ ✷✍✌✥✜ ✌✓ ✚❧✔✓✕✦ ✌❡✍✕✗ ✔✫ ✯✓✏ ✌❡✕✖✦✕ ✰✌ ✚✗✥✜ ✍✤✾★✓✜ ✫✬ ✔✓ ❏✓✢★✓✜ ✔✓

❜✜★✕✖ ✢✕ ✌✓✕❜✾ ✜✫✒✖ ✫✬✮

f (x) = x2, x ❑ R ⑥✓❡✓ ✚❧✛✪✓ ✚✗✥✜ f ✚❡ ✰✍✸✓❡ ✌✒✰✲✱✮ ❜✢ ✚✗✥✜ ✌✓ ✷✓✥✕▲✓ ✷✓✍✺✗✰✏

▼◆✳ ★✕✖ ✰✛✔✓ ✦✔✓ ✫✬✮

❖P◗❘❙❚❯ ❱❲❳t❨❩❬ t❨❩❬ ❭❪ ❫❴❵❛ ❩❬ ❝❴❵❛ ❞❴❬❢ ❫❣❤❥❬
t❴❥❬ ❭❦❨ ❥❴❬ ❞❴♠❬♥❴ ♣q s❵✉❴✇① ②❴③❥q

t❴❥q ❭❨④

x f (x) = x2

 –2 4

3

2

9

4

 –1 1

1

2

1

4

  0 0

t❨❩❬ t❨❩❬ ❭❪ ❫❴❵❛ ❩❬ ❝❴❵❛ ❞❴❬❢ ❫❣❤❥❬
t❴❥❬ ❭❨ ❥❴❬ ❞❴♠❬♥❴ ♣q s❵✉❴✇① ❫❣❤❥q

t❴❥q ❭❨④

x f (x) = x2

0 0

1

2

1

4

 1 1

3

2

9

4

 2 4

❪⑤♠ ⑦❫❝⑧ ⑨❬⑩ ❫❴❶q❦ ❞❴❬❢ ♣❴ ❪❴❷ ❪⑤♠ ⑦❫❝⑧ ⑨❬⑩ ❝❴❶q❦ ❞❴❬❢ ♣❴ ❪❴❷
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❧☎✆✝✞✟✠✡ ✡☛☞ ✌✍✎✏ ☎✑✒ ✎✠✓✔✕ ✖✠✑✗ ☎✑✒ ✖✠☞✑✘✠ ✙✖✠☎✚✒✛✜ ✢✣✤✥ ✝✗ ✛☎✦✠✗ ✧✗✜✑ ★✩✕✪ ✓★ ✎✑✛✘✠✫ ✛✧

✖✠☞✑✘✠ ☎✑✒ ✖✈✏✛✎✬✠ ✭✩❧✑ ✭✩❧✑ ✍✠✮✫ ❧✑ ✎✠✮✫ ✖✠✑✗ ✭✠✜✑ ★✩✕✯ ✖✠☞✑✘✠ ✧✔ ✰✮✦✠✱✆ ☞✲✠✜✠✗ ✍✳✴✜✔ ✭✠✜✔ ★✩✪

✱❧✔ ✧✠✗❜✠ ☎✠✵✜✛☎✧ ❧✕✘✓✠✖✠✑✕ x > 0 ☎✑✒ ✛☞✫ ✝✒☞✈ ☎♦✆✡✠✈ ✧★☞✠✜✠ ★✩✪

✖✍ ✡☛☞ ✌✍✎✏ ☎✑✒ ✍✠✓✔✕ ✖✠✑✗ ☎✑✒ ✖✠☞✑✘✠ ✝✗ ✛☎✦✠✗ ✧✗✜✑ ★✩✕✪ ✓★✠✮ ★✡ ✎✑✘✠✜✑ ★✩✕ ✛✧ ✭✩❧✑ ✭✩❧✑

✖✠☞✑✘✠ ☎✑✒ ✖✈✏✛✎✬✠ ✍✠✮✫ ❧✑ ✎✠✮✫ ✧✔ ✖✠✑✗ ✭✠✜✑ ★✩✕✯ ✖✠☞✑✘✠ ✧✔ ✰✮✦✠✱✆ ☞✲✠✜✠✗ ✶✠✷✜✔ ✭✠✜✔ ★✩✪

✝✒☞✵☎✐✝ ☎✠✵✜✛☎✧ ❧✕✘✓✠✖✠✑✕ x < 0 ☎✑✒ ✛☞✫ ✝✒☞✈ ✸✠❧✡✠✈ ✧★☞✠✜✠ ★✩✪

★✡ ✖✍ ✫✧ ✖✕✜✗✠☞ ✡✑✕ ☎♦✆✡✠✈ ✓✠ ✸✠❧✡✠✈ ✝✒☞✈✠✑✕ ✧✔ ✛✈❣✈✛☞✛✘✠✜ ✛☎✬☞✑✹✠❜✠✠✺✡✧ ✝✛✗✻✠✠✹✠✠ ✎✑✕✲✑✪

✼✽✾✿❀❀❁❀❀ ❂  ✡✠✈ ☞✔✛✭✫ ☎✠✵✜✛☎✧ ✡✠✈ ✝✒☞✈ f ☎✑✒ ✝✞✠✕✜ ✡✑✕ I  ✫✧ ✛☎☎✚❃✠ ✖✕✜✗✠☞ ★✩✪ ✜✍ f

(i) ✖✕✜✗✠☞ I ✡✑✕ ☎♦✆✡✠✈ ★✩✯ ✓✛✎ I ✡✑✕ x
1
 < x

2
  ❄ f (x

1
) ❅ f (x

2
) ❧✻✠✔ x

1
, x

2
 ❆ I ☎✑✒ ✛☞✫

(ii) ✖✕✜✗✠☞ I  ✡✑✕ ✛✈✗✕✜✗ ☎♦✆✡✠✈ ★✩✯ ✓✛✎ I ✡✑✕ x
1
 < x

2
  ❄ f (x

1
) < f (x

2
) ❧✻✠✔ x

1
, x

2
 ❆ I ☎✑✒ ✛☞✫

(iii) ✖✕✜✗✠☞ I  ✡✑✕ ✸✠❧✡✠✈ ★✩✯ ✓✛✎ I ✡✑✕ x
1
 < x

2
 ❄ f (x

1
) ❇ f (x

2
) ❧✻✠✔ x

1
, x

2
 ❆ I ☎✑✒ ✛☞✫

(iv) ✖✕✜✗✠☞ I  ✡✑✕ ✛✈✗✕✜✗ ✸✠❧✡✠✈ ★✩✯ ✓✛✎ I  ✡✑✕ x
1
 < x

2
 ❄ f (x

1
) > f (x

2
) ❧✻✠✔ x

1
, x

2
 ❆ I

☎✑✒ ✛☞✫

✱❧ ✝✞✧✠✗ ☎✑✒ ✝✒☞✈✠✑✕ ✧✠ ✖✠☞✑✘✠✔✓ ✛✈✐✝❜✠ ✖✠☎✚✒✛✜ ✢✣❈ ✡✑✕ ✎✑✛✘✠✫✪

❉❊❋●❍■❏ ❑▲▼
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✌✍ ✎✏ ✑✒ ✓✍✔✕ ✖✗ ✘✙✚✏✛✜ ✢✛ ✣✛✤✏✛✜ ✖✥✦✜ ✒✛✧ ✖★✗✩✛✛★✪✛✫ ✒✗✧✬✭✧✮

✐✯✰✱✲✲✳✲✲ ✴ ✏✛✜ ✦❡★✵✑ ★✒ ✘✛✶✫★✘✒ ✏✛✜✛✧✬ ✘✧✥ ✖★✗✩✛✛★✪✛✫ ✖✥✦✜ f  ✘✧✥ ✖♦✛✬✫ ✏✧✬ ✑✒ ✓✍✔✕ x
0
 ✎❣ ✫✍

x
0
 ✖✗ f  ✘✙✚✏✛✜✷ ★✜✗✬✫✗ ✘✙✚✏✛✜✷ ✣✛✤✏✛✜ ✌✛❣✗ ★✜✗✬✫✗ ✣✛✤✏✛✜ ✒✎✦✛✫✛ ✎❣ ✢★✔ x

0
 ✒✛✧ ✌✬✫★✘✚✪❞ ✒✗✜✧

✘✛✦✧ ✑✒ ✑✧✤✧ ★✘✘✸✹✛ ✌✬✫✗✛✦ I ✒✛ ✌★✶✫✺✘ ✻✤ ✖♦✒✛✗ ✎❣ ★✒ I ✏✧✬✷  f   Ø✏✼✛✽ ✘✙✚✏✛✜✷ ★✜✗✬✫✗

✘✙✚✏✛✜✷ ✣✛✤✏✛✜ ✌✛❣✗ ★✜✗✬✫✗ ✣✛✤✏✛✜ ✎❣

✌✛✻✑ ✻✤ ✖★✗✩✛✛✪✛✛ ✒✛✧ ✘✙✚✏✛✜ ✖✥✦✜ ✘✧✥ ★✦✑ ✶✖✪❞ ✒✗✫✧ ✎❣✬✮

x
0 
✖✗ f  ✘✙✚✏✛✜ ✒✎✦✛✫✛ ✎❣ ✢★✔ ✑✒ ✌✬✫✗✛✦ I = (x

0
 – h, x

0
 + h), h > 0 ✒✛ ✌★✶✫✺✘ ✻✤

✖♦✒✛✗ ✎❣ ★✒ x
1
, x

2
 ✾ I ✘✧✥ ★✦✑

x
1
 < x

2
  ✿ f (x

1
) ❀  f (x

2
)

✌❁✢ ✔✼✛✛✌✛✧✬ ✒✛ ✻✤❡ ✖♦✒✛✗ ✤✧ ✶✖✪❞❡✒✗❂✛ ★✔✢✛ ✵✛ ✤✒✫✛ ✎❣✮

♠❃✲❄✰❅✲ ❆ ★✔❢✛✛✻✑ ★✒ ✖♦✔✹✛ ✖✥✦✜ f (x) = 7x – 3, R ✖✗ ✑✒ ★✜✗✬✫✗ ✘✙✚✏✛✜ ✖✥✦✜ ✎❣✮

❄❇ ✏✛✜ ✦❡★✵✑ R ✏✧✬ x
1
 ✌✛❣✗ x

2
 ✒✛✧✻✚ ✔✛✧ ✤✬❢✢✛✑❈ ✎❣✬✷ ✫✍

x
1
 < x

2
 ✿ 7x

1
 < 7x

2

❉ 7x
1
 – 3 < 7x

2
 – 3

✿ f (x
1
) < f (x

2
)

✻✤ ✖♦✒✛✗✷ ✖★✗✩✛✛✪✛✛ ❜ ✤✧ ✖★✗❂✛✛✏ ★✜✒✦✫✛ ✎❣ ★✒ R ✖✗  f ✑✒ ★✜✗✬✫✗ ✘✙✚✏✛✜ ✖✥✦✜ ✎❣✮

✌✍ ✎✏ ✘✙✚✏✛✜ ✌✛❣✗ ✣✛✤✏✛✜ ✖✥✦✜✛✧✬ ✘✧✥ ★✦✑ ✖♦❊✛✏ ✌✘✒✦✵ ✖✗❡❋✛❂✛ ✖♦✶✫✕✫ ✒✗✧✬✭✧✮ ✻✤ ✖✗❡❋✛❂✛

✒❡ ●✖✖★✹✛ ✏✧✬ ✌❍✢✛✢ ■ ✏✧✬ ✌❍✢✢✜ ✒❡ ✭✻✚ ✏❍✢✏✛✜ ✖♦✏✧✢ ✒✛ ✖♦✢✛✧✭ ✒✗✫✧ ✎❣✬✮

✐❏❑▲▼ ◆  ✏✛✜ ✦❡★✵✑ ★✒ f ✌✬✫✗✛✦ [a,b] ✖✗ ✤✬✫✫ ✌✛❣✗ ★✘✘✸✹✛ ✌✬✫✗✛✦ (a,b) ✖✗ ✌✘✒✦✜❡✢ ✎❣✮ ✫✍

(a)  [a,b] ✏✧✬ f  ✘✙✚✏✛✜ ✎❣ ✢★✔ ✖♦✺✢✧✒ x ✾ (a, b) ✘✧✥ ★✦✑  f ❖(x) > 0 ✎❣✮

(b) [a,b] ✏✧✬ f  ✣✛✤✏✛✜ ✎❣ ✢★✔ ✖♦✺✢✧✒ x ✾ (a, b) ✘✧✥ ★✦✑  f ❖(x) < 0 ✎❣✮

(c) [a,b] ✏✧✬ f  ✑✒ ✌P✗ ✖✥✦✜ ✎❣ ✢★✔ ✖♦✺✢✧✒ x ✾ (a, b) ✘✧✥ ★✦✑  f ❖(x) = 0 ✎❣✮

♠✐✐✯◗✲ (a) ✏✛✜ ✦❡★✵✑ x
1
, x

2
 ✾ [a, b] ✻✤ ✖♦✒✛✗ ✎❣✬ ★✒ x

1
 < x

2
 ✫✍ ✏❍✢ ✏✛✜ ✖♦✏✧✢ ✤✧ x

1
 ✌✛❣✗

x
2
 ✘✧✥ ✏❍✢ ✑✒ ✓✍✔✕ c ✒✛ ✌★✶✫✺✘ ✻✤ ✖♦✒✛✗ ✎❣ ★✒

f (x
2
) – f (x

1
) = f ❖(c) (x

2
 – x

1
)

✌❊✛✛✚✫❘ f (x
2
) – f (x

1
) > 0 ( ❙✢✛✧✬★✒ f ❖(c) > 0 )

✌❊✛✛✚✫❘ f (x
2
) > f (x

1
)

✻✤ ✖♦✒✛✗✷ ✎✏ ✔✧❢✛✫✧ ✎❣✬✷ ★✒

1 2 1 2 1 2[ , ] , ( ) ( )a b x x x x f x f x❚❯s ❧❱❲❤ ❚❯s ❳②❨

✌✫✽  [a,b] ✏✧✬  f  ✑✒ ✘✙✚✏✛✜ ✖✥✦✜ ✎❣✮

✩✛✛✭ (b) ✌✛❣✗ (c) ✒❡ ●✖✖★✹✛ ✻✤❡ ✖♦✒✛✗ ✎❣✮ ✖✛❩✒✛✧✬ ✘✧✥ ★✦✑ ✻✤✧ ✌✩✢✛✤ ✎✧✫✕ ❬✛✧❭❪✛ ✵✛✫✛ ✎❣✮
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❢☎✆✝✞✟✠

(i) (a, b) ✥✡☛ f ☞✌✍☛✎✍ ✏✑✒✥✓✌ ✔✕ ✖☞✗ ✘✙✚✖✡✛ x ✜ (a, b) ✏✡♦ ☞✢✣ f ✤(x) > 0

(ii) (a, b) ✥✡☛ f ☞✌✍☛✎✍ ✔✓✦✥✓✌ ✔✕ ✖☞✗ ✘✙✚✖✡✛ x ✜ (a, b) ✏✡♦ ☞✢✣ f ✤(x) < 0

(iii) ✣✛ ✘♦✢✌ R ✥✡☛ ✏✑✒✥✓✌ ❡✧✓✦✥✓✌★ ✔✓✡✩✓ ✖☞✗ ✖✔ R ✏✡♦ ✘✙✚✖✡✛ ✪☛✎✍✓✢ ✥✡☛ ✏✑✒✥✓✌

❡✧✓✦✥✓✌★ ✔✕✭

♠✫✬✮✯✰✬ ✱ ☞✗✲✓✓✳✣ ☞✛ ✘✙✗✴✓ ✘♦✢✌  f ,

f (x) = x3 – 3x2 + 4x, x ✜ R

R ✘✍ ☞✌✍☛✎✍ ✏✑✒✥✓✌ ✘♦✢✌ ✔✕✭

✮❣ è✖✓✌ ✗✵☞✶✣ ☞✛

f ✤(x) = 3x2 – 6x + 4

= 3(x2 – 2x + 1) + 1

= 3(x – 1)2 + 1 ❃ 0, ✦✷✓✵ x ✜ R ✏✡♦ ☞✢✣

✳✦☞✢✣ ✘♦✢✌  f , R ✘✍ ☞✌✍☛✎✍ ✏✑✒✥✓✌ ✔✕✭

♠✫✬✮✯✰✬ 9 ☞✦✸ ✛✵☞✶✣ ☞✛ ✘✙✗✴✓ ✘♦✢✌  f (x) = cos x

(a) (0, ✹) ✥✡☛ ☞✌✍☛✎✍ ✧✓✦✥✓✌ ✔✕

(b) (✹, 2✹), ✥✡☛ ☞✌✍☛✎✍ ✏✑✒✥✓✌ ✔✕

(c) (0, 2✹) ✥✡☛ ✌ ✎✓✡ ✏✑✒✥✓✌ ✪✓✕✍ ✌ ✔✵ ✧✓✦✥✓✌ ✔✕✭

✮❣ è✖✓✌ ✗✵☞✶✣ ☞✛  f ✤(x) = – sin x

(a) ♣✺✻☞✛ ✘✙✚✖✡✛ x ✜ (0, ✹) ✏✡♦ ☞✢✣ sin x > 0, ✔✥ ✘✓✎✡ ✔✕☛ ☞✛ f ✤(x) < 0 ✪✓✕✍ ✳✦☞✢✣

(0, ✹) ✥✡☛ f ☞✌✍☛✎✍ ✧✓✦✥✓✌ ✔✕✭

(b) ♣✺✻☞✛ ✘✙✚✖✡✛ x ✜ (✹, 2✹) ✏✡♦ ☞✢✣ sin x < 0, ✔✥ ✘✓✎✡ ✔✕☛ ☞✛  f ✤(x) > 0 ✪✓✕✍ ✳✦☞✢✣

(✹, 2✹) ✥✡☛ f ☞✌✍☛✎✍ ✏✑✒✥✓✌ ✔✕✭

(c) ✼✘✍✓✡✽✎ (a) ✪✓✕✍ (b) ✦✡ ❧✘✾✿ ✔✕ ☞✛ (0, 2✹) ✥✡☛  f ✌ ✎✓✡ ✏✑✒✥✓✌ ✔✕ ✪✓✕✍ ✌ ✔✵ ✧✓✦✥✓✌ ✔✕✭

❀❁❂❄❅✰✬❆    ✼✗✓✔✍❇✓ ❈ ✥✡☛ ✗✡✲✓✓ ✶✓ ✦✛✎✓ ✔✕ ☞✛ ✘♦✢✌ [✹, 2✹] ✥✡☛ ✌ ✎✓✡ ☞✌✍☛✎✍ ✏✑✒✥✓✌ ✔✕

✪✓✕✍ ✌ ✔✵ [0, ✹] ✥✡☛ ☞✌✍☛✎✍ ✧✓✦✥✓✌ ✔✕✭ ✎❉✓✓☞✘❊ ✘♦✢✌ ✪☛✚✖ ❋●✗❍✪✓✡☛ ■❊ ❏ ✎❉✓✓ ❑❏ ✘✍ ✦☛✎✎ ✔✕

✪✎✈✘✙✥✡✖ ▲ ✏✡♦ ▼✓✍✓❊ ✘♦✢✌ f, [✹, 2✹] ✥✡☛ ✏✑✒✥✓✌ ✔✕ ✪✓✕✍ [0, ✹] ✥✡☛ ✧✓✦✥✓✌ ✔✕✭

♠✫✬✮✯✰✬ ◆❖ ✪☛✎✍✓✢ P✓✎ ✛✵☞✶✣ ☞✶✌✥✡☛ f (x) = x2 – 4x + 6 ✦✡ ✘✙✗✴✓ ✘♦✢✌ f

(a) ☞✌✍☛✎✍ ✏✑✒✥✓✌ ✔✕ (b) ☞✌✍☛✎✍ ✧✓✦✥✓✌ ✔✕
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❣✌ ✥✍✎✏

f (x) = x2 – 4x + 6

✥✎ f ✑(x) = 2x – 4

❜✒✓✔✕✖  f ✑(x) = 0 ✒❧ x = 2 ✐✗✎✘✙ ✍✎❧✙✎ ✍✚✛ ✜✢

➥✢✣✤ x = 2 ♦✎✦✙✓♦✧ ★❧✩✎✎ ✧✎❧ ✣✎❧ ✜✒✪✥✤✫✙ ✜✪✙★✎✔✎❧✪✖

✉✎✬✙✭ (– ✮, 2) ✜✎✚★ (2, ✮) (✜✎♦✯✰✓✙ ✱✲✳) ✬❧✪ ✓♦❡✎✫✙

✧★✙✎ ✍✚✛ ✜✪✙★✎✔ (– ✮, 2) ✬❧✪ f ✑(x) = 2x – 4 < 0 ✍✚✛

❜✒✓✔✕✖ ❜✒ ✜✪✙★✎✔ ✬❧✪✖  f ✓✉★✪✙★ ✴✎✒✬✎✉ ✍✚✛ ✜✪✙★✎✔ (2, ) , ✬❧✪ ( ) 0f x  ✍✚✖ ❜✒✓✔✕ ❜✒

✜✪✙★✎✔ ✬❧✪ ✐✰✔✉ f  ✓✉★✪✙★ ♦❢✵✬✎✉ ✍✚✛

✶✷✸✹✺✻✼✽   ✾✥✎✉ ✣✿✓❀✕ ✓✧ ✐✰✔✉ ➥✢✣✤ ❁ ✐★ ✒✪✙✙ ✍✚ ❀✎❧ ✓✧ ✣✎❧ ✜✪✙★✎✔✎❧✪ ✧✎ ✓✬✔✎✉❧ ♦✎✔✎

➥✢✣✤ ✍✚✛ ❜✒✓✔✕ ✐✗✬❧✥ ❂ ✒❧ ✍✬ ✥✍ ✓✉❃✧❃✎✵ ✓✉✧✎✔✙❧ ✍✪✚ ✓✧ ✐✗✣❄✎ ✐✰✔✉  (– ✮, 2] ✬❧✪ ✴✎✒✬✎✉

✜✎✚★ [2, ✮) ✬❧✪ ♦❢✵✬✎✉ ✍✚✛

♠❅✼❣❆✻✼ ❇❇ ♦❧ ✜✪✙★✎✔ ❈✎✙ ✧✿✓❀✕ ✓❀✉✬❧✪ f (x) = 4x3 – 6x2 – 72x + 30 ⑥✎★✎ ✐✗✣❄✎ ✐✰✔✉ f,

(a) ✓✉★✪✙★ ♦❢✵✬✎✉ (b) ✓✉★✪✙★ ✴✎✒✬✎✉ ✍✚✛

❣✌ ✥✍✎✏
f (x) = 4x3 – 6x2 – 72x + 30

✥✎ f ✑(x) = 12x2 – 12x – 72

= 12(x2 – x – 6)

= 12(x – 3) (x + 2)

❜✒✓✔✕  f ✑(x) = 0 ✒❧ x = – 2, 3 ✐✗✎✘✙ ✍✎❧✙❧ ✍✚✪✛ x = – 2 ✜✎✚★ x = 3 ♦✎✦✙✓♦✧ ★❧✩✎✎ ✧✎❧ ✙✿✉
✜✒✪✥✤✫✙ ✜✪✙★✎✔✎❧✪✖ ✉✎✬✙✭ (– ✮, – 2), (– 2, 3)  ✜✎✚★ (3, ✮) ✬❧✪ ✓♦❡✎✫✙ ✧★✙✎ ✍✚ ❉✜✎♦✯✰✓✙ ✱✲❊❋✛

✜✪✙★✎✔✎❧✪ (– ✮, – 2) ✜✎✚★ (3, ✮) ✬❧✪ f ✑(x) ❢✉✎●✬✧ ✍✚ ❀✢✓✧ ✜✪✙★✎✔ (– 2, 3) ✬❧✪ f ✑(x)

➼❍✎✎●✬✧ ✍✚✛ ✐✰✔✦♦■✐ ✐✰✔✉ f ✜✪✙★✎✔✎❧✪ (– ✮, – 2) ✜✎✚★ (3, ✮) ✬❧✪ ✓✉★✪✙★ ♦❢✵✬✎✉ ✍✚ ❀✢✓✧ ✜✪✙★✎✔

(– 2, 3) ✬❧✪ ✐✰✔✉ ✓✉★✪✙★ ✴✎✒✬✎✉ ✍✚✛ ✙❏✎✎✓✐ f, R ✐★ ✉ ✙✎❧ ♦❢✵✬✎✉ ✍✚ ✜✎✚★ ✉ ✍✿ ✴✎✒✬✎✉ ✍✚✛

❑▲▼❆✼✌ f ✑✑(x) ❞✼ ✷◆❖ ✺P✌◗ f ❞✽ ✺❘❙❚P✷▼

(– ✮, – 2) (–) (–) > 0 f ✓✉★✪✙★ ♦❢✵✬✎✉ ✍✚

(– 2, 3) (–) (+) < 0 f ✓✉★✪✙★ ✴✎✒✬✎✉ ✍✚

(3, ✮) (+) (+) > 0 f  ✓✉★✪✙★ ♦❢✵✬✎✉ ✍✚

❯❱❲❳❨❩❬ ❭❪❫

❯❱❲❳❨❩❬ ❭❪❴
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♠☎✆✝✞✟✆ ✠✡ ✈☛☞✌✍✎ ✏✍☞ ✑✒✓✔✕ ✓✔✖✗✘ ☛ ✙ ✚✛✜✍ ✙✢✎✖ f (x) = sin 3x, 0,
2

x

✗✘☛ (a) ♦✣✤✗✍✖ ✥✦✧ (b) ß✍★✗✍✖ ✥✦✧

✝❣ ✏✍☞ ✥✦ ✓✑

f (x) = sin 3x

❀✍ f ✩(x) = 3cos 3x

❜★✓✎✕,  f ✩(x) = 0 ★✘ ✓✗✎☞✍ ✥✦ cos 3x = 0 ✓✔★★✘
3

3 ,
2 2

x
✪ ✪

✫  (❉❀✍✘☛✓✑ 0,
2

x

✬
3

3 0,
2

x
✭✮ ✯

✰ ✱ ✲
✳ ✴

) ✙✚✍✐☞ ✥✍✘☞✍ ✥✦✧ ❜★✓✎✕✵
6

x  ✈✍✦✌
2

 ✥✦✧ ✈✶ ✷✶✛✸
6

x , ✈☛☞✌✍✎ 0,
2

✑✍✘ ✛✍✘ ✈★☛❀✸❉☞ ✈☛☞✌✍✎✍✘☛  0,
6

✭✮ ✹
✺✱

✳ ✻
 ✈✍✦✌  ,

6 2
 ✗✘☛ ✓♦❡✍✍✓✔☞ ✑✌☞✍ ✥✦✧

✙✸✖✼ ★❡✍✒ 0,
6

x
✽✾ ✿

❁ ❂❃
❄ ❅

 ♦✘✢ ✓✎✕ ( ) 0f x  ❉❀✍✘☛✓✑ 0 0 3
6 2

x x
✪ ✪

❆ ❇ ❈ ❆ ❇  ✈✍✦✌ ★❡✍✒

,
6 2

x
❊ ❊❋ ●

❍■ ❏
❑ ▲

 ♦✘✢ ✓✎✕ ( ) 0f x  ❉❀✍✘☛✓✑ 
3

3
6 2 2 2

x x

❜★✓✎✕✵ ✈☛☞✌✍✎ 0,
6

✗✘☛ f ✓✖✌☛☞✌ ♦✣✤✗✍✖ ✥✦ ✈✍✦✌ ✈☛☞✌✍✎ ,
6 2

✗✘☛ ✓✖✌☛☞✌ ß✍★✗✍✖ ✥✦✧

❜★♦✘✢ ✈✓☞✓✌❉☞ ✓✛❀✍ ▼❀✍ ✙✢✎✖ x = 0 ☞◆✍✍
6

x ✙✌ ★☛☞☞ ❡✍✒ ✥✦✧ ❜★✓✎✕ ✙✚✗✘❀ ❖ ♦✘✢ P✍✌✍,  f,

0,
6

✗✘☛ ♦✣✤✗✍✖ ✈✍✦✌ ,
6 2

 ✗✘☛ ß✍★✗✍✖ ✥✦✧

♠☎✆✝✞✟✆ ✠◗ ✈☛☞✌✍✎ ✏✍☞ ✑✒✓✔✕ ✓✔✖✗✘☛ f (x) = sin x + cos x, 0 ❘ x ❘ 2❙ P✍✌✍ ✙✚✛✜✍ ✙✢✎✖ f,

✓✖✌☛☞✌ ♦✣✤✗✍✖ ❀✍ ✓✖✌☛☞✌ ß✍★✗✍✖ ✥✦✧

✝❣ ✏✍☞ ✥✦ ✓✑

f (x) = sin x + cos x,       0 ❘ x ❘ 2❙

❀✍ f ✩(x) = cos x – sin x

✈✶ ( ) 0f x  ★✘ sin x = cos x ✓✔★★✘ ✥✗✘☛ 
4

x , 
5

4
 ✙✚✍✐☞ ✥✍✘☞✘ ✥✦☛✧ ❉❀✍✘☛✓✑ 0 2x ,

❚❯❱❲❳❨❩ ❬❭❪
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➥✌✍✎
4

x  ✏✑✒✓ 
5

4
x  ✏✔✕✓✑✖ [0, 2✗] ❞✑✘ ✕✙✚ ✏✛✔✜✎✢✕ ✏✔✕✓✑✖✑✘✔✣ ✚✑✤✕✥ 0,

4
,

5
,

4 4
 ✏✑✒✓ 

5
,2

4
✤✘✔ ❡✦✧✑✢✕ ❞✓✕✘ ★✒✔✩

è✜✑✚ ✍✙❡✪✫ ❡❞
5

( ) 0 0, ,2
4 4

f x x❀✬♥

✏✕✥ ✏✔✕✓✑✖✑✘✔ 0,
4

✭✮ ✯
✰ ✱
✲ ✳

 ✏✑✒✓ 
5

,2
4

 ✤✘✔ ✴✵✖✚ f ❡✚✓✔✕✓ ✦✶✷✤✑✚ ★✒✩

✏✑✒✓
5

( ) 0, ,
4 4

f x x✸✹✺

✏✕✥ f ✏✔✕✓✑✖ 
5

,
4 4

 ✤✘✔ ❡✚✓✔✕✓ ✻✑✛✤✑✚ ★✒✩

✼✽✾✿❁❂ ( )f x ❃❁ ❄❅❆ ✐❇❂❈ ❃❉ ✐❊❋●❇❄✾

0,
4

> 0 f  ✦✶✷✤✑✚ ★✒

5
,

4 4
< 0 f  ✻✑✛✤✑✚ ★✒

5
,2

4
> 0 f  ✦✶✷✤✑✚ ★✒

❍■❏❑▲▼◆❖ P◗❘

1. ❡✛❢ ❞✙❡✪✫ R ✴✓  f (x) = 3x + 17 ✛✘ ✴❧✍❙✑ ✴✵✖✚ ❡✚✓✔✕✓ ✦✶✷✤✑✚ ★✒✩

2. ❡✛❢ ❞✙❡✪✫ ❡❞ R ✴✓ f (x) = e2x ✛✘ ✴❧✍❙✑ ✴✵✖✚ ❡✚✓✔✕✓ ✦✶✷✤✑✚ ★✒✩

3. ❡✛❢ ❞✙❡✪✫  f (x) = sin x ✛✘ ✴❧✍❙✑ ✴✵✖✚

(a) 0,
2

❚❯ ❱
❲ ❳
❨ ❩

✤✘✔ ❡✚✓✔✕✓ ✦✶✷✤✑✚ ★✒ (b) ,
2

❚❯ ❱
❚❲ ❳

❨ ❩
 ✤✘✔ ❡✚✓✔✕✓ ✻✑✛✤✑✚ ★✒

(c)  (0, ✗) ✤✘✔ ✚ ✕✑✘ ✦✶✷✤✑✚ ★✒ ✏✑✒✓ ✚ ★✙ ✻✑✛✤✑✚ ★✒✩

❬❭❪❫❴❵❛ ❜❝❜
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4. ✈☎✆✝✞✟ ✠✞✆ ✡☛☞✌✍ ☞✌✎✏✑☎ f (x) = 2x2 – 3x ❧✑ ✒✓✔✕✞ ✒✖✟✎  f

(a) ☞✎✝☎✆✝ ❢✗✘✏✞✎ (b) ☞✎✝☎✆✝ ✙✞❧✏✞✎

5. ✈☎✆✝✞✟ ✠✞✆ ✡☛☞✌✍ ☞✌✎✏✑☎ f  (x) = 2x3 – 3x2 – 36x + 7 ❧✑ ✒✓✔✕✞ ✒✖✟✎ f

(a) ☞✎✝☎✆✝ ❢✗✘✏✞✎ (b) ☞✎✝☎✆✝ ✙✞❧✏✞✎

6. ✈☎✆✝✞✟ ✠✞✆ ✡☛☞✌✍ ☞✌✎✏✑☎ ☞✎✚✎☞✟☞✛✞✆ ✒✖✟✎ f  ☞✎✝☎✆✝ ❢✗✘✏✞✎ ✜✞ ✙✞❧✏✞✎ ✢✣✤

(a) f (x) x2 + 2x + 5 (b) f (x)10 – 6x – 2x2

(c) f (x) –2x3 – 9x2 – 12x + 1 (d) f (x) 6 – 9x – x2

(e) f (x) (x + 1)3 (x – 3)3

7. ☞❧✥ ✡☛☞✌✍ ☞✡
2

log(1 )
2

x
y x

x
, x > – 1, ✈✒✎✑ ❧☎✒✦✧✞✘ ✒✓✞☎✆ ✏✑☎ ✍✡ ❢✗✘✏✞✎ ✒✖✟✎ ✢✣★

8. x ❢✑✖ ♦✎ ✏✞✎✞✑☎ ✡✞✑ ✠✞✆ ✡☛☞✌✍ ☞✌✎❢✑✖ ☞✟✍  y = [x(x – 2)]2 ✍✡ ❢✗✘✏✞✎ ✒✖✟✎ ✢✣★

9. ☞❧✥ ✡☛☞✌✍ ☞✡ 0,
2

 ✏✑☎
4sin

(2 cos )
y ,  ✡✞ ✍✡ ❢✗✘✏✞✎ ✒✖✟✎ ✢✣★

10. ☞❧✥ ✡☛☞✌✍ ☞✡ ✟✩✞✪✫✧✞✡☛✜ ✒✖✟✎ (0, ✬) ✏✑☎ ☞✎✝☎✆✝ ❢✗✘✏✞✎ ✒✖✟✎ ✢✣★

11. ☞❧✥ ✡☛☞✌✍ ☞✡ (– 1, 1) ✏✑☎ f (x) = x2 – x + 1 ❧✑ ✒✓✔✕✞ ✒✖✟✎ ✎ ✆✞✑ ❢✗✘✏✞✎ ✢✣ ✈✞✣✝ ✎ ✢☛

✙✞❧✏✞✎ ✢✣★

12. ☞✎✚✎☞✟☞✛✞✆ ✏✑☎ ✡✞✣✎ ❧✑ ✒✖✟✎ 0,
2

✏✑☎ ☞✎✝☎✆✝ ✙✞❧✏✞✎ ✢✣ ?

(A) cos x (B) cos 2x (C) cos 3x (D) tan x

13. ☞✎✚✎☞✟☞✛✞✆ ✈☎✆✝✞✟✞✑☎ ✏✑☎ ❧✑ ☞✡❧ ✈☎✆✝✞✟ ✏✑☎ f (x) = x100 + sin x –1 ✭✞✝✞ ✒✓✔✕✞ ✒✖✟✎ f ☞✎✝☎✆✝

✙✞❧✏✞✎ ✢✣ß

(A) (0,1) (B) ,
2

(C) 0,
2

(D)  ❜✎✏✑☎ ❧✑ ✡✞✑❜✘ ✎✢☛

14. a ✡✞ ❢✢ ❞✜✦✎✆✏ ✏✞✎ ✠✞✆ ✡☛☞✌✍ ☞✌❧❢✑✖ ☞✟✍ ✈☎✆✝✞✟ (1, 2) ✏✑☎ f (x) = x2 + ax + 1 ❧✑

✒✓✔✕✞ ✒✖✟✎ ☞✎✝☎✆✝ ❢✗✘✏✞✎ ✢✣★

15. ✏✞✎ ✟☛☞✌✍ (–1, 1) ❧✑ ✈❧☎✜✪✮✆ ✍✡ ✈☎✆✝✞✟ I ✢✞✑ ✆✞✑ ☞❧✥ ✡☛☞✌✍ ☞✡ I ✏✑☎
1

( )f x x
x

❧✑ ✒✓✔✕✞ ✒✖✟✎ f❪ ☞✎✝☎✆✝ ❢✗✘✏✞✎ ✢✣★

16. ☞❧✥ ✡☛☞✌✍ ☞✡ ✒✖✟✎   f (x) = log sin x , 0,
2

✏✑☎ ☞✎✝☎✆✝ ❢✗✘✏✞✎ ✈✞✣✝ ,
2

✏✑☎

☞✎✝☎✆✝ ✙✞❧✏✞✎ ✢✣★
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17. ❢✌✍ ✎✏ ❢✑✒ ❢✎ ✓✔✕✖ f (x) = log cos x 0,
2

 ❡✗✘ ❢✖ ✙✘✚ ✙ ✛✜✢ ❡✣✖ ✤ ✣✥ ✙ ,
2

❡✗✘

❢✖ ✙✘✚ ✙ ✦✣ ✌❡✣✖ ✧✥ ★

18. ❢✌✍ ✎✏ ❢✑✒ ❢✎ R ❡✗✘ ❢✩ ✪ ✣ ✫ ✪✣ ✓ ✔✕✖ f (x) = x3 – 3x2 + 3x – 100 ✛✜✢ ❡ ✣✖ ✧ ✥ ★

19. ❢✖ ✬✖ ❢✕ ❢✭ ✣✚ ❡✗✘ ✌✗ ❢✎✌ ✤ ✘✚ ✙✣ ✕ ❡✗✘  y = x2 e–x ✛✜✢ ❡✣✖ ✧✥ ♦

(A) (– ✮, ✮) (B) (– 2, 0) (C) (2, ✮) (D) (0, 2)

6.4  ▲ ✯✰✱✲ ✳✴✵ ✱ ✱✶✷ ✸ ✱✹✳ ✸ ✺✻ ✱✼✽✾ (Tangents and Normals)

❜ ✌ ✤ ✖ ✿❀❁ ✗✩ ❡✗ ✘ ✧ ❡ ✤ ✛✎✕✖ ✛✗✔ ✓ ❂✪ ✣ ✗✫ ✌✗ ❢✎✌✏ ✛❃ ✛✗✔ ✒ ✎ ❢✩ ✒ ✧ ✿✒ ❄❅✩ ✿ ✓ ✙ ❆✓❇ ✣✢ ✙✗✭ ✣ ✣ ✤ ✣✥ ✙

✤ ❢❈ ✣ ✕✘❅ ✛✗✔ ✌❡✏✎✙❉✣ ❊ ✣✚ ✎✙✗✘✫ ✗★

❆ ❡✙❉✣ ✎✏❢✑✒ ❢✎ ✒ ✎ ❢✩ ✒ ✧ ✿✒ ❄❅✩ ✿  (x
0
, y

0
) ✌✗ ✑✣✖ ✗ ✛✣ ✕✏ ✚ ❧ ✣ ✣ ✓ ❢✙❢❡✚ ✓ ❂✛❉✣✚ ✣ (slope)  m

✛✣ ✕✏ ✙✗✭ ✣ ✣ ✎✣ ✌❡✏✎✙❉✣

y – y
0
 = m (x – x

0
) ✌✗ ✓ ❂✣ ❋✚ ✧ ✣ ✗✚ ✣ ✧✥ ★

è ✪✣✖ ✩ ✏ ❢✑✒ ❢✎ ✛❃  y = f (x) ✛✗✔ ❄❅✩ ✿  (x
0
, y

0
) ✓ ✙ ❆✓❇ ✣✢ ✙✗✭ ✣ ✣ ✎✏

✓ ❂ ✛ ❉ ✣ ✚ ✣ 0
( , )

0 0

[ ( )]
x y

dy
f x

dx
 ✌ ✗ ✩ ❇ ✣ ✣ ✢ ❜ ✢ ✑ ✣ ✚ ✏ ✧ ✥ ★ ❜ ✌ ❢ ✕ ✒

(x
0
, y

0
) ✓ ✙ ✛❃ y = f (x) ✎✏ ❆✓❇ ✣✢ ✙✗✭ ✣ ✣ ✎✣ ✌❡✏ ✎✙❉✣

y – y
0
 = f ●(x

0
)(x – x

0
) ✧ ✣ ✗✚ ✣ ✧✥ ★

❜ ✌✛✗✔ ✤ ❢✚ ❢✙❍✚ ■ ❍ ✪✣ ✗✘ ❢✎ ✤ ❢❈ ✣ ✕ ✘❅ ❆✓❇ ✣✢ ✙✗✭ ✣✣ ✓ ✙ ✕ ✘❅ ✧ ✣ ✗✚ ✣ ✧ ✥

❜ ✌❢✕✒ y = f (x) ✛✗✔ (x
0
, y

0
) ✓ ✙ ✤ ❢❈ ✣ ✕ ✘❅ ✎✏ ✓ ❂✛❉✣✚ ✣

0

1

( )f x
 ✧✥ ★

♣❏❑ ❢✎ 0( ) 0f x  ✧ ✥■ ❜ ✌❢✕✒ ✛❃ y = f (x)  ✛✗✔ ❄❅✩ ✿ (x
0
, y

0
)  ✓ ✙ ✤ ❢❈ ✣ ✕ ✘❅ ✎✣ ✌❡✏ ✎✙❉✣

❢✖ ✬✖ ❢✕❢✭ ✣✚ ✧ ✥ ▼

y – y
0
 = 0

0

1
( )

( )
x x

f x

✤❧ ✣✣✢✚◆ 0 0 0( ) ( ) ( )y y f x x x❖P ◗ P = 0

❘❙ ❚ ❯❱❲ ❳❨    ✪ ❢✩ y = f (x) ✎✏ ✎✣ ✗❜ ✢ ❆✓❇ ✣✢ ✙✗✭ ✣ ✣ x-✤ ❩ ✣ ✎✏ ✜✖ ❢✩ ❇ ✣ ✣ ✌✗ ❬ ✎✣ ✗❉✣ ❅✖ ✣✒❑■ ✚❅

tan
dy

dx
❭❪❫❴❵ ❥s❛❴❴ ❞❤ ❪✐③ ❝❴r❴

❣❦ ♠♥ qt ✉ ✇ ①②
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❢☎✆✝✞✟✝ ❢✠✡✝❢☛☞✝✌ (Particular cases)

(i) ❀✍✎ ✏✑✒✓✔ ✕✖✗✓✓ ✘✙ ✑✚✛✜✓✢✓ ✒✓✣✤❀ ✥✦✧ ✢★  tan✩ = 0 ✈✓✦✕ ✪✫ ✑✚✘✓✕ ✬ = 0 ✍✭✫✘✓ ✈✮✓✔ ✥✦ ✍✘
✏✑✒✓✔ ✕✖✗✓✓ x-✈✯✓ ✛✖✰ ✫✱✓✲✢✕ ✥✦✳ ✪✫ ✍✏✮✓✍✢ ✱✖✲✧ (x

0
, y

0
) ✑✕ ✏✑✒✓✔ ✕✖✗✓✓ ✘✓ ✫✱✙✘✕✜✓ y = y

0

✥✓✖ ✭✓✢✓ ✥✦✳

(ii) ❀✍✎
2

, ✢★ tan✩ ✴ ✵, ✍✭✫✘✓ ✈✮✓✔ ✥✦ ✍✘ ✏✑✒✓✔ ✕✖✗✓✓ x-✈✯✓ ✑✕ ✶✲★ ✥✦ ✈✮✓✓✔✢✷ y-✈✯✓

✛✖✰ ✫✱✓✲✢✕ ✥✦✳ ✪✫ ✍✏✮✓✍✢ ✱✖✲ (x
0
, y

0
) ✑✕ ✏✑✒✓✔ ✕✖✗✓✓ ✘✓ ✫✱✙✘✕✜✓ x = x

0
 ✥✓✖✢✓ ✥✦ ❣✸❀✓✖✲✹✺✳

♠✻✝✼✽✾✝ ✿❁  x = 2 ✑✕ ✛✐ y = x3 – x ✘✙ ✏✑✒✓✔ ✕✖✗✓✓ ✘✙ ✑✚✛✜✓✢✓ ❞✓✢ ✘✙✍✭❂✳

✼❃ ✍✎❂ ✛✐ ✘✙ x = 2 ✑✕ ✏✑✒✓✔ ✕✖✗✓✓ ✘✙ ✑✚✛✜✓✢✓

2x

dy

dx ❄

❅
❆
❇

=
2

2
3 1 11

x
x ✥✦✳

♠✻✝✼✽✾✝ ✿❈ ✛✐ 4 3 1y x  ✑✕ ❉❊ ❋★✎●✈✓✖✲ ✘✓✖ ❞✓✢ ✘✙✍✭❂ ✍✭❊ ✑✕ ✏✑✒✓✔ ✕✖✗✓✓ ✘✙

✑✚✛✜✓✢✓
2

3
 ✥✦✳

✼❃  ✍✎❂ ❍❂ ✛✐ ✛✖✰ ✍✘✫✙ ❋★✎● (x, y) ✑✕ ✏✑✒✓✔ ✕✖✗✓✓ ✘✙ ✑✚✛✜✓✢✓

dy

dx
 =

1

2
1 2

(4 3) 4
2 4 3

x
x

✥✦✳

✸❀✓✖✲✍✘ ✑✚✛✜✓✢✓
2

3
✍✎❀✓ ✥✦✳ ✪✫✍✶❂

2

4 3x ■
 =

2

3
❀✓ 4x – 3 = 9

❀✓ x = 3

✈★ 4 3 1y x  ✥✦✳ ✪✫✍✶❂ ✭★  x = 3, 4(3) 3 1 2y ✥✦✳

✪✫✍✶❂✧ ✈✍❜✓❏❑ ❋★✎● (3, 2) ✥✦✳

♠✻✝✼✽✾✝ ✿▲ ✑✚✛✜✓✢✓ ▼ ✛✓✶✙ ✫❜✓✙ ✕✖✗✓✓✈✓✖✲ ✘✓ ✫✱✙✘✕✜✓ ❞✓✢ ✘✙✍✭❂ ✭✓✖ ✛✐
2

0
( 3)

y
x

✘✓✖ ✏✑✒✓✔ ✘✕✢✙ ✥✦✳

✼❃ ✍✎❂ ✛✐ ✛✖✰ ❋★✎● (x,y) ✑✕ ✏✑✒✓✔ ✕✖✗✓✓ ✘✙ ✑✚✛✜✓✢✓

dy

dx
 = 2

2

( 3)x ◆
✥✦✳

✸❀✓✖✲✍✘ ✑✚✛✜✓✢✓ ▼ ✍✎❀✓ ❍❀✓ ✥✦ ✪✫✍✶❂✧
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2

2

( 3)x ✌
 = 2

❀✍ (x – 3)2 = 1

❀✍ x – 3 = ± 1

❀✍ x = 2, 4

✎✏ x = 2 ❧✑ y = 2 ✎✍✒✓ x = 4 ❧✑ y = – 2 ✐✔✍✕✖ ✗✍✑✖✍ ✗✒✘ ✙❧ ✐✔✚✍✓✛ ✜✢✣ ✤✥ ✚✦ ✐✔✤✧✍✖✍

✷ ✤✍★✦ ✢✍✑ ✩✐✪✍✫ ✓✑✬✍✍✣✭ ✗✒✮ ✯✍✑ ✥✰✪✍✱ ✲✏✢✳✎✍✑✮ ✴✷✛ ✷✵ ✎✍✒✓ ✴✶✛ ✸✷✵ ❧✑ ✯✍✖✦ ✗✒✘ ✎✖✱ ✴✷✛ ✷✵

❧✑ ✯✍✹✑ ✤✍★✦ ✩✐✪✍✫ ✓✑✬✍✍ ✚✍ ❧✰✦✚✓✧✍✱

y – 2 = 2(x – 2) ✗✒✘

❀✍ y – 2x + 2 = 0

✖r✍✍ ✴✶✛ ✸✷✵ ❧✑ ✯✍✹✑ ✤✍★✦ ✩✐✪✍✫ ✓✑✬✍✍ ✚✍ ❧✰✦✚✓✧✍

y – (– 2) = 2(x – 4)

❀✍ y – 2x + 10 = 0 ✗✒✘

♠✺✻✼✽✾✻ ✿❁ ✤✥
2 2

1
4 25

x y
 ✐✓ ❂✹ ✲✏✢✳✎✍✑✮ ✚✍✑ ❃✍✖ ✚✦✜✯✣ ✜✯✹ ✐✓ ✩✐✪✍✫ ✓✑✬✍✍✣✭ (i) x-✎❄✍

✤✑♦ ❧✰✍✮✖✓ ✗✍✑✮ (ii) y-✎❄✍ ✤✑♦ ❧✰✍✮✖✓ ✗✍✑✮✘

✼❣
2 2

1
4 25

x y
 ✚✍ x, ✤✑♦ ❧✍✐✑❄✍ ✎✤✚★✹ ✚✓✹✑ ✐✓ ✗✰ ✐✔✍✕✖ ✚✓✖✑ ✗✒✮✱

2

2 25

x y dy

dx
❅  = 0

❀✍
dy

dx
 =

25

4

x

y

❆

(i) ✎✏✛ ✩✐✪✍✫ ✓ ✑✬✍✍  x-✎❄✍ ✤✑♦ ❧✰✍✮✖✓ ✗✒ ❀✜✢ ❂❧✚✦ ✐✔✤✧✍✖✍ ✪✍❇❈❀ ✗✒✛ ✜✯❧❧✑

0
dy

dx

25
0

4

x

y
 ✐✔✍✕✖ ✗✍✑✖✍ ✗✒✘ ❀✗ ✖❉✍✦ ❧✮❉✍✤ ✗✒ ✯✏ x = 0 ✗✍✑✘ ✖✏

2 2

1
4 25

x y

❧✑ x = 0 ✐✓ y2 = 25, ✎r✍✍✫✖❊ y = ± 5 ✜✰★✖✍ ✗✒✘ ✎✖✱ ✲✏✢✳ (0, 5) ✎✍✒✓ (0, – 5) ✣✑❧✑ ✗✒✮ ✯✗✍✭

✐✓ ✩✐✪✍✫ ✓✑✬✍✍✣✭ x✸✎❄✍ ✤✑♦ ❧✰✍✮✖✓ ✗✒✮✘
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(ii) ▲☎✆✝✞ ✟✠✡✝✝ y-✈☛✝ ☞✠✌ ✍✎✝✏✑✟ ✒✓ ✔✕✖ ✗✍☞✠✌ ✈✕✘✝✙✏✚ ✛✜ ☎✢☞✣✝✑✝ ✆✝✤✥✔ ✒✓ ✕✦✍✍✠
4

0
25

y

x
,

✔✝ y = 0 ✕✎✙✑✝ ✒✓❢ ✗✍ ☎✢✛✝✟✧
2 2

1
4 25

x y
 ✍✠ y = 0 ☎✟ x = ± 2 ✕✎✙✑✝ ✒✓❢ ✈✑★ ☞✠ ✩✚✖✪

✭✫✧ ✬✮ ✈✝✓✟ ✭✯✫✧ ✬✮ ✒✓✏✧ ✦✒✝✰ ☎✟ ▲☎✆✝✞ ✟✠✡✝✝✱✰ y-✈☛✝ ☞✠✌ ✍✎✝✏✑✟ ✒✓✏❢

♠✲✳✴✵✶✳ ✷✸ ☞♦ 
7

( 2)( 3)

x
y

x x
 ☞✠✌ ✹✺ ✩✚✖✪✈✝✠✏ ☎✟ ▲☎✆✝✞ ✟✠✡✝✝✱✰ ✻✝✑ ✛✜✕✦✱ ✦✒✝✰ ✔✒

x-✈☛✝ ✛✝✠ ✛✝✼✑✜ ✒✓❢

✴❣ è✔✝✺ ✖✜✕✦✱ ✕✛ x-✈☛✝ ☎✟ y = 0 ✒✝✠✑✝ ✒✓❢ ✗✍✕✙✱ ✦✚ y = 0 ✑✚ ☞♦ ☞✠✌ ✍✎✜✛✟✣✝ ✍✠

x = 7 ☎✢✝✐✑ ✒✝✠✑✝ ✒✓❢ ✗✍ ☎✢✛✝✟ ☞♦ x-✈☛✝ ✛✝✠ (7, 0) ☎✟ ✛✝✼✑✝ ✒✓❢ ✈✚ ☞♦ ☞✠✌ ✍✎✜✛✟✣✝ ✛✝✠ x

☞✠✌ ✍✝☎✠☛✝ ✈☞✛✙✺ ✛✟✺✠ ☎✟

dy

dx
 =

1 (2 5)

( 2)( 3)

y x

x x

✽ ✽

✽ ✽ ✭✾✔✝✠✏✮

✔✝
(7,0)

dy

dx

✿
❀❁

 =
1 0 1

(5)(4) 20

✽
❂ ☎✢✝✐✑ ✒✝✠✑✝ ✒✓❢

✗✍✕✙✱✧ ▲☎✆✝✞ ✟✠✡✝✝ ✛✜ (7, 0) ☎✟ ☎✢☞✣✝✑✝
1

20
✒✓❢ ✈✑★ (7, 0) ☎✟ ▲☎✆✝✞ ✟✠✡✝✝ ✛✝ ✍✎✜✛✟✣✝ ✒✓★

1
0 ( 7)

20
y x ✔✝ 20 7 0y x ✒✓❢

♠✲✳✴✵✶✳ ✷❃ ☞♦
2 2

3 3 2x y❄ ❅  ☞✠✌ ✩✚✖✪ (1, 1) ☎✟ ▲☎✆✝✞ ✟✠✡✝✝ ✑❆✝✝ ✈✕✘✝✙✏✚ ☞✠✌ ✍✎✜✛✟✣✝ ✻✝✑ ✛✜✕✦✱❢

✴❣  

2 2

3 3 2x y❇ ❈  ✛✝ x, ☞✠✌ ✍✝☎✠☛✝ ✈☞✛✙✺ ✛✟✺✠ ☎✟✧

1 1

3 3
2 2

3 3

dy
x y

dx

❉ ❉
❊  = 0

✔✝
dy

dx
 =

1

3y

x

❋ ●
❍■ ❏

❑ ▼
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❜✌✍✎✏✑ (1, 1) ✐✒ ✓✐✔✕✖ ✒✗✘✕✕ ✙✚ ✐✛✜✢✕✣✕
(1, 1)

1
dy

dx

✤
✥ ✦✧

★
 ❣✩✪

❜✌✍✎✏ ✫✬✑✬✭ ✐✒ ✓✐✔✕✖ ✒✗✘✕✕ ✙✕ ✌✮✚✙✒✢✕

   y – 1 = – 1 (x – 1)        ❀✕        y + x – 2 = 0 ❣✩

✣r✕✕ ✫✬✑ ✬✭ ✐✒ ✯✍✰✕✎✱✲ ✙✚ ✐✛✜✢✕✣✕

1
1

✳✴❪✴✵✶❥ ✷✶✸❦❤❩ ❞❤ ✶♦③ ✹❦✺❦
 ❣✩✪

❜✌✍✎✏✑ ✫✬✑ ✬✭ ✐✒ ✯✍✰✕✎✱✲ ✙✕ ✌✮✚✙✒✢✕

   y – 1 = 1 (x – 1)        ❀✕        y – x = 0 ❣✩✪

♠✻✼✽✾✿✼ ❁❂ ✍❃✏ ❄✏ ✜❅

x = a sin3 t , y = b cos3 t ... (1)

✜✗❆ ✏✙ ❇✲❃❈✑ ❉❣✕❊ 
2

t  ❣✩✑ ✐✒ ✓✐✔✕✖ ✒✗✘✕✕ ✙✕ ✌✮✚✙✒✢✕ ❋✕✣ ✙✚✍❉✏✪

✽● ✫✬✭ ✙✕ t ✜✗❆ ✌✕✐✗❍✕ ✯✜✙✎■ ✙✒■✗ ✐✒

23 sin cos
dx

a t t
dt

✣r✕✕
23 cos sin

dy
b t t

dt

❀✕

dy

dy dt
dxdx

dt

❏  =

2

2

3 cos sin cos

sin3 sin cos

b t t b t

a ta t t

❑ ❑
▲

❉✲
2

t  ✣✲
2

t

dy

dx ▼◆

❖
P
◗

 =

cos
2 0

sin
2

b

a

❘
❙

❚
❘

✯✕✩✒ ❉✲ 
2

t , ✣✲ x = a ✣r✕✕ y = 0 ❣✩ ✯✣❯
2

t  ✐✒ ✯r✕✕✖✣❱ (a, 0) ✐✒ ✍❃✏ ❄✏ ✜❅ ✙✚ ✓✐✔✕✖

✒✗✘✕✕ ✙✕ ✌✮✚✙✒✢✕ y – 0 = 0 (x – a) ✯r✕✕✖✣❱  y = 0 ❣✩✪

❲❳❨❬❭❫❴❵ ❛❝❡

1. ✜❅ y = 3x4 – 4x ✜✗❆ x = 4 ✐✒ ✓✐✔✕✖ ✒✗✘✕✕ ✙✚ ✐✛✜✢✕✣✕ ❋✕✣ ✙✚✍❉✏✪

2. ✜❅
1

, 2
2

x
y x

x
 ✜✗❆ x = 10 ✐✒ ✓✐✔✕✖ ✒✗✘✕✕ ✙✚ ✐✛✜✢✕✣✕ ❋✕✣ ✙✚✍❉✏✪
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3. ♦☎ y = x3 – x + 1 ❞✆ ✝✞✟✠✡ ☛☞✌✠✠ ❞✆ ✞✍♦✎✠✏✠ ✑✒ ✓✔✕✖ ✞☛ ✗✠✏ ❞✆✘✙✚ ✘✙✒❞✠

x-✘❢✕☞✡✟✠✠✛❞ ✜ ✢✣✤

4. ♦☎ y = x3 –3x +2 ❞✆ ✝✞✟✠✡ ☛☞✌✠✠ ❞✆ ✞✍♦✎✠✏✠ ✑✒ ✓✔✕✖ ✞☛ ✗✠✏ ❞✆✘✙✚ ✘✙✒❞✠

x-✘❢✕☞✡✟✠✠✛❞ ✥ ✢✣✤

5. ♦☎
3 3cos , sinx a y a  ♦☞✦ 

4
✞☛ ✐✘✧✠★✛✔ ❞✆ ✞✍♦✎✠✏✠ ✗✠✏ ❞✆✘✙✚✤

6. ♦☎ 
21 sin , cosx a y b  ♦☞✦ 

2
✞☛ ✐✘✧✠★✛✔ ❞✆ ✞✍♦✎✠✏✠ ✗✠✏ ❞✆✘✙✚✤

7. ♦☎  y = x3 – 3x2 – 9x + 7 ✞☛ ✑❢ ✓✔✕✖✐✠☞✛ ❞✠☞ ✗✠✏ ❞✆✘✙✚ ✘✙❢ ✞☛ ✝✞✟✠✡ ☛☞✌✠✠✚✩ x✫✐✪✠

♦☞✦ ✒✬✠✛✏☛ ✢✣✤

8. ♦☎  y = (x – 2)2  ✞☛ ✚❞ ✓✔✕✖ ✗✠✏ ❞✆✘✙✚ ✘✙✒ ✞☛ ✝✞✟✠✡ ☛☞✌✠✠✭ ✓✔✕✖✐✠☞ ✛ ✮✜✭ ✯✰ ✐✠✣☛

✮✱✭ ✱✰ ❞✠☞ ✘✬★✠❢☞ ♦✠★✆ ☛☞✌✠✠ ♦☞✦ ✒✬✠✛✏☛ ✢✣✤

9. ♦☎  y = x3 – 11x + 5 ✞☛ ✑✒ ✓✔✕✖ ❞✠☞ ✗✠✏ ❞✆✘✙✚ ✘✙✒ ✞☛ ✝✞✟✠✡ ☛☞✌✠✠  y = x – 11 ✢✣✤

10. ✞✍♦✎✠✏✠  – 1 ♦✠★✆ ✒✧✠✆ ☛☞✌✠✠✐✠☞ ✛ ❞✠ ✒✬✆❞☛✎✠ ✗✠✏ ❞✆✘✙✚ ✙✠☞ ♦☎ 
1

1
y

x
, x ✲ – 1  ❞✠☞

✝✞✟✠✡ ❞☛✏✆ ✢✣✤

11. ✞✍♦✎✠✏✠ ✜ ♦✠★✆ ✒✧✠✆ ☛☞✌✠✠✐✠☞✛ ❞✠ ✒✬✆❞☛✎✠ ✗✠✏ ❞✆✘✙✚ ✙✠☞ ♦☎
1

3
y

x
, x ✲ 3 ❞✠☞ ✝✞✟✠✡

❞☛✏✆ ✢✣✤

12. ✞✍♦✎✠✏✠ ✯ ♦✠★✆ ✒✧✠✆ ☛☞✌✠✠✐✠☞✛ ❞✠ ✒✬✆❞☛✎✠ ✗✠✏ ❞✆✘✙✚ ✙✠☞ ♦☎ 2

1

2 3
y

x x
❞✠☞ ✝✞✟✠✡

❞☛✏✆ ✢✣✤

13. ♦☎  

2 2

1
9 16

x y
 ✞☛ ✑❢ ✓✔✕✖✐✠☞✛ ❞✠☞ ✗✠✏ ❞✆✘✙✚ ✘✙❢ ✞☛ ✝✞✟✠✡ ☛☞✌✠✠✚✩

(i)  x-✐✪✠ ♦☞✦ ✒✬✠✛✏☛ ✢✣ (ii) y-✐✪✠ ♦☞✦ ✒✬✠✛✏☛ ✢✣

14. ✘✕✚ ♦☎✠☞✛ ✞☛ ✘❢✘✕✡✳✴ ✓✔✕✖✐✠☞✛ ✞☛ ✝✞✟✠✡ ☛☞✌✠✠ ✐✠✣☛ ✐✘✧✠★✛✔ ♦☞✦ ✒✬✆❞☛✎✠ ✗✠✏ ❞✆✘✙✚✵

(i) y = x4 – 6x3 + 13x2 – 10x + 5 ♦☞✦ (0, 5) ✞☛

(ii) y = x4 – 6x3 + 13x2 – 10x + 5 ♦☞✦ (1, 3) ✞☛

(iii) y = x3 ♦☞✦ (1, 1) ✞☛

(iv) y = x2 ♦☞✦ (0, 0) ✞☛

(v) x = cos t, y = sin t ♦☞✦ 
4

t
✶

✷  ✞☛
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15. ♦✌ y = x2 – 2x +7 ❞✍ ✎✏✑✒ ✓ ✔✕ ✖✒ ✒ ❞✒ ✗✘✍❞✔ ✙✒ ✚✒ ✛ ❞ ✍✜✢✣ ✢✒✕

(a) ✔✕ ✖✒ ✒ 2x – y + 9 = 0 ♦✕ ✤ ✗✘✒ ✥ ✛✔ ✦ ✧★

(b) ✔✕ ✖✒ ✒  5y – 15x = 13 ✏✔ ✐ ✥✩ ✦ ✧★

16. ✜ ✗❢ ❞ ✍✜ ✢✣ ✜❞ ♦✌ y = 7x3 + 11 ♦✕✤ ✪✫ ✬✩ ✭✮ ✯✒ ✕✥ ✏✔ ✎✏✑ ✒ ✓ ✔✕ ✖✒ ✒✣ ✰ ✗✘✒ ✥ ✛✔ ✦ ✧ ✢✦✒ ✰ x = 2

✛r✒ ✒ x = – 2 ✦ ✧★

17. ♦✌ y = x3 ✏✔ ✪✫ ✬✩ ✭✮ ✯✒ ✕✥ ❞✒✕ ✚✒ ✛ ❞ ✍✜ ✢✣ ✜ ✢✫ ✏✔ ✎✏✑✒ ✓ ✔✕ ✖✒ ✒ ❞ ✍ ✏✱ ♦✙✒ ✛✒ ✬✩ ✭✮ ♦✕✤

y-✜✫ ✭✕ ✓✑✒ ✒ ✥❞ ♦✕✤ ✩ ✔✒✩ ✔ ✦ ✧★

18. ♦✌ y = 4x3 – 2x5, ✏✔ ✪✫ ✬✩ ✭✮ ✯✒ ✕✥ ❞✒ ✕ ✚✒ ✛ ❞ ✍✜ ✢✣ ✜ ✢✫ ✏✔ ✎✏✑✒ ✓ ✔✕ ✖✒✒ ✣ ✰ ✘✲✐ ✬✩ ✭✮ ✗✕ ✦ ✒✕ ❞✔

✢✒ ✛ ✍ ✦ ✧✥ ★

19. ♦✌ x2 + y2 – 2x – 3 = 0 ♦✕ ✤ ✪✫ ✬✩ ✭✮ ✯✒ ✕✥ ✏✔ ✎✏✑✒ ✓ ✔✕ ✖✒✒ ✯✒ ✕✥ ♦✕✤ ✗✘✍❞✔ ✙✒ ✚ ✒ ✛ ❞ ✍✜ ✢✣ ✢✦ ✒ ✰

✏✔ ♦✕ x-✯✳✒ ♦✕ ✤ ✗✘✒ ✥ ✛✔ ✦ ✧✥ ★

20. ♦✌ ay2 = x3 ♦✕✤ ✬✩ ✭✮ (am2, am3) ✏✔ ✯✜✴✒ ✐ ✥✩ ❞✒ ✗✘✍❞✔ ✙✒ ✚ ✒ ✛ ❞ ✍✜ ✢✣★

21. ♦✌ y = x3 + 2x + 6 ♦✕✤ ✪✫ ✯✜✴✒✐✥✩✒✕ ♦✕✤ ✗✘✍❞✔✙✒ ✚✒ ✛ ❞✍✜✢✣ ✢✒✕ ✔✕ ✖✒✒ x + 14y + 4 = 0

♦✕✤ ✗✘✒✥ ✛✔ ✦ ✧★

22. ✏✔ ♦✐ ✵ y2 = 4ax ♦✕✤ ✬✩ ✭✮ (at2, 2at) ✏✔ ✎✏✑✒ ✓ ✔✕ ✖✒ ✒ ✯✒ ✧✔ ✯✜✴✒ ✐ ✥✩ ♦✕✤ ✗✘ ✍❞✔ ✙✒ ✚ ✒ ✛ ❞ ✍✜✢✣ ★

23. ✜ ✗ ❢ ❞ ✍✜ ✢✣ ✜ ❞ ♦✌ x = y2 ✯✒ ✧✔ xy = k ✣ ❞ ✭ ✲ ✗✔ ✕ ❞ ✒ ✕ ✗ ✘❞ ✒ ✕ ✙✒* ✏ ✔ ❞ ✒ ✶ ✛ ✍ ✦ ✧ ✷ ✵ ✜ ✭

8k2 = 1✦ ✧★

24. ✯✜✛✏✔♦✐✵ 
2 2

2 2
1

x y

a b
 ♦✕✤ ✬✩✭✮ (x

0
, y

0
) ✏✔ ✎✏✑✒✓ ✔✕✖✒✒ ✛r✒✒ ✯✜✴✒✐✥✩ ♦✕✤ ✗✘✍❞✔✙✒ ✚✒✛ ❞✍✜✢✣★

25. ♦✌ 3 2y x  ❞✍ ✪✫ ✎✏✑✒✓ ✔✕✖✒✒ ✯✒✕✥ ♦✕✤ ✗✘✍❞✔✙✒ ✚✒ ✛ ❞✍✜✢✣ ✢✒✕ ✔✕✖✒✒ 4 2 5 0x y ♦✕✤

✗✘✒ ✥ ✛✔ ✦ ✧★

✏✱ ✑✫ ✸✹ ✯✒ ✧✔ ✸✺ ✘✕ ✥ ✗✦ ✍ ✪ ✻✒ ✔ ❞✒ ✼✮✫ ✒ ♦ ❞ ✍✜ ✢✣

26. ♦✌ y = 2x2 + 3 sin x ♦✕✤ x = 0 ✏✔ ✯✜✴ ✒✐ ✥✩ ❞ ✍ ✏✱ ♦✙✒ ✛✒ ✦ ✧✽

(A) 3 (B)
1

3
(C) –3 (D)

1

3

27. ✜❞ ✗ ✬✩ ✭✮ ✏✔ y = x + 1, ♦✌ y2 = 4x ❞ ✍ ✎✏✑✒ ✓ ✔✕ ✖✒ ✒ ✦ ✧✾

(A) (1, 2) (B) (2, 1) (C) (1, – 2) (D) (– 1, 2) ✦ ✧★

6.5  ❧✿❀❁❂❃❁ (Approximation)

❜ ✗ ✯✫✮ ❄❅✕ ✭ ✘✕✥ ✦ ✘ ♦✮✤❅ ✔✒✜✑✒ ✵✒✕ ✥ ♦✕✤ ✗✜ ❆✫ ❞✶ ✘✒ ✫ ❞✒✕ ✚✒ ✛ ❞✔✫✕ ♦✕✤ ✜✐✣ ✯ ♦❞✐ ✒ ✕✥ ❞✒ ✏✱ ✵✒ ✕❇ ❞✔✕✥❇✕ ★

* ✭✒ ✕ ♦✌ ✏✔ ✎✏✔ ✗✘❞✒ ✕ ✙✒ ✏✔ ❞✒ ✶ ✛✕ ✦ ✧✥ ✵✜ ✭ ✪✫ ♦✕✤ ✏✱✜ ✛❄❅✕ ✭✫ ✬✩ ✭✮ ✏✔ ✎✏✑✒ ✓ ✔✕ ✖✒ ✒ ✣ ✰ ✏✔ ✎✏✔ ✐✥ ✩ ✦✒ ✕✥ ★
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❡☎✆ ✝✞✟✠✡  f : D ☛ R, D ☞ R, ✡✱ ✌✍✎✏☎ ✌✑✝✆ ✒✓ ✔☎✓✕ y = f (x) ✎✞ ✥✖✗ ✘✙ ✒✓✚

❡☎✆ ✝✞✟✠✡ x ❡✛✜ ✒☎ ✛✆✛ ✘☎✝✞ ✟✱✢✞ ✔✣✌ ✘✤✟✦ ✱☎✛ ✌✍✧✞✱ ★x ✢✛ ✌✍✱✩ ✱✕✧✛ ✒✓ ✜✚ ✪❡✕✫☎

✱✞✟✠✡ ✟✱ x ❡✛✜ ✒✬✖✗ ✔✣✌ ✘✤✟✦ ★x ✘✛✑ ✢✜✥✧ y ❡✛✜ ✒✬✖✗ ✘✤✟✦ ✱☎✛ ★y ✢✛ ✌✍✱✩ ✱✕✧✛ ✒✓ ✠✒☎❧

★y = f (x + ★x) – f (x) ✒✓✚ ✒❡ ✔❣ ✟✆✭✆✟✝✟✮☎✧ ✱☎✛ ✌✟✕✯☎☎✟✰☎✧ ✱✕✧✛ ✒✓✜✲

(i) x ✘✛✑ ✔✘✱✝ ✱☎✛ dx ✢✛ ✌✍✱✩ ✱✕✧✛ ✒✓✜ ✧✳☎☎

dx = ✴x ✢✛ ✌✟✕✯☎☎✟✰☎✧ ✱✕✧✛ ✒✓✚

(ii)  y ✘✛✑ ✔✘✱✝ ✱☎✛ dy ✢✛ ✌✍✱✩ ✱✕✧✛ ✒✓✜ ✧✳☎☎

dy = f ✵(x) dx ✔✳☎✘☎
dy

dy x
dx

✢✛

✌✟✕✯☎☎✟✰☎✧ ✱✕✧✛ ✒✓✜✚

✖✢ ✎❜☎☎ ❡✛✜  x ✱✞ ✧✬✝✆☎ ❡✛✜  dx = ✴x ✔✌✛✈☎☎✘✤✑✧
◆☎✛✩☎ ✒☎✛✧☎ ✒✓ ✧✳☎☎ ★y ✱☎ ✡✱ ❞✌✶✬✷✧ ✢✟✸✆✱✩✆ dy
✒☎✛✧☎ ✒✓ ✔☎✓✕ ✖✢ ❣☎✧ ✱☎✛ ✒❡ dy ✹ ✴y ⑥☎✕☎ ✌✍✱✩
✱✕✧✛ ✒✓✜✚

★x, ★y,  dx ✔☎✓✕  dy ✘✛✑ ♦✶☎✟❡✧✞✶ ✺✶☎✮✶☎ ✘✛✑
✟✝✡ ✔☎✘✤✑✟✧ ❢✻✼ ✎✛✟✮☎✡✚

✽✾✿❀❁❂❃❄  ❞✌✶✗✬✷✧ ✌✟✕❅❅☎✗ ✧✳☎☎ ✔☎✘✤✑✟✧ ✱☎✛ ❆✶☎✆ ❡✛✜ ✕✮☎✧✛ ✒✬✡ ✒❡ ✎✛✮☎✧✛ ✒✓✜ ✟✱ ✌✕✧✜❇☎ ❅✕

(Dependent variable) ✱☎ ✔✘✱✝ ❅✕ ✱✞ ✘✤✟✦ ✘✛✑ ✢❡☎✆ ✆✒✞✜ ✒✓ ✠❣ ✟✱ ✪✘✧✜❇☎ ❅✕

(Independent variable) ✱☎ ✔✘✱✝ ❅✕ ✱✞ ✘✤✟✦ ✘✛✑ ✢❡☎✆ ✒✓✚

♠❈❃❉❊❂❃ ❋● 36.6  ✱☎ ✢✟✸✆✱✩✆ ✱✕✆✛ ✘✛✑ ✟✝✡ ✔✘✱✝ ✱☎ ✌✍✶☎✛✥ ✱✞✟✠✡✚

❉❍ y x  ✝✞✟✠✡ ✠✒☎❧ x = 36 ✔☎✓✕ ❡☎✆ ✝✞✟✠✡ ★x = 0.6 ✒✓✚

✧❣ ★y = 36.6 36 36.6 6x x x■ ❏ ❑ ▲ ❑ ▲ ❑

36.6  = 6 + ✴y

✔❣ ★y ✢✟✸✆✱✩✧✲ dy ✘✛✑ ❣✕☎❣✕ ✒✓ ✔☎✓✕ ✟✆✭✆✟✝✟✮☎✧ ✢✛ ✌✍✎✏☎ ✒✓✲

dy =
1

(0.6) ( )
2

dy
x y x

dx x
▼❖❦P❛s ◗

=
1

2 36
 (0.6) = 0.05

✖✢ ✌✍✱☎✕❘ 36.6  ✱☎ ✢✟✸✆✱✩ ❡☎✆ 6 + 0.05 = 6.05 ✒✓✚

❙❚❯❱❲❳❨ ❩❬❭
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♠✌✍✎✏✑✍ ✒✒

1

3(25) ❞✓ ✔✕✖✗❞✘✗ ❞✙✗✚ ✛✚✜ ✕✢✣ ✤✛❞✢ ❞✓ ✥✦✧✓✚★ ❞✩✕✪✣✫

✎❣ ❡✓✗ ✢✩✕✪✣ 

1

3y x✬  ✪t✓✭  x = 27 ✤✓✮✙ 2x✯ ✰ ✱  t✮✫

r✲ ✳y =

1 1

3 3( )x x x✴ ✵ ✶

=

1 1 1

3 3 3(25) (27) (25) 3✶ ✷ ✶

✧✓

1

3(25)  = 3 + ✸y

✤✲ ✸y  ✔✕✖✗❞✘r❧ dy ✛✚✜ ✲✙✓✲✙ t✮ ✤✓✮✙

dy =
dy

x
dx

✹ ✺
✻✼ ✽

✾ ✿

=

1

3
2

3

1
( 2) ( )

3

y x

x

❉❀ ❦❛❁❂❃

= 1

23

1 2
( 2) 0.074

27
3((27) )

❄
❄ ❅ ❅ ❄

❜✔ ✥✦❞✓✙❆
1

3(25)  ❞✓ ✔✕✖✗❞✘ ❡✓✗ t✮❧

3 + (– 0. 074) = 2.926

♠✌✍✎✏✑✍ ✒❇ f (3.02) ❞✓ ✔✕✖✗❞✘ ❡✓✗ ❈✓r ❞✩✕✪✣ ✪t✓✭ f (x) = 3x2 + 5x + 3 t✮✫

t✢ ❡✓✗ ✢✩✕✪✣  x = 3 ✤✓✮✙ ✳x = 0.02 t✮✫

f (3. 02) = f (x + ✸x) = 3 (x + ✸x)2 + 5(x + ✸x) + 3

è✧✓✗ ❊✩✕✪✣ ✕❞ ✳y = f (x + ✳x) – f (x) t✮✫

 ❜✔✕✢✣ f (x + ✸x) = f (x) + ✸y

❋ f (x) + f ●(x) ✸x (❍✧✓✚■✕❞  dx = ✸x)

❋ (3x2 + 5x + 3) + (6x + 5) ✸x

f (3.02) = (3(3)2 + 5(3) + 3) + (6(3) + 5) (0.02) (❍✧✓✚■✕❞ x =3, ✸x = 0.02)

= (27 + 15 + 3) + (18 + 5) (0.02)

= 45 + 0.46 = 45.46

✤r❧  f (3.02) ❞✓ ✔✕✖✗❞✘ ❡✓✗ ❏❑▲❏▼ t✮✫
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♠☎✆✝✞✟✆ ✠✡ x ❡☛☞✌ ✍✎✏✑✎ ✒✎✓✔ ✕✎✖ ✗☛ ✍✎✏✑✎ ❡✔✘ ✙% ✗☛ ✒❞✚✛ ✒✔✜ ✗✎✌✢✎ ✣✔ ✕✎✖ ✒✔✜ ✤✎✥✦✖ ❡✔✘

✣✚❧✖✗☞ ✧✚✌✒✦★✖ ✩✎✦ ✗☛✚✑✪✫

✝❣ ✬✥✎✖ ✭☛✚✑✪ ✚✗

V = x3

✥✎ dV =
Vd

x
dx

✮ ✯
✰✱ ✲

✳ ✴
 = (3x2) ✵x

= (3x2) (0.02x)        (❉✥✎✔✘✚✗ x ✗✎ 2% = .02x)

= 0.06x3 m3

❜✣ ✧✶✗✎✌✷ ✤✎✥✦✖ ❡✔✘ ✣✚❧✖✗☞ ✧✚✌✒✦★✖ 0.06 x3 m3  ✸✹

♠☎✆✝✞✟✆ ✠✺ ✪✗ ✻✎✔✓✔ ✗☛ ✚✼✎✽✥✎ ✾ cm ❡✎✧☛ ✑✎✦☛ ✸✹ ✚✑✣❡✔✘ ✿❀✿❁ cm ✗☛ ✼✎✏✚☞ ✸✹✫ ❜✣✒✔✜ ✤✎✥✦✖

✒✔✜ ✧✚✌✗✓✖ ❡✔✘ ✣✚❧✖✗☞ ✼✎✏✚☞ ✩✎✦ ✗☛✚✑✪✫

✝❣ ❡✎✖ ✓☛✚✑✪ ✚✗ ✻✎✔✓✔ ✗☛ ✚✼✎✽✥✎  r ✸✹ ✤✎✹✌ ❜✣✒✔✜ ❡✎✧✖ ❡✔✘ ✼✎✏✚☞ ❂r ✸✹✫ ❜✣ ✧✶✗✎✌ r = 9 cm

✤✎✹✌ ❂r = 0.03 cm✸✹✫ ✤❃ ✻✎✔✓✔ ✗✎ ✤✎✥✦✖ V

V =
34

3
r  ✣✔ ✧✶✭❄✎ ✸✹✫

✥✎
Vd

dr
 = 4❅ r2

❜✣✚✓✪ dV =
2V

(4 )
d

r r r
dr

= [4❅(9)2] (0.03) = 9.72❅ cm3

✤✦✈ ✤✎✥✦✖ ✒✔✜ ✧✚✌✗✓✖ ❡✔✘ ✣✚❧✖✗☞ ✼✎✏✚☞ 9.72❅ cm3 ✸✹✫

✐❆❇❈❊❋●❍ ■❏❑

1. ✤✒✗✓ ✗✎ ✧✶✥✎✔✻ ✗✌✒✔✜ ✚✖▲✖✚✓✚▼✎✦ ❡✔✘ ✣✔ ✧✶◆✥✔✗ ✗✎ ✣✚❧✖✗☞ ❡✎✖ ✭❖✎❡✓✒ ✒✔✜ ✦☛✖ P◗✎✎✖✎✔✘

✦✗ ✩✎✦ ✗☛✚✑✪✈

(i) 25.3 (ii) 49.5 (iii) 0.6

(iv)

1

3(0.009) (v)

1

10(0.999) (vi)

1

4(15)

(vii)

1

3(26) (viii)
1

4(255) (ix)

1

4(82)
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(x)

1

4(401) (xi)

1

2(0.0037) (xii)

1

3(26.57)

(xiii)
1

4(81.5) (xiv)

3

2(3.968) (xv)

1

5(32.15)

2.  f (2.01) ❞✌ ✍✎✏✑❞✒ ✓✌✑ ✔✌✕ ❞✖✎✗✘ ✗✙✌✚ f (x) = 4x2 + 5x + 2 ✙❣✛

3.  f (5.001) ❞✌ ✍✎✏✑❞✒ ✓✌✑ ✔✌✕ ❞✖✎✗✘ ✗✙✌✚ f (x) = x3 – 7x2 + 15 ✙❣✛

4. x m ✥✌✜✗✌ ✢✌✣✤ ✦✌✑ ❞✖ ✥✌✜✗✌ ✓✤✧ 1% ✢♦✎★ ✢✤✩ ❞✌✪✫✌ ✦✌✑ ✢✤✩ ✬✌✭✕✑ ✓✤✧ ✙✌✤✑✤ ✢✌✣✌ ✍✎✏✑❞✒

✐✎✪✢✕✮✑ ✔✌✕ ❞✖✎✗✘✛

5. x m ✥✌✜✗✌ ✢✌✣✤ ✦✌✑ ❞✖ ✥✌✜✗✌ ✓✤✧ 1% â✌✍ ✢✤✩ ❞✌✪✫✌ ✦✌✑ ✢✤✩ ✐♦✯✰ ✱✌✤✲✌✐✩✣ ✓✤✧ ✙✌✤✑✤ ✢✌✣✤ ✍✎✏✑❞✒

✐✎✪✢✕✮✑ ✔✌✕ ❞✖✎✗✘✛

6. ✘❞ ✳✌✤✣✤ ❞✖ ✎✲✌✴✭✌ 7 m ✓✌✐✖ ✗✌✕✖ ✙❣ ✎✗✍✓✤✧ ✵✶✵✷ m ❞✖ ✲✌✜✎✒ ✙❣✛ ✸✍✢✤✩ ✬✌✭✕✑ ✢✤✩

✐✎✪❞✣✑ ✓✤✧ ✍✎✏✑❞✒ ✲✌✜✎✒ ✔✌✕ ❞✖✎✗✘✛

7. ✘❞ ✳✌✤✣✤ ❞✖ ✎✲✌✴✭✌ 9 m ✓✌✐✖ ✗✌✕✖ ✙❣ ✎✗✍✓✤✧ 0.03 cm ❞✖ ✲✌✜✎✒ ✙❣✛ ✸✍✢✤✩ ✐♦✯✰ ✱✌✤✲✌✐✩✣

✢✤✩ ✐✎✪❞✣✑ ✓✤✧ ✍✎✏✑❞✒ ✲✌✜✎✒ ✔✌✕ ❞✖✎✗✘✛

8. ✭✎❀  f (x) = 3x2 + 15x + 5 ✙✌✤✹ ✕✌✤  f (3.02) ❞✌ ✍✎✏✑❞✒ ✓✌✑ ✙❣✺

(A) 47.66 (B) 57.66 (C) 67.66 (D) 77.66

9. ✥✌✜✗✌ ✓✤✧  3% ✢♦✎★ ✢✤✩ ❞✌✪✫✌ ✥✌✜✗✌ x ✢✤✩ ✦✌✑ ✢✤✩ ✬✌✭✕✑ ✓✤✧ ✍✎✏✑❞✒ ✐✎✪✢✕✮✑ ✙❣✺

(A) 0.06 x3 m3 (B) 0.6 x3 m3 (C) 0.09 x3 m3 (D) 0.9 x3 m3

6.6  ♠✻✼✽✾ ✿❁❂❃ ❄❅❆❅✽✾ (Maxima and Minima)

✸✍ ✬✑✜❜❇✤❀ ✓✤✧✹ ✙✓ ✎✢✎✥✌✏✑ ✐✩✣✑✌✤✧ ✢✤✩ ❈❜❉✕✓ ✬✌❣✪ ✎✑❊✑✕✓ ✓✌✑✌✤✧ ❞✖ ✳✫✌✑✌ ❞✪✑✤ ✓✤✧ ✬✢❞✣✗

❞✖ ✍✧❞❋✐✑✌ ❞✌ ✐●✭✌✤✳ ❞✪✤✧✳✤✛ ✢✌❍✕✢ ✓✤✧ ✙✓ ✘❞ ✐✩✣✑ ✢✤✩ ✬✌✣✤■✌ ✢✤✩ ✢✕✮✑ ❏❑❀✜✬✌✤✧ ▲Turning

points▼ ❞✌✤ ✔✌✕ ❞✪✤✧✳✤ ✬✌❣✪ ✸✍ ✐●❞✌✪ ❈✑ ❏❑❀✜✬✌✤✧ ❞✌✤ ✔✌✕ ❞✪✤✧✳✤ ✎✗✑ ✐✪ ✬✌✣✤■✌ ❍◆✌✌✑✖✭ ✬✎❖❞✕✓

▲✭✌ ✏✭P✑✕✓▼ ✐✪ ✐✙✜✚❉✕✌ ✙❣✛ ✸✍ ✐●❞✌✪ ✢✤✩ ❏❑❀✜✬✌✤✧ ❞✌ ✔✌✑ ✘❞ ✐✩✣✑ ❞✌ ✬✌✣✤■✌ ■✌✖✧❉✑✤ ✓✤✧ ❑✙✜✕

❈✐✭✌✤✳✖ ✙✌✤✕✌ ✙❣✛ ✸✍✢✤✩ ✬✎✕✎✪◗✕ ✙✓ ✘❞ ✐✩✣✑ ❞✌ ✎✑✪✐✤✱✌ ❈❜❉✕✓ ✓✌✑ ▲Absolute maximum

value▼ ✬✌✤✪ ✎✑✪✐✤✱✌ ✏✭P✑✕✓ ✓✌✑ ▲Absolute minimum value▼ ✥✌✖ ✔✌✕ ❞✪✤✧✳✤ ✗✌✤ ❞✸✮ ✬✑✜✐●✭✜◗✕

✍✓❍✭✌✬✌✤✧ ✢✤✩ ✙✣ ✢✤✩ ✎✣✘ ✬✌✢❧✭❞ ✙❣✧✛

✬✌✸✘ ✙✓ ❀❣✎✑❞ ✗✖✢✑ ❞✖ ✎✑❊✑✎✣✎■✌✕ ✍✓❍✭✌✬✌✤✧ ✐✪ ✎✢❉✌✪ ❞✪✤✧

(i) ✍✧✕✪✌✤✧ ✢✤✩ ✢♦✱✌✌✤✧ ✢✤✩ ✘❞ ❑✌✳ ✍✤ ✙✌✤✑✤ ✢✌✣✌ ✣✌✥✌ ✐✩✣✑ P(x) = ax + bx2 ⑥✌✪✌ ✐●❀❘✌ ✙❣ ✗✙✌✚

a,b ✬❉✪ ✙❣✧ ✬✌❣✪ x ✐●✎✕ ✘❞❙❚ ✓✤✧ ✍✧✕✪✤ ✢✤✩ ✢♦✱✌✌✤✧ ❞✖ ✍✧■✭✌ ✙❣✛ ✐●✎✕ ✘❞❙❚ ✎❞✕✑✤ ✢♦✱✌

✬✎❖❞✕✓ ✣✌✥✌ ❀✤✳✤✧❯
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(ii) ✱☎ ✆✝ m ✥✞✟✠ ✡☛☞✌ ✍✠ ✎☞☛ ✏✠✑ ✒✠✑✓☎✔ ✕✖✗ ✱☎ ✕✠✑✘ 
2

( ) 60
60

x
h x x  ☞✠✓ ♦☛✙☛

❢✌✚☛✗❢✙✛ ✒✜☛ ☞✠✓ ✢✌✣❢✘✤☛ ✟✦✛✔ ✎✧★ ✩✎☛✞ x ✡☛☞✌ ✍✠ ✕✠✑✘ ☎✔ ❍☛✧❢✛✩ ✘✪✙✔ ✢☛✧✙ h(x) ♠✍☎✔

✥✞✟☛✖✗ ✎✧➴ ✕✠✑✘ ❢☎✛✌✔ ✢❢✚☎✛✏ ✥✞✟☛✖✗ ✛☎ ✒✎✣✞✟✠✕✔✫

(iii) ✤☛✬☛✣ ☎☛ ✱☎ ✢✒☛✟✠ ✎✠❢✦☎☛✭✮✯✙ ☞✰ f (x) = x2 + 7 ♦☛✙☛ ✒⑥✘✲☛ ✒✜☛ ☞✠✓ ✢✌✣❢✘✤☛ ♠✳✴ ✙✎☛ ✎✧➴

➥✵✘✣ ✶✷★ ✸✹ ✒✙ ❢✺✜☛✛ ✱☎ ✍✧❢✌☎ ♠✍ ✎✠❢✦☎☛✭✮✯✙ ☎☛✠ ✕☛✠✦✔ ✏☛✙✌☛ ✟☛✎✛☛ ✎✧ ✩✵ ✎✠❢✦☎☛✭✮✯✙

♠✍☞✠✓ ❢✌☎✯✛✏ ✎☛✠➴ ✻✎ ❢✌☎✯✛✏ ✘✪✙✔ ❢☎✛✌✔ ✎✧✫

♠✒✻✣✗✼✛ ✍✏✺✻☛✢☛✠✑ ✏✠✑ ☞✣✓✽ ✍☞✗✍☛✏☛✾✻ ✎✧ ✢✜☛☛✗✛✿ ✎✏ ✒⑥✘✲☛ ✒✓✦✌☛✠✑ ☞✠✓ ♠❀✟✛✏ ✢✜☛☞☛ ❢✌❁✌✛✏

✏☛✌ ❡☛✛ ☎✙✌☛ ✟☛✎✛✠ ✎✧✑➴ ✖✌ ✍✏✺✻☛✢☛✠✑ ☎☛✠ ✍✣✦❂☛✌✠ ☞✠✓ ❢✦✱ ✎✏ ❢☞❢✚☞✛ ✱☎ ✒✓✦✌ ☎☛

✢❢✚☎✛✏ ✏☛✌ ✻☛ ✾✻✪✌✛✏ ✏☛✌ ☞ ✺✜☛☛✌✔✻ ♠❀✟✛✏ ☞ ✺✜☛☛✌✔✻ ❢✌❁✌✛✏ ☞✠✓ ➥✵✘✣✢☛✠✑ ✢☛✧✙ ✖✌

➥✵✘✣✢☛✠✑ ☎☛✠ ❢✌✚☛✗❢✙✛ ☎✙✌✠ ☞✠✓ ✒✙✔❍☛❃☛ ☎☛✠ ✒❢✙✡☛☛❢❄☛✛ ☎✙✠✑✕✠➴

✐❅❆❇❈❈❉❈❈ ❊ ✏☛✌ ✦✔❢✩✱ ✱☎ ✢✑✛✙☛✦ I ✏✠✑ ✱☎ ✒✓✦✌  f ✒❢✙✡☛☛❢❄☛✛ ✎✧★ ✛✵

(a)   f ☎☛ ♠❀✟✛✏ ✏☛✌ I ✏✠✑ ✎☛✠✛☛ ✎✧★ ✻❢✘ I ✏✠✑ ✱☎ ➥✵✘✣ c ☎☛ ✢❢✺✛❞☞ ✖✍ ✒⑥☎☛✙ ✎✧ ❢☎

( ) ( )f c f x , ❋  x ● I

✍✑❧✻☛ f (c) ☎☛✠ I ✏✠✑ f ☎☛ ♠❀✟✛✏ ✏☛✌ ☎✎✛✠ ✎✧✑ ✢☛✧✙ ➥✵✘✣ c ☎☛✠  I ✏✠✑ f  ☞✠✓ ♠❀✟✛✏ ✏☛✌

☞☛✦☛ ➥✵✘✣ ☎✎☛ ✩☛✛☛ ✎✧➴

(b)  f  ☎☛ ❢✌❁✌✛✏ ✏☛✌ I ✏✠✑ ✎☛✠✛☛ ✎✧ ✻❢✘  I ✏✠✑ ✱☎ ➥✵✘✣ c  ☎☛ ✢❢✺✛❞☞ ✎✧ ✖✍ ✒⑥☎☛✙ ❢☎

f (c) ■ f (x), ❋ x ● I

✍✑❧✻☛ f (c) ☎☛✠ I ✏✠✑  f ☎☛ ❢✌❁✌✛✏ ✏☛✌ ☎✎✛✠ ✎✧✑ ✢☛✧✙ ➥✵✘✣ c ☎☛✠ I ✏✠✑ f ☞✠✓ ❢✌❁✌✛✏ ✏☛✌

☞☛✦☛ ➥✵✘✣ ☎✎☛ ✩☛✛☛ ✎✧➴

(c) I ✏✠✑  f ✱☎ ✟✙✏ ✏☛✌ ✶extreme value✹ ✙❧☛✌✠ ☞☛✦☛ ✒✓✦✌ ☎✎✦☛✛☛ ✎✧ ✻❢✘ I ✏✠✑ ✱☎ ✱✠✍✠ ➥✵✘✣

c ☎☛ ✢❢✺✛❞☞ ✖✍ ✒⑥☎☛✙ ✎✧ ❢☎ f ✶c✹,  f ☎☛ ♠❀✟✛✏ ✏☛✌ ✢✜☛☞☛ ❢✌❁✌✛✏ ✏☛✌ ✎✧➴

✖✍ ❢✺✜☛❢✛ ✏✠✑  f (c), I ✏✠✑ f  ☎☛ ✟✙✏ ✏☛✌ ☎✎✦☛✛☛ ✎✧ ✢☛✧✙ ➥✵✘✣ c ✱☎ ✟✙✏ ➥✵✘✣ ☎✎✦☛✛☛ ✎✧➴

✈❏❑▲▼◆❖ P◗❘
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✌❢✍✎✏✑✒✓ ✥✔✕✖✗✘✙ 6.9 (a), (b) ✥✔✚✛ (c) ❡✜✢ ✣❡✤✜ ✕✦✗✧ ✘✕✘★✔✩✪ ✫✗✬✤✔✜✢ ✕✜✗ ✥✔✬✜✭✔ ✫✮✯✘★✔✰✙

✘✱✲ ✣✚✢ ✘✳✤✴✜ ✣❡✜✢ ✲✱ ✵✶✯✦ ✫✛ ✷✸✹✙❡ ❡✔✤ ✥✔✚✛ ✘✤✺✤✙❡ ❡✔✤ ✻✔✙ ✱✛✤✜ ❡✜✢ ✴✣✔✼✙✔ ✘❡✬✙✽

✣✚❣ ✕✔✾✙✕ ❡✜✢ ✥✔✬✜✭✔✔✜✢ ✴✜ ✣❡ ✷✤ ✫✗✬✤✔✜✢ ✕✜✗ ✳✔✜ ✥✕✱✘✬✙ ✤✣✽✢ ✣✔✜✙✜ ✣✚✢❣ ✷✸✹✙❡ ✿ ✘✤✺✤✙❡ ❡✔✤

❍✔✽ ✻✔✙ ✱✛ ✴✱✙✜ ✣✚✢❀ ❁✷✯✔✣✛❂✔ ❃❄❅❣

♠❆✒❇❈✑✒ ❉❊ f (x) = x2, x ❋ R ✴✜ ✫✮✯❧✔ ✫✗✬✤ f ✕✜✗ ✷✸✹✙❡

✥✔✚✛ ✘✤✺✤✙❡ ❡✔✤❀ ✼✘✯ ✱✔✜●✰ ✣✔✜✢ ✙✔✜❀ ✻✔✙ ✱✽✘✳✲❣

❇■ ✘✯✲ ❏✲ ✫✗✬✤ ✕✜✗ ✥✔✬✜✭✔ ❁✥✔✕✖✗✘✙ ❑▲▼◆❅ ✴✜ ✣❡ ✱✣ ✴✱✙✜

✣✚✢ ✘✱ f (x) = 0 ✼✘✯ x = 0 ✣✚ ✥✔✚✛

f (x) ❖ 0, ✴❍✔✽ x ❋ R ✕✜✗ ✘✬✲❣

●✴✘✬✲❀  f  ✱✔ ✘✤✺✤✙❡ ❡✔✤ 0 ✣✚ ✥✔✚✛  f ✕✜✗ ✘✤✺✤✙❡ ❡✔✤

✱✔ ✵✶✯✦ x = 0 ✣✚❣ ●✴✕✜✗ ✥✘✙✘✛P✙ ✥✔✬✜✭✔ ✴✜ ✼✣ ❍✔✽ ✯✜✭✔✔ ✳✔

✴✱✙✔ ✣✚ ✘✱ ✫✗✬✤  f ✱✔ ✱✔✜●✰ ✷✸✹✙❡ ❡✔✤ ✤✣✽✢ ✣✚❀ ✥✙◗ R

❡✜✢ f ✕✜✗ ✷✸✹✙❡ ❡✔✤ ✱✔ ✵✶✯✦ ✤✣✽✢ ✣✚❣

✌❢✍✎✏✑✒✓    ✼✘✯ ✣❡ ✫✗✬✤ ✕✜✗ ✫✮✔✢✙ ✱✔✜ ✕✜✗✕✬ [– 2, 1] ✙✱ ✴✽✘❡✙ ✱✛✜✢ ✙✶ x = – 2 ✫✛ f

✱✔ ✷✸✹✙❡ ❡✔✤ (– 2)2 = 4 ✣✚❣

♠❆✒❇❈✑✒ ❉❘  f (x) = |x |, x ❋ R ⑥✔✛✔ ✫✮✯❧✔ ✫✗✬✤ f ✕✜✗

✷✸✹✙❡ ✥✔✚✛ ✘✤✺✤✙❡ ❡✔✤❀ ✼✘✯ ✱✔✜●✰ ✣✔✜ ✙✔✜❀ ✻✔✙ ✱✽✘✳✲❣

❇■ ✘✯✲ ❏✲ ✫✗✬✤ ✕✜✗ ✥✔✬✜✭✔ ❁✥✔✕✖✗✘✙ ❑▲▼▼❅ ✴✜

f (x) ❖ 0, ✴❍✔✽ x ❋ R ✥✔✚✛ f (x) = 0  ✼✘✯  x = 0 ✣✚❣

●✴✘✬✲❀  f ✱✔ ✘✤✺✤✙❡ ❡✔✤ ◆ ✣✚ ✥✔✚✛ f ✕✜✗ ✘✤✺✤✙❡

❡✔✤ ✱✔ ✵✶✯✦ x = 0 ✣✚❣ ✥✔✚✛ ✥✔✬✜✭✔ ✴✜ ✼✣ ❍✔✽ ✾✫✩✪ ✣✚  R

❡✜✢ f  ✱✔ ✱✔✜●✰ ✷✸✹✙❡ ❡✔✤ ✤✣✽✢ ✣✚❣ ✥✙◗ R ❡✜✢ ✱✔✜●✰ ✷✸✹✙❡

❡✔✤ ✱✔ ✵✶✯✦ ✤✣✽✢ ✣✚❣

❙❚❯❱❲❳❨

(i) ✼✘✯ ✣❡ ✫✗✬✤ ✕✜✗ ✫✮✔✢✙ ✱✔✜ ✕✜✗✕✬ [– 2, 1] ✙✱ ✴✽✘❡✙ ✱✛✜✢❀ ✙✔✜ f ✱✔ ✷✸✹✙❡ ❡✔✤

| – 2| = 2 ✣✔✜❏✔❣

(ii) ✷✯✔✣✛❂✔ ❃❄ ❡✜✢ ❩✼✔✤ ✯✜✢ ✘✱ ✫✗✬✤ f ,  x = 0 ✫✛ ✥✕✱✬✤✽✼ ✤✣✽✢ ✣✚❣

❬❭❪❫❴❵❛ ❜❝❞❤

❬❭❪❫❴❵❛ ❜❝❞❞
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♠☎✆✝✞✟✆ ✠✡  f (x) = x, x ☛ (0, 1) ⑥☞✌☞ ✍✎✏✑☞ ✍✒✓✔ ✕✖✒ ✗✘✙✚✛ ✜☞✢✌ ✣✔✤✔✚✛ ✛☞✔✥ ✦✣✏ ✧☞✖★✩ ✪☞✖

✚☞✖✥ r☞✚ ✧✫✣✬✭✮

✝❣ ✣✏✭ ✜❢✚✌☞✓ ✯✰✥ ✱✲ ✛✖❢ ✣✏✦☞ ✍✒✓✔ ✭✧ ✣✔✌❢✚✌ ✕✳✩✛☞✔

✍✒✓✔ ✪✢✮ ✍✒✓✔ f ✕✖✒ ✜☞✓✖♦☞ ✯✜☞✕✴✒✣✚ ✵✶✱✷✲ ✸✖ ✭✖✸☞

✍✎✚✫✚ ✪☞✖✚☞ ✪✢ ✣✧ ✍✒✓✔ ✧☞ ✣✔✤✔✚✛ ✛☞✔ ✰ ✕✖✒ ✏☞✦✫❢ ✜☞✖✌

✕✖✒ ✣✔✧✹✚✛ ✺✻✏✼ ✜☞✢✌ ✗✘✙✚✛ ✛☞✔ ✱ ✕✖✒ ✻☞✦✫❢ ✜☞✖✌ ✕✖✒

✣✔✧✹✚✛ ✺✻✏✼ ✍✌ ✪☞✖✔☞ ✙☞✣✪✭✮ ✽✦☞ ✭✖✸✖ ✺✻✏✼ ✗✍✓✾✳ ✪✢❢✿

✭✖✸✖ ✺✻✏✼✜☞✖❢ ✧☞✖ ✜❢✣✧✚ ✧✌✔☞ ✸❢❀☞✕ ✔✪✫❢ ✪✢✮ ✕☞❁✚✕ ✛✖❢✥ ✦✣✏

✰ ✧☞ ✣✔✧✹✚✛ ✺✻✏✼ x
0
 ✪☞✖ ✚☞✖

0
0

2

x
x ✸❀☞✫ 0 (0,1)x

✕✖✒ ✣✓✭ ✜☞✢✌ ✦✣✏ ✱ ✧☞ ✣✔✧✹✚✛ ✺✻✏✼ x
1
 ✪☞✖ ✚☞✖ ✸❀☞✫ 1 (0,1)x ✕✖✒ ✣✓✭

1
1

1

2

x
x ✪✢✮

★✸✣✓✭ ✣✏✭ ❜✭ ✍✒✓✔ ✧☞ ✜❢✚✌☞✓ ✯✰✥ ✱✲ ✛✖❢ ✔ ✚☞✖ ✧☞✖★✩ ✗✘✙✚✛ ✛☞✔ ✪✢ ✜☞✢✌ ✔ ✪✫ ✧☞✖★✩ ✣✔✤✔✚✛

✛☞✔ ✪✢✮

❂❃❄❅❆❇❈  ✍☞✐✧ ✏✖♦☞ ✸✧✚✖ ✪✢❢ ✣✧ ✗✏☞✪✌❉☞ 28 ✛✖❢ ✦✣✏ f  ✕✖✒ ✍✎☞❢✚ ✛✖❢ ✰ ✜☞✢✌ ✱ ✧☞✖ ✸✣✤✛✣✓✚ ✧✌

✣✓✦☞ ✬☞✭ ✜❊☞☞✩✚ f  ✕✖✒ ✍✎☞❢✚ ✧☞✖ ✻❋●☞✧✌ [0, 1] ✧✌ ✣✏✦☞ ✬☞✭ ✚☞✖ ✍✒✓✔ ✧☞ ✣✔✤✔✚✛ ✛☞✔

x = 0 ✍✌ ✰ ✜☞✢✌ ✗✘✙✚✛ ✛☞✔ x = 1 ✍✌ ✱ ✪✢✮ ✕☞❁✚✕ ✛✖❢ ✪✛ ✣✔✤✔✣✓✣♦☞✚ ✍✣✌❉☞☞✛ ✍☞✚✖ ✪✢❢ ✯★✔

✍✣✌❉☞☞✛☞✖❢ ✧✫ ✗✍✍✣✑☞ ★✸ ✍✼❁✚✧ ✕✖✒ ❍☞✖■☞ ✸✖ ✻☞✪✌ ✪✢✲✮

❏❑▲▼◆❖ P❖◗☎❘❙ (monotonic) ❏❚❣❯ ❱❏❯◆ ❏◗✞❲✆✆◗❘✆❳ ❏❑✆❨❳ ❩◆❚ ❱❨▲▼ ❬❭☎❪❱✆◆❨ ❏✞ ♠❫❴❳❵❛◗❯❝❯❳❵

❞❑✝✟✆ ❖✞❳✆ ✝❡❤

❥❦ ❅❂❧❆❇❇♥ ♣❇ q❂s♣ t✉❇❅♣ ✈❅ ✉✇ ✇② ❂♣  ✸❢✕✴✑☞ ✜❢✚✌☞✓ ✍✌ ✍✎③✦✖✧ ✸❢✚✚ ✍✒✓✔ ✕✖✒ ✗✘✙✚✛

✜☞✢✌ ✣✔✤✔④✐ ✛☞✔ ✪☞✖✚✖ ✪✢❢✮

⑤◗❙⑦❏✟✆⑧    ✣✧✸✫ ✜❢✚✌☞✓ I ✛✖❢ ✭✧✣✏④✹ ✍✒✓✔ ✸✖ ✪✛☞✌☞ ✜✣❀☞✍✎☞✦ ✪✢ ✣✧ I ✛✖❢ ✍✒✓✔ ✦☞ ✚☞✖

✕✳✩✛☞✔ ✪✢ ✦☞ ⑨☞✸✛☞✔ ✪✢✮

★✸ ✜✔✼✘⑩✖✏ ✛✖❢ ✭✧ ✸❢✕✴✑☞ ✜❢✚✌☞✓ ✍✌ ✍✣✌❀☞☞✣④☞✚ ✍✒✓✔ ✕✖✒ ✗✘✙✚✛ ✜☞✢✌ ✣✔✤✔✚✛ ✛☞✔☞✖❢ ✕✖✒ ✻☞✌✖

✛✖❢ ✻☞✏ ✛✖❢ ✣✕✙☞✌ ✧✌✖❢❜✖✮

✜☞★✭ ✜✻ ✜☞✕✴✒✣✚ ✵✶✱❶ ✛✖❢ ✏❷☞☞✩✭ ❜✭ ✣✧✸✫ ✍✒✓✔ ✕✖✒ ✜☞✓✖♦☞ ✧☞ ✜❸✦✦✔ ✧✌✖❢❢✮ ✏✖✣♦☞✭ ✣✧

✍✒✓✔ ✧☞ ✜☞✓✖♦☞ ✺✻✏✼✜☞✖❢ A, B, C ✚❊☞☞ D ✍✌ ✕✳✩✛☞✔ ✸✖ ⑨☞✸✛☞✔ ✦☞ ✣✕✓☞✖✛✚❹ ⑨☞✸✛☞✔ ✸✖ ✕✳✩✛☞✔

✪☞✖✚☞ ✪✢✮ ★✔ ✺✻✏✼✜☞✖❢ ✧☞✖ ✍✒✓✔ ✕✖✒ ✕✚✩✔ ✺✻✏✼ ✧✪✚✖ ✪✢❢✮ ✍✼✔❹ ❸✦☞✔ ✏✫✣✬✭ ✣✧ ✕✚✩✔ ✺✻✏✼✜☞✖❢ ✍✌ ✜☞✓✖♦☞

✛✖❢ ✭✧ ⑩☞✖✹✫ ✍✪☞❺●✫ ✦☞ ⑩☞✖✹✫ ❻☞☞✹✫ ✻✔✚✫ ✪✢✮ ✛☞✖✹✖ ✚☞✢✌ ✍✌ ✺✻✏✼✜☞✖❢ A ✚❊☞☞ C ✛✖❢ ✸✖ ✍✎③✦✖✧ ✕✖✒ ✸☞✛✫❼✦

✯Neighbourhood✲✛✖❢ ✍✒✓✔ ✧☞ ✣✔✤✔✚✛ ✛☞✔ ✪✢✥ ✬☞✖ ✗✔✧✫ ✜✍✔✫❽✜✍✔✫ ❻☞☞✣✹✦☞✖❢ ✕✖✒ ✜✳☞✖❀☞☞❜☞✖❢

❾❿➀➁➂➃➄ ➅➆➇➈
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✭Bottom✮ ✌✍ ✎✏✑ ✒✓✔ ✌✕✖✗✍ ✘✙✚✛✜✗✢✣ B r✤✗✗ D ❡✢✣ ✓✢ ✌✕✥✦✢✖ ✧✢★ ✓✗❡✔✩✦ ❡✢✣ ✌★✪✫ ✖✗ ✬✯✰r❡ ❡✗✫

✎✏❣ ✱✗✢ ✬✫✖✔ ✜✌✫✔✲✜✌✫✔ ✌✎✗✳✴✵✦✗✢✣ ✧✢★ ✶✗✔✷✗✗✢✸ ✌✍ ✎✏✑ ✒✓ ✖✗✍✹✗ ✓✢ ✘✙✚✛✜✗✢✣ A r✤✗✗ C ✖✗✢ ❞✤✗✗✫✔✦
✳✫❢✫r❡ ❡✗✫ ✭✦✗ ✓✗✌✢✺✗ ✳✫❢✫r❡ ❡✗✫✮ ✖✗ ✘✙✚✛ r✤✗✗ B ✜✗✏✍ D ✖✗✢ ❞✤✗✗✫✔✦ ✬✯✰r❡ ❡✗✫ ✭✦✗ ✓✗✌✢✺✗
✬✯✰r❡ ❡✗✫✮ ✧✢★ ✘✙✚✛ ✓❡♠✗ ✱✗ ✓✖r✗ ✎✏✑ ✌★✪✫ ✧✢★ ❞✤✗✗✫✔✦ ✬✯✰r❡ ❡✗✫ ✜✗✏✍ ❞✤✗✗✫✔✦ ✳✫❢✫r❡
❡✗✫✗✢✣ ✖✗✢ ✻❡✶✗✼ ✌★✪✫ ✖✗ ❞✤✗✗✫✔✦ ✬✯✰r❡ ✜✗✏✍ ❞✤✗✗✫✔✦ ✳✫❢✫r❡ ✖✎✗ ✱✗r✗ ✎✏✑

✜✙ ✎❡ ✜✗✏✌✰✗✳✍✖ ✽✌ ✓✢ ✳✫❢✫✳✪✳✾✗r ✌✳✍✿✗✗✷✗✗ ✚✢r✢ ✎✏✣✑

✐❀❁❂❃❃❄❃❃ ❅ ❡✗✫ ✪✔✳✱❆  f   ❆✖ ✧✗❞r✳✧✖ ❡✗✫✔✦ ✌★✪✫ ✎✏ ✜✗✏✍ c ✌★✪✫  f ✧✢★ ✌✕✗✣r ❡✢✣ ❆✖ ✜✗✣r✳✍✖
✘✙✚✛ ✎✏✑ r✙

(a) c ✖✗✢ ❞✤✗✗✫✔✦ ✬✯✰r❡ ✖✗ ✘✙✚✛ ✖✎✗ ✱✗r✗ ✎✏ ✦✳✚ ❆✖ ❆✢✓✗ h > 0 ✎✏ ✳✖
(c – h, c + h) ❡✢✣ ✓✿✗✔ x ✧✢★ ✳✪❆ f (c) ❇ f (x) ✎✗✢✑ r✙  f (c), ✌★✪✫  f ✖✗ ❞✤✗✗✫✔✦ ✬✯✰r❡
❡✗✫ ✖✎✪✗r✗ ✎✏✑

(b) c ✖✗✢ ❞✤✗✗✫✔✦ ✳✫❢✫r❡ ✖✗ ✘✙✚✛ ✖✎✗ ✱✗r✗ ✎✏ ✦✳✚ ❆✖ ❆✢✓✗ h > 0 ✎✏ ✳✖ (c – h, c + h) ❡✢✣ ✓✿✗✔
x ✧✢★ ✳✪❆  f (c) ❈ f (x)  ✎✗✢✑ r✙  f  (c), ✌★✪✫  f   ✖✗ ❞✤✗✗✫✔✦ ✳✫❢✫r❡ ❡✗✫ ✖✎✪✗r✗ ✎✏✑

 ❚✦✗✳❡r✔✦ ✚❉✳✷❊✖✗✢✹✗ ✓✢❣ ✬✌✦✛❋●r ✌✳✍✿✗✗✷✗✗ ✖✗ ✜✤✗❋ ✎✏ ✳✖ ✦✳✚ x = c,  ✌★✪✫ f  ✖✗ ❞✤✗✗✫✔✦
✬✯✰r❡ ✖✗ ✘✙✚✛ ✎✏❣ r✗✢ c  ✧✢★ ✜✗✓✌✗✓ ✖✗ ✜✗✪✢✾✗ ✜✗✧❉★✳r ♦❍■❏✭a✮ ✧✢★ ✜✫✛✓✗✍ ✎✗✢❑✗✑ ▲✦✗✫ ✚✔✳✱❆
✳✖ ✜✣r✍✗✪ (c – h, c) ❡✢✣ ✌★✪✫ f ✧▼❋❡✗✫ ✭✜✤✗✗❋r◆ f ❖(x) > 0)  ✜✗✏✍ ✜✣r✍✗✪ (c, c + h) ❡✢✣ ✌★✪✫

ß✗✓❡✗✫ ✭✜✤✗✗❋r◆ f ❖(x) < 0) ✎✏✑

✒✓✓✢ ✦✎ ✳✫✷✖✷✗❋ ✳✫✖✪r✗ ✎✏ ✳✖ f ❖(c) ✜✧✶✦ ✎✔ ✶✗P◗✦ ✎✗✢✫✗ ✰✗✳✎❆✑

❘❙❯❱❲❳❨ ❩❬❭❪

❘❙❯❱❲❳❨ ❩❬❭❫
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❜☎✆ ✝✞✟✠✡☛ ☞✌✍ c , ✝✐✎✏ f   ✟✠ ❞✑✠✠✏✆☞ ✌✏✒✏✓✔ ✕✖✍✗ ✘✙ ✓✠✚ c ♦✚✐ ✛✠☎✝✠☎ ✟✠ ✛✠✎✚✜✠

✛✠♦✈✐✌✓ ✻✢✣✤✥b✮ ♦✚✐ ✛✏✗☎✠✡ ✘✠✚✦✠✧ ☞✘✠★ ✛✩✓✡✠✎ (c – h, c) ✔✚✩ f ✪✠☎✔✠✏ ✥✛✑✠✠✫✓✬  f ✭(x) < 0) ✘✙

✛✠✙✡ ✛✩✓✡✠✎ (c, c + h) ✔✚✩ f  ♦✯✫✔✠✏ ✥✛✑✠✠✫✓☛ f ✭(x) > 0) ✘✙✧ ☞✘ ✝✗✏❣ ☎✗✰✠♦ ✍✚✓✠ ✘✙ ✌✟ f ✭(c)

✛♦✱☞ ✘✆ ✱✠✲✳☞ ✘✠✚✏✠ ✴✠✌✘✵✧

♠✝☞✗✫✶✓ ✝✌✡✴✴✠✫ ☎✚ ✘✔✚✩ ✌✏✒✏✌✎✌✜✠✓ ✝✌✡✷✠✠✸✠✠ ✝✞✠✹✓ ✘✠✚✓✆ ✘✙ ✥✌✖✏✠ ♠✝✝✌✺✠✮✧

✼✽✾✿❀ ❁ ✔✠✏ ✎✆✌❡✵ ✵✟ ✌♦♦✈✺✠ ✛✩✓✡✠✎ I ✔✚✩  f  ✵✟ ✝✌✡✷✠✠✌✸✠✓ ✝✐✎✏ ✘✙✧ ✔✠✏ ✎✆✌❡✵ c ❂ I ✟✠✚❜✫

✕✖✍✗ ✘✙✧ ☞✌✍ f  ✟✠ x = c ✝✡ ✵✟ ❞✑✠✠✏✆☞ ♠❃✴✓✔ ☞✠ ✵✟ ❞✑✠✠✏✆☞ ✌✏✒✏✓✔ ✟✠ ✕✖✍✗ ✘✙ ✓✠✚ f ✭(c)

= 0 ✘✙ ☞✠ f  ✕✖✍✗  c ✝✡ ✛♦✟✎✏✆☞ ✏✘✆✩ ✘✙✧

❢❄❅❆❇❈❉ ♠✝✡✠✚✶✓ ✝✞✔✚☞ ✟✠ ✌♦✎✠✚✔ ✛✠♦✱☞✟ ✏✘✆✩ ✘✙ ✌✟ ☎❊☞ ✘✠✚ ❡✙☎✚ ✌✟ ✵✟ ✕✖✍✗ ✌❡☎ ✝✡

✛♦✟✎❡ ✱✠✲✳☞ ✘✠✚ ❡✠✓✠ ✘✙ ✓✠✚ ☞✘ ✛✠♦✱☞✟ ✏✘✆✩ ✘✙ ✌✟ ♦✘ ❞✑✠✠✏✆☞ ♠❃✴✓✔ ☞✠ ❞✑✠✠✏✆☞ ✌✏✒✏✓✔

✟✠ ✕✖✍✗ ✘✙✧ ♠✍✠✘✡❋✠✓☞✠ ☞✌✍ f (x) = x3 ✘✠✚ ✓✠✚ f ✭(x) = 3x2 ✛✠✙✡ ❜☎✌✎✵ f ✭(0) = 0 ✘✙✧ ✝✡✳✓✗ ●

✏ ✓✠✚ ❞✑✠✠✏✆☞ ♠❃✴✓✔ ✛✠✙✡ ✏ ✘✆ ❞✑✠✠✏✆☞ ✌✏✒✏✓✔ ✕✖✍✗ ✘✙✧ ✛✠♦✈✐✌✓ ✻✢✣✉

❍■❏❑✼▲▼◆    ✝✐✎✏ f  ♦✚✐ ✝✞✠✩✓ ✔✚✩ ✵✟ ✕✖✍✗ c, ✌❡☎ ✝✡ ☞✠ ✓✠✚ f ✭(c) = 0 ✘✙ ☞✠ f  ✛♦✟✎✏✆☞

✏✘✆✩ ✘✙☛ f ✟✠ ❖✠✩✌✓✟ ✕✖✍✗ ✥Critical Point✮ ✟✘✎✠✓✠ ✘✙✧ P☞✠✏ ✍✆✌❡✵ ✌✟ ☞✌✍ f  ✕✖✍✗ c ✝✡

☎✩✓✓ ✘✙ ✛✠✙✡ f ✭(c) = 0 ✘✙ ✓✠✚ ☞✘✠★ ✵✟ ✵✚☎✚ h > 0 ✟✠ ✛✌❞✓❊♦ ✘✙ ✌✟ ✛✩✓✡✠✎ (c – h, c + h)

✔✚✩ f ✛♦✟✎✏✆☞ ✘✙✧

✛✖ ✘✔ ♦✚✐♦✎ ✝✞✑✠✔ ✛♦✟✎❡✠✚✩ ✟✠ ✝✞☞✠✚✦ ✟✡♦✚✐ ❞✑✠✠✏✆☞ ♠❃✴✓✔ ✕✖✍✗ ☞✠ ❞✑✠✠✏✆☞ ✌✏✒✏✓✔

✕✖✍✗✛✠✚✩ ✟✠✚ ➥✠✓ ✟✡✏✚ ✟✆ ✌❖☞✠✌♦✌✯ ✝✞❞✓✗✓ ✟✡✚✩✦✚✧

✼✽✾✿❀ ◗ ❘✼✽❙▼✾ ❚❯❱❲❳ ✼❨◆❩▼▲▼❬ ✔✠✏ ✎✆✌❡✵ ✌✟ ✵✟ ✝✐✎✏ f ✌✟☎✆ ✌♦♦✈✺✠ ✛✩✓✡✠✎ I ✝✡
✝✌✡✷✠✠✌✸✠✓ ✘✙✧ ✔✠✏ ✎✆✌❡✵ ✌✟ f  ✛✩✓✡✠✎ I ✔✚✩ ✌❞✑✠✓ ❖✠✩✌✓✟ ✕✖✍✗ c ✝✡ ☎✩✓✓ ✘✙✧ ✓✖

(i) x ♦✚✐ ✕✖✍✗ c ☎✚ ✘✠✚ ✟✡ ✖❧❭✏✚ ♦✚✐ ☎✠✑✠❪☎✠✑✠☛ ☞✌✍
f ✭(x) ✟✠ ✌✴✪ ✯✏ ☎✚ ❫❋✠ ✔✚✩ ✝✌✡♦✌✓✫✓ ✘✠✚✓✠ ✘✙
✛✑✠✠✫✓✬ ☞✌✍ ✕✖✍✗ c ♦✚✐ ✖✠☞✆✩ ✛✠✚✡ ✛✠✙✡ ♠☎♦✚✐ ✝☞✠✫✹✓
✌✏✟❴ ♦✚✐ ✝✞❊☞✚✟ ✕✖✍✗ ✝✡ f ✭(x) > 0 ✓✑✠✠ c ♦✚✐
✍✠☞✆✩ ✛✠✚✡ ✛✠✙✡ ✝☞✠✫✹✓ ✌✏✟❴ ♦✚✐ ✝✞❊☞✚✟ ✕✖✍✗ ✝✡
f ✭(x) < 0 ✘✠✚ ✓✠✚ c ❞✑✠✠✏✆☞ ♠❃✴✓✔ ✵✟ ✕✖✍✗ ✘✙✧

(ii) x ♦✚✐ ✕✖✍✗  c ☎✚ ✘✠✚ ✟✡ ✖❧❭✏✚ ♦✚✐ ☎✠✑✠❪☎✠✑✠ ☞✌✍
f ✭(x) ✟✠ ✌✴❵ ❫❋✠ ☎✚ ✯✏ ✔✚✩ ✝✌✡♦✌✓✫✓ ✘✠✚✓✠ ✘✙☛
✛✑✠✠✫✓✬ ☞✌✍ ✕✖✍✗ c ♦✚✐ ✖✠☞✆✩ ✛✠✚✡ ✛✠✙✡ ♠☎♦✚✐ ✝☞✠✫✹✓
✌✏✟❴ ♦✚✐ ✝✞❊☞✚✟ ✕✖✍✗ ✝✡ f ✭(x) < 0 ✓✑✠✠ c ♦✚✐
✍✠☞✆✩✩ ✛✠✚✡ ✛✠✙✡ ♠☎♦✚✐ ✝☞✠✫✹✓ ✌✏✟❴ ♦✚✐ ✝✞❊☞✚✟ ✕✖✍✗

✝✡ f ✭(x) >0 ✘✠✚ ✓✠✚ c ❞✑✠✠✏✆☞ ✌✏✒✏✓✔ ✕✖✍✗ ✘✙✧ ❛❝❤❥❦♥♣ qrst
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(iii) x ♦✌✍ ✎✏✑✒  c ❧✌ ✓✔✌ ✕✖ ✏✗✘✙✌ ♦✌✍ ❧✔✚✔ ✛✜✑ f ✢(x) ✕✔ ✜❞✣ ✤✜✖♦✜✥✦✥ ✙✓✧★ ✓✔✌✥✔ ✓✩✪ ✥✔✌ c  ✙

✥✔✌ r✚✔✔✙✧✛ ✫✬❞✥✭ ✎✏✑✒ ✓✩ ✮✔✩✖ ✙ r✚✔✔✙✧✛ ✜✙✯✙✥✭ ✎✏✑✒✰ ♦✔r✥♦ ✭✌★✪ ✱❧ ✤✲✕✔✖ ♦✌✍ ✎✏✑✒ ✕✔✌

✙✜✥ ✤✜✖♦✥✦✙ ✎✏✑✒ ✉Point of Inflection✳ ✉✮✔♦✴✍✜✥ ✵✶✷✸✳ ✕✓✥✌ ✓✩★✰

✹❢✺✻✼✽✾✿    ✛✜✑ c ✤✍✐✙  f  ✕✔ ❀✕ r✚✔✔✙✧✛ ✫✬❞✥✭ ✎✏✑✒ ✓✩ ✥✔✌ f (c) ✤✍✐✙  f   ✕✔ r✚✔✔✙✧✛

✫✬❞✥✭ ✭✔✙ ✓✩✰ ✱❧✧ ✤✲✕✔✖✪ ✛✜✑ c ✤✍✐✙  f  ✕✔ ❀✕ r✚✔✔✙✧✛ ✜✙✯✙✥✭ ✎✏✑✒ ✓✩✪ ✥✔✌ f (c) ✤✍✐✙  f

✕✔ r✚✔✔✙✧✛ ✜✙✯✙✥✭ ✭✔✙ ✓✩✰ ✮✔♦✴✍✜✥✛✔❁ ✵✶✷✸ ✮✔✩✖ ✵✶✷✵ ✤✲✭✌✛ ❂ ✕✧ ❃✛✔✜✭✥✧✛ ❄✛✔❅✛✔ ✕✖✥✧ ✓✩✰

♠❆✾❇❈✽✾ ❉❊ f (x) = x3 – 3x + 3 ❋✔✖✔ ✤✲✑●✔ ✤✍✐✙ ♦✌✍ ✜✐❀ r✚✔✔✙✧✛ ✫✬❞✥✭ ✮✔✩✖ r✚✔✔✙✧✛ ✜✙✯✙✥✭

♦✌✍ ❧❍✔✧ ✎✏✑✒✮✔✌ ★ ✕✔✌ ■✔✥ ✕✧✜❏❀✰

❇❣ ✛✓✔❁ f (x) = x3 – 3x + 3

✛✔ f ✢(x) = 3x2 – 3 = 3 (x – 1) (x + 1)

✛✔                                    f ✢(x) = 0 ❑ x = 1 ✮✔✩✖ x = – 1

✱❧ ✤✲✕✔✖✪ ♦✌✍♦✐ x = ± 1 ✓✧ ❀✌❧✌ ▲✔★✜✥✕ ✎✏✑✒ ✓✩★ ❏✔✌ f  ♦✌✍ r✚✔✔✙✧✛ ✫✬❞✥✭ ✮✔✩✖▼✛✔ r✚✔✔✙✧✛

✜✙✯✙✥✭ ❧★❍✔✔✜♦✥ ✎✏✑✒ ✓✔✌ ❧✕✥✌ ✓✩★✰ ✤✓✐✌ ✓✭ x = 1 ✤✖ ✤✖✧◆✔❖✔ ✕✖✥✌ ✓✩★✰

è✛✔✙ ✑✧✜❏❀ ✜✕ ✷ ♦✌✍ ✜✙✕P ✮✔✩✖ ✷ ♦✌✍ ✑✔✛✧★★ ✮✔✌✖  f ✢(x) > 0 ✓✩ ✮✔✩✖ ✷ ♦✌✍ ✜✙✕P ✮✔✩✖ ✷ ♦✌✍

✏✔✛✧★★ ✮✔✌✖ f ✢(x) < 0 ✓✩✰ ✱❧✜✐❀ ✤✲✚✔✭ ✮♦✕✐❏ ✤✖✧◆✔❖✔ ❋✔✖✔ x  = 1✪ r✚✔✔✙✧✛ ✜✙✯✙✥✭ ✎✏✑✒ ✓✩ ✮✔✩✖

r✚✔✔✙✧✛ ✜✙✯✙✥✭ ✭✔✙  f (1) = 1 ✓✩✰

x = – 1 ✕✧ ✑◗✔✔ ✭✌★✪ –1 ♦✌✍ ✜✙✕P ✮✔✩✖ –1 ♦✌✍ ✏✔✛✧★ ✮✔✌✖ f ✢(x) > 0 ✮✔✩✖ ❘✷ ♦✌✍ ✜✙✕P ✮✔✩✖

❘✷ ♦✌✍ ✑✔✛✧★ ✮✔✌✖ f ✢(x) < 0 ✓✩✰ ✱❧✜✐❀ ✤✲✚✔✭ ✮♦✕✐❏ ✤✖✧◆✔❖✔ ❋✔✖✔ x =  –1 r✚✔✔✙✧✛ ✫✬❞✥✭ ✕✔

✎✏✑✒ ✓✩ ✮✔✩✖ r✚✔✔✙✧✛ ✫✬❞✥✭ ✭✔✙ f (–1) = 5 ✓✩✰

❙❚❯❱❲❳❨ ❩❬❭❩
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 x ♦☎✆ ✝✞✟ ( ) 3( 1)( 1)f x x x ❞✞ ✠✡☛

1 ☞✌✍ ✎✏✑✒     
>0

<0

♥✓✔❤❛ ✈✓❦❥ ✭❡✓✉✓ ✶✲✶✕

❝✓✔❤❛ ✈✓❥❦ ✭❡✓✉✓ ✵ ✲ ✾✕

–1 ☞✌✍ ✎✏✑✒   
0

 0

–

–

♥✓✔❤❛ ✈✓❦❥✭❡✓✉✓ ✵ ✲ ✾✕

❝✓✔❤❛ ✈✓❥❦ ✭❡✓✉✓ ✶✲✶✕

♠✖✞✗✘✙✞ ✚✛ f (x) = 2x3 – 6x2 + 6x +5 ⑥✜✢✜ ✣✤✥✦✜ ✣✍✧✏ f   ☞✌✍ ★✩✜✜✏✪✫ ✬✮✯✰✱ ✳✜✴✢ ★✩✜✜✏✪✫
✎✏❢✏✰✱ ✷✸✥✹ ✺✜✰ ✑✪✎✻✼✽

✗❣ ✫✿✜❀

f (x) = 2x3 – 6x2 + 6x + 5

✫✜ f ❁(x) = 6x2 – 12x + 6 = 6 (x – 1)2

✫✜               f ❁(x) = 0 ❂ x = 1

❜❃ ✣✤✑✜✢ ☞✌✍☞✧  x = 1 ✿✪ f  ✑✜ ❄✜❅✎✰✑ ✷✸✥✹ ✿✴✽ ✳✸ ✿✱ ❜❃ ✷✸✥✹ ✣✢ f ☞✌✍ ★✩✜✜✏✪✫ ✬✮✯✰✱
✫✜ ★✩✜✜✏✪✫ ✎✏❢✏✰✱ ☞✌✍ ✎✧✼ ✣✢✪❆✜❇✜ ✑✢✌❅❈✌✽ ✥✌✎❉✜✼ ✎✑ ❃❊✜✪ x ❋ R ☞✌✍ ✎✧✼ f ❁(x) ● 0 ✳✜✴✢ ✎☞❍✜✌■✜
❏✣ ❃✌ ❑ ☞✌✍ ❃✱✪✣ ✳✜✴✢ ❑ ☞✌✍ ✸✜✫✪❅❅ ✳✜✌✢ ✳✜✴✢ ✥✜✫✪❅ ✳✜✌✢ ☞✌✍ ✱✜✏✜✌❅ ☞✌✍ ✎✧✼ f ❁(x) > 0 ✿✴✽ ❜❃✎✧✼
✣✤✩✜✱ ✳☞✑✧✻ ✣✢✪❆✜❇✜ ❃✌ ✷✸✥✹ x = 1 ✏ ✰✜✌ ★✩✜✜✏✪✫ ✬✮✯✰✱ ✑✜ ✷✸✥✹ ✿✴ ✳✜✴✢ ✏ ✿✪ ★✩✜✜✏✪✫ ✎✏❢✏✰✱
✑✜ ✷✸✥✹ ✿✴✽ ✳✰▲ x = 1 ✼✑ ✏✎✰ ✣✎✢☞✰▼✏ ◆inflection❖ ✷✸✥✹ ✿✴✽

P✠◗❘❙✙✞❚ ❯✫✜✏ ✥✪✎✻✼ ✎✑ ✬✥✜✿✢❇✜ ❱❲ ✱✌❅  f ❁(x) ✑✜ ✎✯❳ ✳❅✰✢✜✧ R ✱✌❅ ✑❊✜✪ ❊✜✪ ✏✿✪❅

✸✥✧✰✜✽ ✳✰▲  f ☞✌✍ ✳✜✧✌❉✜ ✱✌❅ ✑✜✌❜▼ ❊✜✪ ☞✰▼✏ ✷✸✥✹ ✏✿✪❅ ✿✴ ✳✜✴✢ ❜❃✎✧✼ ★✩✜✜✏✪✫ ✬✮✯✰✱ ✫✜
★✩✜✜✏✪✫ ✎✏❢✏✰✱ ✑✜ ✑✜✌❜▼ ❊✜✪ ✷✸✥✹ ✏✿✪❅ ✿✴✽

✳✸ ✿✱ ✎✑❃✪ ✣✤✥✦✜ ✣✍✧✏ ☞✌✍ ★✩✜✜✏✪✫ ✬✮✯✰✱ ✳✜✴✢ ★✩✜✜✏✪✫ ✎✏❢✏✰✱ ☞✌✍ ✣✢✪❆✜❇✜ ☞✌✍ ✎✧✼ ✼✑
✥❨❃✢✪ ✎❄✫✜✎☞✎❩ ✣✤★✰✹✰ ✑✢✌❅❈✌✽ ✫✿ ✣✢✪❆✜❇✜ ✣✤✩✜✱ ✳☞✑✧✻ ✣✢✪❆✜❇✜ ✑✪ ✰✹✧✏✜ ✱✌❅ ✣✤✜✫▲ ❃✢✧ ✿✴✽

❙✐✝☎❬ ❭ ✱✜✏ ✧✪✎✻✼ ✎✑ f, ✎✑❃✪ ✳❅✰✢✜✧ I ✱✌❅  ✣✎✢❊✜✜✎■✜✰ ✼✑ ✣✍✧✏ ✿✴ ✰✩✜✜ c ❋ I ✿✴✽ ✱✜✏ ✧✪✎✻✼
✎✑ f, c ✣✢ ✥✜✌ ✸✜✢ ✧❈✜✰✜✢ ✳☞✑✧✏✪✫ ✿✴✽ ✰✸

(i) ✫✎✥ f ❁(c) = 0 ✳✜✴✢ f ❪(c) < 0 ✰✜✌ x = c ★✩✜✜✏✪✫ ✬✮✯✰✱ ✑✜ ✼✑ ✷✸✥✹ ✿✴✽

❜❃ ✥❍✜✜ ✱✌❅  f ✑✜ ★✩✜✜✏✪✫ ✬✮✯✰✱ ✱✜✏ f (c) ✿✴✽

(ii) ✫✎✥ ( ) 0f c  ✳✜✴✢  f ❪(c) > 0 ✰✜✌ x = c ★✩✜✜✏✪✫ ✎✏❢✏✰✱ ✑✜ ✼✑ ✷✸✥✹ ✿✴✽

❜❃ ✥❍✜✜ ✱✌❅ f ✑✜ ★✩✜✜✏✪✫ ✎✏❢✏✰✱ ✱✜✏ f (c) ✿✴✽

(iii) ✫✎✥  f ❁(c) = 0 ✳✜✴✢ f ❪(c) = 0 ✿✴ ✰✜✌ ✫✿ ✣✢✪❆✜❇✜ ✳❃✣✍✧ ✿✜✌ ✻✜✰✜ ✿✴✽

❜❃ ✎★✩✜✎✰ ✱✌❅ ✿✱ ✣✹✏▲ ✣✤✩✜✱ ✳☞✑✧✻ ✣✢✪❆✜❇✜ ✣✢ ☞✜✣❃ ✻✜✑✢ ✫✿ ✺✜✰ ✑✢✰✌ ✿✴❅ ✎✑ c

✬✮✯✰✱❫ ✎✏❢✏✰✱ ✫✜ ✏✎✰ ✣✎✢☞✰▼✏ ✑✜ ✷✸✥✹ ✿✴✽
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✌❢✍✎✏✑✒✓ ✥✔✕✖ c ✐✗ f ✕✘✙ ✔✘✗ ✚✛✘✜✘✗ ✢✣✤✚✦✧★ ✩✪ ✫✬✬✙ ✩✭✘✗✘ ✜✘✮✐★✯ ✰✤ c ✐✗  f  ✣✙♦

✰✱✜✧★ ✢✣✤✚✲ ✤✘ ✢✰✳✜✮✣ ✩✪✴

♠✵✒✶✷✑✒ ✸✹  f (x) = 3 + |x |, x ✺ R ✱✘✗✘ ✐⑥✕✻✘ ✐♦✚✦  f ✤✘ ✳❞✘✘✦✧★ ✰✦✼✦✜✭ ✭✘✦ ✽✘✜ ✤✧✰✲✾✴

✶❣ è★✘✦ ✕✧✰✲✾ ✰✤ ✰✕★✘ ✛★✘ x = 0 ✐✗ ✢✣✤✚✦✧★ ✦✩✧✿ ✩✪✴ ✫✬ ✐⑥✤✘✗ ✰✱✜✧★ ✢✣✤✚✲ ✐✗✧❀✘❁✘
✢✬✐♦✚ ✩✘✙ ✲✘✜✘ ✩✪✴ ✢✔ ✩✭ ✐⑥❞✘✭ ✢✣✤✚✲ ✐✗✧❀✘❁✘ ✤✗✜✙ ✩✪✿✴ ✦✘✙❂ ✤✧✰✲✾ ✰✤ ❃ ✐♦✚✦ f ✤✘ ✾✤
Ø✘✿✰✜✤ ✥✔✕✖ ✩✪✴ ✢✔ 0 ✣✙♦ ✔✘★✧✿ ✢✘✙✗❄  f (x) = 3 – x ✢✘✪✗ ✫✬✰✚✾ f ❅(x) = – 1 < 0 ✩✪ ✬✘❞✘ ✩✧ ❃
✣✙♦ ✕✘★✧✿ ✢✘✙✗❄  f (x) = 3 + x ✩✪ ✢✘✪✗ ✫✬✰✚✾  f ❅(x) = 1 > 0 ✩✪✴ ✢✜✾✣❄ ✐⑥❞✘✭ ✢✣✤✚✲ ✐✗✧❀✘❁✘
✱✘✗✘ x = 0, f ✤✘ ✳❞✘✘✦✧★ ✰✦✼✦✜✭ ✥✔✕✖ ✩✪ ✜❞✘✘ f  ✤✘ ✳❞✘✘✦✧★ ❆★❇✦✜✭ ✭✘✦  f (0) = 3 ✩✪✴

♠✵✒✶✷✑✒ ✸❈ f (x) = 3x4 + 4x3 – 12x2 + 12 ✱✘✗✘ ✐⑥✕✻✘ ✐♦✚✦ f ✣✙♦ ✳❞✘✘✦✧★ ❉❊❋✜✭ ✢✘✪✗ ✳❞✘✘✦✧★

✰✦✼✦✜✭ ✭✘✦ ✽✘✜ ✤✧✰✲✾✴

✶❣ ★✩✘●

f (x) = 3x4 + 4x3 – 12x2 + 12

★✘ f ❅(x) = 12x3 + 12x2 – 24x = 12x (x – 1) (x + 2)

★✘ x = 0, x = 1 ✢✘✪✗ x = – 2 ✐✗ f ❅(x) = 0 ✩✪✴

✢✔ f ❍(x) = 36x2 + 24x – 24 = 12 (3x2 + 2x – 1)

✢✜■

(0) 12 0

(1) 48 0

( 2) 84 0

f

f

f

❏❏ ❑ ▲ ▼◆
❖

❏❏ ❑ P◗
❖ ❏❏ ▲ ❑ P❘

✫✬✰✚✾❄ ✰✱✜✧★ ✢✣✤✚✲ ✐✗✧❀✘❁✘ ✱✘✗✘ x  = 0 ✳❞✘✘✦✧★ ❉❊❋✜✭ ✥✔✕✖ ✩✪ ✢✘✪✗ f ✤✘ ✳❞✘✘✦✧★ ❉❊❋✜✭

✭✘✦ f (0) = 12 ✩✪✴ ✲✔✰✤ x = 1 ✢✘✪✗ x = – 2 ✳❞✘✘✦✧★ ✰✦✼✦✜✭ ✥✔✕✖ ✩✪ ✢✘✪✗ ✳❞✘✘✦✧★ ✰✦✼✦✜✭ ✭✘✦

f (1) = 7 ✢✘✪✗ f (–2) = –20 ✩✪✴

♠✵✒✶✷✑✒ ✸✸  f (x) = 2x3 – 6x2 + 6x +5  ✱✘✗✘ ✐⑥✕✻✘ ✐♦✚✦ f ✣✙♦ ✳❞✘✘✦✧★ ❉❊❋✜✭ ✢✘✪✗ ✳❞✘✘✦✧★

✰✦✼✦✜✭ ✣✙♦ ✬❙✘✧ ✥✔✕✖ ✽✘✜ ✤✧✰✲✾✴

✶❣ ★✩✘● ✐✗
f (x) = 2x3 – 6x2 + 6x +5

★✘            

2 2( ) 6 12 6 6( 1)

( ) 12( 1)

f x x x x

f x x

◆ ❏ ❑ ▲ ❚ ❑ ▲❖
◗

❏❏ ❑ ▲❖❘

✢✔ f ❅(x) = 0 ✬✙ x = –1 ✐⑥✘❯✜ ✩✘✙✜✘ ✩✪✴ ✜❞✘✘ f ❍(1) = 0 ✩✪✴ ✫✬✰✚✾ ★✩✘● ✰✱✜✧★ ✢✣✤✚✲ ✐✗✧❀✘❁✘

✢✬✐♦✚ ✩✪✴ ✢✜■ ✩✭ ✐⑥❞✘✭ ✢✣✤✚✲ ✐✗✧❀✘❁✘ ✤✧ ✢✘✙✗ ✣✘✐✬ ✲✘✾●✛✙✴

❱❲❳❨❩❬❭ ❪❫❴❵
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❣☎✆✝ ✞❣✟✝ ❣✠ (♠✡☛❣☞✌☛ ✍✎) ☎✝❡ ✡✝✏☛☛ ❣✑ ✒✓ ✞✔✕☛☎ ✖✗✓✟✘ ✞☞✠✙☛✌☛ ✓✠ ✡✚✒✛✜ ✢✝ x =1 ✆ ✉☛✝ ✣✕☛☛✆✠✤

♠✥✦✉☎ ✓☛ ✧★✡✩ ❣✑ ✖☛✑☞ ✆ ❣✠ ✣✕☛☛✆✠✤ ✒✆✪✆✉☎ ✓☛ ✧★✡✩ ❣✑ ✖✒✞✉✩ ✤❣ ✆✒✉ ✞✒☞✗✉✫✆ ✓☛ ✧★✡✩ ❣✑✬

✭✮✯✰✱✲✯ ✳✴ ✵✝✢✠ ✡☛✝ ✶✆ ✢❡✏✤☛✵✷ ✸☛✉ ✓✠✒✘✵ ✒✘✆✓☛ ✤☛✝✹ ✺✻ ❣✑ ✖☛✑☞ ✒✘✆✗✝✼ ✗✹☛✝✽ ✓☛ ✤☛✝✹

❯✤✾✆✉☎ ❣☛✝✬

✰✿ ☎☛✆ ✟✠✒✘✵ ✞❣✟✠ ✢❡✏✤☛ x ❣✑ ✉★ ✡✾✢☞✠ ✢❡✏✤☛ 15 – x ❣✑✬ ☎☛✆ ✟✠✒✘✵ ❀✆ ✢❡✏✤☛✖☛✝❡ ✗✝✼ ✗✹☛✝✽

✓☛ ✤☛✝✹ S(x) ✢✝ ❧✤❁✉ ❣☛✝✉☛ ❣✑✬ ✉★

S(x) = x2 + (15 – x)2 = 2x2 – 30x + 225

✤☛
S ( ) 4 30

S ( ) 4

x x

x

❂ ❃ ❄❅
❆

❂❂ ❃❇

✖★  S❈(x) = 0 ✢✝
15

2
x  ✞✔☛✐✉ ❣☛✝✉☛ ❣✑ ✉✕☛☛ 

15
S 4 0

2

❉ ❊❋❋ ● ❍■ ❏
❑ ▲

 ❣✑✬ ❀✢✒✟✵ ✒▼✉✠✤ ✖✗✓✟✘

✞☞✠✙☛✌☛ ▼☛☞☛ S ✗✝✼ ✣✕☛☛✆✠✤ ✒✆✪✆✉☎ ✓☛ ✧★✡✩
15

2
x ❣✑✬ ✖✉◆ ✘★ ✢❡✏✤☛✵✷

15

2
 ✖☛✑☞

15 15
15

2 2
❣☛✝

✉☛✝ ✢❡✏✤☛✖☛✝❡ ✗✝✼ ✗✹☛✝✽ ✓☛ ✤☛✝✹ ✒✆✪✆✉☎ ❣☛✝✹☛✬

❢❖P◗❘❙❚ ♠✡☛❣☞✌☛ ✍❱ ✓✠ ❞☛☛✷✒✉ ✤❣ ✒✢❲ ✒✓✤☛ ✘☛ ✢✓✉☛ ❣✑ ✒✓ ✵✝✢✠ ✡☛✝ ❳☛✆ ✢❡✏✤☛✵✷ ✒✘✆✓☛ ✤☛✝✹

k ❣✑ ✖☛✑☞ ✒✘✆✗✝✼ ✗✹☛✝✽ ✓☛ ✤☛✝✹ ❯✤✾✆✉☎ ❣☛✝ ✉☛✝ ✤✝ ✢❡✏✤☛✵✷ ,
2 2

k k
 ❣☛✝❡✹✠✬

✭✮✯✰✱✲✯ ✳❨ ✧★✡✩ (0, c) ✢✝ ✞☞✗✟✤ y = x2 ✓✠ ❯✤✾✆✉☎ ✡✾☞✠ ✸☛✉ ✓✠✒✘✵ ✘❣☛✷ 0 ❩ c ❩ 5 ❣✑✬

✰✿ ☎☛✆ ✟✠✒✘✵ ✞☞✗✟✤ y = x2  ✞☞ (h, k) ✓☛✝❀✫ ✧★✡✩ ❣✑✬ ☎☛✆ ✟✠✒✘✵ (h, k) ✖☛✑☞ (0, c) ✗✝✼ ★✠✦

✡✾☞✠ D ❣✑✬ ✉★

                      2 2 2 2D ( 0) ( ) ( )h k c h k c❬ ❭ ❪ ❭ ❬ ❪ ❭ ... (1)

❁✤☛✝❡✒✓ (h, k) ✞☞✗✟✤ y = x2 ✞☞ ✒✣✕☛✉ ❣✑ ✖✉◆ k = h2 ❣✑✬ ❀✢✒✟✵  (1) ✢✝

D ❫ D(k) = 2( )k k c❪ ❭

✤☛ D❈(k) =
2

1 2( )

( )

k c

k k c

✖★ D❈(k) = 0 ✢✝ 
2 1

2

c
k ✞✔☛✐✉ ❣☛✝✉☛ ❣✑
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è✌✍✎ ✏✑✒✓✔ ✒✕ ✓✖  
2 1

2

c
k , r✖ 2( ) 1 0k c , ✗✘✍✍✙r✚ D ( ) 0k  ❣✛ r✘✍✍ ✓✖

2 1

2

c
k

r✖ 2( ) 1 0k c  ❣✛ ✗✘✍✍✙r✚ D ( ) 0k  ✭✜✢ ✣✤✕✍✥ ✣✤✘✍✦ ✗✧✕★✓ ✣✥✑✩✍✪✍ ✢✫
2 1

2

c
k  ✣✥

k ✒✎✬✎r✦ ❣✛✮ ✗r✯ ✗✰✍✑✱✲ ✳✌✴✎r✦ ✏✴✥✑

2
2 1 2 1 2 1 4 1

D
2 2 2 2

c c c c
c

✵ ✵ ✵ ✵✶ ✷ ✶ ✷
✸ ✹ ✵ ✸✺ ✻ ✺ ✻

✼ ✽ ✼ ✽
 ❣✛✮

✾❢✿❀❁❂❃❄    ✣✍✐✕ è✌✍✎ ✏✫❅ ✒✕ ❆✏✍❣✥✪✍ 35 ✦✫❅ ❣✦✎✫ ✒❡r✑✌ ✗✧✕★✓ ✣✥✑✩✍✪✍ ✧✫❇ ❈✘✍✍✎ ✣✥

✣✤✘✍✦ ✗✧✕★✓ ✣✥✑✩✍✪✍ ✕✍ ✣✤✌✍✫❉ ✒✕✌✍ ❣✛ ❊✌✍✫❅✒✕ ✌❣ ✢✥★ ✔✧❅ ❋✍✫✲✍ ❣✛✮

♠●❃❍■❂❃  36 ✦✍✎ ★✑✒✓✔ ❏✖✏❑ A ✗✍✛✥  B ✣✥ ▲✦▼✍✯ AP r✘✍✍ BQ ✏✍✫ ❆è✧✍✙♥✥ ❈r❅✰✍ ❣✛✮ ✌✒✏

AP = 16 m, BQ = 22 m ✗✍✛✥ AB = 20 m ❣✍✫❅ r✍✫ AB ✣✥ ✔✕ ✔✫✢✍ ❏✖✏❑ R ◆✍r ✕✑✒✓✔ r✍✒✕

RP2 + RQ2 ✒✎✬✎r✦ ❣✍✫✮

❍❖ ✦✍✎ ★✑✒✓✔ AB ✣✥ ✔✕ ❏✖✏❑ R ✜✢ ✣✤✕✍✥ ❣✛ ✒✕

AR = x m ❣✛✮ r✖ RB = (20 – x) m (❊✌✍✫❅✒✕ AB = 20 m)

✗✍✧P❇✒r ◗❘❙❚ ✢✫

RP2 = AR2 + AP2

✗✍✛✥ RQ2 = RB2 + BQ2

✜✢✒★✔ RP2 + RQ2 = AR2 + AP2 + RB2 + BQ2

     = x2 + (16)2 + (20 – x)2 + (22)2

     = 2x2 – 40x + 1140

✦✍✎ ★✑✒✓✔ ✒✕ S ❯ S(x) = RP2 + RQ2 = 2x2 – 40x + 1140 ❣✛✮

✗r✯ S❱(x) = 4x – 40 ❣✛✮

✗✖ S❱(x) = 0 ✢✫  x = 10 ✣✤✍❲r ❣✍✫r✍ ❣✛ ✗✍✛✥ ✢✰✍✑ x ✧✫❇ ✒★✔ S❳(x) = 4 > 0 ❣✛ ✗✍✛✥ ✜✢✒★✔

S❳(10) > 0 ❣✛✮ ✜✢✒★✔ ✒❡r✑✌ ✗✧✕★✓ ✣✥✑✩✍✪✍ ✢✫  x = 10, S ✕✍ ❈✘✍✍✎✑✌ ✒✎✬✎r✦ ✕✍ ❏✖✏❑   ❣✛✮

✗r✯ AB ✣✥ R ✕✑ A ✢✫ ✏✴✥✑ AR = x = 10 m ❣✛✮

♠●❃❍■❂❃ 37 ✌✒✏ ✔✕ ✢✦★❅✖ ❨r❑✰✍❑✙✓ ✧✫❇ ✗✍♥✍✥ ✧✫❇ ✗✒r✒✥❊r r✑✎✍✫❅ ✰✍❑✓✍✗✍✫❅ ✕✑ ★❅✖✍✌✑❅ ❙❩ cm

❣✛ r✖ ✢✦★❅✖ ❨r❑✰✍❑✙✓ ✕✍ ✗✒♥✕r✦ ✩✍✫❬✍✣❇★ ◆✍r ✕✑✒✓✔✮

❭❪❫❴❵❛❜ ❝❞❤❥
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❣☎ ✈✆✝✞✟✠ ✡☛☞✌✍ ✎✝✏ ✈✝✑✒✓✔✕ 6.19 ☛✏✌

♥✖✝✝✗✘✝ ✙✘✝ ✚✛✜ AB ✐✢ DP ✕r✝✝ CQ ☞✌✍

❬✝✞✌✔✣✤✜ ☛✝✥ ☞✞✔✦✤ AP = x cm ✚✛✜ ✧✘✝✥

♥✞✔✦✤ ✔✎ ★APD ✩ ★BQC ✚✛ ✪✡✔☞✤

QB = x cm ✚✛✜ ✈✝✛✢ ✐✝✪r✝✝✙✝✏✢✡ ✐✫☛✏✘ ✡✏✬

DP = QC = 2100 x✭  ✚✛✜ ☛✝✥ ☞✞✔✦✤

✡☛☞✌✍ ✣✕❧✆✝❧✗✦ ✎✝ ✮✝✏✯✝✐✓☞ A ❣✰✱

✈✕✲ A ✳ A(x)

 =
1

2
(✡☛✝✌✕✢ ✆✝❧✦✝✈✝✏✌ ✎✝ ✘✝✏✙) (➴✴✣✝✪✗)

= ✵ ✶21
(2 10 10) 100

2
x x✷ ✷ ✸

= ✹ ✺2( 10) 100x x✻ ✼

✘✝  A✽(x) =
2

2

( 2 )
( 10) 100

100

x
x x

x

=

2

2

2 10 100

100

x x

x

✾ ✾ ✿

✾

✈✍ A✽(x) = 0 ✡✏ 2x2 + 10x – 100 = 0, ✔✦✡✡✏ x  = 5  ✈✝✛✢ x = –10 ✐✫✝❀✕ ✚✝✏✕✝ ✚✛✜

❉✘✝✏✌✔✎ x ♥❁✢✞ ✎✝✏ ✔✥❂✔✐✕ ✎✢✕✝ ✚✛ ✪✡✔☞✤ ✘✚ ❃❄✝ ✥✚✞✌ ✚✝✏ ✡✎✕✝ ✚✛✜ ✪✡✔☞✤ x = 5 ✚✛✜ ✈✍

A❅(x) =

2 2

22

2

( 2 )
100 ( 4 10) ( 2 10 100)

100

100

x
x x x x

x

x

=

3

3

2 2

2 300 1000

(100 )

x x

x

✼ ✼

✼

 (✡✢☞ ✎✢✥✏ ✐✢)

✈✕✲ A❅(5) =

3

3

2 2

2(5) 300(5) 1000 2250 30
0

75 75 75
(100 (5) )

✼ ✼ ✼ ✼
❆ ❆ ❇

✼

✪✡ ✐✫✎✝✢✬ x = 5  ✐✢ ✡☛☞✌✍ ✎✝ ✮✝✏✯✝✐✓☞ ✈✔❈✎✕☛ ✚✛ ✈✝✛✢ ✈✔❈✎✕☛ ✮✝✏✯✝✐✓☞

A(5) = 2 2(5 10) 100 (5) 15 75 75 3 cm ✚✛✜

❊❋●❍■❏❑ ▲▼◆❖
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♠✌✍✎✏✑✍ 38 ❢✒✓ ✔✕❢✖✗ ❢✔ ✗✔ ✘✙✚✛✜✢ ✛✣✢ ✤✚✥✦✧✥ ★✩✪✙★ ✛✫✬✭✮✯ ✛✙✰✣ ✰✚✱ ✛✭✪✙✕✲ ✱✣✰✳ ✔✕

❢✴✙✵✲✙ ✘✙✚✛✜✢ ✔✕ ❢✴✙✵✲✙ ✔✕ ✤✙✶✕ ✩✙✣✥✕ ✩✷✸

✎❣ ★✙✳ ✰✕❢✖✗ ✘✙✚✛✜✢ ✛✣✢ ✤✙✶✙❡ ✔✕ ❢✴✙✵✲✙ OC = r ✤✙✷❡ ✹✺✻✙✼✧

OA = h ✩✷✸ ★✙✳ ✰✕❢✖✗ ❢✔ ❢✽✗ ✩✜✗ ✘✙✚✛✜✢ ✛✣✢ ✤✚✥✦✧✥ ✱✣✰✳ ✛✣✢

✤✙✶✙❡ ✛✣✢ ✛✭✪✙ ✔✕ ❢✴✙✵✲✙ OE = x  ✩✷ ✾✤✙✛✭✢❢✥ ✿❀❁❂❃✸ ✱✣✰✳ ✔✕

✹✺✻✙✼✧ QE ✛✣✢ ❢✰✗♦

QE

OA
 =

EC

OC
   (❉✲✙✣✚❢✔ ❄QEC ~❄AOC)

✲✙
QE

h
 =

r x

r

❅

✲✙ QE =
( )h r x

r

❆

★✙✳ ✰✕❢✖✗ ✱✣✰✳ ✔✙ ✛✫✬✭✮✯ S  ✩✷ ✸ ✥✱

S  ❇ S(x) = 
2 ( )xh r x

r
 = 

22
( )

h
rx x

r

❈
❆

✲✙

2
S ( ) ( 2 )

4
S ( )

h
x r x

r

h
x

r

❊❋ ● ❍ ■❏❏
❑

■ ❊❏ ●● ❍
❏▲

✤✱ S▼(x) = 0 ✒✣
2

r
x  ✬✐✙◆✥ ✩✙✣✥✙ ✩✷✸ ❉✲✙✣✚❢✔ ✒❖✙✕ x ✛✣✢ ❢✰✗  SP(x) < 0 ✩✷✸ ✤✥♦

S 0
2

r◗ ❘
❙❙ ❚❯ ❱
❲ ❳

✩✷✸ ✼✒❢✰✗ 
2

r
x  , S ✔✙ ❞❨✻✥★ ❩✱✽✜ ✩✷✸ ✤✥♦ ❢✽✗ ✘✙✚✛✜✢ ✛✣✢ ✤✚✥✦✧✥ ★✩✪✙★ ✛✫ ✬✭✮✯

✛✣✢ ✱✣✰✳ ✔✕ ❢✴✙✵✲✙ ✘✙✚✛✜✢ ✔✕ ❢✴✙✵✲✙ ✔✕ ✤✙✶✕ ✩✙✣✥✕ ✩✷✸

6.6.1 ❬❭ ❪❫❴❵❛❜ ❝❫❤❥❜❦ ❧♥❫ ♣❭❪q rs❦t ❭❜ ✉✇①❤❧ ❝❜②❥ ♣t③t❤❧ ❧❜t (Maximum and

Minimum Values of a Function in a Closed Interval)

★✙✳ ✰✕❢✖✗  f (x) = x + 2, x ④ (0, 1) ⑥✙❡✙ ✬✐✽✪✙ ✗✔ ✬✐✰✳  f  ✩✷✸

è✲✙✳ ✽✕❢✖✗ ❢✔ ✾❂⑤ ⑦❃ ✬❡ ✬✢✰✳ ✒✚✥✥ ✩✷ ✤✙✷❡ ✼✒ ✤✚✥❡✙✰ ★✣✚ ✳ ✥✙✣ ✼✒✔✙ ✔✙✣✼✧ ❞❨✻✥★ ★✙✳

✩✷ ✤✙✷❡ ✳ ✩✕ ✼✒✔✙ ✔✙✣✼✧ ❢✳⑧✳✥★ ★✙✳ ✩✷✸

✥⑨✙✙❢✬⑤ ✲❢✽ ✩★ f ✛✣✢ ✬✐✙✚✥ ✔✙✣ ✒✚✛✭✪✙ ✤✚✥❡✙✰ [0, 1] ✥✔ ✱⑩❶✙ ✽✣✚ ✥✱ ❖✙✕ f ✔✙ ✘✙✙✲✽ ✔✙✣✼✧

❷⑨✙✙✳✕✲ ❞❨✻✥★ ✾❢✳⑧✳✥★❃ ★✙✳ ✳✩✕✚ ✩✙✣✦✙ ✬❡✚✥✜ ✼✒✔✙ ❢✳❢✘✻✥ ✩✕ ❞❨✻✥★ ★✙✳ 3 = f (1) ✤✙✷❡

❸❹❺❻❼❽❾ ❿➀➁➂
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❢☎✆☎✝✞ ✞✟☎ 2 =  f (0) ❣✠✡☛ x = 1 ✐☞  f ✥✟ ✌✍✎✝✞ ✞✟☎ ✏✑ [0, 1] ✐☞ f ✥✟ ❢☎☞✐✒✓✟ ✌✍✎✝✞

✞✟☎ ❡✞❣✔✟✞ ✞✟☎✕ ❡absolute maximum value✕ ✮✟ ✖✟✗✘❢✙✟✥ ✚❢✛✥✝✞ ✞✟☎ ❡global

maximum or greatest value✕ ✥❣✜✟✝✟ ❣✠☛ ✢✖✣ ✐✤✥✟☞✑ x = 0 ✐☞ f  ✥✟ ❢☎✆☎✝✞ ✞✟☎ ❞✑ [0, 1]

✐☞ f  ✥✟ ❢☎☞✐✒✓✟ ❢☎✆☎✝✞ ✞✟☎ ❡✦✮✧☎✝✞ ✞✟☎✕ ❡absolute minimum value✕ ✮✟ ✖✟✗✘❢✙✟✥ ✦✮✧☎✝✞

✞✟☎ ❡global minimum or least value✕ ✥❣✜✟✝✟ ❣✠☛

✱✥ ✖✡✗★✔✟ ✚✡✝☞✟✜  [a, b] ✐☞ ✐❢☞✩✟✟❢✪✟✝ ❢✥✖✣ ✖✡✝✝ ✐✫✜☎ f ✗✒✫ ✖✡✬✝ ✚✟✗★✫❢✝ 6.21 ✞✒✡ ✐✤✭❢✯✟✘✝

✚✟✜✒✈✟ ✐☞ ❢✗✎✟☞ ✥✣❢✰✱ ❢✥ x = b ✐☞ ✐✫✜☎ f ✥✟ ✲✳✟✟☎✣✮ ❢☎✆☎✝✞ ❣✠ ✝✳✟✟ ✲✳✟✟☎✣✮ ❢☎✆☎✝✞

✞✟☎ f (b) ❣✠☛ ✐✫✜☎ ✥✟ x = c  ✐☞ ✲✳✟✟☎✣✮ ✌✍✎✝✞ ✴✵✭✶ ❣✠ ✝✳✟✟ ✲✳✟✟☎✣✮ ✌✍✎✝✞ ✞✟☎ f (c) ❣✠☛

✖✟✳✟ ❣✣ ✚✟✜✒✈✟ ✖✒ ✮❣ ✩✟✣ ✲✐✪❧ ❣✠ ❢✥  f ✥✟ ❢☎☞✐✒✓✟ ✌✍✎✝✞ ✞✟☎ f (a) ✝✳✟✟ ❢☎☞✐✒✓✟ ❢☎✆☎✝✞

✞✟☎ f (d) ❣✠☛ ✢✖✗✒✫ ✚❢✝❢☞✷✝ ✸✮✟☎ ✭✣❢✰✱ ❢✥ f  ✥✟ ❢☎☞✐✒✓✟ ✌✍✎✝✞ ❡❢☎✆☎✝✞✕ ✞✟☎ ✲✳✟✟☎✣✮

✌✍✎✝✞ ❡❢☎✆☎✝✞✕ ✞✟☎ ✖✒ ❢✩✟✦☎ ❣✠☛

✚✵ ❣✞ ✱✥ ✖✡✗★✔✟ ✚✡✝☞✟✜ I ✞✒✡ ✱✥ ✐✫✜☎ ✗✒✫ ❢☎☞✐✒✓✟ ✌✍✎✝✞ ✚✟✠☞ ❢☎☞✐✒✓✟ ❢☎✆☎✝✞ ✗✒✫ ❢✗✪✟✮

✞✒✡ ✭✟✒ ✐❢☞✹✟✟✞✟✒✡ ❡❢✵☎✟ ✌✐✐❢✔✟✕ ✗✒✫ ✥✳✟☎ ✵✝✟✱✺✬✒☛

✻✼✽✾✿ ❀ ✞✟☎ ✜✣❢✰✱ ✱✥ ✚✡✝☞✟✜ I = [a, b] ✐☞  f  ✱✥ ✖✡✝✝ ✐✫✜☎ ❣✠☛ ✝✵ f  ✥✟ ❢☎☞✐✒✓✟ ✌✍✎✝✞

✞✟☎ ❣✟✒✝✟ ❣✠ ✚✟✠☞ I ✞✒✡ ✥✞ ✖✒ ✥✞ ✱✥ ✵✟☞ f  ✮❣ ✞✟☎ ✐✤✟❁✝ ✥☞✝✟ ❣✠ ✝✳✟✟ f  ✥✟ ❢☎☞✐✒✓✟ ❢☎✆☎✝✞

✞✟☎ ❣✟✒✝✟ ❣✠ ✚✟✠☞ I ✞✒✡ ✥✞ ✖✒ ✥✞ ✱✥ ✵✟☞ f  ✮❣ ✞✟☎ ✐✤✟❁✝ ✥☞✝✟ ❣✠☛

✻✼✽✾✿ ❂ ✞✟☎ ✜✣❢✰✱ ✖✡✗★✔✟ ✚✡✝☞✟✜ I ✐☞  f ✱✥ ✚✗✥✜☎✣✮ ✐✫✜☎ ❣✠ ✚✟✠☞ ✞✟☎ ✜✣❢✰✱ ❢✥ I ✥✟

✥✟✒✢✘ ✚✟✡✝❢☞✥ ✴✵✭✶ c ❣✠☛ ✝✵

(i) ✮❢✭ c ✐☞ f  ❢☎☞✐✒✓✟ ✌✍✎✝✞ ✞✟☎ ✐✤✟❁✝ ✥☞✝✟ ❣✠✑ ✝✟✒  f ❃(c) = 0

(ii) ✮❢✭ c ✐☞ f  ❢☎☞✐✒✓✟ ❢☎✆☎✝✞ ✞✟☎ ✐✤✟❁✝ ✥☞✝✟ ❣✠✑ ✝✟✒  f ❃(c) = 0

✌✐✮✘✶✷✝ ✐✤✞✒✮✟✒✡ ✗✒✫ ❢✗✎✟☞ ✖✒✑ ❢✭✱ ✬✱ ✖✡✗★✔✟ ✚✡✝☞✟✜ ✞✒✡ ❢✥✖✣ ✐✫✜☎ ✗✒✫ ❢☎☞✐✒✓✟ ✌✍✎✝✞ ✞✟☎

✚✟✠☞ ❢☎☞✐✒✓✟ ❢☎✆☎✝✞ ✞✟☎ ❄✟✝ ✥☞☎✒ ✗✒✫ ❢✜✱ ❢✗❢✛ ❢☎✆☎❢✜❢✈✟✝ ❣✠✡☛

❅❆❇❈❉❊❋ ●❍■❏
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❖✌ ✍✎ ✏ ✍✑✒✓ ✑✎ ✑✔ (Working Rule)

♣✒ ✕ ✍ 1: ❢✖ ✗ ✘✗ ✙✚✛ ✜✢ ✣ ✤✥✚  f  ♦✥ ✦ ✧★ ✢ ✩ ✪ ✢✚ ❢✛ ✫ ✬✭✖ ✮ ✯ ✢✛ ✫✩❢✰✗ ✙✱ ✢ ✢✲✛ ✳ x ♦✥ ✦ ♦✴ ✧★ ✢ ✩ ✤ ✢ ✵ ✯ ✢✛

✫✩❢✰✗ ✰✴ ✢❞ ✶ ✢ ✛ ✢✥ ( ) 0f x  ✶ ✢ f  ✙♦✫✣✵ ✩✶ ✵✴ ✩✚ ✴ ✷✸

♣✒ ✕ ✍ 2: ✙✚✛✜ ✢ ✣ ♦✥ ✦ ✙✚ ✹ ✶ ✬✭✖ ✮ ✣ ✩❢✰✗✸

♣✒ ✕ ✍ 3: ❜ ✵ ✧★ ✢✩ ✬✭✖ ✮✙✢✥✚ ✺✜ ✻✼✜✽ ✢ ✾ ♦ ✿ ✤✥✚ ✧❀✼ ✩✭❁ ❂ f ♦✥ ✦ ✤ ✢✵ ✢✥✚ ✫✩ ✘✽ ✢ ✵✢ ✫✩❢✰✗✸

♣✒ ✕ ✍ 4: ✼ ✜✽ ✢ ❃ ✤✥✚ ✘✽ ✢ ✵ ✢ ✧✥ ✺ ❄✢ ❅✛  f  ♦✥ ✦ ✤ ✢ ✵ ✢✥✚ ✤✥✚ ✧✥ ❆ ❇✼✛ ✤ ✙✢✷✜ ❢✵ ❈✵✛✤ ✤ ✢ ✵ ✢✥✚ ✫✢✥ ✣✩❢✰✗✸ ✶✴ ✩

❆ ❇✼✛ ✤ ✤ ✢ ✵♠ f  ✫✢ ❢✵✜✺✥ ❉✢ ❆ ❇✼✛✤ ✤ ✢ ✵ ✙✢✷✜ ❢✵❈✵✛ ✤ ✤ ✢ ✵♠ f  ✫✢ ❢✵✜✺✥ ❉✢ ❢✵ ❈✵✛ ✤ ✤ ✢ ✵ ✴ ✢✥ ✚ ✘✥✸

❊ ❋ ✍✏✒ ✕✍  39 ✙✚✛ ✜ ✢ ✣ [1, 5] ✤✥✚ f (x) = 2x3 – 15x2 + 36x +1 ⑥ ✢✜ ✢ ✺ ❄✖ ● ✢ ✺ ✦✣✵ ♦✥ ✦ ❢✵✜✺✥ ❉✢ ❆ ❇✼✛✤

✙✢✷✜ ❢✵✜✺✥ ❉✢ ❢✵ ❈✵✛✤ ✤ ✢ ✵ ✢✥ ✚ ✫✢✥ ✯✢✛ ✫✩❢✰✗✸

✏❣ ✴✤✥✚ ✯ ✢✛ ✴ ✷

f (x) = 2x3 – 15x2 + 36x + 1

✶✢ f ❍(x) = 6x2 – 30x + 36 = 6 (x – 3) (x – 2)

è ✶✢ ✵ ✖ ✩❢✰✗ f ❍(x) = 0 ✧✥  x = 2 ✙ ✢✷ ✜ x = 3 ✺ ❄ ✢❅✛ ✴ ✢✥✛ ✥ ✴✷✚ ✸

✙ ✭ ✴ ✤ ❜ ✵ ✬ ✭✖ ✮ ✙✢✥✚ ✙✢✷✜ ✙✚✛✜ ✢ ✣ [1, 5] ♦✥ ✦ ✙✚ ✹ ✶ ✬✭✖ ✮ ✙✢✥✚ ✙✱ ✢✢✲✛ ✳ x = 1, x = 2, x = 3 ✙ ✢✷ ✜

x = 5 ✺✜ f ♦✥ ✦ ✤ ✢✵ ✫✢ ✺ ❢✜ ✫✣✵ ✫✜✥✚ ✘✥✸ ✙✭■

f (1) = 2(13) – 15(12) + 36 (1) + 1 = 24

f (2) = 2(23) – 15(22) + 36 (2) + 1 = 29

f (3) = 2(33) – 15(32) + 36 (3) + 1 = 28

f (5) = 2(53) – 15(52) + 36 (5) + 1 = 56

❜✧ ✺ ❄✫✢✜ ♠ ✴ ✤ ❜✧ ❢✵❏ ✫❏ ✢✲ ✺✜ ✺✴ ✮❞ ✼✛✥ ✴ ✷✚ ❢✫ ✙✚ ✛✜ ✢ ✣ [1, 5] ✺✜ ✺ ✦✣✵ f  ♦✥ ✦ ❢✣✗ x =5 ✺✜ ❢✵✜✺✥ ❉ ✢

❆ ❇✼✛ ✤ ✤ ✢ ✵ ❑▲ ✙ ✢✷ ✜ x = 1 ✺✜ ❢✵✜✺✥ ❉✢ ❢✵ ❈✵✛✤ ✤ ✢ ✵ ✿ ✐ ✴✷✸

❊ ❋ ✍✏✒ ✕✍ 40 

4 1

3 3( ) 12 6 , [ 1, 1]f x x x x▼ ◆ P ◆  ⑥ ✢✜ ✢ ✺ ❄✖● ✢ ✗ ✫ ✺ ✦✣✵ f ♦✥ ✦ ❢✵✜✺✥ ❉ ✢ ❆❇✼✛ ✤ ✙ ✢✷✜

❢✵✜✺✥ ❉✢ ❢✵ ❈✵✛✤ ✤ ✢ ✵ ✯ ✢✛ ✫✩❢✰✗✸

✏❣ ✴ ✤✥✚ ✯✢✛ ✴ ✷ ❢✫

f (x) =

4 1

3 312 6x x◗

✶✢ f ❍(x) =

1

3
2 2

3 3

2 2(8 1)
16

x
x

x x

❘
❘ ❙
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❜☎ ✆✝✞✟✠  f ✡(x) = 0 ☎❧
1

8
x  ✆✝✟✐☛ ☞✟❧☛✟ ☞✌✍ ✎✟✌✠ ✏✑✟✒ ✓✔✕✖✗ ✕✞ x = 0 ✆✠ f ✡(x) ✆✕✠✘✟✟✕✙✟☛

✒☞✔✉ ☞✌✍ ❜☎✕✚✗ ✛✟✉✕☛✞ ✜✢✓✣ x = 0 ✎✟✌✠ 
1

8
x ☞✌✉✍ ✎✢ ✛✟✉✕☛✞ ✜✢✓✣✎✟❧✉ x = 0, 

1

8
 ✎✟✌✠ ✎✉☛✠✟✚ ✈❧✤

✎✉✥✑ ✜✢✓✣✎✟❧✉ x = –1 ✈ x = 1 ✆✠ ✆✤✚✒ f ✈❧✤ ✦✟✒ ✞✟ ✆✕✠✞✚✒ ✞✠✒❧ ☎❧

f (–1) =

4 1

3 312( 1 ) 6( 1 ) 18

f (0) = 12 (0) – 6 (0) = 0

1

8
f

✧ ★
✩ ✪
✫ ✬

 =

4 1

3 31 1 9
12 6

8 8 4

f (1) =
4 1

3 312(1 ) 6(1 ) 6

✆✝✟✐☛ ☞✟❧☛❧ ☞✌✉✍ ❜☎ ✆✝✞✟✠ ☞✦ ❜☎ ✕✒✙✞✙✟✭ ✆✠ ✆☞✣✮✯☛❧ ☞✌ ✕✞ x = –1 ✆✠  f ✞✟ ✕✒✠✆❧✰✟ ✱✲✯☛✦

✦✟✒ ❡✳ ☞✌ ✎✟✌✠
1

8
x ✆✠ f  ✞✟ ✕✒✠✆❧✰✟ ✕✒❞✒☛✦ ✦✟✒

9

4
 ☞✌✍

♠✴✵✶✷✸✵ 41 ✹✟✺✟✣ ✞✟ ✗✞ ✎✆✟✯❧ ☞❧✕✚✞✟✻✐✼✠ ✈✛ y = x2 + 7 ✈❧✤ ✎✒✣✕✓✹✟ ✆✝✓♦✟ ✆✽✟ ✆✠ ✱✾✿ ✠☞✟ ☞✌✍

✜✢✓✣ ➥❀❁ ❂❃ ✆✠ ✕❄✽✟☛ ✗✞ ☎✌✕✒✞ ✎✆✒✔ ✕❄✽✟✕☛ ☎❧ ❅✑❆✒☛✦ ✓❆✠✔ ✆✠ ✱☎ ☞❧✕✚✞✟✻✐✼✠ ✞✟❧ ❇✟❧✚✔ ✦✟✠✒✟

✯✟☞☛✟ ☞✌✍ ❅✑❆✒☛✦ ✓❆✠✔ ♣✟☛ ✞✔✕✖✗✍

✶❣ x ✈❧✤ ✆✝✥✑❧✞ ✦✟✒ ✈❧✤ ✕✚✗ ☞❧✕✚✞✟✻✐✼✠ ✞✔ ✕❄✽✟✕☛ ✜✢✓✣ (x, x2 + 7) ☞✌✍ ❜☎✕✚✗ (3, 7) ✆✠ ✕❄✽✟☛

☎✌✕✒✞ ✎✟✌✠ ☞❧✕✚✞✟✻✐✼✠ ✈❧✤ ✢✔✯ ✓❆✠✔ 2 2 2( 3) ( 7 7)x x , ✎✽✟✟✭☛❈ 2 4( 3)x x ☞✌✍

✦✟✒ ✚✔✕✖✗ ✕✞ f (x) = (x – 3)2 + x4

✑✟ f ✡(x) = 2(x – 3) + 4x3 = 2 (x – 1) (2x2 + 2x + 3)

❜☎✕✚✗  f ✡(x) = 0 ☎❧ x = 1 ✆✝✟✐☛ ☞✟❧☛✟ ☞✌ ☛✽✟✟ 2x2 + 2x + 3 = 0 ☎❧ ✞✟❧❜✭ ✈✟❄☛✕✈✞ ✦❆✚ ✆✝✟✐☛ ✒☞✔✉

☞✟❧☛✟ ☞✌✍ ✆✣✒❉ ✎✉☛✠✟✚ ✈❧✤ ✎✉✥✑ ✜✢✓✣ ✘✟✔ ✒☞✔✉ ☞✌❁ ✕✖❅☞❧✉ ✱☎ ☎✦✣✲✯✑ ✦❧✉ ✖✟❧✾✿✟ ✖✟✗ ✕✖✒✈❧✤ ✕✚✗ f ✡

✞✟ ✦✟✒ ✹✟❆❅✑ ☞✌ ✎✽✟✟✭☛❈ ✈❧✤✈✚ ✗✞ ✜✢✓✣❁ ✒✟✦☛❉ x = 1 ☞✔ ✗❧☎✟ ☞✌✍ ❜☎ ✜✢✓✣ ✆✠ f ✞✟ ✦✟✒

f (1) = (1 – 3)2 + (1)4  = 5 ☎❧ ✆✝✓♦✟ ☞✌✍ ❜☎ ✆✝✞✟✠❁ ☎✌✕✒✞ ✗✈✉ ☞❧✕✚✞✟✻✐✼✠ ✈❧✤ ✢✔✯ ✞✔ ✓❆✠✔

(1) 5f ❊  ☞✌✍

✏✑✟✒ ✓✔✕✖✗ ✕✞ 5  ✑✟ ☛✟❧ ✱✲✯☛✦ ✦✟✒ ✑✟ ✕✒❞✒☛✦ ✦✟✒ ☞✌✍ ❋✑✟❧✉✕✞

(0)f  = 2 4(0 3) (0) 3 5● ❍ ■ ❏ ☞✌✍

❜☎☎❧ ✑☞ ✕✒✙✞✙✟✭ ✕✒✞✚✟ ✕✞ ( )f x  ✞✟ ✕✒❞✒☛✦ ✦✟✒ 5  ☞✌✍ ✎☛❉ ☎✌✕✒✞ ✎✟✌✠ ☞❧✕✚✞✟✻✐✼✠ ✈❧✤

✢✔✯ ✞✔ ✕✒❞✒☛✦ ✓❆✠✔ 5  ☞✌✍
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✐✌✍✎✏✑✒✓ ✔✕✖

1. ❢✗✘✗❢✙❢✚✛✜ ❢✢✣ ✤✣ ✥✦✙✗✛✧★ ✩✧✦ ✪✫✬✜✭ ✮✛ ❢✗✘✗✜✭ ✭✛✗✯ ✮❢✢ ✰✛✧✱✲ ✜✛✧✯ ✳✛✜ ✰✴❢✵✣✶

(i) f (x) = (2x – 1)2 + 3 (ii) f (x) = 9x2 + 12x + 2

(iii) f (x) = – (x – 1)2 + 10 (iv) g (x) = x3 + 1

2. ❢✗✘✗❢✙❢✚✛✜ ❢✢✣ ✤✣ ✥✦✙✗✛✧★ ✩✧✦ ✪✫✬✜✭ ✮✛ ❢✗✘✗✜✭ ✭✛✗✯ ✮❢✢ ✰✛✧✱✲ ✷✛✧★✯ ✜✛✧ ✳✛✜ ✰✴❢✵✣✶

(i) f (x) = |x + 2 | – 1 (ii) g (x) = – |x + 1| + 3

(iii) h (x) = sin (2x) + 5 (iv) f (x) = | sin 4x + 3|

(v) h (x) = x + 1, x ✸ (– 1, 1)

3. ❢✗✘✗❢✙❢✚✛✜ ✥✦✙✗✛✧ ★ ✩✧✦ ✹✺✛✛✗✴✮ ✪✫✬✜✭ ✮✛ ❢✗✘✗✜✭✯ ✮❢✢ ✰✛✧✱✲ ✷✛✧ ★ ✜✛✧✯ ✳✛✜ ✰✴❢✵✣ ✜✺✛✛

✹✺✛✛✗✴✮ ✪✫✬✜✭ ✮✛ ✹✺✛✛✗✴✮ ❢✗✘✗✜✭ ✭✛✗✯ ✵▲✻✴ ❢✹✺✛❢✜ ✷✛✧✯ ✼✛✴ ✳✛✜ ✰✴❢✵✣✽
(i) f (x) = x2 (ii) g (x) = x3 – 3x

(iii) h (x) = sin x + cos x, 0
2

x

(iv) f (x) = sin x – cos x, 0 2x

(v) f (x) = x3 – 6x2 + 9x + 15 (vi)
2

( ) , 0
2

x
g x x

x

(vii)
2

1
( )

2
g x

x
(viii) ( ) 1 , 0f x x x x

4. ❢✻✾ ✰✴❢✵✣ ❢✰ ❢✗✘✗❢✙❢✚✛✜ ✥✦✙✗✛✧★ ✰✛ ✪✫✬✜✭ ✮✛ ❢✗✘✗✜✭ ✭✛✗ ✗✷✴★ ✷▲✶

(i) f (x) = ex (ii) g (x) = log x

(iii) h (x) = x3 + x2 + x +1

5. ✥✿✢❀✛ ❁★✜❂✛✙✛✧★ ✭✧★ ❢✗✘✗❢✙❢✚✛✜ ✥✦✙✗✛✧★ ✩✧✦ ❢✗❂✥✧❃✛ ✪✫✬✜✭ ✭✛✗ ❁✛▲❂ ❢✗❂✥✧❃✛ ❢✗✘✗✜✭ ✭✛✗ ✳✛✜ ✰✴❢✵✣✽
(i) f (x) = x3, x ✸ [– 2, 2] (ii) f (x) = sin x + cos x , x ✸ [0, ❄]

(iii) f (x) =
21 9

4 , 2,
2 2

x x x
❅ ❆

❇ ❈ ❇❉ ❊
❋ ●

(iv) 2( ) ( 1) 3, [ 3,1]f x x x

6. ✮❢✢ ✙✛✼✛ ✥✦✙✗ p (x) =41 – 72x – 18x2 ✻✧ ✥✿✢❀✛ ✷▲ ✜✛✧ ❢✰✻✴ ✰★✥✗✴ ❍✛❂✛ ❁❢✵✲✜ ✪✫✬✜✭

✙✛✼✛ ✳✛✜ ✰✴❢✵✣✽

7. ❁★✜❂✛✙ [0, 3] ✥❂ 3x4 – 8x3 + 12x2  – 48x + 25 ✩✧✦ ✪✫✬✜✭ ✭✛✗ ❁✛✧❂ ❢✗✘✗✜✭ ✭✛✗ ✳✛✜ ✰✴❢✵✣✽

8. ❁★✜❂✛✙ [0, 2❄] ✩✧✦ ❢✰✗ ♦■✢❏❁✛✧★ ✥❂ ✥✦✙✗ sin 2x ❁✥✗✛ ✪✫✬✜✭ ✭✛✗ ✥✿✛❑✜ ✰❂✜✛ ✷▲▼

9. ✥✦✙✗ sin x + cos x ✰✛ ✪✫✬✜✭ ✭✛✗ ❞✮✛ ✷▲?



250        ①�✁✂✄

10. ✈☎✆✝✞✟ [1, 3] ❡✠☎ 2x3 – 24x + 107 ❞✞ ❡✡☛✞❡ ❡✞☞ ✌✞✆ ❞✍✎✏✑✒ ✓✔✍ ✕✖✟☞ ❞✞ ✈☎✆✝✞✟

[–3, –1] ❡✠☎ ✥✞✍ ❡✡☛✞❡ ❡✞☞ ✌✞✆ ❞✍✎✏✑✒

11. ❀✎✗ ✎✗❀✞ ✡✘ ✎❞ ✈☎✆✝✞✟ [0, 2] ❡✠☎  x = 1 ✕✝ ✕✖✟☞ x4 – 62x2 + ax + 9 ♠✙✚✆❡ ❡✞☞ ✕✛✞✜✆

❞✝✆✞ ✡✘✢ ✆✞✠ a ❞✞ ❡✞☞ ✌✞✆ ❞✍✎✏✑✒

12. [0, 2✣] ✕✝ x + sin 2x ❞✞ ♠✙✚✆❡ ✈✞✘✝ ✎☞✤☞✆❡ ❡✞☞ ✌✞✆ ❞✍✎✏✑✒

13. ✑✠✔✍ ✗✞✠ ✔☎✱❀✞✑✦ ✌✞✆ ❞✍✎✏✑ ✎✏☞❞✞ ❀✞✠✧ ★✩ ✡✘ ✈✞✘✝ ✎✏☞❞✞ ✧✪✫✞☞✕✖✟ ♠✙✚✆❡ ✡✞✠✒

14. ✑✠✔✍ ✗✞✠ ✬☞ ✔☎✱❀✞✑✦ x ✈✞✘✝ y ✌✞✆ ❞✍✎✏✑ ✆✞✎❞ x + y = 60 ✈✞✘✝ xy3 ♠✙✚✆❡ ✡✞✠✒

15. ✑✠✔✍ ✗✞✠ ✬☞ ✔☎✱❀✞✑✦ x ✈✞✘✝ y ✌✞✆ ❞✍✎✏✑ ✎✏☞❞✞ ❀✞✠✧ ❑✭ ✡✞✠ ✈✞✘✝ ✧✪✫✞☞✕✖✟ x2 y5 ♠✙✚✆❡ ✡✞✠✒

16. ✑✠✔✍ ✗✞✠ ✬☞ ✔☎✱❀✞✑✦ ✌✞✆ ❞✍✎✏✑ ✎✏☞❞✞ ❀✞✠✧ ✮✯ ✡✞✠ ✈✞✘✝ ✎✏☞✰✠✖ ✲✞☞✞✠☎ ❞✞ ❀✞✠✧ ✎☞✤☞✆❡ ✡✞✠✒

17. ✮✶ cm ✥✞✪✏✞ ✰✠✖ ✎✳☞ ✰✠✖ ✎❞✔✍ ✰✧✞✴❞✞✝ ✳✪❞✵✷✠ ✔✠ ✕✛✸❀✠❞ ❞✞✠☞✠ ✕✝ ✑❞ ✰✧✴ ❞✞✳❞✝ ✆✹✞✞ ✓✔

✕✛❞✞✝ ✐☞✠☎ ✎✳☞ ✰✠✖ ✕✖✟❞✞✠☎ ❞✞✠ ❡✞✠✵✷ ❞✝ ✺✻❞☞ ✝✎✡✆ ✑❞ ✔☎✗✼❞ ✐☞✞☞✞ ✡✘✒ ❞✞✳✠ ✏✞☞✠ ✰✞✟✠

✰✧✴ ❞✍ ✥✞✪✏✞ ✎❞✆☞✍ ✡✞✠✧✍ ✎✏✔✔✠ ✔☎✗✼❞ ❞✞ ✈✞❀✆☞ ♠✙✚✆❡ ✡✞✠♦

18. ✩✭ cm × ★✩ cm ❞✍ ✎✳☞ ❞✍ ✈✞❀✆✞❞✞✝ ✚✞✗✝ ✰✠✖ ❞✞✠☞✞✠☎ ✕✝ ✰✧✴ ❞✞✳❞✝ ✆✹✞✞ ✓✔ ✕✛❞✞✝

✐☞✠☎ ✎✳☞ ✰✠✖ ✕✖✟❞✞✠☎ ❞✞✠ ❡✞✠✵✷❞✝ ✺✻❞☞ ✝✎✡✆ ✑❞ ✔☎✗✼❞ ✐☞✞☞✞ ✡✘✒ ❞✞✳✠ ✏✞☞✠ ✰✞✟✠ ✰✧✴ ❞✍

✥✞✪✏✞ ✎❞✆☞✍ ✡✞✠✧✍ ✎✏✔✔✠ ✔☎✗✼❞ ❞✞ ✈✞❀✆☞ ♠✙✚✆❡ ✡✞✠✒

19. ✎✔❢ ✎❞✎✏✑ ✎❞ ✑❞ ✎✗✑ ✰✽☛✞ ✰✠✖ ✈☎✆✧✴✆ ✔✥✞✍ ✈✞❀✆✞✠☎ ❡✠☎ ✰✧✴ ❞✞ ✾✞✠✿✞✕✖✟ ♠✙✚✆❡ ✡✞✠✆✞ ✡✘✒

20. ✎✔❢ ✎❞✎✏✑ ✎❞ ✕✛✗☛✞ ✕✽❁❂ ✑✰☎ ❡✡☛✞❡ ✈✞❀✆☞ ✰✠✖ ✐✠✟☞ ❞✍ ❃✦✚✞✓✴✢ ✈✞✬✞✝ ✰✠✖ ❄❀✞✔ ✰✠✖

✐✝✞✐✝ ✡✞✠✆✍ ✡✘✒

21. 100 cm3 ✈✞❀✆☞ ✰✞✟✠ ✎✵❅✐✠ ✔✥✞✍ ✐☎✗ ✐✠✟☞✞❞✞✝ ❆✟☎✐ ✰✽☛✞✍❀❇ ✎✵❅✐✞✠ ☎ ❡✠☎ ✔✠ ❈❀✼☞✆❡ ✕✽❁❂

✾✞✠✿✞✕✖✟ ✰✞✟✠ ✎✵❅✐✠ ❞✍ ✎✰❡✞✑✦ ✌✞✆ ✎❞✎✏✑✒

22. ✑❞ ★✶ cm ✟☎✐✠ ✆✞✝ ❞✞✠ ✗✞✠ ✳✪❞✵✷✞✠☎ ❡✠☎ ✎✰✥✞✻✆ ✎❞❀✞ ✏✞☞✞ ✡✘✒ ✑❞ ✳✪❞✵✷✠ ✔✠ ✰✧✴ ✆✹✞✞ ✗✼✔✝✠

✰✠ ✰✽☛✞ ✐☞✞❀✞ ✏✞☞✞ ✡✘✒ ✗✞✠☞✞✠ ☎ ✳✪❞✵✷✞✠☎ ❞✍ ✟☎✐✞❀✍☎ ✎❞✆☞✍ ✡✞✠☞✍ ✚✞✎✡✑ ✎✏✔✔✠ ✰✧✴ ✑✰☎ ✰✽☛✞ ❞✞

✔✎✤❡✎✟✆ ✾✞✠✿✞✕✖✟ ❈❀✼☞✆❡ ✡✞✠♦

23. ✎✔❢ ❞✍✎✏✑ ✎❞ R ✎✿✞❉❀✞ ✰✠✖ ✧✞✠✟✠ ✰✠✖ ✈☎✆✧✴✆ ✎✰❊✞✞✟✆❡ ❊✞☎✰✪✖ ❞✞ ✈✞❀✆☞✢ ✧✞✠✟✠ ✰✠✖ ✈✞❀✆☞

❞✞
8

27
 ✡✞✠✆✞ ✡✘✒

24. ✎✔❢ ❞✍✎✏✑ ✎❞ ❈❀✼☞✆❡ ✕✽❁❂ ❞✞ ✎✗✑ ✈✞❀✆☞ ✰✠✖ ✟☎✐ ✰✽☛✞✍❀ ❊✞☎✰✪✖ ❞✍ ❃✦✚✞✓✴✢ ✈✞✬✞✝ ❞✍

✎✿✞❉❀✞ ❞✍ 2  ✧✪☞✍ ✡✞✠✆✍ ✡✘✒

25. ✎✔❢ ❞✍✎✏✑ ✎❞ ✗✍ ✡✪✓✴ ✎✆❀✴❞ ❃✦✚✞✓✴ ✈✞✘✝ ❡✡☛✞❡ ✈✞❀✆☞ ✰✞✟✠ ❊✞☎✰✪✖ ❞✞ ✈✬✴ ❊✞✍❁✞✴ ❞✞✠✫✞

1tan 2  ✡✞✠✆✞ ✡✘✒
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26. ❢✌✍ ✎✏❢✑✒ ❢✎ ❢✓✒ ✔✕✒ ✖✗✘✙ ✚✛✜✢ ✣✔✤✛✣ ✚✛✥✦✧ ★✛✩✪ ✩✫✬ ★✗✤✛✏✥ ✭✛✫★✕✮ ✎✛ ✚✯✰ ✭✛✏✘✛✰ ✎✛✪✱✛

1 1
sin

3
 ✔✛✪✦✛ ✔✜❣

✖✐✭✧ ✌✫✲✥✛ 27  ✌✪ 29  ✣✪✫ ✌✔✏ ❡✤✛✢ ✎✛ ✳✕✧✛★ ✎✏❢✑✒❣

27.  ★♦ x2 = 2y  ✖✢ (0, 5)  ✌✪ ❧✥✴✧✦✣ ✓✴✢✏ ✖✢ ❢✵✶✛✦ ✷✬✓✕ ✔✜✸

(A) (2 2,4) (B) (2 2,0) (C) (0, 0) (D) (2, 2)

28. x,  ★✪✮ ✌✹✛✏ ★✛✵✦❢★✎ ✣✛✧✛✪✫ ★✪✮ ❢✩✒
2

2

1

1

x x

x x
  ✎✛ ❧✥✴✧✦✣ ✣✛✧ ✔✜✸

(A) 0 (B) 1 (C) 3 (D)
1

3

29.

1

3[ ( 1) 1]x x , 0 1x   ✎✛ ❡❞✳✦✣ ✣✛✧ ✔✜✸

(A)

1

31

3
(B)

1

2
(C) 1 (D) 0

✺✻✺✻✼ ✽✾✿❀❁❂✿

♠❃❄❅❆❇❄  42  ✒✎ ✎✛✢ ✌✣✥ t = 0 ✖✢ ✷✬✓✕ P ✌✪ ✳✩✧✛ ✖✐✛✢✫✹✛ ✎✢★✪✮ ✷✬✓✕  Q ✖✢ ❈✎ ✑✛✦✏ ✔✜❣

✎✛✢ ❉✛✢✛ t ✌✪★✫✮❊ ✣✪✫ ✦✥ ✎✏ ✓✴✢✏❋ x ✣✏●✢ ✣✪✫

x =
2 2

3

t
t ❉✛✢✛ ✖✐✓✤✛ ✔✜❣

✎✛✢ ✎✛✪ Q ✦✎ ✖✔r✕✳✧✪ ✣✪✫ ✩❍✛ ✌✣✥ ■✛✦ ✎✏❢✑✒ ✚✛✜✢  P ✦✶✛✛ Q ★✪✮ ✬✏✳ ✎✏ ✓✴✢✏ ✹✛✏ ■✛✦ ✎✏❢✑✒❣

❅❏ ✣✛✧ ✩✏❢✑✒  t ✌✪✎✫❊ ✣✪✫ ✎✛✢ ✎✛ ★✪❍  v ✔✜❣

✚✬ x =
2 2

3

t
t
❑ ▲

▼◆ ❖
P ◗

✥✛ v =
dx

dt
 = 4t – t2 = t (4 – t)

❜✌ ✖✐✎✛✢ v = 0 ✌✪  t = 0 ✥✛ t = 4 ✖✐✛❘✦ ✔✛✪✦✪ ✔✜✫❣
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✈☎ P ✈✆✝✞ Q ✐✞ ✟✆✞ ✟✆ ✠✡☛  v = 0 ❣✝☞ ✌✍✎✏✑ Q ✐✞ ✟✆✞  4 ✍✡✠❧✒✓✆✡❧ ✔✡❧ ✐❣✕✖✗✡☛✘☞ ✈☎ ✙ ✍✡✠❧✒✓✆✡❧

✔✡❧ ✟✆✞ ❡✆✞✆ ✚✛ ✟✘ ☛✌✜ ✢✣✞✘ ✎✤✥✤✎✏✎✦✆✚ ❣✝✧

x]
 t = 4

 =
2 4 2 32

4 2 16 m
3 3 3

♠★✩✪✫✬✩ 43 ✐✆✤✘ ✟✘ ✑✟ ✭❧✟✘ ✟✆ ✈✆✟✆✞✮ ✯✰✠✆✜✱✞ ✈✲✆ ✠✆✏✡ ✑✟ ✯✳✭✡ ✏❧☎ ✠✴✵✆✘✛ ✶✆❧✠✕✒ ❣✝ ✎✷✍✟✆

✶✆✘✸✆✜ ✤✘✗✡ ❣✝☞ ✌✍✟✆ ✈✹✜ ✶✆✘✸✆✜ ✟✆✡✺✆  tan–1(0.5) ❣✝☞ ✌✍✔✡❧ ✻ m3/min ✟✘ ✢✞ ✍✡ ✐✆✤✘ ✼✆✞✆ ✷✆✚✆ ❣✝☞

✐✆✤✘ ✠✡✒ ✽✚✞ ✠✡✒ ☎✾✿✤✡ ✟✘ ✢✞ ✯✍ ✲✆✺✆ ❀✆✚ ✟✘✎✷✑ ✷☎ ✭❧✟✘ ✔✡❧ ✐✆✤✘

✟✘ ❞✖✗✆✌✜ ❁❂ m ❣✝☞

✪❃ ✔✆✤ ✏✘✎✷✑ ✎✟ r, h ✈✆✝✞ ❄ ✈✆✠✴✒✎✚ ❅❆❇❇ ✠✡✒ ✈✤✕✍✆✞ ❣✝☞ ✚☎

tan
r

h
❣✝☞

✌✍✎✏✑ ❄ =
1tan

r

h

❈ ❉ ❊
❋ ●
❍ ■

 = tan–1(0.5)     (✎✢✛✆ ❣✝)

✈✚✧
r

h
 = 0.5  ✛✆  r = 

2

h

✔✆✤ ✏✘✎✷✑ ✶✆❧✠✕✒ ✟✆ ✈✆✛✚✤  V ❣✝☞ ✚☎

V =

2 3
21 1

3 3 2 12

h h
r h h

✈✚✧
Vd

dt
 =

3

12

d h dh

dh dt

❏ ❑▲
▼◆ ❖

P ◗
    ( ❘✆✴❧✦✆✏✆ ✎✤✛✔ ❡✆✞✆)

=
2

4

dh
h

dt

❙

✈☎ ✈✆✛✚✤ ✠✡✒ ✐✎✞✠✚✜✤ ✟✘ ✢✞ ✈❚✆✆✜✚❯
V

5
d

dt
❱ cm3/min ✈✆✝✞ h = 4 m ❣✝☞

✌✍✎✏✑ 5 =
2(4)

4

dh

dt

✛✆
dh

dt
 =

5 35 22
m/min

4 88 7

✈✚✧ ✐✆✤✘ ✠✡✒ ✽✚✞ ✠✡✒ ✯❲✤✡ ✟✘ ✢✞
35

m/min
88

❣✝☞

❳❨❩❬❭❪❫ ❴❵❛❛



✈�✁✂✄ �☎✆ ✈✝✞✟✠✡☛☎☞        253

♠✌✍✎✏✑✍ 44  2 m ✥✒✓✔✕✖ ✗✔ ✘✔✙✚✛ 6 m ✥✒✓✜ ✢✣✤✦✛ ✧✜★ ✩✔✪✫✔✜ ✬✜ ✙✭✮ ✯ km/h ✗✛ ✬✚✔✰ ✓✔✦

✬✜ ✓✦❧✔ ✱✲✳ ✴✬✗✛ ✵✔✶✔ ✗✛ ✦✪✣✔✶✛✪ ✗✛ ✧✷✢✸ ✙✮ ✹✔❧ ✗✛✢✤✺✳

✎❣ ✘✔✧✷★✢❧ ✻✼✽✾ ✚✜✪✿ ✚✔✰ ✦✛✢✤✺✿ AB ✺✗ ✢✣✤✦✛

✗✔ ✩✔✪✫✔✔ ✱✲✳ B ➥✣✙❀ ❁✮ ✣❂✣ ✱✲ ✘✔✲✮ ✚✔✰ ✦✛✢✤✺ ✢✗

✺✗ ✢✧❃✔✜❄✔ ✬✚✶ t ❁✮ ✘✔✙✚✛ MN ✱✲✳ ✚✔✰ ✦✛✢✤✺

AM = l m ✘✔✲✮ ❅✶✢❆❧ ✗✛ ✵✔✶✔ MS ✱✲✳ ✘✔✲✮ ✚✔✰

✦✛✢✤✺ MS = s m ✱✲✳

è✶✔✰ ✙✛✢✤✺ ✢✗ ❇ASB ~ ❇MSN

✶✔
MS

AS
 =

MN

AB

✶✔ AS = 3s

[(❆✶✔✜✪✢✗ MN = 2 m ✘✔✲✮ AB = 6 m  (✢✙✶✔ ✱✲)]

✕✬ ❁❜✗✔✮ AM = 3s – s = 2s ✱✲✳ ❁✮❈❧❀ AM = l ✚✛❡✮ ✱✲✳

✕✬✢✦✺ l = 2s

✘❧❉
dl

dt
 = 2

ds

dt

❆✶✔✜✪✢✗
dl

dt
= 5 km/h ✱✲✳ ✘❧❉ ✵✔✶✔ ✗✛ ✦✪✣✔✶✛✪ ✚✜✪ ✧✷✢✸

5

2
 km/h ✗✛ ✙✮ ✬✜ ✱✔✜❧✛ ✱✲✳

♠✌✍✎✏✑✍ ❊❋  ✧♦ x2 = 4y ✧✜★ ✢✗✬✛ ➥✣✙❀ ❁✮ ✘✢✫✔✦✪✣ ✗✔ ✬✚✛✗✮●✔ ✹✔❧ ✗✛✢✤✺ ✤✔✜ ➥✣✙❀ ❍■✿ ✽❏ ✬✜

✱✔✜✗✮ ✤✔❧✔ ✱✲✳

✎❣ x2 = 4y ✗✔✿ x ✧✜★ ✬✔❁✜❑✔ ✘✧✗✦✰ ✗✮✰✜ ❁✮❉

dy

dx
 =

2

x

✚✔✰ ✦✛✢✤✺ ✧♦  x2 = 4y ✧✜★ ✘✢✫✔✦✪✣ ✧✜★ ✬✪❁✧✖★ ➥✣✙❀ ✧✜★ ✢✰✙✜✖❃✔✔✪✗ (h, k) ✱✲✪✳ ✘✣ (h, k) ❁✮ ✐❁❃✔✖

✮✜✩✔✔ ✗✛ ❁❜✧●✔❧✔

( , )h k

dy

dx

▲
▼
◆

 =
2

h

❖ (h, k) ❁✮ ✘✢✫✔✦✪✣ ✗✛ ❁❜✧●✔❧✔ =
2

h
✱✲✳

P◗❘❙❚❯❱ ❲❳❨❩
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❜ ☎✆✝ ✞ (h, k) ✐✟ ✠ ✆✡☛✝ ☞✌ ✍☛ ☎✎✏✍ ✟✑☛ ✒✓

y – k =
2

( )x h
h

✔
✔ ... (1)

✐✟☞✕ ✖ ✗✒ ✘✌✙ ✖ (1, 2) ☎❧ ✚✖✛✟✕ ☛ ✒✓ ✜ ✒ ✎ ✐☛ ✕❧ ✒✓ ☞ ✆✍

2
2 (1 )k h

h
 ✗ ☛   

2
2 (1 )k h

h
... (2)

❉✗ ☛❧ ☞✆✍ (h, k) ♦✢ x2 = 4y ✐✟ ✆✣✤☛ ✕ ✒✓✜ ❜ ☎✆✝ ✞

h2 = 4k ... (3)

✠✌ (2) ♦ (3), ☎❧ h = 2 ✠☛✓ ✟ k = 1 ✐✥☛ ✦✕ ✒ ☛❧ ✕☛ ✒ ✓✜ h ✠☛ ✓ ✟ k ♦❧ ✧ ❜ ★ ✎☛ ★☛❧ ☞ ✍☛ ❧ ✩✪ ✫ ✎❧ ☞ ✟✬☛ ★❧ ✐✟ ✠✆✡☛ ✝ ☞✌

✍☛ ✠✡☛ ✏❞✭ ☎✎✏✍ ✟✑☛ ✆★✮★ ✆✝ ✆✬ ☛ ✕ ✐✥ ☛✦ ✕ ✒☛ ❧✕ ☛ ✒ ✓✜

2
1 ( 2)

2
y x ✗☛   x  + y  = 3

♠ ✯✰ ✱✲✳✰ 46  ♦✢  y = cos(x + y), – 2✴ ✵ x ✵ 2✴ ✍✏ ✣ ✐✶☛ ✷ ✟❧✬ ☛ ☛ ✠☛ ❧ ☞ ♦❧ ✧ ☎✎✏✍ ✟✑☛ ✸☛ ✕ ✍✏ ✆✛✞

✛☛❧ ✟❧ ✬☛ ☛ x + 2y = 0 ♦❧ ✧ ☎✎☛ ☞✕ ✟ ✒✓

✱❣ y = cos(x + y) ✍☛ x, ♦❧ ✧ ☎☛ ✐❧ ✹☛ ✠ ♦✍✝ ★ ✍ ✟★❧ ✐✟✺

dy

dx
 =

sin ( )

1 sin ( )

x y

x y

✻ ✼

✼ ✼

✗☛ (x, y) ✐✟ ✣ ✐✶☛ ✷ ✟❧ ✬☛ ☛ ✍✏ ✐✥ ♦✑☛✕ ☛ =
sin ( )

1 sin ( )

x y

x y

✽ ✾

✾ ✾

♣✿❀ ✆✍ ✆✙ ✞ ✚✞ ♦✢ ✍✏ ✣ ✐✶☛ ✷ ✟❧✬ ☛ ☛ x + 2y = 0 ♦❧ ✧ ☎✎☛ ☞✕ ✟ ✒✓ ✆✛☎✍✏ ✐✥ ♦✑☛ ✕ ☛
1

2
 ✒✓ ✜ ✠✕ ❁

sin( )

1 sin( )

x y

x y

✻ ✼

✼ ✼  =
1

2

❂

✗☛ sin (x + y) = 1

✗☛ x + y = n✴ + (– 1)n ,
2

❃
 n ❄ Z,

✕ ✌ y = cos (x + y) = ,cos ( 1)
2

nn   n ❄ Z,

= 0 ☎✡☛✏  n ❄ Z ♦❧ ✧ ✆✝ ✞
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✐✌✍✎ ✏✑✒✓✔✕✖ 2 2x , ❜✗✕✘✙
3

2
x  ✚✒✛✜ 

2
x  ❣✛✢ ✚✣✎ ✕✤✙ ✥✙ ✦✧ ✦✓★ ✦✓★✦✘

➥✩✤✌✚✒✓✔
3

,0
2

 ✚✒✛✜ ,0
2

 ✐✜ ✪✐✫✒✬ ✜✓✭✒✒✙✮✯ ✜✓✭✒✒ x + 2y = 0 ✦✓★ ✗♦✒✔✣✜ ❣✔✛✢ ❜✗✕✘✙ ✚✰✒✱✲✳

✪✐✫✒✬ ✜✓✭✒✒✚✒✓✔ ✦✓★ ✗♦✱✖✜▲✒

y – 0 =
1 3

2 2
x

✴ ✵✶ ✷
✸✹ ✺

✻ ✼
    ✑✒   2 4 3 0x y

✚✒✛✜ y – 0 =
1

2 2
x

✴ ✵✶ ✷
✴✹ ✺

✻ ✼
     ✑✒    2 4 0x y  ❣✛✢

♠✽✾✿❀❁✾ 47 ❂✍ ✚✔✣✜✒✘✒✓✔ ✖✒✓ ❃✒✣ ✖✱✕❄✙ ✕❄✍♦✓✔ ✐★✘✍

f (x) =
4 3 23 4 36

3 11
10 5 5

x x x x❅ ❅ ❆ ❆

(a) ✕✍✜✔✣✜ ✦❢✬♦✒✍ (b) ✕✍✜✔✣✜ ❇✒✗♦✒✍ ❣✛✢

✿❈ ❣♦✓✔ ❃✒✣ ❣✛ ✕✖

f (x) =
4 3 23 4 36

3 11
10 5 5

x x x x❉ ❉ ❊ ❊

✑✒ f ❋(x) =
3 23 4 36

(4 ) (3 ) 3(2 )
10 5 5

x x x❉ ❉ ❊

=
6

( 1)( 2)( 3)
5

x x x❅ ❆ ❅ (✗✜✘ ✖✜✍✓ ✐✜)

✚✩ f ❋(x) = 0 ✗✓ x = 1, x = – 2, ✚✒✛✜ x = 3 ✐●✒❍✣ ❣✒✓✣✓

❣✛✔✢ x = 1, – 2, ✚✒✛✜ ■ ✦✒✪✣✕✦✖ ✜✓✭✒✒ ✖✒✓ ❏✒✜ ✚✗✔✑✌✏✣

✚✔✣✜✒✘✒✓✔ ✍✒♦✣✎ (– ❑, – 2), (– 2, 1), (1, 3) ✚✒✛✜ (3, ❑) ♦✓✔

✕✦✰✒✏✣ ✖✜✣✒ ❣✛✢ (✚✒✦▼★✕✣ 6.24)

✚✔✣✜✒✘ (– ❑, – 2) ✖✒✓ ✘✱✕❄✙ ✚❞✒✒✬✣◆ ❄✩ – ❑ < x < – 2 ❣✛✢

❜✗ ✕✪❞✒✕✣ ♦✓✔ ❣♦  x – 1 < 0, x + 2 < 0 ✚✒✛✜ x – 3 < 0 ✐●✒❍✣ ✖✜✣✓ ❣✛✔✢

❖✕✦✫✒✓✲✒ P✐ ✗✓ x = –3 ✦✓★ ✕✘✙ ✤✓✕✭✒✙ ✕✖✯ f ❋(x) = (x – 1) (x + 2) (x – 3)

= (– 4) (– 1) (– 6) < 0) ❜✗✕✘✙✯ ❄✩  – ❑ < x < – 2 ❣✛✯ ✣✩  f ❋(x) < 0 ❣✛✢

✚✣✎  (– ❑, – 2) ♦✓✔ ✐★✘✍ f ✕✍✜✔✣✜ ❇✒✗♦✒✍ ❣✛✢

✚✔✣✜✒✘ (–2, 1), ✖✒✓ ✘✱✕❄✙ ✚❞✒✒✬✣◆ ❄✩ – 2 < x < 1 ❣✛✢

❜✗ ✤✫✒✒ ♦✓✔ x – 1 < 0, x + 2 > 0 ✚✒✛✜ x – 3 < 0 ❣✛✢

◗❘❙❚❯❱❲ ❳❨❩❬
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(❢☎✆✝✞✟✝ ✠✡ ☛✞ x = 0, ☎✞♦ ❢☞✌ ✍✎✝✏ ✑✒❢✓✌ ❢✔✕ f ✖(x) = (x – 1) (x + 2) (x – 3) = (–1)

(2) (–3) = 6 > 0)

❜☛❢☞✌ ✓✗ – 2 < x < 1 ❣✘✕ ✙✗  f ✖(x) > 0 ❣✘✚

✈✙✛ ✜✢✣✕ ✤✥ ✦✞✧ ✡♦☞✏  f ❢✏★✧✙★ ☎✩✪✦✝✏ ❣✘✚

✈✗ ✈✧✙★✝☞  (1,3) ✔✝✞ ☞✒❢✓✌ ✈❞✝✝✪✙✫ ✓✗ 1 < x < 3 ❣✘✚ ❜☛ ✑✆✝✝ ✦✞✧ ❢✔ x – 1 > 0, x  + 2 > 0

✈✝✘★ x – 3 < 0 ❣✘✚

❜☛❢☞✌✕ ✓✗  1 < x < 3 ❣✘✕ ✙✗ f ✖(x) < 0 ❣✘✚

✈✙✛ (1, 3) ✦✞✧ ✡♦☞✏  f  ❢✏★✧✙★ ✬✝☛✦✝✏ ❣✘✚ ✈✧✙ ✦✞✧ ✈✧✙★✝☞ (3, ✭), ✔✝✞ ☞✒❢✓✌ ✈❞✝✝✪✙✫ ✓✗

3 < x < ✭ ❣✘✚ ❜☛ ✑✆✝✝ ✦✞✧ x – 1 > 0, x + 2 > 0 ✈✝✘★  x – 3 > 0 ❣✘✚  ❜☛❢☞✌ ✓✗

x > 3 ❣✘ ✙✝✞ f ✖(x) > 0 ❣✘✚

✈✙✛ ✈✧✙★✝☞ (3, ✭) ✦✞✧ ✡♦☞✏  f  ❢✏★✧✙★ ☎✩✪✦✝✏ ❣✘✚

♠✮✯✰✱✲✯ 48 ❢☛✳ ✔✒❢✓✌ ❢✔ f (x) = tan–1(sin x + cos x), x > 0 ☛✞ ✡❧✑✴✝ ✡♦☞✏ f , 0,
4

✦✞✧

❢✏★✧✙★ ☎✩✪✦✝✏ ✡♦☞✏ ❣✘✚

✰✵ ✎❣✝❀
f (x) = tan–1(sin x + cos x), x > 0

✎✝ f ✖(x) = 2

1
(cos sin )

1 (sin cos )
x x

x x
✶

✷ ✷

=
cos sin

2 sin 2

x x

x

✸

✹
(☛★☞ ✔★✏✞ ✡★)

✍✎✝✏ ✑✒❢✓✌ ❢✔ 0,
4

✦✞✧ ☛❡✝✒ x ☎✞♦ ❢☞✌ 2 + sin 2x > 0 ❣✘✚

❜☛❢☞✌ f ✖(x) > 0  ✎❢✑ cos x – sin x > 0

✎✝ f ✖(x) > 0  ✎❢✑ cos x > sin x  ✎✝ cot x > 1

✈✗ cot x > 1 ✎❢✑  tan x < 1, ✈❞✝✝✪✙✫✕ ✎❢✑  0
4

x

❜☛❢☞✌ ✈✧✙★✝☞ 0,
4

✦✞✧ f ✖(x) > 0 ❣✘✚

✈✙✛ 0,
4

✺✻ ✼
✽ ✾
✿ ❁

 ✦✞✧  f  ✌✔ ❢✏★✧✙★ ☎✩✪✦✝✏ ✡♦☞✏ ❣✘✚
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♠✌✍✎✏✑✍ 49 3 cm ✥✒✓✔✕✓ ✖✗ ✘✖ ✙✚✛✓✓✖✓✜ ✥✢✣✖ ✖✓✤ ✦✧★ ✥✖✕✓ ✩✓✪✓ ✫✬✭ ✮✯✰✓✜ ✙✤✱ ✖✓✜✲✓ ✳✰✖✗

✥✒✓✔✕✓ 0.05 cm/s ✖✗ ✴✜ ✰✤ ✵✶✷ ✜✫✗ ✫✬✭ ✙✫ ✴✜ ✸✓✪ ✖✗✥✩✘ ✥✩✰✰✤ ✳✰✖✓ ✹✓✤✒✓✮✱✺ ✵✶✷ ✜✫✓ ✫✬

✩✵ ✳✰✖✗ ✥✒✓✔✕✓ 3.2 cm ✫✬✭

✎❣ ✧✓❡ ✺✗✥✩✘ ✥✖ ✴✗ ✦✳★ ✪✻✪✜✗ ✖✗ ✥✒✓✔✕✓ r ✼✓✬✜ ✳✰✖✓ ✹✓✤✒✓✮✱✺ A ✫✬✭

✪✵ A = ✽ r2

✕✓
Ad

dt
 = 2

dr
r

dt
✾ ( ✿❀✓✚❁✓✺✓ ✥❡✕✧ ❂✓✜✓)

✼✵ ✥✒✓✔✕✓ ✖✗ ✙✚✥❃ ✖✗ ✰✥❄❡✖❅ ✴✜ = dr = 0.05
dr

t
dt

❆ ❇ cm/s ✫✬✭

✳✰✥✺✘ ✹✓✤✒✓✮✱✺ ✧✤❀ ✙✚✥❃ ✖✗ ✰✥❄❡✖❅ ✴✜ ✥❡❜❡✓❀✥✖✪ ✫✬

dA =
A

( )
d

t
dt

❈

= 2
dr

r t
dt

❉ ❊
❋ ●❍ ■

❏ ❑
 = 2✽r (dr)

= 2✽ (3.2) (0.05) (r = 3.2 cm)

= 0.320✽ cm2/s

♠✌✍✎✏✑✍ 50  ✘✤▲✕▼✥✧✥❡✕✧ ✖✗ 3 m × 8 m ✖✗ ✼✓✕✪✓✖✓✜ ◆✓✴✜ ✙✤✱ ✮✯❖✕✤✖ ✖✓✤❡✤ ✰✤ ✰✧✓❡ ✙✦★ ✖✓❅❡✤

✮✜ ✵❡✤ ✘▲✕▼✥✧✥❡✕✧ ✙✤✱ ✮✱✺✖✓✤❀ ✖✓✤ ✧✓✤✢✷✖✜ ✶✐✖❡ ✜✥✫✪ ✘✖ ✰❀✴▼✖ ✵❡✓❡✓ ✫✬✭ ✳✰ ✮✯✖✓✜ ✵❡✤ ✰❀✴▼✖

✖✓ ✼✥❞✖✪✧ ✼✓✕✪❡ ✸✓✪ ✖✗✥✩✘✭

✎❣ ✧✓❡ ✺✗✥✩✘ ✥✖ ✼✺✦ ✥✖✘ ✦✘ ✙✦★ ✖✗ P✓◗✩✓ ✖✗ ✺❀✵✓✕✗❀  x m ✫✬❘ ✪✵ ✵✓✐✰ ✖✗ ❙❚◆✓✳★ x,

✺❀✵✓✕✗❀ 8 – 2x ✼✓✬✜ ◆✓✬✢✷✓✳★ 3 – 2x (✼✓✙✚✱✥✪ 6.25) ✫✬✭ ✕✥✴ ✰❀✴▼✖ ✖✓ ✼✓✕✪❡ V(x) ✫✬ ✪✵

❯❱❲❳❨❩❬ ❭❪❫❴

V(x) = x (3 2x) (8 – 2x)

= 4x3 – 22x2 + 24x,✼✪❵ 
2V ( ) 12 44 24 4( 3)(3 2)

V ( ) 24 44

x x x x x

x x

❛ ❝ ❢ ❤ ❥ ❢ ❤ ❤❦
❧

❝❝ ❢ ❤❦♥
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✈☎ V✆(x) = 0 ❧✝ x = 
2

3
 ✈✞✟✠ x = 3 ✐✡✞☛☞ ✌✞✝☞✞ ✌✟✍ ✐✠✎☞✏ x ✑ 3 (❉✒✞✝✓?)

❜❧✔✕✖ x =
2

3

✈☎
2

V
3

 =
2

24 44 28 0
3

❜❧✔✕✖ 
2

3
x  ♠✗✘☞✙ ✚✞ ✛☎✜✏ ✌✟ ✈✢✞✞✣☞✤ ✒✔✜ ✌✙ ✘✞✜✠ ✥✝✦ ✐✡✧✒✝✚ ✔✚★✞✠✝ ❧✝

2
m

3
✩✞✏✪✞ ✥✝✦ ✥✫✣

✌❣✞ ✜✝✓ ✈✞✟✠ ✬✞✝✭✞ ✘✞✜✠ ❧✝ ✖✚ ❧✓✜✮✚ ☎★✞✖ ☞✞✝ ❧✓✜✮✚ ✚✞ ✈✞✒☞★ ✈✔✯✚☞✙ ✌✞✝✫✞ ✪✞✝ ✔★✰★✔✕✔✱✞☞ ✌✟✲

2
V

3

✳ ✴
✵ ✶
✷ ✸

 =

3 2
2 2 2

4 22 24
3 3 3

✹ ✺ ✹ ✺ ✹ ✺
✻ ✼✽ ✾ ✽ ✾ ✽ ✾

✿ ❀ ✿ ❀ ✿ ❀
 = 

3200
m

27

❁❂❃❄❅❆❃ 51 ✖✚ ✔★✙✞✣☞✞ Rs 5
100

x
 ✐✡✔☞ ❜✚✞❜✣ ✚❇ ✜✠ ❧✝ x ❜✚✞❜✒✞❈ ☎✝✘ ❧✚☞✞ ✌✟✍

x ❜✚✞❜✒✞✝✓ ✚✞ ♠✧✐✞✜ ✙✮❊✒ Rs 500
5

x
✌✟✍ ❜✚✞❜✒✞✝✓ ✚❇ ✥✌ ❧✓✱✒✞ ❋✞☞ ✚❇✔✪✖ ✪✞✝ ♠❧✝

✈✔✯✚☞✙ ✕✞✩✞ ✈✔✪✣☞ ✚✠★✝ ✥✝✦ ✔✕✖ ☎✝✘★❇ ✘✞✔✌✖✍

❄● ✙✞★ ✕❇✔✪✖ x  ❜✚✞❜✒✞✝✓ ✚✞ ✔✥❍✒ ✙✮❊✒  S (x) ✌✟ ✈✞✟✠ x ❜✚✞❜✒✞✝✓ ✚✞ ♠✧✐✞✜ ✙✮❊✒ C(x) ✌✟✍

☞☎ ✌✙ ✐✞☞✝ ✌✟✓

S(x) =

2

5 5
100 100

x x
x x

■ ❏
❑ ▲ ❑▼ ◆

❖ P

✈✞✟✠ C(x) = 500
5

x
◗

❜❧ ✐✡✚✞✠❘ ✕✞✩✞ ✐✦✕★ P (x) ✔★✰★✞✓✔✚☞ ❢✞✠✞ ✐✡✜❙✞ ✌✟✍

P(x) =
2

S( ) C( ) 5 500
100 5

x x
x x x❚ ❯ ❚ ❚ ❚

✈✢✞✞✣☞✤ P(x) =
224

500
5 100

x
x ❚ ❚

✒✞ P✆(x) =
24

5 50

x
❱

✈☎ P✆(x) = 0 ❧✝ x = 240 ✐✡✞☛☞ ✌✞✝☞✞ ✌✟ ✈✞✟✠
1

P ( )
50

x
❲

❳❳ ❨ . ❜❧✔✕✖
1

P (240) 0
50

❲
❳❳ ❨ ❩  ✌✟✍



✈�✁✂✄ �☎✆ ✈✝✞✟✠✡☛☎☞        259

❜✌ ✍✎✏✑✒ x = 240 ♠✓✔✕✖ ✏✑ ✗✘✙✚ ✛✜✢ ✣✕✤ ✥✦✖✑✧✕✑ ✣✥★✏✕✖ ✩✑✪✑ ✣✥✫✧✕ ✏✒ ✌✏✕✑ ✛✜ ✬✥✙

♦✛ ✭✮✯ ❜✏✑❜✬✑✰ ✘✱✔✕✑ ✛✜✢

✲✳✴✵✴ ✶ ✷✸ ✹✺✹✺✻ ✷✼✽✾✵✺✿❀

1. ✣♦✏✩✫ ✏✑ ✍✎✬✑✱❁ ✏✒♦✱❂ ✥✦❃✦✥✩✥❄✑✕ ✖✱❅ ✌✱ ✍✎❆✬✱✏ ✏✑ ✌✥❇✦✏❈ ✖✑✦ ❉✑✕ ✏❊✥✫❋✤

(a)

1

417

81
(b)

1

533

2. ✥✌❢ ✏❊✥✫❋ ✥✏ 
log

( )
x

f x
x

 ⑥✑✒✑ ✍✎✙●✑ ✍❂✩✦ x = e ✍✒ ♠✓✔✕✖ ✛✜✢

3. ✥✏✌❊ ✥✦✥❍✔✕ ✣✑★✑✒ b ♦✱❂ ❋✏ ✌✖✥⑥✘✑✛✚ ✥■✑✪✑✚✫ ✏❊ ✌✖✑✦ ✪✑✚✫✑❋✰ ❏ cm/s ✏❊ ✙✒ ✌✱ ❑✑❈

✒✛❊❅ ✛✜✢ ♠✌ ✌✖✬ ✫✘ ✥■✑✪✑✚✫ ✏❊ ✌✖✑✦ ✪✑✚✫✑❋✰ ✣✑★✑✒ ♦✱❂ ✘✒✑✘✒ ✛✜❅❥ ♠✌✏✑ ▲✑✱■✑✍❂✩ ✥✏✕✦❊

✕✱✫❊ ✌✱ ❑✑❈ ✒✛✑ ✛✜✢

4. ♦▼ x2 = 4y ♦✱❂ ✗✘✙✚ ◆❖❥ ✭P ✍✒ ✣✥✪✑✩❅✘ ✏✑ ✌✖❊✏✒◗✑ ❉✑✕ ✏❊✥✫❋✢

5. ✥✌❢ ✏❊✥✫❋ ✥✏ ♦▼ x = a cos❘ + a❘ sin❘, y = a sin❘ – a❘ cos❘ ♦✱❂ ✥✏✌❊ ✗✘✙✚ ❙

✍✒ ✣✥✪✑✩❅✘ ✖✐✩ ✗✘✙✚ ✌✱ ✣✔✒ ✙✐✒❊ ✍✒ ✛✜✢

6. ✣❅✕✒✑✩ ❉✑✕ ✏❊✥✫❋ ✥✫✦ ✍✒

4sin 2 cos
( )

2 cos

x x x x
f x

x

✌✱ ✍✎✙●✑ ✍❂✩✦ f (i) ♦★✧✖✑✦ (ii) ß✑✌✖✑✦ ✛✜✢

7. ✣❅✕✒✑✩ ❉✑✕ ✏❊✥✫❋ ✥✫✦ ✍✒ 3

3

1
( ) , 0f x x x

x
 ✌✱ ✍✎✙●✑ ✍❂✩✦

◆iP ♦★✧✖✑✦ ◆iiPß✑✌✖✑✦ ✛✜✢

8. ✙❊❑✑✧♦♥●✑
2 2

2 2
1

x y

a b
 ♦✱❂ ✣❅✕❁✧✕ ♠✌ ✌✖✥⑥✘✑✛✚ ✥■✑✪✑✚✫ ✏✑ ✖✛●✑✖ ▲✑✱■✑✍❂✩ ❉✑✕ ✏❊✥✫❋

✥✫✌✏✑ ❍✑❊❚✑✧ ✙❊❑✑✧ ✣▲✑ ✏✑ ❋✏ ✥✌✒✑ ✛✜✢

9. ✣✑✬✕✑✏✑✒ ✣✑★✑✒ ♦ ✣✑✬✕✑✏✑✒ ✙❊♦✑✒✑✱❅ ✏❊ ✭ m ❁✛✒❊ ✣✑✜✒ ❯ m3 ✣✑✬✕✦ ✏❊ ❋✏ ✥✘✦✑

❱❲✏✦ ✏❊ ❈❅✏❊ ✏✑ ✥✦✖✑✧◗✑ ✏✒✦✑ ✛✜✢ ✬✥✙ ❈❅✏❊ ♦✱❂ ✥✦✖✑✧◗✑ ✖✱❅ ✣✑★✑✒ ♦✱❂ ✥✩❋ Rs 70/m2

✣✑✜✒ ✙❊♦✑✒✑✱❅ ✍✒ Rs 45/m2 ❳✬✬ ✣✑✕✑ ✛✜ ✕✑✱ ✥✦❃✦✕✖ ❄✑✔✧ ✌✱ ✘✦❊ ❈❅✏❊ ✏❊ ✩✑❁✕ ❲✬✑ ✛✜❨
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10. ✱☎ ✆✝✞✟ ✠✟✡☛ ✱☎ ✆☞✌ ✆✍✎ ✏✑☛✒✟✏✟✍✓ ☎✟ ✔✟✍☞ k ❣✡✕ ✖❣✟✗ k ✱☎ ✠✘☛ ❣✡✙ ✑✚✛ ☎✜✑✖✱ ✑☎ ✢✣✆✍✎

④✟✍✤✟✏✎✥✟✍✓ ☎✟ ✔✟✍☞ ✑✣✦✣✧✒ ❣✡✕ ✖★ ✆☞✌ ☎✜ ✩✟✪✖✟ ✆✝✞✟ ☎✜ ✑✤✟✫✔✟ ☎✜ ✬✪☞✪✣✜ ❣✡✙

11. ✑☎✚✜ ✠✟✔✧ ✆✍✎ ❢✏☛ ★✣✍ ✠✭✌✆✝✞✟ ✆✍✎ ✠✟☎✟☛ ✆✟✥✜ ✑✮✟✯✰☎✜ ❣✡✙ ✑✮✟✯✰☎✜ ☎✟ ✚✓✏✲✳✟✌ ✏✑☛✒✟✏

✶✴ m ❣✡✙ ✏✲✳✟✌✧✔✟ ✮✟✪✥✜ ✑✮✟✯✰☎✜ ✚✍ ✠✑✭☎✧✒ ✏✵☎✟✷✟ ✠✟✣✍ ✆✍✎ ✑✥✱ ✑✮✟✯✰☎✜ ☎✜ ✑✆✒✟✱✗ ✸✟✧

☎✜✑✖✱✙

12. ✑✤✟✩✟✪✖ ☎✜ ✩✟✪✖✟✠✟✍✓ ✚✍ a ✠✟✡☛ b ✬✲☛✜ ✏☛ ✑✤✟✩✟✪✖ ✆✍✎ ☎✳✟✌ ✏☛ ✑♥✹✟✧ ✱☎ ✺★✬✪ ❣✡✙ ✑✚✛ ☎✜✑✖✱

✑☎ ☎✳✟✌ ☎✜ ✻✔✲✣✧✒ ✥✓★✟✔✜✓ 
2 2 3

3 3 2( )a b  ❣✡✙

13. ✢✣ ✺★✬✪✠✟✍✓ ☎✟✍ ✸✟✧ ☎✜✑✖✱ ✑✖✣ ✏☛ f (x) = (x – 2)4 (x + 1)3 ⑥✟☛✟ ✏✵✬✞✟ ✏✎✥✣ f ☎✟✕

(i) ♥✹✟✟✣✜✔ ✢▲✘✧✒ ✺★✬✪ ❣✡ (ii) ♥✹✟✟✣✜✔ ✑✣✦✣✧✒ ✺★✬✪ ❣✡

(iii) ✣✧ ✏✑☛✆✧✌✣ ✺★✬✪ ❣✡✙

14. f (x) = cos2 x + sin x, x ✼ [0, ✽] ⑥✟☛✟ ✏✵✬✞✟ ✏✎✥✣  f ☎✟ ✑✣☛✏✍④✟ ✢▲✘✧✒ ✠✟✡☛ ✑✣✦✣✧✒ ✒✟✣

✸✟✧ ☎✜✑✖✱✙

15. ✑✚✛ ☎✜✑✖✱ ✑☎ ✱☎ r ✑✤✟✫✔✟ ✆✍✎ ☞✟✍✥✍ ✆✍✎ ✠✓✧☞✌✧ ✢▲✘✧✒ ✠✟✔✧✣ ✆✍✎ ✥✓★ ✆✝✞✟✜✔ ✷✟✓✆✪✎ ☎✜

❢✗✘✟➴✌
4

3

r
 ❣✡✙

16. ✒✟✣ ✥✜✑✖✱ [a, b] ✏☛ ✏✑☛✩✟✟✑✐✟✧ ✱☎ ✏✎✥✣ f ❣✡ ➴✚ ✏✵☎✟☛ ✑☎ ✚✩✟✜ x ✼ (a, b) ✆✍✎ ✑✥✱

f ✾(x) > 0 ❣✡ ✧✟✍ ✑✚✛ ☎✜✑✖✱ ✑☎ (a, b) ✏☛ f ✱☎ ✆✭✌✒✟✣ ✏✎✥✣ ❣✡✙

17. ✑✚✛ ☎✜✑✖✱ ✑☎ ✱☎ R ✑✤✟✫✔✟ ✆✍✎ ☞✟✍✥✍ ✆✍✎ ✠✓✧☞✌✧ ✠✑✭☎✧✒ ✠✟✔✧✣ ✆✍✎ ★✍✥✣ ☎✜ ❢✗✘✟➴✌

2R

3
❣✡✙ ✠✑✭☎✧✒ ✠✟✔✧✣ ✩✟✜ ✸✟✧ ☎✜✑✖✱✙

18. ✑✚✛ ☎✜✑✖✱ ✑☎ ✠✛✌✷✟✜✐✟✌ ☎✟✍✳✟  ✠✟✡☛ ❢✗✘✟➴✌ h ✆✍✎ ✥✓★ ✆✝✞✟✜✔ ✷✟✓✆✪✎ ✆✍✎ ✠✓✧☞✌✧ ✠✑✭☎✧✒

✠✟✔✧✣ ✆✍✎ ★✍✥✣ ☎✜ ❢✗✘✟➴✌✕ ✷✟✓✆✪✎ ✆✍✎ ❢✗✘✟➴✌ ☎✜ ✱☎ ✑✧❣✟➴✌ ❣✡ ✠✟✡☛ ★✍✥✣ ☎✟ ✠✑✭☎✧✒

✠✟✔✧✣
3 24

tan
27

h  ❣✡✙

✶✿ ✚✍ ❀❁ ✧☎ ✆✍✎ ✏✵✷✣✟✍✓ ✆✍✎ ✚❣✜ ✢✞✟☛ ✘✪✑✣✱✙

19. ✱☎ ✶✴ m ✑✤✟✫✔✟ ✆✍✎ ★✍✥✣✟☎✟☛ ❂✓☎✜ ✒✍✓ ❃✶❁ m3/h ☎✜ ✬☛ ✚✍ ☞✍❣✲✗ ✩✟☛✟ ✖✟✧✟ ❣✡✙ ✩✟☛✍ ☞✱

☞✍❣✲✗ ☎✜ ☞❣☛✟➴✌ ☎✜ ✆✝✑✛ ✬☛ ❣✡❄

(A) 1 m/h (B) 0.1 m/h

(C)  1.1 m/h (D) 0.5 m/h
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20. ♦✌  x = t2 + 3t – 8, y = 2t2 – 2t – 5 ♦✍✎ ✏✑✒ ✓ (2,– 1) ✐✔ ✕ ✐✖✗ ✘ ✔✍ ✙ ✗ ✗ ✚✛ ✐✜ ♦✢ ✗✣ ✗ ✤ ✥✦

(A)
22

7
(B)

6

7
(C)

7

6
(D)

6

7

✧

21. ✔✍ ✙ ✗ ✗ y = mx + 1, ♦✌  y2 = 4x ✚✛ ❞ ✚ ✕ ✐✖✗ ✘ ✔✍ ✙ ✗ ✗ ✤ ✥ ★ ✩✒ m ✚✗ ✪ ✗✫ ✤ ✥✦

(A) 1 (B) 2 (C) 3 (D)
1

2

22. ♦✌ 2y + x2 = 3 ♦✍✎ ✏✑✒ ✓ (1,1) ✐✔ ✬ ✩✭ ✗✮ ✯ ✑ ✚✗ ✰✪ ✛✚✔✢ ✗ ✤ ✥✦

(A) x + y = 0 (B) x – y = 0

(C) x + y +1 = 0 (D) x – y = 0

23. ♦✌ x2 = 4y ✚✗ ✏✑✒ ✓ (1,2) ✰✍ ✤ ✗✍ ✚✔ ❧✗✫ ✍ ♦✗✮ ✗ ✬ ✩✭ ✗✮ ✯✑ ✤ ✥✦

(A) x + y = 3 (B) x – y = 3

(C) x + y = 1 (D) x – y = 1

24. ♦✌ 9y2 = x3 ✐✔ ♦✍ ✏✑✒ ✓ ❧✤ ✗✱ ✐✔ ♦✌ ✚✗ ✬ ✩✭ ✗✮ ✯ ✑ ✬✲ ✗ ✗✍ ✯ ✰✍ ✰✪ ✗✫ ✬ ✯✣ ✦ ✙ ✗ ✯✳ ✑✫ ✗✣ ✗ ✤ ✥✦

(A)
8

4,
3

✴ ✵
✶✷ ✸

✹ ✺
(B)

8
4,

3

(C)
3

4,
8

✻ ✼
✽✾ ✿

❀ ❁
(D)

3
4,

8

✻ ✼
✽✾ ✿

❀ ❁

❂❃ ❄❃ ❅ ❆❃

❇ ★ ✩✒ ❞ ✚ ✔✗ ✩✖ ✗ y ❞✚ ✒ ❈ ✰✔✛ ✔✗ ✩✖✗ x ♦✍✎ ✰✗✐✍ ✲ ✗ ✩✚✰✛ ✩✫ ★✪ ( )y f x  ✚✗✍ ✰✯✣ ✓❉❊ ✚✔✣✍

✤ ✓❞ ✐✩✔♦✩✣ ✘✣ ✤ ✗✍✣ ✛ ✤ ✥ ✣ ✗✍
dy

dx
 (★ ✗ ( )f x )  x ♦✍✎ ✰✗✐✍ ✲ ✗ y ♦✍ ✎ ✐✩✔♦✣ ✘✫ ✚✛ ✒ ✔ ✚✗✍ ✩✫ ❋ ✩✐✣

✚✔✣ ✗ ✤ ✥ ✬ ✗ ✥✔
0x x

dy

dx  (★ ✗ 0( )f x ) 0x x ✐✔● x ♦✍✎ ✰✗ ✐✍✲ ✗ y ♦✍ ✎ ✩✫ ❋✩✐✣ ✚✛ ✒ ✔ ✚✗✍

✩✫ ❋✩✐✣ ✚✔✣ ✗ ✤ ✥❢

❇ ★ ✩✒ ✒ ✗✍ ✔✗ ✩✖✗★ ✗✱ x ✬✗ ✥✔ y, t ♦✍✎ ✰✗✐✍✲✗ ✐✩✔♦✩✣ ✘✣ ✤ ✗✍ ✔✤ ✛ ✤ ✗✍ ✯ ✬ ❍✗ ✗✘✣ ■ ( )x f t ✬✗ ✥✔ ( )y g t ,

✣ ✑ r✗ ✯❏ ✙✗✮ ✗ ✩✫ ★✪ ✰✍

dy dy dx

dt dtdx
,  ★ ✩✒  0

dx

dt
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☎ ✱✆ ✝✞✟✠  f

(a) ✈✡☛☞✌✟ [a, b] ❡✡✍ ✎✏✑❡✌✠ ✒✓ ✔✕✖

[a, b] ❡✡✍ x
1 
< x

2 
  ✗ f (x

1
) ✘  f (x

2
), ❧✙✌✚ x

1
, x

2
 ✛ (a, b) ✎✍✞ ✕✟✱

✕✎✆❢✝☛✜ ✔✕✖ ✝✢✣✔✍✆ x  ✛ [a, b] ✎✍✞ ✕✟✱  f ✤(x) ✥ 0, ✒✓❣

(b) ✈✡☛☞✌✟  [a, b] ❡✍✡ ✦✌❧❡✌✠ ✒✓ ✔✕✖

[a, b] ❡✍✡ x
1 
< x

2 
 ✗ f (x

1
) ✥ f (x

2
), ❧✙✌✚ x

1
, x

2
 ✛ (a, b) ✎✍✞ ✕✟✱

✕✎✆❢✝☛✜ ✔✕✖ ✝✢✣✔✍✆ x  ✛ [a, b] ✎✍✞ ✕✟✱  f ✤(x) ✘ 0 ✒✓❣

☎   ✎♦ y = f (x) ✎✍✞ ✧★✖✩ (x
0
, y

0
) ✝☞ ✐✝✪✌✑ ☞✍✫✌✌ ✆✌ ❧❡✚✆☞✬✌

0 0

0 0

( , )

( )
x y

dy
y y x x

dx ✒✓❣

☎ ✔✕✖ ✧★✖✩ 0 0( , )x y ✝☞
dy

dx
 ✆✌ ✈✕✐☛✣✎ ✠✒✚✡ ✒✓❞ ☛✌✍ ✭❧ ✧★✖✩ ✝☞ ✐✝✪✌✑ ☞✍✫✌✌ y-✈✮✌ ✎✍✞

❧❡✌✡☛☞ ✒✓ ✈✌✓☞ ✭❧✆✌ ❧❡✚✆☞✬✌ x = x
0
 ✒✓❣

☎ ✔✕✖ ✎♦ y = f (x) ✆✚ ✐✝✪✌✑ ☞✍✫✌✌ x = x
0
  ✝☞❞ x✯✈✮✌ ✎✍✞ ❧❡✌✡☛☞ ✒✓❞ ☛✌✍  

0

0
x x

dy

dx ✰

✲
✳✴✵ ✒✓❣

☎ ✎♦  y = f (x) ✎✍✞ ✧★✖✩ 0 0( , )x y  ✝☞ ✈✕✙✌✟✡★ ✆✌ ❧❡✚✆☞✬✌

0 0

0 0

( , )

1
( )

x y

y y x x
dy

dx

✒✓❣

☎ ✔✕✖ ✧★✖✩ 0 0( , )x y  ✝☞
dy

dx
 = 0 ☛★ ✈✕✙✌✟✡★ ✆✌ ❧❡✚✆☞✬✌ x = x

0
 ✒✓❣

☎ ✔✕✖ ✧★✖✩ 0 0( , )x y  ✝☞
dy

dx
 ✆✌ ✈✕✐☛✣✎ ✠✒✚✡ ✒✓ ☛★ ✭❧ ✧★✖✩ ✝☞ ✈✕✙✌✟✡★ x-✈✮✌ ✎✍✞

❧❡✌✡☛☞ ✒✓ ✈✌✓☞ ✭❧✆✌ ❧❡✚✆☞✬✌ y = y
0
 ✒✓❣

☎ ❡✌✠ ✟✚✕✶✱  y = f (x) ✈✌✓☞ ✷x, x  ❡✍✡ ✸✌✍✹✚ ✎✺✕✻ ✒✓ ✈✌✓☞ x  ✆✚ ✎✺✕✻ ✎✍✞ ❧✡✼☛ y  ❡✍✡ ✎✺✕✻

✷y ✒✓ ✈✽✌✌✑☛✾ ✷y = f (x + ✷x) – f (x) ☛★

( )dy f x dx  ✔✌ 
dy

dy x
dx

✿ ❀
❁ ❂❃ ❄
❅ ❆
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t✌ dx x✍ ✎ ✏✑✒✓✔✔✕✖✗✘ ✌✙✚✘ ✛✔✒✜✔ ✙✢ ✘✔✒ ✣✙  ✤y ❞✔ ✥❞ ✏✦✛✔ ✧★✩✪❞✜✪ ✙✢✫ ✬✧✒ ✙✭

dy ✮ ✯y ✕✒✗ ♦✔✰✔ ★✪✱★✑✘ ❞✰✘✒ ✙✢✲✫

✳ ✑✗✐✪ f ✕✒✗ ✑✴✔✲✘ ✭✒✲ ✥❞ ✵✌✶✚ c ★t✧ ✑✰ ✣✔ ✘✔✒  f ✷(c) = 0 ✣✔  f ✏✕❞✐✪✸✣ ✪✙✸✲ ✙✢✹

f ❞✔ ✺✔✲★✘❞ ✵✌✶✚ ❞✙✐✔✘✔ ✙✢✫

✳ ✻✼✽✾✿ ❀❁❂❃❄ ✻❅❆❇✾❈✾ ✭✔✪ ✐✸★t✥ ✥❞ ★✕✕✖❡✔ ✏✲✘✰✔✐ I ✑✰ ✑✗✐✪ f  ✑★✰❉✔✔★❊✔✘ ✙✢✫

✭✔✪ ✐✸★t✥ I ✭✒✲ ✥❞ ✺✔✲★✘❞ ✵✌✶✚ c ✑✰ ✑✗✐✪ f  ✧✲✘✘ ✙✢ ✘✌

(i) t✌ x ✵✌✶✚ c ✕✒✗ ✌✔✣✸✲ ✏✔✒✰ ✧✒ ✶✔✣✸✲ ✏✔✒✰ ✌❋●✘✔ ✙✢ ✘✌ f ✷(x) ❞✔ ★❍■ ❏✪ ✧✒ ❑▲✔

✭✒✲ ✑★✰✕★✘▼✘ ✙✔✒✘✔ ✙✢ ✏◆✔✔▼✘❖ c ✕✒✗ ✌✔✣✸✲✲ ✏✔✒✰ ✏✔✢✰ ✑✣✔▼P✘ ★✪❞✜ ✑✴◗✣✒❞ ✵✌✶✚ ✑✰ ✣★✶

f ✷(x) > 0 ✘◆✔✔ c ✕✒✗ ✶✔✣✸✲✲ ✏✔✒✰ ✏✔✢✰ ✑✣✔▼P✘ ★✪❞✜ ✑✴◗✣✒❞ ✵✌✶✚ ✑✰ ✣★✶ f ✷(x) <

0 ✘✌ c ❘◆✔✔✪✸✣ ❙✦❍✘✭ ❞✔ ✥❞ ✵✌✶✚ ✙✢✫

(ii) t✌ x ✵✌✶✚  c ✕✒✗ ✌✔✣✸✲ ✏✔✒✰ ✧✒ ✶✔✣✸✲ ✏✔✒✰ ✌❋●✘✔ ✙✢ ✘✌ f ✷(x) ❞✔ ★❍■ ❑▲✔ ✧✒

❏✪ ✭✒✲ ✑★✰✕★✘▼✘ ✙✔✒✘✔ ✙✢ ✏◆✔✔▼✘❖ c ✕✒✗ ✌✔✣✸✲✲ ✏✔✒✰ ✏✔✢✰ ✑✣✔▼P✘ ★✪❞✜ ✑✴◗✣✒❞ ✵✌✶✚ ✑✰

✣★✶ f ✷(x) < 0 ✘◆✔✔ c ✕✒✗ ✶✔✣✸✲ ✏✔✒✰ ✏✔✢✰ ✑✣✔▼P✘ ★✪❞✜ ✑✴◗✣✒❞ ✵✌✶✚ ✑✰ ✣★✶ f ✷(x)  >

0 ✘✌ c ❘◆✔✔✪✸✣ ★✪❚✪✘✭ ❞✔ ✥❞ ✵✌✶✚ ✙✢✫

(iii)  t✌ x ✵✌✶✚ c ✕✒✗ ✌✔✣✸✲ ✏✔✒✰ ✧✒ ✶✔✣✸✲ ✏✔✒✰ ✌❋●✘✔ ✙✢ ✘✌ f ✷(x) ✑★✰✕★✘▼✘ ✪✙✸✲ ✙✔✒✘✔

✙✢ ✘✌ c ✪ ✘✔✒ ❘◆✔✔✪✸✣ ❙✦❍✘✭ ❞✔ ✵✌✶✚ ✙✢ ✏✔✢✰ ✪ ✙✸ ❘◆✔✔✪✸✣ ★✪❚✪✘✭ ❞✔ ✵✌✶✚✫

✕✔❘✘✕ ✭✒✲ ✬✧ ✑✴❞✔✰ ❞✔ ✵✌✶✚ ✥❞ ✪★✘ ✑★✰✕✘▼✪ ✵✌✶✚ ✙✢✫

✳ ❢❯❱❆❲ ❀❁❂❃❄ ✻❅❆❇✾❈✾ ✭✔✪ ✐✸★t✥ ✥❞ ✏✲✘✰✔✐  I  ✑✰ f ✥❞ ✑★✰❉✔✔★❊✔✘ ✑✗✐✪ ✙✢

✏✔✢✰ c ❳ I ✙✢✫ ✭✔✪ ✐✸★t✥ f, c  ✑✰ ✐❨✔✘✔✰ ✶✔✒ ✌✔✰ ✏✕❞✐✪✸✣ ✙✢✫ ✘✌

(i) ✣★✶ f ✷(c) = 0 ✏✔✢✰ f ❩(c) < 0 ✘✌ x = c ❘◆✔✔✪✸✣ ❙✦❍✘✭ ❞✔ ✥❞ ✵✌✶✚ ✙✢✫

f  ❞✔ ❘◆✔✔✪✸✣ ❙✦❍✘✭ ✭✔✪ f (c) ✙✢✫

(ii) ✣★✶ f ✷(c) = 0 ✏✔✢✰  f ❩(c) > 0 ✘✌ x = c ❘◆✔✔✪✸✣ ★✪❚✪✘✭ ❞✔ ✥❞ ✵✌✶✚ ✙✢✫ ✬✧

★❘◆✔★✘ ✭✒✲ f  ❞✔ ❘◆✔✔✪✸✣ ★✪❚✪✘✭ ✭✔✪ f (c) ✙✢✫

(iii) ✣★✶  f ✷(c) = 0 ✏✔✢✰ f ❩(c) = 0, ✘✌ ✣✙ ✑✰✸✓✔▲✔ ✏✧✑✗✐ ✰✙✘✔ ✙✢✫

✬✧ ★❘◆✔★✘ ✭✒✲ ✙✭ ✑✚✪❜ ✕✔✑✧ ✑✴◆✔✭ ✏✕❞✐t ✑✰✸✓✔▲✔ ❞✔ ✑✴✣✔✒❨ ❞✰✘✒ ✙✢✲ ✏✔✢✰ ✣✙

❬✔✘ ❞✰✘✒ ✙✢✲ ★❞ c ❙✦❍✘✭✹ ★✪❚✪✘✭ ✣✔ ✪★✘ ✑★✰✕✘▼✪ ❞✔ ✵✌✶✚ ✙✢✫

✳ ★✪✰✑✒✓✔ ❙✦❍✘✭ ✏✔✢✰ ★✪✰✑✒✓✔ ★✪❚✪✘✭ ✭✔✪✔✒✲ ❞✔✒ ❬✔✘ ❞✰✪✒ ❞✸ ❭✣✔✕✙✔★✰❞ ★✕★❏ ✙✢❜

♣❅❈✾ 1: ✏✲✘✰✔✐ ✭✒✲ f ✕✒✗ ✧❉✔✸ ✺✔✲★✘❞ ✵✌✶✚ ❬✔✘ ❞✸★t✥ ✏◆✔✔▼✘❖ x ✕✒✗ ✕✒ ✧❉✔✸ ✭✔✪ ❬✔✘

❞✸★t✥ t✙✔❪ ✣✔ ✘✔✒ f ✷(x) = 0 ✣✔ f ✏✕❞✐✪✸✣ ✪✙✸✲ ✙✢✫
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♣ ☎✆ ✝ 2: ✈✞ ✟✠✡ ☛ ☞✌✍ ✈✞ ✎✏ ✑✒✓ ✔ ☛✕✖✗✘✙

♣ ☎✆ ✝ 3: ✭ ✚✠ ✛✡ ✜ ☞ ✢ ✣ ✌ ✤✥✡ ✦ ✟✧ ✣★✡ ✕ ✑ ✒✓ ✔✈ ✡ ✌✞ ✤✠ f  ☞ ✌✍ ♦✡ ✩✡ ✌✞ ✪✕ ✫ ✛✡ ✩✡ ✪✕✖ ✗✘ ✙

♣ ☎✆ ✝ 4: ✚✠ ✛✡ ✬ ♦✌✞ ✫ ✛✡ ✩✡ ✣ ✌ ✤✥✡ ✦ ✟ f  ☞ ✌✍ ✣★✡ ✕ ♦✡ ✩✡ ✌✞ ♦✌✞ ✣ ✌ ✮ ✯✚✟ ♦ ✈✡ ✰✠ ✖ ✩✱ ✩✟ ♦ ♦✡ ✩✡ ✌✞

✪✡ ✌ ☛✕✖ ✗✘ ✙ ✏ ❞✕ ✮ ✯✚✟♦ ♦✡ ✩✲ f  ✪✡ ✖ ✩✠ ✤✌✳✡ ✮ ✯✚✟ ♦ ♦✡ ✩ ✈✡ ✰✠ ✖ ✩✱ ✩ ✟♦ ♦✡ ✩ ✲ f  ✪✡

✖ ✩✠✤✌ ✳✡ ✖ ✩✱ ✩ ✟ ♦ ♦✡ ✩ ❞✡ ✌✞✫ ✌ ✙

— ✴ —



�Proofs are to Mathematics what calligraphy is to poetry.

Mathematical works do consist of proofs just as

poems do consist of characters

— VLADIMIR ARNOLD �
A.1.1  ❍✁✂✄☎✆✁ (Introduction)

❞✝✞✞ IX❪ X ✥✟✞✞ XI ❡✠✡ ☛❡ ❞✟✞☞❪ ✌✡✍✎✏✥ ❞✟✞☞❪ ❞✟✞☞ ✑✠✒ ✓☞✔✞✠✕☞❪ ✓✑✖✞✠❡ ✥✟✞✞ ✗✘✓✥✕☞✞✙❡❞
▲✑✚✗ ✛✞✜✢ ✛✓✣✞✤✦☛✧✥❪ ✛☞✎❡✞✓☞✥ ❞✟✞☞❪ ✌✞★✍ ✥✟✞✞ ✓☞✤❡☞✞✙❡❞ ✓✑✑✠✩☞ ❞✧ ✌✡❞✪✗☞✞✛✞✠✡ ✑✠✒ ✫✞✢✠
❡✠✡ ✗✬✭ ✩✎✑✠✒ ☛✜✡✮
✍☛✞❀ ☛❡ ✤✓✯✞✥✧✍ ✌✞★✍✞✠✡ ❞✞✠ ✓✌✰ ✱✗✘❡✞✓✯✞✥✲ ❞✢☞✠ ❞✧ ✓✑✓✣✞✳☞ ✓✑✓✕✍✞✠✡ ✗✢ ✓✑✩✞✢ ❞✢✠✡✤✠✮
A.1.2  ♠✴✴✄✵✁ ✶✷✁ ✸✹? (What is a Proof?)

✓❞✌✧ ✤✓✯✞✥✧✍ ❞✟✞☞ ❞✧ ❢✗✗✓✺✞ ❡✠✡ ❞✟✞☞✞✠✡ ❞✞ ✻❞ ✛☞✎✼❡ ✛✡✥✓✑✽✔✾ ☛✞✠✥✞ ☛✜❪ ✓✿✌✑✠✒ ✗✘✙✍✠❞ ❞✟✞☞
✑✠✒ ✛✞✜✓✩✙✍ ❞✞✠ ✓❞✌✧ ✗✓✢✣✞✞✓✔✞✥ ✗♦ ✍✞ ✓❞✌✧ ✛✓✣✞✤✦☛✧✥ ✍✞ ✓❞✌✧ ✻✠✌✧ ✌✞★✍ ❁✞✢✞ ✗✘❡✞✓✯✞✥ ❞✢✥✠
☛✜✡❪ ✓✿✌✠ ✓☞✤❡✓☞❞ ✓✑✓✕ ✥✟✞✞ ✑✎✒❣ ✛✗✓✢✣✞✞✓✔✞✥ ✗♦✞✠✡ ❁✞✢✞ ✑✠✒✑✖ ▲✑✧❞✞✍✽ ✥✞✓✑✽✒❞ ✓☞✍❡✞✠✡ ❞✞ ✗✘✍✞✠✤
❞✢✑✠✒ ✗❂✑✽ ✗✘✓✥✗✞✓♦✥ ✓❞✍✞ ✿✞ ✩✎❞✞ ☛✞✠✮

❜✌ ✗✘❞✞✢ ✗✘✙✍✠❞ ❢✗✗✓✺✞ ✓☞✤❡✓☞❞ ✥❞✞✠❃ ❞✧ ✻❞ ❄✞✡✦❅✞✖✞ ☛✞✠✥✧ ☛✜❪ ✓✿☞❡✠✡ ✌✠ ✗✘✙✍✠❞ ❞✧ ✛✗☞✧
✗✓✢❞✪✗☞✞✻❀ ✥✟✞✞ ✓☞✔❞✔✞✽ ☛✞✠✥✠ ☛✜✡✮ ✛✓✕❞✥✢ ☛❡ ✓❞✌✧ ✌✞★✍ ❞✞✠ ❢✌❡✠✡ ✓♦✻ ☛✎✻ ✥✟✍✞✠✡ ✌✠ ✗✘✙✍✝✞ ✢✧✓✥
❁✞✢✞ ✓✌✰ ❞✢✥✠ ☛✜✡✮ ✗✢✡✥✎ ❞✣✞✧⑥❞✣✞✧ ✌✞★✍ ❞✞✠ ✌✧✕✠ ✓✌✰ ❞✢☞✠ ❞✧ ✛✗✠✝✞✞ ❢✌✑✠✒ ✌❡✥✎✪✍ ✌✞★✍
❞✞✠ ✓✌✰ ❞✢☞✞ ✛✞✌✞☞ ☛✞✠✥✞ ☛✜✮ ❜✌ ✗✘❞✞✢ ✓❞✌✧ ✌✞★✍ ❞✞✠ ✓✌✰ ❞✢☞✠ ❞✧ ♦✞✠ ✓✑✓✕✍✞❀ ✗✘♦✓❆✞✽✥ ☛✞✠✥✧
☛✜✡❪ ☞✞❡✥❇ ✗✘✙✍✝✞ ❢✗✗✓✺✞ ✛✟✞✑✞ ✛✗✘✙✍✝✞ ❢✗✗✓✺✞ ✥✟✞✞ ❜✌✑✠✒ ✛✓✥✓✢✏✥ ✗✘✙✍✠❞ ✓✑✓✕ ❡✠✡ ✥✧☞
✓✣✞✳☞⑥✓✣✞✳☞ ✥✢✧✑✠✒ ☛✞✠✥✠ ☛✜✡❪ ✓✿☞❞✧ ✩✩✞✽ ☞✧✩✠ ❞✧ ✤❜✽ ☛✜✮

✐❈❉❊❋● ■✐✐❏❑●  ✍☛ ✌✞★✍ ❞✧ ✑☛ ❢✗✗✓✺✞ ☛✜❪ ✓✿✌✠ ☛❡ ✌✧✕✠ ▼✗ ❡✠✡ ✗✘♦✺✞ ✥✟✍✞✠✡ ✌✠ ✗✘✞✢✡✣✞ ❞✢
✌✞★✍ ❞✧ ❢✗✗✓✺✞ ▲✟✞✞✓✗✥ ❞✢✥✠ ☛✜✡✮

◆❖P❖◗❘❙❚

①❯❱❲❳ ❨❩❬ ❭❫❫❯❴❲❵❲❛
(Proofs in Mathematics)

1
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(i) ❧☎✆✝✞❧☎✆✝ ✟✠✡☛☞ (Approach) ❀✌ ✍✎✏✑✒ ✎✓ ✔✎ ✕✏✖✗✘✏✙✏ ✌✚✛ ✜✏✑ ✢✣✤✥✏ ✦✧✏★✏ ✎✩✪✢✍

✍✧❀✏✑✖ r✑ r✓✫✑ ✢✣✏✬✖✭✏ ✎✬★✑✮✛ ✦✩✭✏✯✗✌✓✍✏✑✖✛ ✢✩✬✭✏✏✩✰✏✍ ✢✤✏✑✖ ✍✧✏✏ ✢✱★✲ ✢✣✳✏✩✴✏✍ r✏✵❀✏✑✖ ✎✓ r✌✏❀✍✏

r✑ ✍★✲✮ ★✑✮ ✩✶❀✳✏✑✖ ★✑✮ ✢✣❀✏✑✯ ✷✏✬✏✛ ✩r✸ ✩✎✔ ✜✏✶✑ ★✏✙✑ ✩✶✰✎✰✏✲ ✎✏✑ ✢✣✳✏✩✴✏✍ ✎✬✍✓ ✌✚✹

✩✶❢✶✩✙✩✘✏✍ ✺✤✏✌✬✴✏ ✢✬ ✩★✻✏✬ ✎✓✩✜✔✼

✟♠✝✽✾✿✝ ❁ ❀✩✤ x2 – 5x + 6 = 0 ✍✏✑ x = 3 ❀✏ x = 2 ✌✚✹

✽❣  x2 – 5x + 6 = 0 (✩✤❀✏ ✌✚)

❂ (x – 3) (x – 2) = 0 (✔✎ ❃❀✖✜✎ ✎✏✑ ✍❄✪❀ ❃❀✖✜✎ r✑ ❅✤✙✶✑ ✢✬)

❂ x – 3 = 0 ❀✏ x – 2 = 0 (✢✱★✲✢✣✳✏✩✴✏✍ r✏✵❀ ab = 0 ✍❅ a = 0 ❀✏ b = 0, a, b ❆ R ✷✏✬✏⑥

❂ x – 3 + 3 = 0 + 3 ❀✏  x – 2 + 2 = 0 + 2  (r✳✓✎✬✴✏ ★✑✮ ✤✏✑✶✏✑✖ ✢❇✏✏✑✖ ✳✑✖ r✳✏✶ r✖✘❀✏ ✜✏✑❈❉✶✑

r✑ ✺r✎✓ ✢✣★✗✮✩✍ ✢✩✬★✩✍✲✍ ✶✌✓✖ ✌✏✑✍✓ ✌✚✹)

❂ x + 0 = 3 ❀✏ x + 0 = 2  (❀✏✑✯ ★✑✮ ✦✖✍✯✲✍ ✢✱✴✏✏✒✎ ★✑✮ ✍❊r✳✎❋Identity⑥ ✯❄✴✏ ★✑✮

✢✣❀✏✑✯ ✷✏✬✏)

❂ x = 3 ❀✏ x = 2 (❀✏✑✯ ★✑✮ ✦✖✍✯✲✍ ✢✱✴✏✏✒✎ ★✑✮ ✍❊r✳✎ ✯❄✴✏ ★✑✮ ✢✣❀✏✑✯ ✷✏✬✏✹)

x2 – 5x + 6 = 0 ❂ x = 3 ❀✏ x = 2

❀✌✏● p ✢✣✤✥✏ ✎✧✏✶  “x2 – 5x + 6 = 0” ✌✚ ✦✏✚✬ q ✩✶✰✎✰✏✲ ✎✧✏✶ “x = 3 ❀✏ x = 2” ✌✚✹

✎✧✏✶ p ★✑✮ ❃❀✖✜✎ x2 – 5x + 6 ✎✏✑✛ ❞r★✑✮ ✍❄✪❀ ✔✎ ✦❍❀ ❃❀✖✜✎ (x – 3) (x – 2) r✑

✢✣✩✍✐✧✏✏✩✢✍ ✎✬ ★✑✮ ✌✳ ✔✎ ❃❀✖✜✎ r : “(x – 3) (x – 2) = 0” ✢✣✏■✍ ✎✬✍✑ ✌✚✖

❀✌✏● ✤✏✑ ✢✣❏✶ ✺❑✍✑ ✌✚✖✼

(i) ❃❀✖✜✎ (x – 3) (x – 2) ✩✎r ✢✣✎✏✬ ❃❀✖✜✎ x2 – 5x + 6 ★✑✮ r✳✏✶ ❋✍❄✪❀⑥ ✌✚ ?

(ii) ✩✎r✓ ❃❀✖✜✎ ✎✏✑ ✺r★✑✮ r✳✏✶ ✔✎ ✦❍❀ ❃❀✖✜✎ r✑ ✌✳ ✎✚r✑ ✢✣✩✍✐✧✏✏✩✢✍ ✎✬ r✎✍✑ ✌✚✖ ? ❞✶✳✑✖

r✑ ✢✣✧✏✳ ✎✏✑ ✌✳ ✩✢▲✙✓ ✎❇✏✏✦✏✑✖ ✳✑✖ ✯❄✴✏✶✘✏✖❈ ✷✏✬✏ ✩r✸ ✎✬ ✻❄★✑✮ ✌✚✖ ✦✧✏✏✲✍▼

x2 – 5x + 6 = x2 – 3x – 2x + 6 = x (x – 3) – 2 (x – 3) = (x – 3) (x – 2)

✩✷✍✓❀ ✢✣❏✶ ✍★✲✮ ★✑✮ ★✚✫ ◆✢ ❋✍★✲✮ ★✑✮ ✩✶❀✳✏✑✖⑥ ✷✏✬✏ r✖✭✏★ ✌✏✑✍✏ ✌✚✹

❞r★✑✮ ✺✢✬✏✖✍ r ✢✱★ ✲✎✧✏✶ (Premise) ❀✏ ✢✣✤✥✏ ✎✧✏✶ ✌✏✑ ✜✏✍✏ ✌✚✛ ✩✜rr✑ ✎✧✏✶

s: “ x – 3 = 0 ❀✏ x – 2 = 0” ✢✣✏■✍ ✌✏✑✍✏ ✌✚✹ ✢✣❊❀✑✎ ✻✬✴✏ (steps) ✎✏ ✦✏✚✩✻❊❀ ✎✏✑✰❑✎ ❋brackets⑥

✳✑✖ ✩✤❀✏ ✌✚✹

❀✌ ✢✣✩❖❀✏ ✩✶✬✖✍✬ ✍❅ ✍✎ ✻✙✍✓ ✬✌✍✓ ✌✚ ✜❅ ✍✎ ✌✳ ✦✖✩✍✳ ✩✶✰✎✰✏✲ ✢✬ ✶✌✓✖ ✢✌❄●✻ ✜✏✍✑ ✌✚✖✹

✍★✲✮ ✎✓ ✢✣✍✓✎✏❊✳✎ r✳✍❄✪❀✍✏ ✩✶✯✳✶ ✷✏✬✏ ❀✌ ✢✣✳✏✩✴✏✍ ✎✬✶✑ ✳✑✖ ✌✚ ✩✎ p ❂ q

r❊❀ ✌✚✹

p r✑ ✢✣✏✬✖✭✏ ✎✬★✑✮ ✩✶✯✳✶ ✷✏✬✏ p ❂ r ❂ s ❂ … ❂ q ✎✏✑ ✢✣✳✏✩✴✏✍ ✎✓✩✜✔✹ ✦✍✼

“p ❂ q” r❊❀ ✌✚✹
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♠☞✌✍✎✏✌ ✑ ❢✒✓ ✔✕❢✖✗ ✔✕ ✘✙✚✛ f : R ✜✜ R ✖t✢  f(x) = 2x + 5 ⑥t✣t ✘❢✣✤tt❢✥t✦ ✧★✩ ✗✔ ✗✪★✙✔✕

✭one-one✮ ✘✙✚✛ ✧★

♠✫✫✬✯✌ è✰t✛ ✱✕❢✖✗ ❢✔ ✘✙✚✛ f  ✗✪★✙✔✕ ✧t✢✲t ✰❢✱ f (x
1
) = f (x

2
) ✳ x

1
 = x

2

✭✗✪★✙✔✕ ✘✙✚✛ ✔✕ ✘❢✣✤tt✥tt✮

✈✴ ✵t✛ ✚✕❢✖✗ ❢✔ f (x
1
) = f (x

2
) ✈✶tt✷✦✸ 2x

1
+ 5 = 2x

2
 + 5

✳ 2x
1
+ 5 – 5 = 2x

2
 + 5 – 5  (✱t✢✛t✢♥ ✘✹tt✢♥ ✵✢♥ ✒✵t✛ ✒♥✺✰t ✖t✢✻✼✛✢ ✒✢)

✳ 2x
1
+ 0 = 2x

2
 + 0

✳ 2x
1
 = 2x

2
   (✪t♦✦❢✪✔ ✒♥✺✰t✈t✢♥ ✵✢♥ ✰t✢✽✰ ✦✾✒✵✔ ✔t ✲✿❀t)

✳ 1

2

2
x  = 2

2

2
x  (✱t✢✛t✢♥ ✘✹tt✢♥ ✔t✢ ✒✵t✛ ❁t❂❃✰✢✦✣ ✒♥✺✰t ✒✢ ❢✪✤tt❢✖✦ ✔✣✛✢ ✒✢)

✳ x
1
 = x

2

✈✦❄ ✘✙✚✛ ✗✪★✙✔✕ ✧★❅

(ii) ❆✬✏✌❇❈❉ ❊✌❆❋●

✲❢❀t✦✕✰ ✈t✲✵✛✩ ✒tè✰t✢♥ ✔t✢ ❢✒✓ ✔✣✛✢ ✔✕ ✗✔ ✗✢✒✕ ❢✪❢❍ ✧★✩ ❢✖✒✔t ♦✪■✘ ❢✛✲✵❢✛✔

✧t✢✦t ✧★❅ ❣✒ ❢✪❢❍ ✵✢♥ ❏✘✘❢❑t ✘❂❀t✷■✘✢❀t ❢✛▲✛❢✚❢✺t✦ ✈❢✤t✲▼✧✕✦ ✘✣ ✈t❍t❢✣✦ ✧t✢✦✕ ✧★♥❅

N ✪✢✙ ✗✔ ✘◆✱❑t ❏✘✒✵✿❖P✰ S ✵✢♥✩ ✰❢✱

(i) ✘◆t✪▼✙✦ ✒♥✺✰t 1 ◗ S ✦✶tt

(ii) ✘◆t✪▼✙✦ ✒♥✺✰t  k + 1 ◗ S ✖✴ ✔✤t✕ k ◗ S, ✦t✢ S = N

✲❢❀t✦✕✰ ✈t✲✵✛ ✔t ❢✒✓t♥✦ ✰✧ ✧★ ❢✔ ✰❢✱ ✗✔ ✔✶t✛ “S(n), n = 1 ✪✢✙ ❢✚✗ ✒✾✰ ✧★” ✭✈✶t✪t

❢✔✒✕ ✈❃✰ ✘◆t✣♥❢✤t✔ ✒♥✺✰t j ✪✢✙ ❢✚✗ ✒✾✰ ✧★) ✈t★✣ ✰❢✱ ✔✶t✛ n = k ✪✢✙ ❢✚✗ ✒✾✰ ✧t✢✛✢ ✵✢♥ ✰✧

✈♥✦❢✛✷❢✧✦ ✧★ ❢✔ ✪✧ n = k + 1 ✪✢✙ ❢✚✗ ✈❢✛✪t✰✷✦❄ ✒✾✰ ✧★ ✭✖✴ ✔✤t✕ ❍✛ ✘❂❀tt❘✔ k ❙  j), ✦t✢ ✘◆✱❑t

✔✶t✛ ❢✔✒✕ ✤t✕ ❍✛ ✘❂❀tt❘✔ n, ✖✧t❚ n ❙  j ✪✢✙ ❢✚✗ ✒✾✰ ✧t✢✦t ✧★❅

✈✴ ✧✵ ✪✿✙❯ ❏✱t✧✣❀t ✚✢✦✢ ✧★♥❅

♠☞✌✍✎✏✌ ❱ ✰❢✱ A = 
cos sin

sin cos

❲ ❲❳ ❨
❩ ❬❭ ❲ ❲❪ ❫

,  ✦t✢ ❢✱✺tt❣✗ ❢✔  An = 
cos sin

sin cos

n n

n n

❲ ❲❳ ❨
❩ ❬❭ ❲ ❲❪ ❫

✍❴  ✵t✛ ❢✚✰t ❢✔ P(n) : An =
cos sin

sin cos

n n

n n

❵ ❵❛ ❜
❝ ❞❡ ❵ ❵❤ ✐
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❣☎ ✆ ✝✞ ✟ ✠✝ ❣ ✡☛ ☞✌ P(1) : A1 =
cos sin

sin cos

✍ ✍✎ ✏
✑ ✒✓ ✍ ✍✔ ✕

✈ ✠✖ P(1) ❧✗✘ ❣ ✡ ✙

✈✚ ☎✟ ✛ ☞✜✘✟ ☞✌ P(k) ❧✗✘ ❣✡ ✢ ✈ ✣✟✟ ✤✠✥

P(k) : Ak =
cos sin

sin cos

k k

k k

✦ ✦✧ ★
✩ ✪✫ ✦ ✦✬ ✭

✠✟ ✝ ❣ ☎ ☞❧r ✌✮✛✟ ✯✟ ❣ ✠✝ ❣✡☛ ☞✌ P(k + 1) ❧✗✘ ❣✡ ✢ ✰✚ ✌ ✱✟ ✲ P(k) ❧✗✘ ❣ ✡ ✢ ✈ ✣✟ ✟ ✤ ✠✥

P(k + 1) : Ak+1 =
cos ( 1) sin ( 1)

sin( 1) cos ( 1 )

k k

k k

✳ ✍ ✳ ✍✎ ✏
✑ ✒✓ ✳ ✍ ✳ ✍✔ ✕

❧✗✘ ❣✡

✐✴✛ ✖ Ak+1 = Ak . A

✯♣✵ ☞✌ P(k) ❧✗✘ ❣✡ ✢ ✶ ❧☞✜✷

Ak+1 =
cos sin

sin cos

k k

k k

✦ ✦✧ ★
✩ ✪✫ ✦ ✦✬ ✭

  
cos sin

sin cos

✍ ✍✎ ✏
✑ ✒✓ ✍ ✍✔ ✕

=
cos cos sin sin cos sin sin cos

sin cos cos sin sin sin cos cos

k k k k

k k k k

✦ ✦ ✫ ✦ ✦ ✦ ✦ ✸ ✦ ✦✧ ★
✩ ✪✫ ✦ ✦ ✫ ✦ ✦ ✫ ✦ ✦ ✸ ✦ ✦✬ ✭

(✈ ✟ ✹✘ ♣❣ ✺✴✻✟ ✛ ✼✟ ✮✟)

=
cos ( 1) sin ( 1)

sin( 1) cos ( 1 )

k k

k k

✳ ✍ ✳ ✍✎ ✏
✑ ✒✓ ✳ ✍ ✳ ✍✔ ✕

✈ ✠✖ P(k + 1) ❧✗✘ ❣✡ ✢ ✰✚ ✌ ✱✟ ✲ P(k) ❧ ✗✘ ❣ ✡ ✙

✈ ✠✷✽ P(n), n ✽✝♦ ❧✱✟ ✲ ☎✟✛ ✟ ✝☛ ✾✿✛ ✐♣ ✻✟ ✟ ❀✌❁ ✽✝♦ ☞✜✷ ❧✗✘ ❣✡ ✙

(iii) ❢❂ ❢❃❄❅❆ ❢❇ ❈ ❄❢❉❊ ❄❋ ● ❍❋ ● ❢❂ ■ ❄●❏❆ ❑ ❄▲ ❄ ▼❈ ❄❂ ❄ ❢❆ ◆ ❖❄❋ P ❄◗ ❄ ❑❄ ▲❄ ❘ ❙❙❢❚ ❄

✌ ✣✟ ✛  p ❯ q ✌✟ ✝ ☞❧r ✌✮✛ ✝ ✌ ✲ ✘❣ ☞✽ ☞✿ ✽✝♦✽ ✜ ✠ ✱✟ ✲ ❧☛ ✱✟✽ ❣✡ ✢ ✰✚  p ✌✟✝ ✈✛ ✝✌ ✌ ✣✟✛ ✟ ✝☛

r, s, t  (☎✟ ✛ ☞✜✘ ✟) ☎✝☛ ☞✽✞ ✟ ☛ ☞❡ ✠ ☞✌✘ ✟ ✰✟ ❧✌ ✠✟ ❣✟ ✝ ✰✡ ❧✟ ☞✌ p = r ❱  s ❱  t (✰❣ ✟ ✵ “ ❱ ” ✐❲✠ ✲✌

❣ ✡ “✘ ✟” ✽✝ ♦ ☞✜ ✷)

✘ ☞✆ ❧✐❲☞✠✚☛✿ ✌ ✣✟ ✛ ✟ ✝☛ r ❯ q;

s ❯ q;

✠✣✟ ✟ t ❯ q
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✈☞✌✍✎✏✑ A✶✒✶

❞✓✔ ✕✖✗✓✘✙✓✚ ✘❞✛✓ ✜✓✢✣ ✚✓✔  (r ✤  s ✤  t) ✥ q, ✘❢✦ ✧✓✔ ✜✓✚✓ ✧★ ✩✓★✪ ✫❢ ✕✖❞✓✪ p ✥ q

✕✖✗✓✘✙✓✚ ✧✓✔✚✓ ✧★✐

✫❢ ✘❜✘✬ ✗✔✭ ✕✘✪❞✮✕✯✓ ❞✰ ✕✖✱✛✔❞ ❢✭✲✓❜ ✳✴✓✓ ❞✓✔ ✜✓✵✷✓ ✜✓✚✓ ✧★✐ ✛✧ ✘❜✘✬ ✸✛✓❜✧✓✘✪❞ ✹✕

❢✔ ❜✔❧❜✺ ✚✲✓✰ ❢✻✘❜✬✓✜✯❞ ✧★ ✜✼ ✘❜✽✓✙✾✯ ✿✓✪✓ ✕✖✓❀✚ ❞❁✓✯✓✔✭ ❞✰ ❢✭✽✛✓ ❞✗ ✧✓✔✐

♠❂❃❄❅❆❃ ❇ ✘❞❢✰ ✘❈✓✲✓✻✜ ABC, ✗✔✭ ✘❢✦ ❞✰✘✜✢ ✘❞

a = b cos C + c cos B

❄❣  ✗✓✯ ✺✰✘✜✢ ✘❞ p ❞❁✓✯ “ABC ✢❞ ✘❈✓✲✓✻✜ ✧★ ” ✚❁✓✓ q ❞❁✓✯

“a = b cos C + c cos B” ✧★

✗✓✯ ✺✰✘✜✢ ✘❞ ABC ✢❞ ✘❈✓✲✓✻✜ ✧★✐ ✴✓✰❉✓❊ A  ❢✔ BC ❋✩✓❜✴✛❞✚✓✯✻❢✓✪ ✼●❍✓✫❊ ■✫❊❏ ✕✪ ✺✭✼

AD ✽✓✰✭✘✷✢✐

✧✗✔✭ ❑✓✚ ✧★ ✘❞ ✢❞ ✘❈✓✲✓✻✜ ✛✓ ✚✓✔ ▲✛▼✯❞✓✔✙✓ ✘❈✓✲✓✻✜ ✛✓ ✩✘✬❞❞✓✔✙✓ ✘❈✓✲✓✻✜ ✛✓ ❢✗❞✓✔✙✓ ✘❈✓✲✓✻✜

✧✓✔✚✓ ✧★✣ ✫❢✘✺✢ ✧✗ p ❞✓✔ r, s ✚❁✓✓ t ✗✔✭ ✘❜✽✓✘✙✾✚ ❞✪ ❢❞✚✔ ✧★✭✣ ✜✧✓✵

r : ABC ✢❞ ▲✛▼✯❞✓✔✙✓ ✘❈✓✲✓✻✜ ✧★✣ ✘✜❢✗✔✭ ◆ C  ▲✛▼✯❞✓✔✙✓ ✧★✭✐

s : ABC ✢❞ ✩✘✬❞❞✓✔✙✓ ✘❈✓✲✓✻✜ ✧★✣ ✘✜❢✗✔✭  ◆ C ✩✘✬❞❞✓✔✙✓ ✧★✐

t : ABC ✢❞ ❢✗❞✓✔✙✓ ✘❈✓✲✓✻✜ ✧★✣ ✘✜❢✗✔✭  ◆ C ❢✗❞✓✔✙✓ ✧★✐

✩✚❖ ✧✗ ❢✓P✛ ❞✓✔ ◗✕✛✻❊❘✚ ✚✰✯✓✔✭ ❢✭✲✓✓❜✯✓✩✓✔✭ ❜✔❧ ✘✺✢ ✩✺■❙✩✺■ ✘❢✦ ❞✪✚✔ ✧★✭✐

❂♥❃❃ (i)  ✜✼ ◆ A, ◆ B, ✚❁✓✓ ◆ C ✚✰✯✓✔✭ ✧✰ ▲✛▼✯❞✓✔✙✓ ✧★✭ ❋✩✓❜r❧✘✚ A1.1)

❢✗❞✓✔✙✓ ✘❈✓✲✓✻✜ ADB, ✿✓✪✓

BD

AB
 = cos B

✩❁✓✓❊✚❚ BD = AB cos B = c cos B

❢✗❞✓✔✙✓ ✘❈✓✲✓✻✜ ADC ✿✓✪✓

CD

AC
 = cos C

✩❁✓✓❊✚❚ CD = AC cos C

= b cos C

✩✼ a = BD + CD

= c cos B + b cos C ... (1)
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♥☎✆✆ (ii)  t✝ ✞ C ✈✟✠✡✡☛☞✌☛ ✍✎ ✏✈☛✑✒✓✟✔ A1.2)

❧✕✡☛☞✌☛ ✟✖☛✗☛✘t ADB ⑥☛✙☛

BD

AB
 = cos B

✈✚☛☛✛✔✜ BD = AB cos B

= c cos B

❧✕✡☛☞✌☛ ✟✖☛✗☛✘t  ADC  ⑥☛✙☛

CD

AC
 = cos ✞ ACD

= cos (180 – C)

= – cos C

✈✚☛☛✛✔✜ CD = – AC cos C

= – b cos C

✈✝ a = BC = BD – CD

✈✚☛☛✛✔✜ a = c cos B – ( – b cos C)

a = c cos B + b cos C ... (2)

✢✣☛☛ (iii)  t✝ ✞ C ❧✕✡☛☞✌☛ ✍✎ ✏✈☛✑✒✓✟✔ A1.3)

✟✖☛✗☛✘t ACB, ⑥☛✙☛

BC

AB
 = cos B

✈✚☛☛✛✔✜ BC = AB cos B

✔✚☛☛ a = c cos B,

b cos C = b cos 900 = 0

✈✔✤ ✍✕ ✟✥✦☛ ❧✡✔☞ ✍✎✧ a = 0 + c cos B

= b cos C + c cos B ... (3)

❧✕★✡✙✌☛ (1), (2) ✔✚☛☛ (3) ❧☞ ✍✕ ✩☛✔☞ ✍✎ ✧✪ ✟✡ ✟✡❧★ ✟✖☛✗☛✘t ABC ✕☞✧

a = b cos C + c cos B

♥☎✆✆ (i) ❧☞  r ✫✫ q ✩✐✕☛✟✌☛✔ ✍✎✬

♥☎✆✆ (ii) ❧☞ s ✫ q ✩✐✕☛✟✌☛✔ ✍✎✬

✔✚☛☛ ♥☎✆✆ (iii) ❧☞ t ✫ q ✩✐✕☛✟✌☛✔ ✍✎✬

✈✔✤  (r  ✭  s  ✭  t) ✫✫ q ✩✐✕☛✟✌☛✔ ✍✎ ✈✚☛☛✛✔✜ p ✫✫ q ✩✐✕☛✟✌☛✔ ✍✎✪

 ✮✯✰✱✲✳✴ A✶✵✷

 ✮✯✰✱✲✳✴ A✶✵✸
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✈☞✌✍✎✏✑ ✒☞☞✓✔✑✕ ❢✖✗ ✘✗ ✙✚✛✜ ✢✚✣ ✙✤✥✣ ✦✧★✚❢✩✚✪ ✢✫✬✣ ✭✣✮ ✗✭✯ ★✣✰✱ ✲★ ✳✙✭✣✮ ✙★✪✴✵✜

❢✢✙✤ ✙✚✛✜ ✢✚✣ ❢✙✶ ✢✫✭✣✮✱ ✦✧✖✷✚ ✙✚✛✜ ✢✚✣ ✦✧★✚❢✩✚✪ ✢✫✪✣ ✲✸✰

(i) ✓✹✺✑✻✼✑✻✓✽✾ ✿✑✺✑ ✒☞☞✓✔✑ (Reductio Ad Absurdum):

✜✲✚❀ ✲★ ❁✙ ★✚❂✜✪✚ ✙✣ ✦✧✚✫✰❃✚ ✢✫✪✣ ✲✸✰ ❢✢ ✦❢✫✢✵✦✬✚ ✙❄✜ ✲✸ ✪❅✚✚ ❢✬❆✢❆✚❇ ❈✙❄✜ ✲✸❉ ✪✭❇✮ ✭✣✮
❢✬✜★✚✣✰ ✭✣✮ ✦✧✜✚✣✘ ❊✚✫✚ ✲★ ❁✙ ❢✬❆✢❆✚❇ ✦✫ ✦✲✴❀❋✪✣ ✲✸✰ ❢✢ ✗✢ ●✚✪ ✙❄✜ ✢❅✚✬✱ ❈✙❄✜ ✲✸✱ ✯✚✣ ✗✢
❢✭✫✚✣✥✚✣❢❍✪ ✲✸❉ ❈✪■ ✦✧✖✷✚ ✢❅✚✬ ✙❄✜ ✲✸ ❁✙ ❢✭❢✥ ✢✚✣ ✗✢ ✳✖✚✲✫✩✚ ❊✚✫✚ ✙★❏✪✣ ✲✸✰❉

✒♠✑❑✺▲✑ ▼ ✙❃✚✤ ❈❃✚✚❧✜ ✙✰◆✜✚❈✚✣✰ ✢✚ ✙★✴❖❋✜ ❈✦❢✫❢★✪  (Infinite) ✲✚✣✪✚ ✲✸❉

❑❣ ★✚✬ ❡✤❢✯✗ ❢✢ ✙★P✪ ❈❃✚✚❧✜ ✙✰◆✜✚❈✚✣✰ (Prime Numbers) ✢✚ ✙★✴❖❋✜ P ✲✸ ✯✚✣ ❈✦❢✫❢★✪
✲✸❉ ✲★ ❁✙ ✢❅✚✬ ✭✣✮ ❢✬❆✚✣✥ (Negation) ✢✚✣✱ ❈❅✚✚❇✪ ✙★P✪ ❈❃✚✚❧✜ ✙✰◆✜✚❈✚✣✰ ✢✚ ✙★✴❖❋✜ ❈✦❢✫❢★✪
✬✲✤✰ ✲✸✱ ✙❄✜ ★✚✬ ❡✣✪✣ ✲✰✸✱ ❈❅✚✚❇✪✉ ✙★P✪ ❈❃✚✚❧✜ ✙✰◆✜✚❈✚✣✰ ✢✚ ✙★✴❖❋✜ ✦❢✫❢★✪ ✲✸❉ ❁✙❢❡✗ ✲★ ✙★P✪
❈❃✚✚❧✜ ✙✰◆✜✚❈✚✣✰ ✢✚✣ ✙◗❋✤❘✶ ✢✫ ✙✢✪✣ ✲✸✰❉ ★✚✬ ❡✤❢✯✗ ❢✢ P

1
, P

2
, P

3
,..., P

k 
✙★P✪ ❈❃✚✚❧✜

✙✰◆✜✚❈✚✣✰ ✢✤ ✙◗❋✤ ✲✸❉ ❈❘ ★✚✬ ❡✤❢✯✗

N = (P
1
 P

2
 P

3
…P

k
)  + 1 ... (1)

P✦❆❙ ✲✸ ❢✢ N ❈❃✚✚❧✜ ✙✰◆✜✚❈✚✣✰ ✢✤ ✙◗❋✤ ★✣✰ ✬✲✤✰ ✲✸✱ ❍✜✚✣✰❢✢ ✜✲ ✙◗❋✤ ✢✤ ❢✢✙✤ ❃✚✤ ✙✰◆✜✚
✙✣ ❈❢✥✢ ✲✸❉

N ✜✚ ✪✚✣ ❈❃✚✚❧✜ ✙✰◆✜✚ ✲✸ ✜✚ ✙✰✜✴❍✪ ✙✰◆✜✚ ✲✸❉

✜❢✖ N ❈❃✚✚❧✜ ✙✰◆✜✚ ✲✸ ✪✚✣ ❚❯❱ ✙✣ P✦❆❙ ✲✚✣✪✚ ✲✸ ❢✢ ✗✢ ✗✣✙✤ ❈❃✚✚❧✜ ✙✰◆✜✚ ✢✚ ❈❢P✪❄✭
✲✸✱ ✯✚✣ ✙◗❋✤ ★✣✰ ✬✲✤✰ ✲✸❉

✖◗✙✫✤ ❈✚✣✫✱ ✜❢✖ N ✗✢ ✙✰✜✴❍✪ ✙✰◆✜✚ ✲✸✱ ✪✚✣ ❁✙✢✚ ✢★ ✙✣ ✢★ ✗✢ ❈❃✚✚❧✜ ❃✚✚✯✢ (Divisor)

✲✚✣✬✚ ❋✚❢✲✗❉ ✦✫✰✪✴ ✙◗❋✤ ✢✤ ✢✚✣❁❇ ❃✚✤ ✙✰◆✜✚ N ✢✚✣ ❢✭❃✚✚❢✯✪ ❚✦◗✩✚❇❞✦ ✙✣❱ ✬✲✤✰ ✢✫ ✙✢✪✤ ✲✸✱ ❍✜✚✣✰❢✢

✳✬★✣✰ ✙✣ ❢✢✙✤ ✭✣✮ ❊✚✫✚ N ✢✚✣ ❢✭❃✚✚❢✯✪ ✢✫✬✣ ✦✫ ❲✚✣❆✚✦✮❡ ✙✖✸✭ ❯ ❘❋✪✚ ✲✸❉ ❈✪■ N ✢✚ ❈❃✚✚❧✜

❃✚✚✯✢ ✙◗❋✤ ✭✣✮ ❈❢✪❢✫❍✪ ✢✚✣❁❇ ❈❂✜ ✙✰◆✜✚ ✲✸❉

❢✢✰✪✴ ✜✲✱ ❁✙ ✢❅✚✬ ✢✚ ❢✢ ✲★✬✣ ✙❃✚✤ ❈❃✚✚❧✜ ✙✰◆✜✚❈✚✣✰ ✢✤ ✙◗❋✤ ❘✬✚ ❡✤ ✲✸✱ ❢✭✫✚✣✥✚✣❢❍✪ ✲✸❉

❁✙ ✦✧✢✚✫ ✲★✚✫✤ ✦◗✭❇✥✚✫✩✚✚ ❢✢ ✙❃✚✤ ❈❃✚✚❧✜ ✙✰◆✜✚❈✚✣✰ ✢✚ ✙★✴❖❋✜ ✦❢✫❢★✪ ✲✸✱ ❈✙❄✜ ✲✸❉

❈✪■ ✙❃✚✤ ❈❃✚✚❧✜ ✙✰◆✜✚❈✚✣✰ ✢✚ ✙★✴❖❋✜ ❈✦❢✫❢★✪ ✲✚✣✪✚ ✲✸❉

❳✓❨❩☞▲✑❬ ❚✛✜✚✬ ✖✤❢✯✗ ❢✢ ✳✦✜✴❇❍✪ ✳✦✦❢✷✚ ★✣✰ ❢✭❢❃✚❂✬ ✖❲✚✚❈✚✣✰ ★✣✰ ❢✭◆✚✩❭✬ ❊✚✫✚ ✳✦✦❢✷✚

✢✤ ❢✭❢✥ ✢✚ ✳✦✜✚✣✘ ❃✚✤ ✲✸❱

(ii) ☞✌♠✔✑ ✐❪✑❫ ✐✑ ☞✌✓✾✼❫✑✍❴✐ ❵contrapositive❛ ✐❪✑❫ ✹✻❜ ☞✌✎✑✻❝ ✿✑✺✑ ✒☞☞✓✔✑✕

✜✲✚❀ ✙✦✧❢✪❘✰✥ ✢❅✚✬ p ❤ q ✢✚✣ ❢✙✶ ✢✫✬✣ ✭✣✮ P❅✚✚✬ ✦✫ ✲★ ✳✙✭✣✮ ✙★✪✴✵✜ ✢❅✚✬

~ q ❤ ~ p ✢✚✣ ❢✙✶ ✢✫✪✣ ✲✸✰❉ ❚❢✭❥✚❅✚✤❇ ✙★✪✴✵✜✪✚ ✢✚✣ ✙❄✜✚❢✦✪ ✢✫ ✙✢✪✣ ✲✸✰❱❉

❢✢✙✤ ❢✖✗ ✲✴✗ ✙✦✧❢✪❘✰✥ ✢❅✚✬ ✭✣✮ ❢✬❆✢❆✚❇ ✪❅✚✚ ✦❢✫✢✵✦✬✚ ✢✚ ❢✭❢✬★✜ ✢✫✭✣✮ ✳✬★✣✰ ✙✣ ✦✧❄✜✣✢ ✢✚

❢✬❆✚✣✥✬ ✢✫✬✣ ✙✣ ✦✧✖✷✚ ✢❅✚✬ ✢✚ ✦✧❢✪✥✬✚❄★✢ ✢❅✚✬ ❘✬✪✚ ✲✸❉
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♠☎✆✝✞✟✆ ✠ ❢✡☛ ☞✌❢✍✎ ❢☞ f (x) = 2x + 5 ⑥✏✑✏ ✒❢✑✓✏✏❢✔✏✕ ✒✖✗✘ f : R ✙ R ✎✱✚✖☞✌ ✒✖✗✘ ✛✚✜

✝❣ ✒✖✗✘ ✎✱✚✖☞✌ ✛✏✐✕✏ ✛✚✢ ✣❢✤  f (x
1
) = f (x

2
) ✥ x

1
 = x

2
.

❜✡☞✏ ✒✦✣✏✐✧ ☞✑✱✐✖ ✛★✐✩ ✒✦★✏❢✪✏✕ ☞✑✘✏ ✛✚ ❢☞ “2x
1
+ 5 = 2x

2
 + 5” ✥ “x

1
 = x

2
” ✣✛ p ✥ q, ✱✐✖

✿✒ ☞✏ ✛✚✢ ✍✛✏→ 2x
1
+ 5 = 2x

2
 + 5 ☞❞✏✘ p ✛✚ ✕❞✏✏ x

1
  = x

2
 ☞❞✏✘ q ✛✚✜ ❜✡ ✫✏✕ ☞✏✐ ✛★ ✬✤✏✛✑✪✏

✷ ★✐✩ ✭✒✦✮✣✯✏ ❢✱❢✰➳ ⑥✏✑✏ ❢✡☛ ☞✑ ✲✳✱✐✖ ✛✚✩✜

✛★ ❜✡✐ ✒✦✤✴✏ ☞❞✏✘ ✱✐✖ ✒✦❢✕✰✘✏✮★☞ ☞❞✏✘ ✱✐✖ ✒✦✣✏✐✧ ⑥✏✑✏ ✓✏✌ ✒✦★✏❢✪✏✕ ☞✑ ✡☞✕✐ ✛✚✩✜ ❢✤✎ ✧✎

☞❞✏✘ ☞✏ ✒✦❢✕✰✘✏✮★☞ ☞❞✏✘  ~ q ✥ ~ p ✛✚✢ ✵❞✏✏✶✕✸ “✣❢✤ f (x
1
) = f (x

2
) ✕✏✐ x

1 
= x

2
” ☞✏

✒✦❢✕✰✘✏✮★☞ ✛✚ “✣❢✤ x
1
✹ x

2
✕✏✐ f (x

1
) ✹ f (x

2
)”

✵✫ x
1
 ✹ x

2

✥ 2x
1
 ✹ 2x

2

✥ 2x
1
+ 5 ✹ 2x

2
 + 5

✥ f (x
1
) ✹ f (x

2
).

❉✣✏✐✩❢☞ “~ q ✥ ~ p”, ✵✏✚✑ “p ✥ q” ✡★✕✳❧✣ ✛✚✢ ❜✡ ✒✦☞✏✑ ✬✒✒❢✴✏ ✒✺✪✏✶ ✛✚✜

♠☎✆✝✞✟✆ ✻  ✒✦★✏❢✪✏✕ ☞✌❢✍✎ ❢☞ ✭✣❢✤ ✵✏✼✣✺✛ A, Invertible ✛✚✢ ✕✏✐ A, Non-singular ✛✚➳

✝❣  ✬✒✣✳✶❉✕ ☞❞✏✘ ☞✏✐ ✒✦✕✌☞✏✮★☞ ✿✒ ★✐✩ ❢✗✽✏✘✐ ✒✑ p ✥ q ✍✛✏→ p ☞❞✏✘ “✵✏✼✣✺✛ A, invertible

✛✚” ✕❞✏✏ q ☞❞✏✘ “A, non-singular ✛✚✜”

✒✦✤✴✏ ☞❞✏✘ ☞✏✐ ✒✦★✏❢✪✏✕ ☞✑✘✐ ✱✐✖ ✎✱✍ ★✐✩ ✛★ ❜✡✱✐✖ ✒✦❢✕✰✘✏✮★☞ ☞❞✏✘ ☞✏✐ ✒✦★✏❢✪✏✕ ☞✑✕✐ ✛✚✩✢

✵❞✏✏✶✕✸ ✣❢✤ A ✎☞ non-singular ✵✏✼✣✺✛ ✘✛✌✩ ✛✚✢ ✕✏✐ ✵✏✼✣✺✛ A invertible ✘✛✌✩ ✛✚✜

✣❢✤ A ✎☞ non-singular ✵✏✼✣✺✛ ✘✛✌✩ ✛✚ ✕✏✐ ❜✡☞✏ ✵❞✏✶ ✛✳✵✏ |A| = 0 ✛✚✜

✵✫ A–1 =
A

|A|

adj
 ☞✏ ✵❢✾✕✮✱ ✘✛✌✩ ✛✚✢ ❉✣✏✐✩❢☞ |A | = 0

✵✕✈ A, Invertible ✘✛✌✩ ✛✚✜

❜✡ ✒✦☞✏✑ ✛★✘✐ ✣✛ ✒✦★✏❢✪✏✕ ☞✑ ❢✤✣✏ ❢☞ ✣❢✤ A ✎☞ non-singular ✵✏✼✣✺✛ ✘✛✌✩ ✛✚ ✕✏✐ A,

invertible ✘✛✌✩ ✛✚✜ ✵❞✏✏✶✕✸ ~ q ✥ ~ p.

✵✕✈ ✣❢✤ ✎☞ ✵✏✼✣✺✛ A invertible ✛✚✢ ✕✏✐ A non-singular ✛✚✜

(iii) ❀❁❂❃❄☎✆✝✞✟✆ (counter example) ❅✆✞✆ ♠❀❀❆❇✆✈

✧❢✪✏✕ ✱✐✖ ❜❢✕✛✏✡ ★✩✐ ✎✐✡✐ ✵✱✡✑ ✓✏✌ ✵✏✕✐ ✛✚✩✢ ✍✫ ❢☞✡✌ ✒❢✑☞❢❧✒✕ ✼✣✏✒☞✌☞✑✪✏ ☞✌ ✱✚✰

✬✒✒❢✴✏ ❈✏✕ ☞✑✘✐ ✱✐✖ ✡✓✏✌ ✒✦✣✏✡ ✵✡✒✖✗ ✛✏✐ ✍✏✕✐ ✛✚✩ ✵✏✚✑ ✼✣✏✒☞✌☞✑✪✏ ✱✐✖ ✡✮✣★✏✘ ☞✌

✵❢✘❢❊✲✕✕✏ ✵❢✘✪✏✌✶✕ ✫✘✌ ✑✛✕✌ ✛✚✜

✎✐✡✌ ❢✾❞✏❢✕ ★✐✩ ✣✛ ✗✏✓✏✒✦✤ ✛✚ ❢☞✢ ☞❞✏✘ ☞✏✐ ✵✡✮✣ ❢✡☛ ☞✑✘✐ ✱✐✖ ❢✗✎✢ ✛★ ✎☞ ✬✤✏✛✑✪✏

❋✺→❋● ✡✱✐✩✖✜ ❢☞✡✌ ☞❞✏✘ ☞✏✐ ✵★✏❍✣ ☞✑✘✐ ✱✏✗✏ ✬✤✏✛✑✪✏ ✒✦✮✣✳✤✏✛✑✪✏ ☞✛✗✏✕✏ ✛✚✜
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❉☞✌✍✎✏✑ ✒✌✓☞ p ✔ q ✑✌ ❞✌✎✕✖✗ ✒✌✓☞ ~ (p ✔ q) ✑✘ ✙✍✚✙✛ ✜✌✢✌ ✣✑ ✤✥✥✏✦✌ ✧✌✍★✌ ✧✩✪ ✫★✬

☞✧ ❀✌✘ ✤✥✥✏✦✌ ✑✘ ✣✑ ✏✙✏✭ ✧✩✪

♠✮✯✰✱✲✯ ✳ ✑✴✌✖✬ ✥✵✶☞✍✑ n ✷ N ✙✍✚ ✏✛✣✗ ( 22
n + 1)  ✣✑ ✫❀✌✌✸☞ ✒✎❞☞✌ ✧✩✪

☞✧ ✑✴✌✖ ✏✖✹✖✏✛✏❞✌★ ✥✵✍✺✌✻✌✌✍✎ ✙✍✚ ✫✌✭✌✼ ✥✼ ✣✑ ✒✜☞ ✒✶☞ ✒✜✽✌ ✾☞✌ ✴✌✌✬
122 + 1 = 22 +  1 = 5 t✌✍ ✏✑ ✣✑ ✫❀✌✌✸☞ ✒✎❞☞✌ ✧✩✪
222 + 1 = 24 + 1 = 17 t✌✍ ✏✑ ✫❀✌✌✸☞ ✒✎❞☞✌ ✧✩✪
322 + 1 = 28 + 1 = 257 t✌✍ ✏✑ ✣✑ ✫❀✌✌✸☞ ✧✩✪

☞✿✏✥✗ ✥✵✴✌✜ ❁❂✏❃❄ ✜✍✎ ☞✧ ❅☞✌✥✑✘✑✼✻✌ ✒✧✘ ✥✵★✘★ ✧✌✍★✌ ✧✩✪ ✫✎★★✌✍✾✶✙✌ ☞✧ ✥✵✏★✥✌✏❁★

✏✑☞✌ ✾☞✌ ✏✑ 
522 + 1 = 232 + 1 = 4294967297 ✣✑ ✫❀✌✌✸☞ ✒✎❞☞✌ ✖✧✘✎ ✧✩ ❉☞✌✍✎✏✑

4294967297  =  641 × 6700417 ✧✩✪ t✌✍ ❁✌✍ ✒✎❞☞✌✫✌✍✎ ✑✌ ✾❣✻✌✖✥✚✛ ✧✩ ❆❇ ★✴✌✌ ❈✙✎☞ ✙✍✚ ✫✏★✏✼❉★❊

❜✒ ✥✵✑✌✼ ☞✧ ❅☞✌✥✑✘✑✼✻✌ ✏✑ ❋✥✵✶☞✍✑ n ✙✍✚ ✏✛✣
n22 + 1 ✣✑ ✫❀✌✌✸☞ ✒✎❞☞✌ ✧✩  ● n ✷ N+”

✫✒✶☞ ✧✩✪

✜✌✢✌ ✙✍✚✙✛ ☞✧ ✣✑ ✤❁✌✧✼✻✌ ✏✑
522 + 1 ✫❀✌✌✸☞ ✖✧✘✎ ✧✩✗ ✑✌ ✤❁✌✧✼✻✌ ❅☞✌✥✑✘✑✼✻✌ ✑✌✍ ❞✌✎✏✕★

✑✼✖✍ ✙✍✚ ✏✛✣ ✥☞✌❍■★ ✧✩✪

✫★✬ ✧✜✖✍ ✏✒✈ ✑✼ ✏❁☞✌ ✏✑ ✑✴✌✖ ❋✥✵✶☞✍✑ n ✷ N ✙✍✚ ✏✛✣✗
n22 + 1 ✣✑ ✫❀✌✌✸☞ ✒✎❞☞✌

✧✩ ” ✒✶☞ ✖✧✘✎ ✧✩✪

♠✮✯✰✱✲✯ ❏ ✑✴✌✖ ❋✥✵✶☞✍✑ ✒✎★★ ✥✚✛✖ ✫✙✑✛✖✘☞ ✧✌✍★✌ ✧✩✪❑ ✥✼ ✏✙▲✌✼ ✑✘✏t✣✪

♠▼▼◆❖✯P ✧✜ ✏✖✹✖✏✛✏❞✌★ ✥✚✛✖✌✍✎ ✥✼ ✏✙▲✌✼ ✑✼★✍ ✧✩✎✬

(i) f (x) = x2

(ii) g (x)  = ex

(iii) h (x)  = sin x

☞✍ ✒❀✌✘ ✥✚✛✖ x ✙✍✚ ✒❀✌✘ ✜✌✖✌✍✎ ✙✍✚ ✏✛✣ ✒✎★★ ✧✩✎✪ ☞✏❁ ✧✜ ✫✙✑✛✖✘☞★✌ ✥✼ ✏✙▲✌✼ ✑✼✍✎ ★✌✍ ☞✍

x ✙✍✚ ✒❀✌✘ ✜✌✖✌✍✎ ✙✍✚ ✏✛✣ ✫✙✑✛✖✘☞ ✧✩✎✪ ☞✧ ✧✜✍✎ ❜✒ ✏✙♦✙✌✒ ✙✍✚ ✏✛✣ ✥✍✵✏✼★ ✑✼★✌ ✧✩ ✏✑ ✑✴✌✖

❋✥✵✶☞✍✑ ✒✎★★ ✥✚✛✖ ✫✙✑✛✖✘☞ ✧✌✍★✌ ✧✩❑ ✒✶☞ ✧✩✪ ➯✑★❣ ☞✏❁ ✧✜ ✥✚✛✖ “◗(x) = |x |” ✑✘

✫✙✑✛✖✘☞★✌ ✑✘ t✌❘▲ ✑✼✍✎✗ t✌✍ ✏✑ ✒✎★★ ✧✩✗ ★✌✍ ✧✜ ❁✍❞✌★✍ ✧✩✎ ✏✑ ☞✧ x = 0 ✥✼ ✫✙✑✛✖✘☞ ✖✧✘✎

✧✩✪ ❜✒✑✌ ★✌✶✥☞❍ ☞✧ ✧❣✫✌ ✏✑ ✑✴✌✖ ❋✥✵✶☞✍✑ ✒✎★★ ✥✚✛✖ ✫✙✑✛✖✘☞ ✧✌✍★✌ ✧✩❑ ✫✒✶☞ ✧✩✪ ✥✚✛✖

“◗(x) = |x |” ✑✌ ✙✍✚✙✛ ☞✧ ✣✑ ✤❁✌✧✼✻✌✗ ❅☞✌✥✑✘✑✼✻✌ ✑✌ ❞✌✎✕✖ ✑✼✖✍ ✙✍✚ ✏✛✣ ✥☞✌❍■★ ✧✩✪ ✫★✬

✥✚✛✖ “◗(x) = |x |” ✑✌✍ ✏❁✣ ✾✣ ✑✴✌✖ ✫✴✌✌❍★❙✗ ❋✥✵✶☞✍✑ ✒★★ ✥✚✛✖ ✫✙✑✛✖✘☞ ✧✌✍★✌ ✧✩✪✎❑ ✙✍✚

❞✌✎✕✖ ✑✌ ✥✵✶☞❣❁✌✧✼✻✌ ✑✧★✍ ✧✩✎✪

—❚—



        

A.2.1 ✥�✁✂✄☎�  (Introduction)

❞✆✝✝ XI ✞✟✠ ✡✞ ☛☞✌✝✍✎✏ ☞✑✒✓✝✔✑ ❞✝✟ ✕✝✖✍☞✕❞ ✗✎✕✑ ❞✎ ✘✞✖✏✝✙✝✟✠ ✕✟✚ ✕✛✚✜ ✙✠✓✝ ❞✝ ☛☞✌✝✍✎✏ ✢✝✝✣✝✝
✞✟✠ ✙❡✏✏✑ ✕✟✚ ✤❞ ✦✧✏✝✘ ✕✟✚ ★✦ ✞✟✠ ✗✝✑ ✩✛✕✟✚ ✡✠✪✫ ✙✬✝✝✔✍✭✫ ✮✦✏✛✯✍ ✦✧☞✍✰✠✱✝✟✠ ❞✝ ✦✧✏✝✟☛ ❞✲✕✟✚ ☞❞✘✎
✢✝✝✪☞✍❞ ☞✖✬✝☞✍ ❞✝ ☛☞✌✝✍✎✏ ★✦✝✠✍✲✌✝ ✡✎ ☛☞✌✝✍✎✏ ☞✑✒✓✝✔✑ ✡✪❍ ✞✝✟✳✟ ✍✝✪✲ ✦✲ ☛☞✌✝✍✎✏ ☞✑✒✓✝✔✑ ✤❞
✦✧☞✐✏✝ ✡✪✫ ☞✗✘✞✟✠ ✡✞ ✙✦✑✎ ✴☞✩ ✕✟✚ ✘✝✱✑✝✟✠ ✏✝ ✕✖✍✛✙✝✟✠ ✕✟✚ ✵✏✕✡✝✲ ❞✝ ✕✌✝✔✑ ❞✲✑✟ ✡✟✍✛ ☞✑✒✓✝✝✟✶
✷Models✸ ❞✎ ✲✩✑✝✫ ☞✕☞✕✱ ✦✧❞✝✲ ✘✟ ✓✝✹✒✝✟✠✫ ✙✝✲✟✺✝✝✟✠ ✏✝ ✲✟✺✝✝☞✩✻✝✝✟✠✫ ✕✠✚✼✏✽✳✲ ✦✧✝✟☛✧✝✞✝✟✠✫ ☛☞✌✝✍✎✏ ✘✽✻✝✝✟✠
✙✝☞✒ ✕✟✚ ✦✧✏✝✟☛ ✈✝✲✝ ❞✲✍✟ ✡✪✠❍

☞✦✜❢✎ ❞✆✝✝✙✝✟✠ ✞✟✠ ✡✞✑✟ ✒✟✺✝✝ ✡✪ ☞❞✫ ☞✕☞✕✱ ☛☞✌✝✍✎✏ ✘✠❞✾✦✑✝✙✝✟✠ ✕✟✚ ✦✧✏✝✟☛ ✘✟ ✘✠✰✠☞✱✍ ✙☞✱❞✝✠✓✝
✦✧✓✑✝✟✠ ✕✟✚ ✡❢ ✕✟✚ ☞❢✤ ✤❞ ✦✧❞✝✲ ✘✟ ☛☞✌✝✍✎✏ ☞✑✒✓✝✔✑ ❞✎ ✙✝✕✓✏❞✍✝ ✦✿❀✍✎ ✡✪❍ ✙✍❁ ✏✡ ✞✡❂✕✦✽✌✝✔
✡✪ ☞❞ ☛☞✌✝✍✎✏ ☞✑✒✓✝✔✑ ❞✝ ✙❡✏✏✑ ✤❞ ✦❣✬✝✕✭✚ ☞✕✣✝✏ ✕✟✚ ★✦ ✞✟✠ ☞❞✏✝ ✗✝✑✝ ✩✝☞✡✤❍

❜✘ ✙❡✏✝✏ ✷✦☞✲☞✓✝✣✳✸ ✞✟✠ ✡✞ ✦✛✑❁ ☛☞✌✝✍✎✏ ☞✑✒✓✝✔✑ ❞✝ ✙❡✏✏✑ ✕✝✖✍☞✕❞ ✗✎✕✑ ❞✎ ✕✛✚✜
✤✟✘✎ ✘✞✖✏✝✙✝✟✠ ✕✟✚ ☞❢✤ ❞✲✟✠☛✟✫ ☞✗✑✞✟✠ ✙✝✵✏✽✡✫ ❞❢✑ ✍✬✝✝ ✲✪☞✺✝❞ ✦✧✝✟☛✧✝✞✑ ❞✎ ✦✧✝☞✕☞✱✙✝✟✠ ❞✝ ✦✧✏✝✟☛
☞❞✏✝ ✗✝✍✝ ✡✪❍
A.2.2 ①✂❃�❄❅❆ ✂❇❈❉�❊❇ ❋❆�●■❏ (Why Mathematical Modelling?)

☞✕❑✝☞✬✝✔✏✝✟✠ ❞✝✟ ✙✠❞☛☞✌✝✍✫ ✰✎✗☛☞✌✝✍✫ ☞✻✝❞✝✟✌✝☞✞☞✍ ✍✬✝✝ ✲✪☞✺✝❞ ✦✧✝✟☛✧✝✞✑ ✙✝☞✒ ✕✟✚ ✓✝✝☞✹✒❞ ✦✧✓✑✝✟✠ ❞✝✟
✡❢ ❞✲✑✟ ❞✝ ▲✝✑ ✡✪❍ ❞✢✝✎▼❞✢✝✎ ✡✞ ✦☞✲☞✖✬✝☞✍✗◆✏ ✦✧✓✑✝✟✠ ❞✝✟ ✢✝✝✪☞✍❞ ★✦ ✘✟ ✮✑❞✎ ☛✡✲✝❜✔ ✞✟✠ ☛✤
☞✰✑✝ ✡✎ ✘✲❢ ❞✲✍✟ ✡✪✠❍ ✦☞✲☞✖✬✝☞✍✗◆✏ ✦✧✓✑✝✟✠ ❞✝✟ ✡❢ ❞✲✑✟ ✕✟✚ ☞❢✤ ✢✝✝✪☞✍❞ ★✦ ✘✟ ✮✑❞✎ ☛✡✲✝❜✔
✞✟✠ ✗✝✑✟ ❞✎ ✙✝✕✓✏❞✍✝ ✦✿❀✍✎ ✡✪✫ ✙✬✝✝✔✍✭ ✢✝✝✪☞✍❞ ☞✑✏✞✝✟✠ ✍✬✝✝ ✕✛✚✜ ✦✧✍✎❞✝✟✠ ✕✟✚ ✦✧✏✝✟☛ ❞✎ ✙✝✕✓✏❞✍✝
☞✗✘✘✟ ✦✧✝✼✍ ☛☞✌✝✍✎✏ ✦☞✲✌✝✝✞✝✟✠ ❞✝ ✘✠☛✍ ✦✧✝✏✝✟☞☛❞ ✞✝✑✝✟✠ ✘✟ ✍✛❢✑✝ ❞✎ ✗✝ ✘✕✟✚❍ ✙✑✟❞ ✦✧✖✍✛✍ ✦✧✓✑✝✟✠
❞✝✟ ✘✲❢ ❞✲✑✟ ✕✟✚ ☞❢✤ ✡✞✟✠ ✤❞ ❞✝✪✓✝❢ ❞✎ ✙✝✕✓✏❞✍✝ ✦✿❀✍✎ ✡✪ ☞✗✘✟ ❖P◗❘❙❚❯ P❱❲❳❘❨❱ ❞✡✍✟
✡✪✠❍ ✙✝❜✤ ✡✞ ☞✑❩✑☞❢☞✺✝✍ ✘✞✖✏✝✙✝✟✠ ✦✲ ☞✕✩✝✲ ❞✲✟✠❁

(i) ☞❞✘✎ ✑✒✎ ❞✎ ✩✝✪✿❀✝❜✔ ▲✝✍ ❞✲✑✝ ✷☞✕✓✝✟✣✝ ★✦ ✘✟ ✗✰ ✑✒✎ ❞✝✟ ✦✝✲ ❞✲✑✝ ❞☞❬✑ ✡✝✟✸❍
(ii) ☞❞✘✎ ☛✝✟❢✟ ✕✟✚ ✦✟✠✚❞✑✟ ✡✟✍✛ ✞✡❭✝✞ ❞✝✟✌✝ ▲✝✍ ❞✲✑✝ ✷☛✝✟❢✝ ✦✟✠✚❞✑✟ ✕✝❢✟ ❞✎ ❪❫✩✝❜✔✫ ✞✝❡✏✞ ❞✝

✦✧☞✍✲✝✟✱✫ ☛✛★❂✕✝❞✣✝✔✌✝ g ✙✝☞✒ ✦✧✝✩❢✝✟✠ ✦✲ ☞✕✩✝✲ ❞✲✍✟ ✡✛✤✸❍

❴❵❛❵❝❤❥❦ 2

❧♠♥♦♣qr ♠st✉♦✇s

(Mathematical Modelling)
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(iii) ❢✡☛☞ ✌☞✍✎✏ ✡☞ ✑✒✓✎✔✕ ✖✎✗ ✡✏✍✎ ✘❢✙✚✎✛✜✎✢✣ ☛✛ ✤✥ ✌☞✍✎✏ ✡✎ ✚✎☞✜✎✕ ✦✧★✩ ✪✎✛✫✬

(iv) ☛❧✩✕ ✡☞ ☛✗✪ ✡✎ ✗✎✣✌✎✍ ✖✎✗ ✡✏✍✎✬

(v) ✖✎✗ ✡✏✍✎ ❢✡ ❑✭✩ ✏✎✛❢✧✩✎✛✮ ✡✎✛ ❢✯✰✱ ✙✛✲ ✣✳✩✎✛✧ ✡✎ ❢✍✜✎✛✴ ✵✩✎✛✮ ✪✶ ✘❢✥✍✎ ✌✎✍✙ ✚✎✏☞✏ ❢✷✩✎

❢✙✖✎✍ ✤✎✍✛✫✬

(vi) ✣✐✸✙☞ ✡✎ ✭✳✹✩✌✎✍ ✖✎✗ ✡✏✍✎✬

(vii) ❬✎✺✻☞ ✣✲☛✯ ☛✛ ✼✎✎✏✗ ✌✛✮ ✭✎✯✎✛✮ ✡☞ ✣✶✭✎✙✎✏ ✡✎ ✦✍✽✌✎✍ ✯✧✎✍✎ ✘✤✥ ❢✡☛☞ ✡✎✛ ✣✲☛✯ ✙✛✲

✡✎✱✍✛ ✡☞ ✦✍✽✌❢✗ ✍✪☞✮ ✪✶✫✬

(viii) ❢✡☛☞ ✹✩❢✵✗ ✙✛✲ ✚✎✏☞✏ ✌✛✮ ✏✵✗ ✡✎ ✦✎✩✗✍ ✖✎✗ ✡✏✍✎ ✘✹✩❢✵✗ ✡✎ ✏✵✗ ❢✍✡✎✯✍✛ ✡☞ ✦✍✽✌❢✗

✍✪☞✮ ✪✶✫✬

(ix) ☛✍✾ ✿❀❀❁ ✔✕❂ ✌✛✮ ✼✎✎✏✗ ✡☞ ✤✍☛✮❬✩✎ ✡✎ ✦✍✽✌✎✍ ✯✧✎✍✎ ✘✤✥ ❢✡ ☛✍✾ ✿❀❀❁ ✔✕❂ ✗✡ ✣✳✗☞❃✎✎

✡✏✍✛ ✡☞ ✦✍✽✌❢✗ ✍✪☞✮ ✪✶✫✬

♠✣✩✽✕✵✗ ☛✼✎☞ ☛✌❄✩✎✦✎✛✮ ✡✎✛ ✧❢❅✎✗☞✩ ❢✍✭✚✎✕✍ ✙✛✲ ✣✳✩✎✛✧ ❆✎✏✎ ☛✏✯ ❢✡✩✎ ✤✎ ☛✡✗✎ ✪✶ ✦✎✶✏ ✙✎❄✗✙

✌✛✮ ☛✏✯ ❢✡✩✎ ✤✎ ✓✽✡✎ ✪✶✬ ✙❄✗✽✗❡ ✔✍✌✛✮ ☛✛ ✙✽✲❇ ☛✌❄✩✎✦✎✛✮ ✡✎✛ ☛✏✯ ✡✏✍✛ ✡☞ ❢✙❢✴✩✎✛✮ ✡✎ ✦❈✩✩✍

✦✎✣ ✔☛☞ ✣✎✈✾✩✣✽❄✗✡ ✌✛✮ ✡✏✛✮✧✛✬ ✗✸✎✎❢✣ ✩✪ ❢✚✎❃✎✎✣✳✭ ✪✎✛✧✎ ✩❢✭ ✦✎✣ ✔✍✡✎✛ ❄✙✩✮ ☛✏✯ ✡✏✍✛ ✡✎ ✣✳✩✎☛

✡✏✛✮ ✙✪ ✼✎☞ ❢✥✍✎ ✧❢❅✎✗ ✙✛✲ ✣✳✩✎✛✧ ❢✡❞✬ ✗✥ ✦✎✣ ✧❢❅✎✗ ✡☞ ❃✎✌✗✎ ✗✸✎✎ ✧❢❅✎✗☞✩ ❢✍✭✚✎✕✍ ✡☞

✦✎✙✚✩✡✗✎ ✙✛✲ ✌✪❉✙ ✡✎✛ ☛✌❊ ☛✙✛✮✲✧✛✬

A.2.3 ❋●❍■❏▲▼ ●◆❖P■◗◆ ❘❙❚ ●❯❱■❲❏ (Principles of Mathematical Modelling)

✧❢❅✎✗☞✩ ❢✍✭✚✎✕✍ ❞✡ ❢☛❳✎✮✗✩✽✵✗ ❢✷✩✎ ✪✶ ✦✗❡ ✔☛☛✛ ☛✮✥✮❢✴✗ ✙✽✲❇ ❢☛❳✎✮✗ ✪✶✮✬ ✔✍ ❢☛❳✎✮✗✎✛✮ ✡✎ ❄✙✢✣

✯✧✼✎✧ ✭✎✚✎✕❢✍✡ ✪✶✮✬ ✧❢❅✎✗☞✩ ❢✍✭✚✎✕✍ ✙✛✲ ✙✽✲❇ ✌❧✯ ❢☛❳✎✮✗✎✛✮ ✡✎✛ ✦✍✽✭✛✚✎✎②✌✡ ✢✣ ✌✛✮ ✍☞✓✛ ☛❧✓☞✥❳

❢✡✩✎ ✧✩✎ ✪✶❡

(i) ❢✍✭✚✎✕ ✡☞ ✦✎✙✚✩✡✗✎ ✡✎✛ ✣✪✓✎❢✍❞ ✘✪✌ ✌✎❨✺✯ ✵✩✎✛✮ ❬✎✎✛✤ ✏✪✛ ✪✶✮✫✬

(ii) ✌✎❨✺✯ ✙✛✲ ❢✯❞ ✣✳✎✓✯✎✛✮❩✓✏✎✛✮ ✡✎✛ ☛❧✓☞✥❳ ✡☞❢✤❞ ✘✪✌ ✵✩✎ ✖✎✗ ✡✏✍✎ ✓✎✪✗✛ ✪✶✮✫✬

(iii) ♠✣✯❭✴ ✣✳✎☛✮❢✧✡ ✦✎✒✡✺✻✎✛✮ ✡✎✛ ✣✪✓✎❢✍❞ ✘✵✩✎ ❢✭✩✎ ✪✽✦✎ ✪✶✫✬

(iv) ✣✳✩✎✛✧ ✩✎✛❪✩ ✣❢✏❢❄✸✎❢✗✩✎✛✮ ✡✎✛ ✣✪✓✎❢✍❞ ✘✣❧✙✕✴✎✏❅✎✎❫ ✡❴✣✍✎✫✬

(v) ❢✍✩✮❵✎✡ ✼✎✎✶❢✗✡ ❢✍✩✌✎✛✮ ✡✎✛ ✣✪✓✎❢✍❞✬

(vi) ✣✪✓✎❢✍❞❡

(a) ✣✳✩✽✵✗ ✪✎✛✍✛ ✙✎✯✛ ☛✌☞✡✏❅✎✬

(b) ✡☞ ✤✎✍✛ ✙✎✯☞ ✧❅✎✍✎✬

(c) ✣❢✏❅✎✎✌❄✙✢✣ ✣✳✎❛✗ ✪✎✛✍✛ ✙✎✯✎ ✪✯✬
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(vii) ♠☎ ✆✝✞✟✠✡✠✠☛☞ ✌✠☛ ✆✍✎✠✏☎✑ ✏✒☎✓☛ ✏☎✔☎✏✕✏✖✠✗ ✒✠✘✎ ✌✞ ✒✠ ✓✙☛✚✛

(a) ❡✠✜✢✕ ✗✣✠✠ ♠✓✓☛ ✓☞✤☞✏✥✗ ✏☎✦❡✠☛☞ ✑✙☞ ✌✧✆☎✠★✠☛☞ ✌✠ ✓☞✩✗ ✍✠☛☎✠✪

(b) ❡✠✜✢✕ ✌✞ ♠✆✦✠☛✏✩✗✠✪

(viii) ♠☎ ✆✫✠✎✕✠☛☞ ✌✠☛ ✆✍✎✠✏☎✑ ✒✠☛ ❡✠✜✢✕ ✌✠☛ ✓✬✥✠✝ ✓✙☛☞✚✪

✏☎❢✭✠✮☎ ✙☛✚ ♠✆✦✬✮✯✗ ✏✓✰✠☞✗✠☛☞ ✙☛✚ ★✠✥✠✝ ✆✝ ✍❡☛☞ ✩✏✡✠✗✞✦ ✏☎❢✭✠✮☎ ✙☛✚ ✏☎✔☎✏✕✏✖✠✗ ✎✝✡✠ ✆✫✠✱✗ ✍✠☛✗☛ ✍✲☞✛

♣✳✴✵ 1: ❍✠✠✲✏✗✌ ✏✶✣✠✏✗ ✌✠☛ ✆✍✎✠✏☎✑✪

♣✳✴✵ 2: ✆✫✠✎✕✠☛☞ ✷ ✎✝✠☛☞ ✙☛✚ ✎✦☎ ★✠✲✝ ✸✠✗ ❍✠✠✲✏✗✌ ✏☎✦❡✠☛☞ ✗✣✠✠ ✆✫✗✞✌✠☛☞ ✙☛✚ ✆✫✦✠☛✩ ✹✠✝✠ ❍✠✠✲✏✗✌ ✏✶✣✠✏✗

✌✠☛ ✩✏✡✠✗✞✦ ❡✠✜✢✕ ❡☛☞ ✆✏✝✙✏✗✮✗ ✌✞✏✒✑✪

♣✳✴✵ 3: ✩✏✡✠✗✞✦ ✆✫✭☎✠☛☞ ✙☛✚ ✍✕ ✸✠✗ ✌✞✏✒✑✪

♣✳✴✵ 4: ✆✫✠✱✗ ✆✏✝✡✠✠❡ ✌✞ ❡✐✕ ✆✫✭☎ ✺✓❡✶✦✠✻ ✙☛✚ ✓☞❢❍✠✮ ❡☛☞ ✼✦✠✖✦✠ ✌✞✏✒✑ ★✠✲✝ ♠✓✌✞ ✺✆✏✝✡✠✠❡✻

✆✫☛✟✠✡✠✠☛☞ ★✣✠✙✠ ✆✫✦✠☛✩✠☛☞ ✓☛ ✗✬✕☎✠ ✌✞✏✒✑✪

♣✳✴✵ 5: ✦✏❢ ✆✏✝✡✠✠❡ ✕✩❍✠✩ ❡☛✕ ✖✠✠✗☛ ✍✲☞❀ ✗✠☛ ❡✠✜✢✕ ✌✠☛ ✶✙✞✌✠✝ ✌✞✏✒✑ ★✽✦✣✠✠ ❍✠✠✲✏✗✌ ✏✶✣✠✏✗

✌✞ ✆✏✝✌✧✆☎✠ ✷ ✌✧✆☎✠ ✌✠☛ ✓☞✭✠✠☛✏✥✗ ✌✞✏✒✑ ★✠✲✝ ✎✝✡✠ ❞ ✆✝ ✒✠✾✑✪

♠✆✦✬✮✯✗ ✎✝✡✠✠☛☞ ✌✠☛ ☎✞✎☛ ❢✭✠✠✮✑ ★✠✝☛✖✠ ❡☛☞ ❢☛✖✠✠ ✒✠ ✓✌✗✠ ✍✲✛

✿❁✵❂✳✴✵ 1 ✩✏✡✠✗✞✦ ✏☎❢✮✭✠☎ ✙☛✚ ✆✫✦✠☛✩ ✹✠✝✠ ✑✌ ❢✞ ✩✾✮ ❡✞☎✠✝ ✌✞ ❃✘✎✠✾✮ ✸✠✗ ✌✞✏✒✑✪

❂❣ ♣✳✴✵ 1 ➯✑✌ ❢✞ ✩✾✮ ❡✞☎✠✝ ✌✞ ❃✘✎✠✾✮ ✸✠✗ ✌✝☎✠❄ ✆✫❢❅✠ ❍✠✠✲✏✗✌ ✏✶✣✠✏✗ ✍✲✪

♣✳✴✵ 2 ❡✠☎ ✕✞✏✒✑ ✏✌ AB ❢✞ ✩✾✮ ❡✞☎✠✝ ✍✲ ✺★✠✙♥✚✏✗ A.2.2)✪ ❡✠☎ ✕✞✏✒✑  PQ ❡✞☎✠✝ ✌✞ ❃✘✎✠✾✮

☎✠✆☎☛ ✙✠✕✠ ✑✌ ✆✫☛✟✠✌ ✍✲❀ ✏✒✓✌✞ ★✠✘✖✠ ✉✤❢✬ P ✆✝ ✍✲✪ ❡✠☎ ✕✞✏✒✑ ✏✌ PQ = h  ✗✣✠✠ ❡✞☎✠✝ ✌✞

❃✘✎✠✾✮ H ✍✲✪ ✆✬☎✛ ❡✠☎ ✕✞✏✒✑ ✏✌ ✆✫☛✟✠✌ ✌✞ ★✠✘✖✠ ✓☛ ❡✞☎✠✝ ✙☛✚ ✏✭✠✖✠✝ ✺✭✠✞❆✠✮✻ ✌✠ ♠✽☎✦☎❇✌✠☛✡✠

❈ ✍✲ ✗✣✠✠ l = QB = PC

✈❉❊❋●■❏ A.2.1
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✈✡ tan ☛ =
AC H

PC

h

l

❀☞ H = h + l tan ☛ ... (1)

♣✌✍✎ 3 è❀☞✏ ✑✒✓✔✕ ✓✖ ✗✘☞✙✚ h, l r✛☞☞ ☛ ♦✜✢ ✣☞✏ ✗✘✜✤☞✖ ✖☞✜ ✥☞r ✦✧★ ✈r✩ ✗✓✪✫☞☞✣ ✬✭✮ ✯✜ ✯✣✰❀☞

✖☞ ✦✚ ✗✘☞❞r ✦☞✜r☞ ✦✧✱

♣✌✍✎ 4 ♠✯ ✑✲☞☞ ✣✜★ ✔✡ ✣✒✏☞✪ ✖☞ ✈☞✳☞✪ ✈✴✵❀ ✦☞✜✶ ✈✛☞☞✷r✸ ✔✡ ✗✘✜✤☞✖ ✖☞✜ l ✖☞ ✣☞✏ ✥☞r ✏✦✒★ ✦☞✜✶

r✡ ✣☞✏ ✚✒✓✔✕ ✓✖ ✣✒✏☞✪ ♦✜✢ ✈☞✳☞✪ B ✖☞ ✹✡✑✺ P ✯✜ ✈♦✏✣✏❧✖☞✜✫☞ ✻ ✦✧✱ ✈r✩ ✼ PQB ✯✜ ✦✣✜★

✽✎✾✿❁❂❃ A.2.2

✗✘☞❞r ✦☞✜r☞ ✦✧ ✓✖

tan ✻ =
PQ

QB

h

l
 ❀☞  l = h cot ✻

♣✌✍✎ 5 ❜✯ ✓✰✛☞✓r ✣✜★ ❜✯ ✙✪✫☞ ✖✒ ✈☞♦✲❀✖r☞ ✏✦✒★ ✦✧ ❄❀☞✜★✓✖ h, l, ☛ r✛☞☞ ✻ ✗✘☞✙✚☞✜★ ♦✜✢ ✯✦✒ ✣☞✏

✥☞r ✦✧★✱

❅❆✎❇✌✍✎ ❈ ✣☞✏ ✚✒✓✔✕ ✓✖ ✕✖ ❡❀☞♦✯☞✓❀✖ ✗✢✣✷ r✒✏ ✗✘✖☞✪ ♦✜✢ ♠❉✗☞✑ P
1
, P

2
 ✈☞✧✪ P

3
 ✖☞ ♠❉✗☞✑✏

✖✪r✒ ✦✧✶ ✓✔✏✣✜★ r✒✏ ✗✘✖☞✪ ✖✜ ✖❊✙✜ ✣☞✚ R
1
, R

2
 r✛☞☞ R

3
✖☞ ✗✘❀☞✜✴ ✦☞✜r☞ ✦✧✱ ✣☞✏ ✚✒✓✔✕ ✓✖ ✗✢✣✷

✯✜ ✑☞✜ ✴✘☞✦✖ F
1
 ✈☞✧✪ F

2 
❬☞✪✒✑ ✖✒ ✣☞❋✴ ✖✪r✜ ✦✧★✱ ❀✦ ✣☞✏r✜ ✦✺✕ ✓✖ ✗✢✣✷ ♦✜✢ ✗☞✯ R

1
, R

2
 r✛☞☞ R

3

✖✒ ✯✒✓✣r ✣☞●☞☞ ✦✧✶ ✕✖ ✣☞❍■✚ ✡✏☞❜✕✶ ✔☞✜ ✣☞❋✴ ✖☞✜ ✗❏✪☞ ✖✪✏✜ ♦✜✢ ✓✚✕ ✖❊✙✜ ✣☞✚ R
1
, R

2
 ✈☞✧✪ R

3

✖✒ ✣☞●☞☞✈☞✜★ ✖☞✜ ✯✺✓✏✓✲✙r ✖✪✜✱

❇❣ ♣✌✍✎ 1 ❜✯ ✯✣✰❀☞ ✣✜★ ❑☞☞✧✓r✖ ✓✰✛☞✓r ✖✒ ✗✦✙☞✏ ❑☞✚✒❑☞☞❋✓r ✦✧✱

♣✌✍✎ 2 ✣☞✏ ✚✒✓✔✕ ✓✖ A ✕✖ ✈☞❡❀❏✦  ✦✧✶ ✔☞✜ ✴✘☞✦✖☞✜★ F
1
 r✛☞☞ F

2
 ✖✒ ✈☞♦✲❀✖r☞ ✖☞✜ ✓✏▲✓✗r ✖✪r☞

✦✧✱ r✡ A ✖☞ ▲✗ ✕✜✯☞ ✦☞✜✴☞✶
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1 2 3

1

2

P P P

F • • •
A

F • • •

❡☎✆ ✝✞✟✠✡ ✟☛ B ✡☛ ✱☎☞✌✍✎ ✎✏✑ ✠☎✒ ✓✔✕☎✖ P
1
, P

2
 r✗☎☎ P

3 
☛✞ ✕❞✔✌✒☛ ✘☛☎✘✙ ✚✒✛ ✓✔✕☎✖✆ ✎✒r✜ ☛✢✣✒

❡☎✝
  
R

1
, R

2
 r✗☎☎ R

3
, ☛✞ ✱☎✚✤✌☛ ❡☎✥☎☎✱☎✒✦ ☛☎✒ ✟✆✧✟✕r ☛★r☎ ✎✏✩ r✪ B ✆✞✣✒ ✟✖✡ ✉✡ ✕❞☛☎★ ☛☎

✎☎✒✉☎✑

1 2 3

1

2

3

R R R

• • •P

B P • • •

P • • •

♣✫✬✭ 3 è✌☎✆ ✖✞✟✠✡ ✟☛ A r✗☎☎ B ✱☎☞✌✍✎☎✒✦ ☛☎ ✉✜✈☎✆✕✛✝ ✮✠☎✒ ✘✯ ✟✰✗☎✟r ❡✒✦ ✯✜✕✟★✲☎☎✟✳☎r ✎✏✴

✟✆❢✆✟✝✟✵☎r ✱☎☞✌✍✎ ✶☎★☎ ✕❞☎✷r ✎☎✒r☎ ✎✏✩

1 2 3

1

2

R R R

F • • •
AB

F • • •

✟✠✯✯✒ ✚☎✰r✚ ❡✒✦ ✉❞☎✎☛☎✒✦ F
1
 r✗☎☎ F

2
 ✚✒✛ ✕✛★❡☎✘✤☎☎✒✦ ☛☎✒ ✕✍★☎ ☛★✆✒ ✎✒r✜ ☛✢✣✒ ❡☎✝ R

1
, R

2
 r✗☎☎ R

3
 ☛✞

✚☎✦✟♦r ❡☎✥☎☎✡✸ ✹☎r ✎☎✒r✞ ✎✏✦✩

♠✺✭✻✫✬✭ 3 ✓✖☎✎★✈☎ ✼ ✚✒✛ ❡☎✽✾✝ ☛✞ ☞✌☎✵✌☎ ☛✞✟✠✡✑ ✠✪ ✟☛

3 4 0
10 15 6

A = , B 7 9 3
10 20 0

5 12 7

r✗☎☎ ☛✢✣✒ ❡☎✝ ☛✞ ✓✕✝✿❀ ❡☎✥☎☎✡✸ R
1 
☛✞ ❁❁❂ ✘☛☎✘✙✌☎✸,  R

2
 ☛✞ ❃❄❄ ✘☛☎✘✙✌☎✸ ✱☎✏★ R

3 
☛✞ ❅❃❂

✘☛☎✘✙✌☎✸ ✎✏✦✩

✻❣ ✆☎✒❆ ☛✞✟✠✡ ✟☛

3 4 0
10 15 6

AB= 7 9 3
10 20 0

5 12 7

 = 

1 2 3

1

2

R RR

F 165 247 87

F 170 220 60

✌✎ ✰✕✳❆r✌☎ ✖✤☎☎✙r☎ ✎✏ ✟☛ F
1
 ✱☎✏★ F

2
 ☛✞ ❡☎✸✉ ☛☎✒ ✕✍★☎ ☛★✆✒ ✚✒✛ ✟✝✡ ☛✢✣✒ ❡☎✝ R

1
 ☛✞ ❁❁❄ ✘☛☎✘✙✑
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R
2
 ❞✡ ☛☞✌ ✍❞✎✍✏ ✑✒✎✎ R

3
 ❞✡ ✓☛✌ ✍❞✎✍✏ ❞✡ ✔✎✕✖✗❞✑✎ ✘✙ ✚✎✛ ✜❞ ❞✢✣✛ ✤✎✥ ❞✡ ✦✧✥★✩

✤✎❡✎✎✔✎✛✪ ✫✛ ✔✜✩❞ ✘✙✬ ✭✗✎✛✪✜❞ ✑✡✮✎✛✪ ✦✯✧✎✰✎✛✪ ❞✡ ✧✱✯✗✛❞ ✍❞✎✍✏ ✕✛✲ ✜✮✤✎✏✳✎ ✘✛✑✴ ❞✢✣✛ ✤✎✥ ✕✛✲ ✔✧✛✜✵✎✑

✤✎❡✎✎✶✷ ✜✮✜✖✣✑ ✘✙✪✸ ✍✫✜✥✶ ✘✤ ✗✎ ✑✎✛ ❞✢✣✛ ✤✎✥ ❞✡ ✦✧✥★✩ ✤✎❡✎✎✔✎✛✪ ✕✛✲ ✹✺✻✎✮✛ ❞✡ ✤✎✷✼ ❞✽ ✫❞✑✛

✘✙✪ ✔✒✎✕✎ ✘✤ ✼✱✎✘❞✎✛✪ ✫✛ ✦✮❞✡ ✤✎✷✼✎✛✪ ❞✎✛ ❞✤ ❞✽✮✛ ❞✎ ✜✮✕✛✰✮ ❞✽ ✫❞✑✛ ✘✙✪✬

❢✾✿❀❁❂❃  ✗✜✰ ✘✤ ✦✰✎✘✽✳✎ ❄ ✤✛✪ A ❞✎✛ A❅ ✫✛ ✹✰✥ ✰✛✪✸ ✚✘✎✷

1

9 12 6
A

10 20 0

✔✒✎✎✏✑✈✸ ✗✜✰ ✼✱✎✘❞ ✥✎✛✼ ✔✧✮✡ ✤✎✷✼✎✛✪ ❞✎✛ ❞✤ ❞✽✮✛ ✕✛✲ ✜✥✶ ✤✎✮ ✚✎✑✛ ✘✙✪✸ ✑✎✛

1

3 4 0
9 12 6

A B 7 9 3
10 20 0

5 12 7

 
141 216 78

170 220 60

✗✘✎✷ R
1 
❞✡ ❄✓✓, R

2
 ❞✡ ☛❄☞ ✑✒✎✎ R

3
 ❞✡ ✓❄❆ ✍❞✎✍✗✎✷ ✔✎✧✛✜✵✎✑ ✘✙✪ ✚✎✛ ✜❞ ❞✢✣✛ ✤✎✥ ❞✡ ✦✧✥★✩

✤✎❡✎✎✔✎✛✪ ✔✒✎✎✏✑✈ R
1 
❞✡ ❄❄❇✸ R

2 
❞✡ ☛❈❈ ✑✒✎✎ R

3 
❞✡ ✓☛❇ ✍❞✎✍✗✎✛✪ ✫✛ ❞✤ ✘✙✪✬

❉❊❋●❍■❏❑  ✘✤  A ❞✎✛ ✧✴✮▲ ✍✫ ✧✱❞✎✽ ✫✪✖✎✎✛✜✩✑ ❞✽ ✫❞✑✛ ✘✙✪ ✜✚✫✫✛ ✦✧✥★✩ ❞✢✣✛ ✤✎✥ ❞✎

✧✐✳✎✏✑✗✎ ✦✧✗✎✛✼ ✘✎✛ ✚✎✶✬

✍✫ ✧✱❞✎✽ ✗✜✰ ✼✱✎✘❞✎✛✪ ❞✡ ✤✎✷✼ ❞✎✛ ✧✐✽✎ ❞✽✮✛ ✕✛✲ ✜✥✶ A❅ ✕✛✲ ♦✎✽✎ ▼✗◆✔✎✰✛✖✎ ✜✰✶ ✚✎✑✛ ✘✙✪✸

✑✎✛ ✧✲✤✏ ✰✎✛✮✎✛✪ ✼✱✎✘❞✎✛✪ ✕✛✲ ▼✗◆✔✎✰✛✖✎✎✛✪ ❞✎✛ ✫✽✥✑✎ ✫✛ ✧✐✽✎ ❞✽ ✫❞✑✎ ✘✙✬

❍❖P◗❏P ✧✱✰❘✎ B ✑✒✎✎ ✦✧✥★✩ ❞✢✣✛ ✤✎✥ ❞✡ ✜✮✩✎✏✜✽✑ ✤✎❡✎✎✔✎✛✪ ✕✛✲ ✜✥✶ ✭✗✎ ✘✤✸ ✧✲✤✏ ✕✛✲ ✤✎✜✥❞

❞✡ ✫✘✎✗✑✎✒✎✏✸ ✶❞ ✶✛✫✎ ✼✜✳✎✑✡✗ ✤✎❙❚✥ ✹✮✎ ✫❞✑✛ ✘✙✸ ✜✚✫✫✛ ✕✘ ✼✱✎✘❞✎✛✪ ✫✛ ✔✮✴✽✎✛✩ ❞✽ ✫✕✛✲ ✜❞ ✕✛

✔✧✮✡ ✤✎✷✼✎✛✪ ❞✎✛ ✍✫ ✧✱❞✎✽ ✫✪✖✎✎✛✜✩✑ ❞✽✛✪ ✜❞ ✦✧✥★✩ ❞✢✣✎ ✤✎✥ ✧✐✳✎✏✑✗✎ ✦✧✗✎✛✼ ✤✛✪ ✔✎ ✚✎✶✬

✍✫ ✧✐❜✑✎❜ ❞✎ ✦❘✎✽ ✜✮❯✮✜✥✜❱✎✑ ✦✰✎✘✽✳✎ ✤✛✪ ✜✰✗✎ ✼✗✎ ✘✙▲

♠❲❏❳❨■❏ ❩ ✤✎✮ ✜✥✜✚✶ ✜❞ P
1
, P

2
, P

3
 ✑✒✎✎ R

1
, R

2
, R

3
 ✦✫✡ ✧✱❞✎✽ ✘✙ ✚✙✫✎ ✦✰✎✘✽✳✎ ❬ ✤✛✪ ✜✰✗✎

✘✙✬ ✤✎✮ ✥✡✜✚✶ ✜❞ ✧✲✤✏ ✕✛✲ ✧✎✫ R
1
 ❞✡ ❄❄❇✸ R

2
 ❞✡ ☛❈❈ ✔✎✙✽ R

3 
❞✡ ✓☛❇ ✍❞✎✍✗✎✷ ✦✧✥★✩ ✘✙✪

✔✎✙✽ ✤✎✮ ✥✡✜✚✶ ✜❞ ✑✡✮✎✛✪ ✦✯✧✎✰ ❞✡ ✧✱✯✗✛❞ ✍❞✎✍✏ ✕✛✲ ✜✮✤✎✏✳✎ ✕✛✲ ✜✥✶ ❞✢✣✛ ✤✎✥ R
1
, R

2
 ✑✒✎✎ R

3
,

❞✡ ✤✎❡✎✎✶✷ ✜✮❯✮✜✥✜❱✎✑ ✔✎❭✗✐✘ ✫✛ ✧✱✎❪✑ ✘✎✛✑✡✪ ✘✙✪

1 2 3

1

2

3

R R R

P 3 4 0

B P 7 9 3

P 5 12 7

✧✱✯✗✛❞ ✦✯✧✎✰ ❞✡ ✜❞✑✮✡ ✍❞✎✍✗✎✷ ✹✮✎✍ ✚✎✶✷ ✜❞ ✦✧✥★✩ ❞✢✣✛ ✤✎✥ ❞✎ ✦✧✗✎✛✼ ✧✐✳✎✏✑✗✎ ✘✎✛ ✚✎✶❫
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❣☎ ✆✝✞✟ ✠ ✥✡☛☞✥✌ ✍✎✏✌☞ ✍✑ ✒✓✔☞✕ ✖☞✑✗✖ ✓✘✙

✆✝✞✟ ♣  ❡☞✕ ✏✚✥✛✜ ✥✢ ✒✣❡✤ P
1 
✢✚

 
 x ❜✢☞❜✖☞✑✦ , P

2
 ✢✚ y ✌☛☞☞ P

3 
✢✚ z ❜✢☞❜✖☞✑✦ ✢☞ ✧★✒☞✩✕ ✢✎✌✚

✓✘✙ ✪✖☞✑✦✥✢ ✧★✒☞✩ P
1
 ♦✑✣ ✥✏✜ R

1 
✢✚ ❞, P

2
 ♦✑✣ ✥✏✜ R

1
 ✢✚ ✫ ✌☛☞☞ P

3
 ♦✑✣ ✥✏✜ R

1 
✢✚ ✬ ❜✢☞❜✖☞✑✦

✢✚ ✭☞♦✮✖✢✌☞ ✒✯✰✌✚ ✓✘ ✱✭☞✲✖✳✓ B ✩✑✥♥☞✜) ✭☞✘✎ R
1 
✢✚ ♦✴✣✏ ❞❞✵ ❜✢☞❜✖☞✶ ✧✒✏✷✸ ✓✘✦✹ ✭✌✺

3x + 7y + 5z = 330 (✢✻✔✑ ❡☞✏ R
1 
♦✑✣ ✥✏✜)

❜✍✚ ✒✼✢☞✎ 4x + 9y + 12z = 455 (✢✻✔✑ ❡☞✏ R
2 
♦✑✣ ✥✏✜)

✭☞✘✎ 3y + 7z = 140 (✢✻✔✑ ❡☞✏ R
3 
♦✑✣ ✥✏✜)

❜✍ ✱✧✒✖✴✤✪✌✽ ✍❡✚✢✎✾☞ ✥✕✢☞✖ ✢☞✑ ✭☞✲✖✳✓ ✿✒ ❡✑✦ ✥✕❀✕ ✒✼✢☞✎ ✲✖✪✌ ✢✎ ✍✢✌✑ ✓✘✦✹

3 7 5

4 9 12

0 3 7

x

y

z

 =

330

455

140

✆✝✞✟ ❁ ✒✼☞✎✥❀✐☞✢ ✒✦✥✪✌ ✍✦✥❂✖☞ ❃☞✎☞✹ ✓❡✑✦ ✒✼☞❄✌ ✓☞✑✌☞ ✓✘❅

1 0 0

0 1 0

0 0 1

x

y

z

 =

20

35

5

❜✍✍✑ x = 20, y = 35 ✌☛☞☞ z = 5 ✥❡✏✌☞ ✓✘✙ ✭✌✜♦ ✒✣❡✤ P
1 
✢✚ ❆✵, P

2
 ✢✚ 35 ✌☛☞☞ P

3
 ✢✚

✬ ❜✢☞❜✖☞✶ ✧★✒❇✕ ✢✎ ✍✢✌✚ ✓✘✙

❢❈❉❊❋●❍ ✢☞✑❜✤ ✐☞✚ ✩✑♥☞ ✍✢✌☞ ✓✘ ✥✢ ✖✥✩ ✥✕❡☞✤✌☞ ■✼☞✓✢☞✑✦ F
1
 ✭☞✘✎ F

2
 ✢✚ ❡☞✶■☞✑✦ ✱✛✘✍☞ ✧✩☞✓✎✾☞ ❞ ❡✑✦

✓✘✽ ✒✎ ✥♦✔☞✎ ✥✢✜ ✥❏✕☞ ✓✚ ♦✑✣♦✏ ✧✒✏✷✸ ✢✻✔✑ ❡☞✏ ♦✑✣ ✭✕✴✍☞✎ ✧★✒☞✩✕ ✢✎✕✑ ✢☞ ✥✕✾☞✤✖ ✏✑✌☞
✓✘✹ ✌☞✑ ♦✓ ✧✕✢✚ ❡☞✶■☞✑✦ ✢☞✑ ✒✳✎☞ ✕✓✚✦ ✢✎ ✍✢✌☞ ✓✘✹ ✪✖☞✑✦✥✢ F

1
 ✕✑ P

3
 ✢✚ ❑ ❜✢☞❜✖☞✶ ❡☞✶■✚ ✓✘ ✛❏

✥✢ ✥✕❡☞✤✌☞ ✧✍✢✚ ♦✑✣♦✏ ✬ ❜✢☞❜✖☞✶ ✓✚ ❏✕☞ ✍✢✌☞ ✓✘✙

♠▲✟❣✝✞✟ ▼ ✜✢ ✩♦☞◆✥✕❡☞✤✌☞  M
1
 ✭☞✘✎ M

2 
✩♦☞❜✖☞✑✦ ✢✚ ✧★✒☞✩✕◆✖☞✑✛✕☞ ❏✕☞✌☞ ✓✘✙ M

1
 ✢✚ ❆✵✹✵✵✵

✌☛☞☞ M
2 
✢✚ ❖✵✹✵✵✵ ❏☞✑✌✏☞✑✦ ♦✑✣ ✥✏✜ ✩♦☞ ❏✕☞✕✑ ✓✑✌✴ ✖☛☞✑P◗ ✢✻✔☞◆❡☞✏ ✧✒✏✷✸ ✓✘✹ ❘✢✌✴ ✧✍♦✑✣

✒☞✍ ♦✑✣♦✏ ❖✬✹✵✵✵ ❏☞✑✌✏✑✦ ✓✘✦✹ ✥✛✕❡✑✦ ♦✓ ✩☞✑✕☞✑✦ ❡✑✦ ✍✑ ✢☞✑❜✤ ✐☞✚ ✩♦☞ ✐☞✎ ✍✢✌☞ ✓✘✙ M
1 
✢✚ ❙✹✵✵✵

❏☞✑✌✏✑✦ ✐☞✎✕✑ ♦✑✣ ✥✏✜ ✒✖☞✤❄✌ ❡☞✏ ✌✘✖☞✎ ✢✎✕✑✦ ❡✑✦ ❞ ❝☞✦◗✑ ✭☞✘✎ M
2
 ✢✚ ❙✵✵✵ ❏☞✑✌✏✑✦ ✐☞✎✕✑ ♦✑✣ ✥✏✜ ✒✖☞✤❄✌

❡☞✏ ✌✘✖☞✎ ✢✎✕✑✦ ❡✑✦ ❙ ❝☞✦◗☞ ✏■✌✑ ✓✘✦ ✌☛☞☞ ❜✍ ✒✼✥❂✖☞ ♦✑✣ ✥✏✜ ♦✑✣♦✏ ❑❑ ❝☞✦◗✑ ✧✒✏✷✸ ✓✘✦✙ M
1
 ✢✚

✒✼★✖✑✢ ❏☞✑✌✏ ✒✎ Rs ❚ ✌☛☞☞ M
2 
✢✚ ✒✼★✖✑✢ ❏☞✑✌✏ ✒✎ Rs ✫ ✏☞✐☞ ✓☞✑✌☞ ✓✘✙ ✩♦☞◆✥✕❡☞✤✌☞✹ ❡✓❯☞❡ ✏☞✐☞

✭✥✛✤✌ ✢✎✕✑ ✓✑✌✴✹ ✭✒✕✚ ✧★✒☞✩✕◆✖☞✑✛✕☞ ✥✢✍ ✒✼✢☞✎ ❏✕☞✜✈

❣☎ ✆✝✞✟ ✠ ✒✼✩❯☞ ✒✥✎✢❱✒✕☞ ♦✑✣ ✭✦✌■✤✌✹ ❡✓❯☞❡ ✏☞✐☞ ✭✥✛✤✌ ✢✎✕✑ ✓✑✌✴✹ ✩♦☞✭☞✑✦  M
1
 ✌☛☞☞ M

2
 ✢✚

❏☞✑✌✏☞✑✦ ✢✚ ✍✦♥✖☞ ❲☞✌ ✢✎✕☞✙

✆✝✞✟ ♣ ❡☞✕ ✏✚✥✛✜ ✥✢ ✩♦☞ M
1
 ✢✚ x ✭☞✘✎ ✩♦☞ M

2
 ✢✚ y ❏☞✑✌✏✑✦ ✓✘✦✙ ✪✖☞✑✦✥✢ M

1
 ✢✚ ✒✼★✖✑✢ ❏☞✑✌✏

✒✎ ✏☞✐☞ Rs ❚ ✌☛☞☞ M
2 
✢✚ ✒✼★✖✑✢ ❏☞✑✌✏ ✒✎ ✏☞✐☞ Rs ✫ ✓☞✑✌☞ ✓✘✹ ✭✌✺ ✧✩❳✩✑✮✖◆✒✣✏✕ ✱objective
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function✮✡ ☛☞✌✍ ✎☛✏✑✒✓ ✑✔✕✖ ✗✘ ✕✙✚✍ ☛✛✜✖✍ ✌✓✙✑✔✢✖ ✌✍ ☛✣✤✖ ✥✤✖ ✗✘✦

Z ✧ Z (x, y) = 8x + 7y

❜✌ ★✣✩✣✍✪✤✫✬✭✛✕ ✑✖ ☛✕✯✕☛✛☛✜✖✒ ✬✰☛✒✱✲✏✖✍✲ ✳✴✤✵✔✖✍✏✖✍ ✲✮ ✵✍✭ ✎✲✒✥✶✒ ✎☛✏✑✒✓ ✑✔✕✖ ✗✘

✳✔✘☛✜✖✑ ✬✰✖✍✥✰✖✓✕ ✵✍✭ ✎✷✤✖✤ ✸✹ ✬✔ ✷✤✖✕ ✣✙☛☞✺✮✦

20000

40000

45000

3 66000

0, 0

x

y

x y

x y

x y

... (1)

♣✻✼✽ ✾ ✬✰✣✐✖ ✴✤✵✔✖✍✏✖✍ ✲ ✳constraints✮ ✳✸✮ ✵✍✭ ✎✲✒✥✶✒ ✿✖✤✖✲☛✑✒ ❀✖✍❁✖ OPQRST ✌❧✌✲✥✒✫❀✖✍❁✖ ✗✘

✳✎✖✑❂☛✒ A.2.3) ➥✱✣❧✎✖✍✲ O, P, Q, R, S ✒r✖✖ T ✑✖✍✲✕✙✤ ✵✍✭ ☛✕✣✍✶✪✖✖✲✑ ❞✓✪✖❃ (0, 0), (20000, 0),

(20000, 6000), (10500, 34500), (5000, 40000) ✒r✖✖ (0, 40000) ✗✘✲✦

✕✖✍✉ ✑✙☛☞✺ ☛✑

✈❄❅❆❇❈ A.2.3
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P (0, 0) ✐☎ Z  = 0

P (20000, 0) ✐☎ Z = 8 × 20000 = 160000

Q (20000, 6000) ✐☎ Z  = 8 × 20000 + 7 × 6000 = 202000

R (10500, 34500) ✐☎ Z = 8 × 10500 + 7 × 34500 = 325500

S = (5000, 40000) ✐☎ Z = 8 × 5000 + 7 × 40000   = 320000

T = (0, 40000)  ✐☎ Z = 7 × 40000 = 280000

è✆✝✞ ✟✠✡☛☞ ✡✌ x = 10500 ✈✝✍☎ y = 34500 ✐☎ ✎✏✑✝✎ ✒✝✓✝ ✈✡☛✔✕ ✏✝✖✕✝ ✏✍✗ ☛✝✖ ✡✌ Rs ✸✘✙✙✚✚

✏✍❣ ✈✕✛ ✡✞✎✝✔✕✝ ✜✢✣✐✝✟✌✤ ✌✝✖ Rs ✸✘✙✙✚✚ ✌✝ ✎✏✑✝✎ ✒✝✓✝ ✈✡☛✔✕ ✌☎✞✖ ✥✖✦ ✡✒☞ M
1
 ✌✠ ❞✚✙✚✚

✕r✝✝ M
2
 ✌✠ ✸✧✙✚✚ ★✝✖✕✒✖✩ ✢✣✐✪✞ ✌☎✞✠ ✫✝✡✏☞❣

♠✬✭✮✯✰✭ ✱ ✎✝✞ ✒✠✡☛☞ ✡✌ ☞✌ ✥✩✦✐✞✠ ✌✝✖✲✔ ✞✆✝ ✢✣✐✝✟ ★✞✝✞✝ ✫✝✏✕✠ ✏✍✗ ✡☛✳ ✐☎ ✥✴✦✵ ✒✝✶✕

✜✡✷r✝☎ ✈✝✍☎ ✫☎ ✒✝✶✕✤ ✈✝✕✠ ✏✍ ✈✝✍☎ ✎✝✞ ✒✠✡☛☞ ✡✌ ✥✩✦✐✞✠ ✢✳ ✢✣✐✝✟ ✌✝✖ ☞✌ ✡✷r✝☎ ✎✹✺✆

✐☎ ✡✥✻✆ ✌☎✞✖ ✌✠ ✆✝✖☛✞✝ ★✞✝✕✠ ✏✍❣ ✲✳ ✡✷r✝✡✕ ✎✖✩ ✒✝✓✝✼✏✝✡✞ ✥✖✦ ✐☎✠✽✝✾✝ ✏✖✕✴ ☞✌ ✶✡✾✝✕✠✆

✎✝❡✿✒ ★✞✝✲☞❣

✮❀ ❁✯✰✭ ❂ ✆✏✝❃ ✡✷r✝✡✕ ✷✐❄❅✕✆✝ ✐✏✫✝✞ ✆✝✖❆✆ ✏✍❣

❁✯✰✭ ♣  ❧❇❈✭✰✭ ✳✖ ✏✎✖✩ ❉✝✕ ✏✍ ✌✠ ✒✝✶✕ ✟✝✖ ✐❊✌✝☎ ✌✠ ✏✝✖✕✠ ✏✍✗ ✡✷r✝☎ ✕r✝✝ ✫☎❣ ✡✷r✝☎ ✒✝✶✕ ✢✣✐✝✟

✌✠ ✳✩❋✆✝ ✳✖ ✷✥✕✩●✝ ✏✝✖✕✠ ✏✍ ✜☛✍✳✖ ✡✌☎✝✆✝✗ ❍✝✴✺✌ ✈✝✡✟✤✗ ☛★ ✡✌ ✫☎ ✒✝✶✕ ✢✣✐✝✟ ✌✠ ✳✩❋✆✝ ★■❏✞✖

✳✖ ★■❏✕✠ ✏✍ ✜☛✍✳✖ ✳✝✎✶❊✠✗ ✐✍✡✌✩✶ ✲✣✆✝✡✟✤❣ ✐❊✝☎✩✓✝ ✎✖✩ ✏✎ ✎✝✞ ✒✖✕✖ ✏✍✩ ✡✌ ✫☎ ✒✝✶✕ ✢✣✐✝✟ ✌✠ ✳✩❋✆✝

✌✠ ✈✞✴✻✎✝✞✴✐✝✕✠ ✏✍ ✼ ✲✳✳✖ ✏✎✝☎✝ ✎✝❡✿✒ ✳☎✒ ✏✝✖ ☛✝✕✝ ✏✍❣ ✌✩✐✞✠ ✌✝✖ ✥✴✦✵ ❑✞ ☎✝✡❍✝ ✡✥✻✆ ▲✝☎✝

✐❊✝▼✕ ✏✝✖✕✠ ✏✍✗ ✈✝✍☎ ✥✏ ✜✌✩✐✞✠✤ ✆✏ ✳✴✡✞✡❍✫✕ ✌☎✞✝ ✫✝✏✕✠ ✏✍ ✡✌ ✆✏ ✐❊✝▼✕ ❑✞ ✎✏✑✝✎ ✏✍❣

✳✴✡✥❑✝ ✥✖✦ ✡✒☞✗ ✏✎ ✆✏ ✎✝✞ ✒✖✕✖ ✏✍✩ ✡✌ ✐❊✣✆✖✌ ✢✣✐✝✡✟✕ ✲✌✝✲✔ ✕✣✌✝✒ ★✖✫ ✟✠ ☛✝✕✠ ✏✍❣

◆❖✰✭P◗❘ ❙✭❚❯❀

✎✝✞ ✒✠✡☛☞ ✡✌ ✢✣✐✝✡✟✕ ✕r✝✝ ✡✥✻✆ ✌✠ ✶✲✔ ✲✌✝✲✆✝✖✩ ✌✠ ✳✩❋✆✝ x ✏✍✗

C = ✢✣✐✝✟✞ ✌✠ ✥✴✦✒ ✒✝✶✕ ✏✍ ✜❱✐✆✝✖✩ ✎✖✩✤

I = ✡✥✻✆ ✳✖ ✏✝✖✞✖ ✥✝✒✠ ✥✴✦✒ ✈✝✆ ✏✍ ✜❱✐✆✝✖✩ ✎✖✩✤

P = ✥✴✦✒ ✒✝✓✝ ✏✍ ✜❱✐✆✝✖✩ ✎✖✩✤

✏✎✝☎✠ I ✢✐✆✴✔❲✕ ✎✝✪✆✕✝ ✜assumption✤ ✥✖✦ ✈✞✴✳✝☎ C ✟✝✖ ✓✝✝✶✝✖✩ ✳✖ ✡✎✒ ✌☎ ★✞✕✝ ✏✍✛

✡✷r✝☎ ✒✝✶✕ = a (❱✐✆✝✖✩ ✎✖✩),

✫☎ ✒✝✶✕ = b (❱✐☞ ✐❊✡✕ ✲✌✝✲✔).

✈✕☞✥ C = a + bx ... (1)

✳✝r✝ ✏✠ ✈✝✆ I ✡✥✻✆ ✎✹✺✆ s (❱✐☞ ✐❊✡✕ ✲✌✝✲✔) ✐☎ ✡✞✓✝✔☎ ✏✍✗
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✈✡☛ I = sx ... (2)

②☞✌☞ P ✈☞✍ ✈☞✎✏ ②☞✑✡ ✒✓✔ ✈✕✡✏ ✒✓✔ ✖✏☞✖✏ ✗☞✓✡☞ ✗✎✘ ✙✚ ✛✜✢☞✏

P = I – C

= sx – (a + bx)

= (s – b) x – a ... (3)

✙✚ ✛✜✢☞✏ ✈✖ ✗❜✓✕ ✣✏ ✏☞✤✥☞✈☞✓✕  x, C, I, P, a, b, ✡r☞☞ s ✒✓✔ ✖♦✣ ✦✧★✘ ✦✩★ ✡r☞☞ ✦✪★ ❜✓✕ ✫✥☞☞✬✭

✛☞✏✐✛✤✏✢ ✚✕✖✕✮☞✓✕ ✢☞ ✭✢ ✑✤✯☞✡♦✍ ❜☞✰✱② ✛✜☞✲✡ ✗☞✓✡☞ ✗✎✳ ✙✴ ✣✏ ✏☞✤✥☞✈☞✓✕ ✢☞ ✒✑♦✬✢✏✯☞ ✙✚ ✛✜✢☞✏ ✗✎✘

✐✒✡✕▲☞ x

✈☞✤✵✡ ✦✛✏✡✕▲☞★ C, I, P

✛✜☞✣② a, b, s

♠✶✛☞✫✢ ✢☞✓ x, a, b, s, ✢♦ ❞☞✴✢☞✏♦ ✗✎ ✈☞✎✏ ✒✗ P ❑☞✡ ✢✏ ✚✢✡☞ ✗✎✳

♣✷✸✹ ✺ ✚✕✖✕✮ ✦✪★ ❧☞✏☞ ✗❜ ✫✓✻☞✡✓ ✗✎✕ ✤✢ ✚❜ ✤✒✼✽✓✫✴ ✾✖✫✿ ✦✴ ✢☞✓✙✬ ②☞✌☞ ✈☞✎✏ ✴ ✢☞✓✙✬ ✗☞✤✴★

✒✓✔ ✤②✭ P = 0, ✈r☞☞✬✡❀, 
a

x
s b

✙✢☞✙✍☞❁✳

♣✷✸✹ ❂ ❃❄✹✹ ❅ ✚❜ ✤✒✼✽✓✫✴ ✾✖✫✿ ✒✓✔ ✤✒✣☞✏ ✚✓ ✗❜ ✤✴❆✢❆☞✬ ✤✴✢☞② ✚✢✡✓ ✗✎✕ ✤✢ ✍✤✫ ✢✕✛✴♦ ✒✿✔✽

✙✢☞✙✍☞❁ ✗♦ ♠✶✛☞✤✫✡ ✢✏✡♦ ✗✎✘ ✈r☞☞✬✡❀
a

x
s b

❇
❈

✙✢☞✙✍☞✓✕ ✚✓ ✢❜ ✗☞✓ ✡☞✓ ♠✚✓ ✗☞✤✴ ✗☞✓✑♦ ✈☞✎✏ ✍✤✫ ✒✗

✈✤✮✢ ✙✢☞✙✍☞❁ ♠✶✛☞✤✫✡ ✢✏✡♦ ✗✎✘ ✈r☞☞✬✡❀
a

s b❉
✙✢☞✙✍☞✓✕ ✚✓ ✈✤✮✢ ✡☞✓ ♠✚✓ ②☞✌☞ ✗☞✓✑☞✳ ✙✚✒✓✔

✈✤✡✤✏❊✡✘ ✍✤✫ ✚❜ ✤✒✼✽✓✫✴ ✾✖✫✿ ✈✒☞✐✡✤✒✢ ✤✚❋ ✗☞✓✡☞ ✗✎✘ ✡✖ ✢☞✓✙✬ ✈●✍ ❜☞✰✱② ✛✜✍✿❊✡ ✤✢✍☞ ❞☞

✚✢✡☞ ✗✎ ✈r☞✒☞ ✮✴ ✛✜✒☞✗ ✚✓ ✚✕✖✕✤✮✡ ✈✤✌☞✮☞✏✯☞☞✈☞✓✕ ❜✓✕ ✚✕✥☞☞✓✮✴ ✤✢✍☞ ❞☞ ✚✢✡☞ ✗✎✳

❢❍■❏✸✹▼ ✚✕✖✕✮ ✦✪★ ✚✓✘ ✗❜✓✕ ✍✗ ✌☞♦ ✤❜②✡☞ ✗✎ ✤✢✘

Pd

d x
 = s – b

✈r☞☞✬✡❀✘ x ✒✓✔ ✚☞✛✓◆☞ P ✒✓✔ ✛✤✏✒✡✬✴ ✢♦ ✫✏✘ ✏☞✤✥☞ s – b ✛✏ ✤✴✌☞✬✏ ✢✏✡♦ ✗✎ ❞☞✓ ✤✢ ♠✶✛☞✫ ✒✓✔ ✤✒❖✍

❜❡P✍ ✡r☞☞ ♠✚✒✓✔ ✣✏ ②☞✑✡ ✒✓✔ ✈✕✡✏ ✒✓✔ ✖✏☞✖✏ ✗✎✳ ✈✡☛ ②☞✌☞ ✈✤❞✬✡ ✢✏✴✓ ✒✓✔ ✤②✭ ✙✚ ✏☞✤✥☞ ✢☞✓

✮✴☞✶❜✢ ✗☞✓✴☞ ✣☞✤✗✭ ✈☞✎✏ ✛✜✣✿✏ ❜☞▲☞☞ ❜✓✕ ②☞✌☞ ✈✤❞✬✡ ✢✏✴✓ ✒✓✔ ✤②✭ ✗❜✓✕ ✖✗✿✡ ✈✤✮✢ ❜☞▲☞☞ ♠✶✛☞✤✫✡

✢✏✴♦ ✣☞✤✗✭ ✚☞r☞ ✗♦ ✚☞r☞ ✣✏ ②☞✑✡ ✢☞✓ ✢❜ ✢✏✴✓ ✢☞ ✛✜✍☞✚ ✌☞♦ ✢✏✴☞ ✣☞✤✗✭✳
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♠☎✆✝✞✟✆ ✠ ✥✡☛ ☞✌✍✎✏ ✍✑ ✏✑ ✒✓✔✑ ✥✕✔ ✖✗✗✗ ✍☞✒✘ ☞✙✚✡✛✎☞ ✜✓ ✍✎✢✥✕✔ ✣✤✍✦ ✍☞✒✘ ✧★✗ g ☞✙✚✡

✜✓❣ ✧✗✗ g/L ☞✙✚✡ ✙✡☞✡ ☞✙✚✡✛✎☞② ✧★ L/min  ✑✌ ❞✘ ✢✕ ✒✓✔✑ ✥✕✔ ✩✡ ✘✜✡ ✜✓ ✦✪✡✡ ✫✢ ✣✤✑✡✘ ✣✤✡✬✦

✍✥❢✚✡ ✢✥✡☛ ❞✘ ✢✕ ✒✓✔✑ ✢✕ ✭✡✜✘ ✍☛✑☞ ✘✜✡ ✜✓❣ ✍✑✢✌ ✮✡✚✡ t ✣✘ ✒✓✔✑ ✥✕✔ ☞✙✚✡ ✑✌ ✥✡✯✡✡ ✰✱✡ ✜✓✲

✝✳ ✴✞✟✆ ✵ ✱✜✡❀ ✍✶✪✡✍✦ ✢✘☞✦✡ ✢✕ ✣✜✷✡☛ ✑✘☛✕ ✙✕✸ ✱✡✕✹✱ ✜✓❣

✴✞✟✆ ♣  ✥✡☛ ☞✌✍✎✏ ✍✑ y = y (t) ⑥✡✘✡ ✩✔✦✙✡✺✜✛✭✍✜✙✡✺✜ ✣✤✡✘✔✻✡ ✜✡✕☛✕ ✙✕✸ ✭✡❞② ✍✑✢✌ ✢✥✱ t  ✼✍✥☛✒

✥✕✔❡ ✣✘② ✒✓✔✑ ✥✕✔ ✽✣✍✶✪✡✦ ☞✙✚✡ ✑✌ ✥✡✯✡✡ ✼✍✑☞✡✕ ✾✤✡✥ ✥✕✔❡ ✢✿✍✷✦ ✼✣✤✑✒❡ ✜✡✕✦✌ ✜✓❣ ✎✭ t = 0, ✩✪✡✡✺✦❁

✩✔✦✙✡✺✜✛✭✍✜✙✡✺✜ ✣✤✡✘✔✻✡ ✜✡✕☛✕ ✢✕ ✣✿✙✺ y = 250 g × 1000 = 250 kg

è✱✡☛ ❞✌✍✎✏ ✍✑ y ✥✕✔ ✣✍✘✙✦✺☛② ✍✥❢✚✡ ✥✕✔ ✩✔✦✙✡✺✜✛✭✍✜✙✡✺✜ ✙✕✸ ✑✡✘✚✡ ✜✡✕✦✡ ✜✓

✩✭ ✒✓✔✑ ✥✕✔ ☞✙✚✡✛✎☞ ✑✡ ✩✔✦✙✡✺✜② ★ kg/min ✼✰✱✡✕ ✔✍✑ 25 × 200 g  = 5 kg) ✑✌ ❞✘ ✢✕

☞✙✚✡ ☞✡✦✡ ✜✓ ✦✪✡✡ ☞✙✚✡✛✎☞ ✑✡ ✭✍✜✙✡✺✜ 25 kg/min
1000 40

y y
 ✼✰✱✡✕ ✔✍✑ t ✢✥✱ ✣✘ ✒✓✔✑

✥✕✔ ☞✙✚✡ ✑✌ ✥✡✯✡✡
1000

y
 kg ✜✓)

✩✦✈ t ✙✕✸ ✢✡✣✕✮✡ ✒✓✔✑ ✥✕✔ ☞✙✚✡ ✑✌ ✥✡✯✡✡ ✥✕✔ ✣✍✘✙✦✺☛ ✑✌ ❞✘ ✍☛❂☛✍☞✍❃✡✦ ✢✥✌✑✘✚✡ ✢✕ ✣✤✡✬✦ ✜✡✕✦✌ ✜✓②

dy

dt
 = 5

40

y
(✰✱✡✕ ✔?)

✱✡
1

40

dy
y

dt
 = 5 ... (1)

✱✜ ✣✍✘✚✡✡✥ ✣✤❞❄✡ ✢✥✶✱✡ ✑✡ ✏✑ ✾✍✚✡✦✌✱ ✥✡❅❆☞ ❞✕✦✡ ✜✓❣

✴✞✟✆ ❇ ✣✍✘✚✡✡✥ ✼✖❡ ✏✑ ✘✓✍❃✡✑ ✢✥✌✑✘✚✡ ✜✓② ✍✎✢✕ ✩✡✢✡☛✌ ✢✕ ✢✘☞ ✍✑✱✡ ✎✡ ✢✑✦✡ ✜✓❣ ✢✥✌✑✘✚✡

✼✖❡ ✑✡ ✜☞ ☛✌✷✕ ✍❞✱✡ ✜✓

40

t

y e  = 40200 C
t

e    ✱✡   y (t) = 200 + C 40

t

e ... (2)

✎✜✡❀ C ✢✥✡✑☞☛ ✑✡ ✩✷✘ ✜✓❣

è✱✡☛ ❞✌✍✎✏ ✍✑ ❈✡✦ ✜✓ ✍✑ ✎✭ t = 0, y = 250. ✩✦✏✙, 250 = 200 + C

✩✪✡✙✡ C = 50

✦✭ ✢✥✌✑✘✚✡ ✼✧❡ ☛✌✷✕ ✍☞✍❃✡✦ r✣ ✥✕✔ ✣✍✘✙✍✦✺✦ ✜✡✕ ✎✡✦✡ ✜✓②

y = 200 + 50 40

t

e ... (3)

✱✡
200

50

y
 = 40

t

e
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❀✡ 40

t

e  =
50

200y

✈☛☞ t =
50

40log
200y

... (4)

❜ ✌ ✍✎✏✡ ✑ ✌✒✓✏ ✑✔✡ ✕✖ ✗ ✘✙ ✌✒❀ t ♥ ✚☛ ✡ ✙ ✛✜ ✢✣ ✤ ✛✥✏ ✒✚✥ ✦ ✘✔✡ ✏✓ ✒ ✡✧✡ ✡ y kg ✙ ✛❣

♣ ★✩✪ ✫ ✌✒✓✏ ✑✔✡ ✕✬ ✗ ✌✚ ✙✒ ✭✮ ✯✏✯ ✡ ✰ ✭✮ ✏ ✡✦ ☛ ✚ ✙ ✛✥ ✭✏ ✌♥ ✛ ✘ y > 200 ❉❀ ✡✚✥ ✭✏ 40

t

e  ✏✡ ✒ ✡✮ ✌✘✰♥ ✡

✴✮ ✡✱✒✏ ✑✙ ☛ ✡ ✙ ✛

✈☛☞ ✤✛✥✏ ✒✚✥ ✦ ✘✔✡ ✏✓ ✲❀✳✮☛✒ ✒✡✧✡✡ ✦✵✶✡✵ ✷✸✸ kg ✕✭✏✥☛✹ ✺✓✏✻✺✓✏ ✷✸✸ kg ✮✙✓✥✗ ✙✡✚ ✌✏☛✓ ✙✛❣

❜ ✌✘✚ ✼ ✈ ✭☛ ✭✑❉ ☛ ✌✒✓✏ ✑✔✡ ✕✖ ✗ ✌✚ ✙ ✒ ✭✮ ✯✏✯ ✡ ✰ ✭✮ ✏ ✡✦☛ ✚ ✙ ✛✥ ✭✏  t > 0 ❀ ✭♥ ✈ ✡ ✛✑ ✘✚ ✼✘✦ ❀ ✭♥
0 < y – 200 < 50 ✈✽ ✡ ✡ ✰☛ ✾ ❀ ✭♥ ✈ ✡ ✛✑ ✘✚ ✼✘✦ ❀ ✭♥ 200 < y < 250 ✈✥☛ ✵ ✰☛ ✤ ✛✥ ✏ ✘✚ ✼ ✦ ✘✔✡ ✻✢✦ ✘✚ ✼

✈✥☛ ✘✡ ✰✙ ✈ ✡ ✛✑ ✣ ✭✙ ✘✡✰✙ ✘✚ ✼ ✍ ✎✡ ✑✥ ✶ ✡ ✙ ✡✚ ✮✚ ✘✚ ✼ ✣ ✡♥ ✦ ✘✔✡ ✏✓ ✒ ✡ ✧✡ ✡ ✷✸ ✸ kg ✈ ✡ ✛✑ ✷ ✿✸ kg ✘✚ ✼ ✒❁❀ ✙ ✛❣

❂❃❄ ❅❆❇❈ ❃❊ ❋● ❅❍❊ ■❇ ❏❃ ❑▲❇▼ ❅◆ ❖ (Limitations)

✈ ✶ ✡✓ ☛✏ ✈✮ ✚✏ ✵ ✭✔✡☛ ✓❀ ✒ ✡P◗ ✦ ✭✘✏✭✌☛ ✭✏ ❘ ✵ ❘ ✙ ✛✥ ✈ ✡ ✛✑ ❙✮ ✏ ✡ ✈✮ ✹✍ ✎❀ ✡✚✵ ✕application✗
✈✮ ✚✏ ✡✮ ✚✏ ✍ ✭✑✭❚✽ ✡✭☛ ❀ ✡✚✥ ✏ ✡✚ ✵✙✮ ☛ ✡ ✌✚ ✌✒❯✮ ✚ ✒✚✥ ✌✍ ✼✦☛ ✡✍✳ ✘✰✏ ✭✏❀ ✡ ✢ ✡ ❱✹ ✏✡ ✙ ✛❣ ✘✹ ✼❲ ✭✘✯ ✡❀ ✢ ✛✌✚
✵✭✔✡☛ ✓❀ ✶✡ ✡ ✛✭☛✏✓ ✜ ✵ ✭✔✡☛ ✓❀ ✈✽ ✡ ✰❳✡ ✡ ❚✧✡ ✜ ✌✥ ✭❨❀ ✡ ✭✘❩ ✡✮ ✕operations research✗✜ ✢✓ ✘✻✵ ✭✔✡☛
✕Bio-mathematics✗ ✈ ✡ ✭♥ ✜ ✵ ✭✔✡☛ ✓❀ ✭✮ ♥ ❳✡ ✰✮ ✘✚ ✼ ✕✦✵ ✶ ✡✵ ✗ ✍❀ ✡ ✰❀ ✘✡ ❱✓❬ ✌✒ ✡✮ ✡✽ ✡✓✰ ✙ ✛✥❣

✍ ✑✥☛ ✹ ✜ ✈ ✡✢ ✶✡✓ ✏❜ ✰ ✍ ✭✑✭❚✽ ✡ ✭☛ ❀ ✡✐ ❘✚ ✌✓ ✙ ✛✜ ✭✢✮ ✘✚ ✼ ✒ ✡P◗ ✦ ✈ ✶✡✓ ✣ ✮✮ ✚ ✙ ✛✥❣ ✭✢ ✌✘✚ ✼ ✍✓ ❲✚ ✏ ✡ ✑✔✡ ❀ ✙
✙ ✛ ✭✏ ❀ ✡ ☛ ✡✚ ✘✚ ✍ ✭✑✭❚✽ ✡✭☛ ❀ ✡✐ ✣✙ ✹☛ ✢ ✭✤✦ ✙ ✛✥ ✈ ✽ ✡ ✘✡ ✭✘✏ ✭✌☛ ✒ ✡P◗ ✦ ✵ ✭✔✡☛ ✡✮ ✹ ✌✡ ✑ ✈ ✌✡❁ ❀ ✙ ✛✥❣

❳✡ ✭❉☛ ❳✡ ✡✦ ✓ ✏✥ ❭❀ ✳✤ ✑✡✚ ✥ ☛✽ ✡ ✡ ✈ ✭☛ ✻✏✥❭ ❀✳ ✤ ✑✡✚✥ ✕Super Computers✗ ✘✚ ✼ ✭✘✏ ✡ ✌ ✮ ✚ ✜ ✍ ✭✑✭❚✽ ✡✭☛ ❀ ✡✚✥ ✏✓
❘✏ ✣✙ ✹☛ ✣◗ ❪✓ ✌✥❫ ❀ ✡ ✘✚ ✼ ✭✦ ❘✜ ✵ ✭✔✡☛ ✡✮ ✹ ✌✡ ✑ ✒ ✡P ◗✦ ✣✮ ✡✮✚ ✒✚✥ ✜ ✙ ✒✚✥ ✌❴✡✒ ✣✮ ✡ ✭♥❀ ✡ ✙ ✛❣

✱ ✘✭✑☛ ✕fast✗ ☛ ✽ ✡ ✡ ❙✲✮☛ ✏✥❭❀ ✳✤ ✑ ✘✚ ✼ ✏ ✡✑✔✡ ❀ ✙ ✌✥ ✶ ✡✘ ✙ ✡✚ ✌✏ ✡ ✙ ✛ ✭✏ ✙✒ ✈ ✭✴✏ ❀ ✽ ✡ ✡✽ ✡ ✰
✒ ✡P ◗✦ ✡✚✥ ✏✓ ✑❱✮ ✡ ✏✑ ✌✏☛✚ ✙ ✛✥ ✭✢✮ ✘✚ ✼ ❡ ✡ ✑✡ ✍ ✎✚ ❴✡ ✔✡ ✘✚ ✼ ✌✡✽ ✡ ✣ ✚✙☛ ✑ ✌✙✒ ✭☛ ✍ ✎✡❭ ☛ ✏✓ ✢ ✡ ✌✏☛✓ ✙ ✛❣

☛ ✽ ✡ ✡✭✍ ✙✒ ✡ ✑✚ ✍ ✡✌✜ ✭✏ ✌✓ ✵ ✭✔✡☛✓❀ ✒ ✡P◗ ✦ ✒✚✥ ✍ ✎❀ ✹❉ ☛ ✭✘✭✶✡ ✲✮ ❱✑✡✚✥ ✘✚ ✼ ❱❀ ✮ ☛✽ ✡✡ ❜✮ ❱✑✡✚ ✥ ✘✚ ✼
✒✳❵❀ ✡✏✥✮ ✙✚ ☛✹ ✈ ❛ ❲✚ ✒ ✡✵ ✰♥ ❳✡ ✰✏ ✭✌❝ ✡✥ ☛ ✮ ✙✓✥ ✙ ✛❣ ✘✡ ❚☛ ✘ ✒ ✚✥ ✙✒ ✍ ✡✐ ❱ ❀ ✡ ❲☞ ❱✑✡✚✥ ✏ ✡ ❱❀✮ ✏ ✑✘✚ ✼ ❞✏✙ ✓

✶✡✓ ✈ ✡✐✏◗❪ ✡✚ ✥ ✘✚ ✼ ✭✦ ❘ ✣ ✙✹☛ ✙ ♥ ☛✏ ❀ ✽ ✡ ✡✽ ✡✰ ✕accurate✗ ✒ ✡P◗ ✦ ✡✚✥ ✏ ✡ ✭✮ ✒ ✡ ✰✔✡ ✏ ✑ ✌✏☛✚ ✙ ✛✥ ❣ ❜ ✮ ✘✚ ✼
✺✓✏✻✺✓✏ ✒✳❵❀ ✡✥✏✮ ✙✚ ☛✹ ✙ ✒✚✥ ❱✑✡✚✥ ✏✓ ✌✥❫ ❀ ✡ ✏✒ ✌✚ ✏✒ ✑❫ ✡✮ ✓ ❱✡ ✭✙ ❘❣

✣ ❢✙ ☛ ✾ ✈✽ ✡ ✘✡ ✢ ✭✤✦ ✍✭✑✭❚✽ ✡✭☛❀ ✡✚✥ ✏✚ ✵ ✭✔✡☛✓❀ ✭✮♥ ❳✡✰✮ ✏✓ ✈✍✮✓ ✭✘❳✡✚✯ ✡ ✕✭✘✭❳✡✯✤ ✗ ✌✒ ❚❀ ✡❘✐ ✙ ✡✚☛✓
✙ ✛❣ ❜ ✌ ✍ ✎✏ ✡ ✑ ✏✓ ✍ ✭✑✭❚✽ ✡✭☛ ❀ ✡✐ ✍ ✎✡❀☞ ✍❀ ✡ ✰✘✑✔✡ ✕environment✗✜ ✌✒✹♥ ✎ ✭✘❩ ✡✮ ✕oceanography✗✜
✢✮ ✌✥ ❫❀ ✡ ✭✮❀ ✥ ✧✡ ✔✡ ✕population control✗ ✈ ✡ ✭♥ ✘✚ ✼ ✦ ✡✚✏ ✭✮ ♥ ❳✡ ✡✚ ❤ ✕world models✗ ✘✚ ✼ ✈❁ ❀❀ ✮
✒✚✥ ✈ ✡☛✓ ✙ ✛✥❣ ✭❳✡ ❴✡✡ ✏✓ ✌✶✡✓ ❳✡✡❫ ✡ ✡✈ ✡✚✥ ✻✵ ✭✔✡☛ ✜ ✏✥❭ ❀✳✤ ✑ ✭✘❩ ✡✮ ✜ ✶✡ ✡✛✭☛✏✓✜ ✈ ✭✶✡❀✥ ✭✧✡✏✓✜ ✌✒✡✢ ❳✡✡ ❚✧✡ ✈ ✡✭♥

✘✚ ✼ ✵ ✭✔✡☛✓❀ ✭✮ ♥ ❳✡ ✰✏ ✜ ❜ ✌ ❱✹✮ ✡✛☛✓ ✏ ✡ ✌✡✒✮ ✡ ✌✡✙ ✌✍✳ ✘✰✏ ✏ ✑ ✑✙ ✚ ✙ ✛✥❣

— ❥ —



✐�✁✂✄☎✆✝ ✞✟✞

1. (i) ▲✠✡☛☞✌ ✍✎✏✑✒ ✓✔✕✔✡ ✍✎✏✑ ✖✗✘✙ ✍ ✡✗✚ ✓✑✛✗✔✜

(ii) ▲✠✡☛☞✌ ✍✎✏✑✒ ✓✔✕✔✡ ✍✎✏✑ ✖✗✘✙ ✍ ✡✗✚ ✓✑✛✗✔✜

(iii) ▲✠✡☛☞✌ ✖✗✘✙ ✓✑✛✗✔✜ ✢✙✑✡☛ ✓✔✕✔✡ ✍✎✏✑

(iv) ▲✠✡☛☞✌✒ ✓✔✕✔✡ ✖✗✘✙ ✓✑✛✗✔✜

(v) (a) ▲✠✡☛☞✌✒ ✓✔✕✔✡ ✖✗✘✙ ✓✑✛✗✔✜

(b) ▲✠✡☛☞✌✒ ✓✔✕✔✡ ✖✗✘✙ ✓✑✛✗✔✜

(c) ▲✠✡☛☞✌ ✍✎✏✑✒ ✓✔✕✔✡ ✍✎✏✑ ✖✗✘✙ ✍ ✡✗✚ ✓✑✛✗✔✜

(d) ▲✠✡☛☞✌ ✍✎✏✑✒ ✓✔✕✔✡ ✍✎✏✑ ✖✗✘✙ ✣✚✕✜✍ ✓✑✛✗✔✜

(e) ▲✠✡☛☞✌ ✍✎✏✑✒ ✓✔✕✔✡ ✍✎✏✑ ✖✗✘✙ ✍ ✡✗✚ ✓✑✛✗✔✜

3. ▲✠✡☛☞✌ ✍✎✏✑✒ ✓✔✕✔✡ ✍✎✏✑ ✖✗✘✙ ✍ ✡✗✚ ✓✑✛✗✔✜

5. ▲✠✡☛☞✌ ✍✎✏✑✒ ✓✔✕✔✡ ✍✎✏✑ ✖✗✘✙ ✍ ✡✗✚ ✓✑✛✗✔✜

9. (i) {1, 5, 9},  (ii) {1} 12. T
1
 ✖✗✘✙ T

3
 ✢✙▲✢✙ ✓✑✤✕✥✡ ✎✘✑✦

13. ✓❧✗✏ ✕✧✗❧✗☛★✗✚✑ ✜✗ ✓✔☛✩✪✌ 14. ✓❧✗✏ ✙✚✫✗✗✖✗✚✑  y = 2x + c, c ✬ R ✜✗ ✓✔☛✩✪✌
15. B 16. C

✐�✁✂✄☎✆✝ ✞✟✭

1. ✍✎✏✑

2. (i) ✱✠✘✮✜✏ ✢✙✑✡☛ ✖✗✩✯✗✰✏ ✍✎✏✑ (ii) ✍ ✡✗✚ ✱✠✘✮✜✏ ✖✗✘✙ ✍ ✎✏ ✖✗✩✯✗✰✏

(iii) ✍ ✡✗✚ ✱✠✘✮✜✏ ✖✗✘✙ ✍ ✎✏ ✖✗✩✯✗✰✏ (iv) ✱✠✘✮✜✏ ✢✙✑✡☛ ✖✗✩✯✗✰✏ ✍✎✏✑

(v) ✱✠✘✮✜✏ ✢✙✑✡☛ ✖✗✩✯✗✰✏ ✍✎✏✑

7. (i) ✱✠✘✮✜✏ ✖✗✘✙ ✖✗✩✯✗✰✜ (ii) ✍ ✡✗✚ ✱✠✘✮✜✏ ✖✗✘✙ ✍ ✎✏ ✖✗✩✯✗✰✜

9. ✍✎✏✑ 10. ✎✗❣ 11. D 12. A

✐�✁✂✄☎✆✝ ✞✟✲

1. gof  = {(1, 3), (3,1), (4,3)}

♠✳✴✵✶✴✷✴
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3. (i) (gof ) (x) = | 5 |x |– 2|, (fog) (x) = |5x – 2|

(ii) (go f ) (x) = 2x, (f og) (x) = 8x

4.  f ✥✆ ✝✞✟✠✡✆☛☞ ✌✍✎✏  f  ❣✑ ❣✒✓

5. (i) ✉❣✑✏✔ ✕✎✆☛ ✏✟✥  f ✖✥ ✗❣✘✖✥ ✝✙✡✉ ❣✒✓ (ii) ✉❣✑✏✔ ✕✎✆☛ ✏✟✥  g ✖✥ ✗❣✘✖✥ ✝✙✡✉ ❣✒✓

(iii) ❣✆✚✔ ✕✎✆☛✏✟✥ h ✖✥ ✖✍✒✙✥✑ ✠✱✆✆ ✛✆✜✢✆✣✥ ✝✙✡✉ ❣✒✓

6. f –1,  f –1 (y) = 
2

1

y

y
, y ✤ 1 ⑥✆✦✆ ✝✞✣✧✆ ❣✒✓ 7. f –1 , f –1 (y) = 

3

4

y
⑥✆✦✆ ✝✞✣✧✆ ❣✒✓

11. f –1 ✟✣✎✆ ❣✒✓  f –1 (a) = 1, f –1 (b) = 2 ✛✆✒✦  f –1 (c) = 3 ⑥✆✦✆ ✝✞✣✧✆ ❣✒✓

13. (C) 14. (B)

✐★✩✪✫✬✭✮ ✯✰✲

1. (i) ✉❣✑✏ (ii) ❣✆✚ (iii) ❣✆✚ (iv) ❣✆✚ (v) ❣✆✚

2. (i) ✳ ✉ ✠✆☛ ✴☞✟✍✟✉☞☛✎ ✛✆✒✦ ✉ ❣✑ ✵✆❣✶✎✷

(ii) ✳ ✴☞✟✍✟✉☞☛✎ ❣✒ ✝✦✏✠✘ ✵✆❣✶✎✷ ✉❣✑✏

(iii) ✳ ✴☞✟✍✟✉☞☛✎ ✛✆✒✦ ✵✆❣✶✎✷ ✣✆☛✉✆☛✏ ❣✒✏✓

(iv) ✳ ✴☞✟✍✟✉☞☛✎ ❣✒ ✝✦✏✠✘ ✵✆❣✶✎✷ ✉❣✑✏

(v) ✳ ✉ ✠✆☛ ✴☞✟✍✟✉☞☛✎ ✛✆✒✦ ✉ ❣✑ ✵✆❣✶✎✷

(vi) ✳ ✉ ✠✆☛ ✴☞✟✍✟✉☞☛✎ ✛✆✒✦ ✉ ❣✑ ✵✆❣✶✎✷

   3. ✸ 1 2 3 4 5

1 1 1 1 1 1

2 1 2 2 2 2

3 1 2 3 3 3

4 1 2 3 4 4

5 1 2 3 4 5

4. (i) (2 * 3) * 4 = 1 ✛✆✒✦ 2 * (3 * 4) = 1 (ii)  ❣✆✚ (iii) 1

5. ❣✆✚

6. (i) 5 * 7 = 35, 20 * 16 = 80 (ii)   ❣✆✚ (iii) ❣✆✚ (iv) 1     (v) 1
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7. ✉☎✆✝ 8. ✞ Ø✟✠✡✠✉✟☛☞ ✌✍✎✏ ✑✍☎✒☞✓ ✔✍☛✉✍☛✝ ☎✎✝; ✞ ✡☛♦ ✑✍✕☛✖✍ N ✟☛✝ ❡✍☛✗✓ ✘✙✑✟❡ ✌✡☞✡ ✉☎✆✝ ☎✎✚

9.   (ii) , (iv), (v) Ø✟✠✡✠✉✟☛☞ ☎✎✝; (v) ✑✍☎✒☞✓ ☎✎✚ 10.   (V)

11. ✘✙✑✟❡ ✌✡☞✡ ❡✍ ✌✠r✘✙✡ ✉☎✆✝ ☎✎✚

12. (i)  ✌✑✙☞ (ii) ✑✙☞ 13. B

✈✛✜✢✜ ✣ ✤✥ ✦✧✦✧★ ✤✩✪✫✢✧✬✭

1.
7

( )
10

y
g y

✮
✯ 2. f ❡✍ ✕✰✠✘✱✍☛✟ r✡☞✝ f ☎✎✚

3. x4 – 6x3 + 10x2 – 3x 8. No 10. n!

11. (i) F–1 = {(3, a), (2, b), (1, c)}, (ii) F–1 ❡✍ ✌✠r✘✙✡ ✉☎✆✝ ☎✎✚ 12. No

15. ☎✍❣ 16. A 17. B 18. No

19. B

✐✲✳✴✵✶✷✸ ✹✺✻

1.
6

✼✽
2.

6
3.

6
4.

3

✼✽

5.
2

3
6.

4
7.

6
8.

6

9.
3

4
10.

4
11.

3

4
12.

2

3
13. B 14. B

✐✲✳✴✵✶✷✸ ✹✺✹

5.
11

tan
2

x 6.
2

– sec–1 x 7.
2

x
8.

4
x

✾
✮

9.
1sin

x

a
10.

13tan
x

a
11.

4
12. 0

13.
1

x y

xy

✿

❀
14.

1

5
15.

1

2
❁ 16.

3

✾

17.
4

✮✾
18.

17

6
19. B 20. D

21. B
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✈✆✝✞✝ ✟ ✠✡ ☛☞☛☞✌ ✠✍✎✏✞☞✑✒

1.
6

2.
6

✓
13.

4
x

✔
✕ 14.

1

3
x ✖

15. D 16. C 17. C

✐✗✘✙✚✛✜✢ ✣✤✥

1. (i) 3 × 4 (ii) 12 (iii) 19, 35, – 5, 12, 
5

2

2. 1 × 24, 2 × 12, 3 × 8, 4 × 6, 6 × 4, 8 × 3, 12 × 2, 24 × 1; 1 × 13, 13 × 1

3. 1 × 18, 2 × 9, 3 × 6, 6 × 3, 9 × 2, 18 × 1; 1 × 5, 5 × 1

4. (i)

9
2

2

9
8

2

(ii)

1
1

2

2 1

(iii)

9 25

2 2

8 18

5. (i)

1 1
1 0

2 2

5 3
2 1

2 2

7 5
4 3

2 2

(ii)

1 0 1 2

3 2 1 0

5 4 3 2

6. (i) x = 1, y = 4, z = 3

(ii) x = 4, y = 2, z = 0   or   x = 2,    y = 4,  z = 0

(iii) x = 2, y = 4, z = 3

7. a = 1, b = 2, c = 3, d = 4

8. C 9. B 10. D

✐✗✘✙✚✛✜✢ ✣✤✦

1. (i)
3 7

A + B =
1 7

(ii)
1 1

A B =
5 3

(iii)
8 7

3A C =
6 2

(iv)
6 26

A B =
1 19

✧★ ✩
✪ ✫✧✬ ✭

(v)
11 10

BA =
11 2
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2. (i)
2 2

0 2

a b

a
(ii)

2 2

2 2

( ) ( )

( ) ( )

a b b c

a c a b

(iii)

11 11 0

16 5 21

5 10 9

(iv)
1 1

1 1

3. (i)

2 2

2 2

0

0

a b

a b
(ii)

2 3 4

4 6 8

6 9 12

☎ ✆
✝ ✞
✝ ✞
✝ ✞✟ ✠

(iii)
3 4 1

8 13 9

✡ ✡☛ ☞
✌ ✍
✎ ✏

(iv)

14 0 42

18 1 56

22 2 70

(v)

1 2 3

1 4 5

2 2 0

(vi)
14 6

4 5

4.

4 1 1 1 2 0

A +B = 9 2 7 , B C = 4 1 3

3 1 4 1 2 0

5.

0 0 0

0 0 0

0 0 0

✑ ✒
✓ ✔
✓ ✔
✓ ✔✕ ✖

6.
1 0

0 1

✗ ✘
✙ ✚
✛ ✜

7. (i)
5 0 2 0

,X Y
1 4 1 1

(ii)

2 12 2 13

5 5 5 5,X Y
11 14

3 2
5 5

8.
1 1

X
2 1

✢ ✢✗ ✘
✣ ✙ ✚✢ ✢✛ ✜

9. x = 3, y = 3 10. x = 3, y = 6, z = 9, t = 6

11. x = 3, y = – 4 12. x = 2, y = 4, w = 3, z = 1

15.

1 1 3

1 1 10

5 4 4

17. k = 1

19. (a) Rs 15000, Rs 15000 (b) Rs 5000,   Rs 25000

20. Rs 20160 21. A 22. B
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✐✆✝✞✟✠✡☛ ☞✌☞

1. (i)
1

5 1
2

(ii)
1 2

1 3
(iii)

1 3 2

5 5 3

6 6 1

4.
4 5

1 6

✍✎ ✏
✑ ✒
✓ ✔

9.

0 0 0 0

0 0 0 , 0

0 0 0 0

a b

a c

b c

10. (i)
3 3 0 2

A
3 1 2 0

✕ ✖ ✕ ✖
✗ ✘✙ ✚ ✙ ✚✛ ✛✜ ✢ ✜ ✢

(ii)

6 2 2 0 0 0

A 2 3 1 0 0 0

2 1 3 0 0 0

✣✤ ✥ ✤ ✥
✦ ✧ ✦ ✧★ ✣ ✣ ✩✦ ✧ ✦ ✧
✦ ✧ ✦ ✧✣✪ ✫ ✪ ✫

(iii)

1 5 5 3
3 0

2 2 2 2

1 5
A 2 2 0 3

2 2

5 3
2 2 3 0

2 2

(iv)
1 2 0 3

A
2 2 3 0

✎ ✏ ✎ ✏
✬ ✭✑ ✒ ✑ ✒✍✓ ✔ ✓ ✔

11. A 12. B

✐✆✝✞✟✠✡☛ ☞✌✮

1.

3 1

5 5

2 1

5 5

2.
1 1

1 2
3.

7 3

2 1

4.
7 3

5 2
5.

4 1

7 2
6.

3 5

1 2

7.
2 1

5 3
8.

4 5

3 4
9.

7 10

2 3
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10.

1
1

2

3
2

2

11.

1 3

1
1

2

12. ❖☎✆✝✞✟ ✠✡ ☛☞✌✍✝✎ ✏✑✒✓ ✑✔✕

13.
2 3

1 2
14. ❖☎✆✝✞✟ ✠✡ ☛☞✌✍✝✎ ✏✑✒✓ ✑✔✕

15.

2 3
0

5 5

1 1
0

5 5

2 1 2

5 5 5

16.

2 3
1

5 5

2 4 11

5 25 25

3 1 9

5 25 25

17.

3 1 1

15 6 5

5 2 2

18. D

✈✖✗✘✗ ✙ ✚✛ ✜✢✜✢✣ ✚✤✥✦✘✢✧★

6.
1 1 1

, ,
2 6 3

x y z

7. x = – 1 9. 4 3x

10. (a) ❝✡✩✡✪-I ✟❡✓ ✎✆✫✬ ☛✡☎ = Rs 46000

❝✡✩✡✪-II ✟❡✓ ✎✆✫✬ ☛✡☎ = Rs 53000

(b) Rs 15000,  Rs 17000

11.
1 2

X
2 0

13. C 14. B 15. C

✐✭✮✯✰✱✲✳ ✴✵✶

1. (i) 18 2. (i)  1,   (ii)   x3 – x2 + 2

5. (i) – 12,   (ii)   46,   (iii)   0,   (iv)   5 6. 0

7. (i) 3x ,   (ii)  x = 2 8. (B)
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✐✆✝✞✟✠✡☛ ☞✌✍

15. C 16. C

✐✆✝✞✟✠✡☛ ☞✌✎

1. (i)
15

2
,    (ii)   

47

2
,  (iii)   15

3. (i)   0, 8,  (ii)   0, 8 4. (i)  y = 2x,  (ii)  x – 3y = 0 5.  (D)

✐✆✝✞✟✠✡☛ ☞✌☞

1. (i) M
11

 = 3, M
12

 = 0,   M
21 

= – 4, M
22

 = 2, A
11

 = 3, A
12

 = 0, A
21

 = 4, A
22

 = 2

(ii) M
11

 = d, M
12

 = b,  M
21

 = c,    M
22

 = a

 A
11

 = d,  A
12

= – b, A
21

 = – c,  A
22

 = a

2. (i) M
11

= 1, M
12

= 0, M
13 

= 0,  M
21 

= 0, M
22 

= 1, M
23 

= 0, M
31 

= 0, M
32 

= 0, M
33 

= 1,

 A
11

= 1, A
12

= 0,   A
13

= 0, A
21

= 0, A
22

= 1, A
23

= 0,   A
31

= 0,   A
32

= 0,    A
33

= 1

(ii)  M
11

= 11, M
12

= 6,   M
13

= 3,  M
21

= –4, M
22

= 2, M
23

= 1,   M
31

= –20, M
32

= –13, M
33

= 5

        A
11

=11,   A
12

= – 6, A
13

= 3,  A
21

= 4,  A
22

= 2,  A
23

= –1, A
31

= –20, A
32

= 13, A
33

= 5

3. 7 4. (x – y) (y – z) (z – x) 5.  (D)

✐✆✝✞✟✠✡☛ ☞✌✏

1.
4 2

3 1
2.

3 1 11

12 5 1

6 2 5

5.
3 21

4 214

✑ ✒
✓ ✔✕✖ ✗

6.
2 51

3 113
7.

10 10 2
1

0 5 4
10

0 0 2

✘✙ ✚
✛ ✜✘
✛ ✜
✛ ✜✢ ✣

8.

3 0 0
1

3 1 0
3

9 2 3

9.

1 5 3
1

4 23 12
3

1 11 6

✘✙ ✚
✘ ✛ ✜✘✛ ✜

✛ ✜✘ ✘✢ ✣

10.

2 0 1

9 2 3

6 1 2

11.

1 0 0

0 cos sin

0 sin – cos
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13.
2 11

1 37

☎✆ ✝
✞ ✟
✠ ✡

14. a = – 4, b = 1 15.
1

3 4 5
1

A 9 1 4
11

5 3 1

☛
☞✌ ✍
✎ ✏✑ ☞ ☞✎ ✏
✎ ✏☞ ☞✒ ✓

16.

3 1 1
1

1 3 1
4

1 1 3

☞✌ ✍
✎ ✏
✎ ✏
✎ ✏☞✒ ✓

17. B 18. B

✐✔✕✖✗✘✙✚ ✛✜✢

1. ❧✣✤✥ 2. ❧✣✤✥ 3. ✈❧✣✤✥

4. ❧✣✤✥ 5. ✈❧✣✤✥ 6. ❧✣✤✥

7. x = 2, y = – 3 8.
5

11
x

✦
✧ , 

12

11
y ✧ 9.

6 19
,

11 11
x y

✦ ✦
✧ ✧

10. x = –1, y = 4 11. x = 1, 
1

2
y , 

3

2
z

12. x = 2, y = –1, z = 1 13. x = 1, y = 2, z = –1

14. x = 2, y = 1, z = 3

15.

0 1 2

2 9 23

1 5 13
, x = 1, y = 2, z = 3

16. ■★✩✪ ✫✩ ✬✭✮★ ✯✰✱✥  kg = Rs ✲

✤✳✴✭✭✵ ✫✩ ✬✭✮★ ✯✰✱✥     kg = Rs ✶

♣✩✷✸ ✫✩ ✬✭✮★ ✯✰✱✥ kg = Rs ✶

✹✺✻✼✻ ✽ ✾✿ ❀❁❀❁❂ ✾❃❄❅✼❁❆❇

3. 1 5.
3

a
x

✦
✧ 7.

9 3 5

2 1 0

1 0 2

❈❉ ❊
❋ ●❈❋ ●
❋ ●❍ ❏

9. – 2(x3 + y3) 10. xy 16. x = 2, y = 3, z = 5

17. A 18. A 19. D
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✐✆✝✞✟ ✠✡☛ ☞✌ ✍

2. f , x = 3 ✎✏ ✑✒ ✓ ✓ ✔✕✖

3. (a), (b), (c) ✈✗✕ ✏ (d) ✑❧ ✗✘ ✑✒ ✓✓ ✎✙✚✛ ✔✕ ✒✖

5. f , x = 0 ✈✗✕ ✏ x = 2 ✎✏ ✑✒ ✓ ✓ ✔✕; ✎✏✒ ✓✜ x = 1 ✎✏ ✑✒ ✓✓ ✛ ✔✘✒ ✔✕✖

6. x = 2 ✎✏ ✈✑✒ ✓✓ 7. x = 3 ✎✏ ✈✑✒ ✓✓

8. x = 0 ✎✏ ✈✑✒ ✓✓ 9. ✈✑ ✗✒ ✓✢✣ ✓ ✤ ✗ ✤ ✗✥✦ ✧ ★✩✒ ✪✜ ✛ ✔✘✒

10. ✈✑ ✗✒ ✓✢✣ ✓✗ ✤✗ ✤ ✗✥ ✦✧ ★✩✒✪ ✜ ✛ ✔✘✒ 11. ✈✑ ✗✒ ✓✢✣ ✓ ✤ ✗ ✤ ✗✥✦ ✧ ★✩✒ ✪✜ ✛ ✔✘✒

12. x = 1 ✎✏ f ✈✑ ✒ ✓✓ ✔✕✖ 13. x = 1 ✎✏ f ✑✒ ✓ ✓ ✛ ✔✘✒ ✔✕✖

14. x = 1 ✈✗✕ ✏ x = 3 ✎✏ f ✑ ✒ ✓✓ ✛ ✔✘✒ ✔✕✖

15. ♦✥ ✙♦✚ x = 1 ✈✑ ✗✒ ✓✢✣ ✓✗ ✤ ✗ ★✩✒ ✪✜ ✔✕ ✖

16. ✑✒✓ ✓ 17.
2

3
a b✫ ✬

18. ✭ ♦✥ ✙ ★✤✑✘ ❧ ✗✘ ✮✗✛ ♦✥ ✙ ★✚✯  f , x = 0 ✎✏ ✑✒ ✓✓ ✔✕ ✎✏✒ ✓✜  f , ✭ ♦✥ ✙ ✎✰✢✣✥✤ ✮✗✛ ♦✥ ✙ ★✚ ✯
x = 1 ✎✏ ✑✒ ✓ ✓ ✔✕✖

20. x = ✱ ✎✏ f  ✑✒ ✓ ✓ ✔✕✖ 21. (a), (b) ✈✗✕ ✏ (c) ✑❧ ✗✘ ✑✒ ✓ ✓ ✎✙✚✛ ✔✕✒✖

22. ✎✰✢ ✣✥✤ x ✲ R ♦✥ ✙ ★✚ ✯ cosine ✎✙✚✛ ✑✒ ✓ ✓ ✔✕✖ cosecant ✎✙✚✛ x = n✱, n ✲ Z ♦✥ ✙

✈★✓ ★✏✳✓ ✑❧ ✗✘ ✴ ✩✪✜ ✈ ✗✥✒ ✎✏ ✑✒ ✓✓ ✔✕ ✖ secant ✎✙✚✛ x = (2 1)
2

n , n ✲ Z ♦✥ ✙ ✈★✓ ★✏✳ ✓ ✑❧ ✗✘

✴ ✩✪ ✜ ✈ ✗ ✥ ✒ ✎ ✏ ✑ ✒ ✓ ✓ ✔ ✕ ✖ cotangent ✎ ✙ ✚ ✛ ✵ x = n✱, n ✲ Z ♦✥ ✙ ✈ ★ ✓ ★ ✏ ✳ ✓ ✑ ❧ ✗ ✘ ✴ ✩✪ ✜ ✈ ✗ ✥ ✒ ✎ ✏

✑ ✒ ✓ ✓ ✔ ✕ ✒ ✖
23. ✈✑ ✗✒ ✓✢✣ ✓✗ ✤ ✗ ✤ ✗✥✦ ✧ ★✩✒✪ ✜ ✛ ✔✘✒ ✔✕✖
24. ✔ ✗❣ ✵ ✎✰✢✣✥✤ x ✲ R ♦✥ ✙ ★✚✯  f ✑✒ ✓✓ ✔✕✖ 25. ✎✰✢ ✣✥✤ x ✲ R ♦✥ ✙ ★✚ ✯  f ✑✒ ✓ ✓ ✔✕✖

26. k = 6 27.
3

4
k ✶ 28.

2
k

✷
✶

✸

29.
9

5
k ✶ 30. a = 2, b = 1

34. ✈✑ ✗✒ ✓✢✣ ✓✗ ✤ ✗ ✤ ✗✥✦ ✧ ★✩✒✪ ✜ ✛ ✔✘✒ ✔✕✖

✐✆✝✞✟ ✠✡☛ ☞✌ ✹

1. 2x cos (x2 + 5) 2. – cos x sin (sin x) 3. a cos (ax + b)

4.
2sec(tan ).tan (tan ).sec

2

x x x

x
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5. a cos (ax + b) sec (cx + d) + c sin (ax + b) tan (cx + d) sec (cx + d)

6. 10x4 sinx5 cosx5 cosx3 – 3x2 sinx3 sin2 x5

7. 2 2

2 2

sin sin 2

x

x x

☎
8.

sin

2

x

x

✐✆✝✞✟✠✡☛ ☞✌✍

1.
cos 2

3

x
2.

2

cos 3y
3.

2 sin

a

by y
✎

✏

4.

2sec

2 1

x y

x y

✑

✒ ✑
5.

(2 )

( 2 )

x y

x y

✏
✎

✏
6.

2 2

2 2

(3 2 )

( 2 3 )

x xy y

x xy y

✓ ✓
✔

✓ ✓

7.
sin

sin 2 sin

y xy

y x xy✎ 8.
sin 2

sin 2

x

y
9. 2

2

1 x✕
10. 2

3

1 x✕

11. 2

2

1 x✖
12. 2

2

1 x

✗

✖
13. 2

2

1 x

✗

✖
14. 2

2

1 x✘

15. 2

2

1 x
✘

✘

✐✆✝✞✟✠✡☛ ☞✌✙

1.
2

(sin cos )

sin

x
e x x

x
, x ✚ n✛✜ n ✢ Z 2.

sin 1

2
, ( 1,1)

1

e x
x

x

3.
3

23 xx e 4.

1 –

2

cos(tan )

1

x x

x

e e

e

5. – ex tan ex, (2 1) ,
2

x
e n n N 6.

2 3 4 52 3 42 3 4 5
xx e x x x

e x x e x e x e

7.

4

x

x

e

xe

, x > 0 8.
1

logx x
, x > 1

9.
2

( sin log cos )
, 0

(log )

x x x x
x

x x

✣ ✤
✥ ✦ 10.

1
sin (log ),x x

e x e
x

x > 0
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✐✆✝✞✟✠✡☛ ☞✌☞

1. – cos x cos 2x cos 3x [tan x + 2 tan 2x + 3 tan 3x]

2.
1 ( 1)( 2) 1 1 1 1 1

2 ( 3)( 4)( 5) 1 2 3 4 5

x x

x x x x x x x x

3.
cos cos

(log ) sin log (log )
log

x x
x x x

x x

✍ ✎
✏✑ ✒

✓ ✔

4. xx (1 + log x) – 2sin x cos x log 2

5. (x + 3) (x + 4)2 (x + 5)3 (9x2 + 70x + 133)

6.

12 1

2 2

1 1 1 1 log
log ( )

1

x

x
x x x

x x x
x xx x

✕✖ ✗✘ ✙ ✘✚ ✛ ✚ ✛
✙ ✙ ✙ ✙✜ ✢✣ ✤ ✣ ✤

✙✥ ✦ ✥ ✦✧ ★
7. (log x)x-1 [1 + log x . log (log x)] + 2x logx–1 . logx

8. (sin x)x (x cot x + log sin x) + 
2

1 1

2 x x✘

9. x sinx 
sin

cos log
x

x x
x

✩ ✪
✫✬ ✭✮ ✯

+ (sin x)cos x [cos x cot x – sin x log sin x]

10. x x cosx [cos x . (1 + log x) – x sin x log x] – 
2 2

4

( 1)

x

x

11. (x cos x)x [1 – x tan x + log (x cos x)] + (x sin x) 
1

2

cot 1 log ( sin )
x

x x x x

x

12.

1

1

log

log

y x

y x

yx y y

x x xy
13. 

log

log

y y x y

x x y x

✰ ✱✲
✳ ✴

✲✵ ✶

14.
tan logcos

tan logcos

y x y

x y x
15. 

( 1)

( 1)

y x

x y

16. (1 + x) (1 + x2) (1 +x4) (1 + x8) 
3 7

2 4 8

1 2 4 8

1 1 1 1

x x x

x x x x

✍ ✎
✷ ✷ ✷✑ ✒

✷ ✷ ✷ ✷✓ ✔
;  f ✸(1) = 120

17. 5x4 – 20x3 + 45x2 – 52x + 11

✐✆✝✞✟✠✡☛ ☞✌✹

1. t2 2.
b

a
3. – 4 sin t 4. 2

1

t
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5.
cos 2cos2

2sin 2 sin
6. cot

2
7. – cot 3t 8. tan t

9. cosec
b

a
☎ 10. tan ✠

✐✆✝✞✟✡☛☞ ✌✍✎

1. 2 2. 380 x18 3. – x cos x – 2 sin x

4. 2

1

x
✏ 5. x(5 + 6 log x) 6. 2ex (5 cos 5x – 12 sin 5x)

7. 9 e6x (3 cos 3x – 4 sin 3x) 8. 2 2

2

(1 )

x

x
✑

✒

9.
2

(1 log )

( log )

x

x x

✒
✑ 10. 2

sin (log ) cos (log )x x

x

✓
✏

12. – cot y cosec2 y

✈✔✕✖✕ ✗ ✘✙ ✚✛✚✛✜ ✘✢✣✤✖✛✥✦

1. 27 (3x2 – 9x + 5)8 (2x – 3) 2. 3sinx cosx (sinx – 2 cos4 x)

3. 3cos2 3cos2
(5 ) 6sin 2 log 5x x

x x x
x

✧ ★
✩✪ ✫

✬ ✭

4.
3

3

2 1

x

x✏
5.

3

2

1

2

cos
1 2

4 2 7 (2 7)

x

x x x

✮✯ ✰
✱ ✲

✳ ✴✱ ✲
✳ ✴✱ ✲✴✵ ✶

6.
1

2
7.

log 1 log (log )
(log ) , 1x x

x x
x x

8. (a sin x – b cos x) sin (a cos x + b sin x)

9. (sinx – cosx)sin x – cos x (cosx + sinx) (1 + log (sinx – cos x)), sinx > cosx

10. xx (1 + log x) + ax a–1 + ax log a

11.
2 2

2 2
3 3

2 log ( 3) 2 log( 3)
3

x xx x
x x x x x x

x x

12.
6

cot
5 2

t
13. 0 17.

3sec
,0

2

t
t

at

✷
✸ ✸
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✐✆✝✞✟✠✡☛ ☞✌✍

1. (a) 6✎ cm2/cm (b) 8✎ cm2/cm

2.
8

3
 cm2/s 3. 60✎ cm2/s 4. 900 cm3/s

5. 80✎ cm2/s 6. 1.4✎ cm/s

7. (a) –2 cm/min (b) 2 cm2/min

8.
1

✏
 cm/s 9. 400✎ cm3/cm 10.

8

3
 cm/s

11. (4, 11)  and 
31

4,
3

✑✒ ✓
✑✔ ✕
✖ ✗

12. 2✎ cm3/s

13.
227

(2 1)
8

x✏ ✘ 14.
1

48✙
 cm/s 15. Rs 20.967

16. Rs 208 17. B 18. D

✐✆✝✞✟✠✡☛ ☞✌✚

4. (a)
3

,
4

✒ ✓
✛✔ ✕

✖ ✗
(b) 

3
,

4

✒ ✓
✑✛✔ ✕
✖ ✗

5. (a) (– ✜, – 2) and (3, ✜) (b)  (– 2, 3)

6. (a) x < – 1 ♦✢✣ ✤✥✦ ✤✧★✩✪★ ✫✬✭✮✬✧ ✯✬✰★ x > – 1 ♦✢✣ ✤✥✦ ✤✧★✩✪★ ♦✱✲✮✬✧

(b)
3

2
x ✳ ✴  ♦✢✣ ✤✥✦ ✤✧★✩✪★ ✫✬✭✮✬✧ ✯✬✰★ 

3

2
x ✵ ✴ ♦✢✣ ✤✥✦ ✤✧★✩✪★ ♦✱✲✮✬✧

(c) – 2 < x < – 1 ♦✢✣ ✤✥✦ ✤✧★✩✪★ ♦✱✲✮✬✧ ✯✬✰★ x < – 2 ✯✬✰★ x > – 1 ♦✢✣ ✤✥✦ ✤✧★✩✪★ ✫✬✭✮✬✧

(d)
9

2
x ✵ ✴  ♦✢✣ ✤✥✦ ✤✧★✩✪★ ♦✱✲✮✬✧ ✯✬✰★ 

9

2
x ✳ ✴ ♦✢✣ ✤✥✦ ✤✧★✩✪★ ✫✬✭✮✬✧

(e) (1, 3) ✯✬✰★  (3, ✜), ✮✢✩ ✤✧★✩✪★ ♦✱✲✮✬✧ ✪❡✬✬ (– ✜, –1) ✯✬✰★ (– 1, 1) ✮✢✩ ✤✧★✩✪★ ✫✬✭✮✬✧

8. 0 < x < 1 ✯✬✰★ x > 2 12. A, B

13. D 14. a = – 4 19. D

✐✆✝✞✟✠✡☛ ☞✌✶

1. 764 2.
1

64

✷
3. 11 4. 24
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5. 1 6.
2

a

b

☎
7. (3, – 20) ✈✆ ✝✞ (–1, 12)

8. (3, 1) 9. (2, – 9)

10. (i) y + x +1 = 0 ✈✆ ✝✞ y + x – 3 = 0

11. ♦✟ ✠✞ ✡✆ ☛ ☞✌ ✍☛ ✎✏ ✑✠✒✆ ✌ ✞☛ ✓✆ ✆ ✔ ✕✏ ✕✝ ✖✗ ✎✡✏ ✠ ✘♦✙✆ ✚✆ ✛ ✕✆☛ ✜

12.
1

2
y ✢ 13. (i)  (0, ± 4)     (ii)  (± 3, 0)

14. (i) ✑✠✒✆ ✌ ✞☛✓ ✆ ✆ : 10x + y = 5; ✈✖✣✆ ✤✥ ✦ : x – 10y + 50 = 0

(ii) ✑✠✒✆ ✌ ✞☛ ✓✆ ✆ : y = 2x + 1; ✈✖✣✆ ✤✥ ✦ : x  + 2y – 7 = 0

(iii) ✑✠✒✆ ✌ ✞☛✓ ✆ ✆ : y = 3x – 2; ✈✖✣✆ ✤✥ ✦ : x + 3y – 4 = 0

(iv) ✑✠✒✆ ✌ ✞☛✓ ✆ ✆ : y = 0; ✈✖✣✆ ✤✥ ✦ : x = 0

(v) ✑✠✒✆ ✌ ✞☛✓ ✆✆ : x + y 2✧ = 0; ✈✖✣✆ ✤✥ ✦ x = y

15. (a) y – 2x – 3 = 0 (b) 36 y + 12x – 227 = 0

17. (0, 0), (3, 27) 18. (0, 0), (1, 2), (–1, –2)

19. (1, ± 2) 20. 2x + 3my – am2 (2 + 3m2) = 0

21. x + 14y – 254 = 0, x + 14y + 86 = 0

22. ty = x + at2, y = – tx + 2at + at3

24.
0 0 0 0

2 2 2 2
0 0

1, 0
x x y y y y x x

a b a y b x

25. 48x – 24y = 23 26. D 27. A

✐★✩✪✫ ✬✭✮ ✯✰ ✱

1. (i) 5.03 (ii) 7.035 (iii) 0.8

(iv) 0.208 (v) 0.9999 (vi) 1.96875

(vii) 2.9629 (viii) 3.9961 (ix) 3.009

(x) 20.025 (xi) 0.06083 (xii) 2.984

(xiii) 3.0046 (xiv) 7.904 (xv) 2.00187

2. 28.21 3. – 34.995 4. 0.03 x3 m3

5. 0.12 x2 m2 6. 3.92 ✲ m3 7. 2.16 ✲ m2

8. D 9. C
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✐✆✝✞✟ ✠✡☛ ☞✌ ✍

1. (i) ❢✎ ✏✎ ✑ ✒ ✒✓ ✎  = 3 (ii) ❢✎ ✏✎ ✑ ✒ ✒✓ ✎ = – 2

(iii) ✔ ✕✖✑ ✒ ✒✓ ✎ = 10 (iv) ✎ ✑✓ ✉ ❢✎ ✏✎ ✑ ✒ ✗✓ ✘✙ ✎ ✑✓ ✉ ✔ ✕✖✑ ✒ ✒✓ ✎

2. (i) ❢✎ ✏✎ ✑ ✒ ✒✓ ✎  = – 1; ✔ ✕✖✑ ✒ ✒✓ ✎ ✚✓ ✗❢✛✑ ✜✢ ✎ ✣✤✥

(ii) ✔ ✕✖✑ ✒ ✒✓ ✎  = 3; ❢✎ ✏✎ ✑ ✒ ✒✓ ✎ ✚✓ ✗❢✛✑ ✜✢ ✎ ✣✤✥

(iii) ❢✎ ✏✎ ✑ ✒ ✒✓✎  = 4; ✔ ✕✖✑ ✒ ✒✓✎ = 6

(iv) ❢✎ ✏✎ ✑ ✒ ✒✓✎  = 2; ✔ ✕✖✑ ✒ ✒✓✎ = 4

(v) ✎ ✑✓ ✉ ❢✎ ✏✎ ✑ ✒ ✒✓ ✎ ✗✓ ✘✙ ✎ ✑✓ ✉ ✔ ✕✖✑ ✒ ✒✓ ✎

3. (i) x = 0 ✦✙ ✛ ✧✓✓ ✎ ✤★ ❢✎ ✏✎ ✑ ✒, ✛ ✧✓ ✓ ✎✤★ ❢✎ ✏✎ ✑ ✒ ✒✓ ✎ = 0

(ii) x = 1 ✦✙ ✛ ✧✓✓ ✎ ✤★ ❢✎ ✏✎ ✑ ✒, ✛ ✧✓ ✓✎ ✤★ ❢✎ ✏✎✑ ✒ ✒✓✎ = – 2

x = – 1 ✦✙ ✛ ✧✓ ✓ ✎✤★ ✔ ✕✖✑ ✒ , ✛ ✧✓ ✓ ✎✤★ ✔ ✕✖✑ ✒ ✒✓✎ = 2

(iii)
4

x
✩

✪ ✦✙ ✛ ✧✓✓ ✎ ✤★ ✔ ✕✖✑ ✒ , ✛ ✧✓ ✓ ✎✤★ ✔ ✕✖✑ ✒ ✒✓ ✎ = 2

(iv)
4

x
✫✬

✭ ✦✙ ✛ ✧✓ ✓✎ ✤★ ✔ ✕✖✑ ✒ , ✛ ✧✓ ✓ ✎✤★ ✔ ✕✖✑ ✒ ✒✓ ✎ = 2

7

4
x

✩
✪ ✦✙ ✛ ✧✓ ✓ ✎✤★ ❢✎ ✏✎✑ ✒, ✛ ✧✓ ✓ ✎✤★ ❢✎ ✏✎ ✑ ✒ ✒✓ ✎ = – 2

(v) x = 1 ✦✙ ✛ ✧✓ ✓ ✎ ✤★ ✔ ✕✖✑ ✒, ✛ ✧✓ ✓ ✎✤★ ✔ ✕✖✑ ✒ ✒✓ ✎ = 19

x = 3 ✦✙ ✛ ✧✓✓ ✎ ✤★ ❢✎ ✏✎ ✑ ✒, ✛ ✧✓ ✓✎ ✤★ ❢✎ ✏✎✑ ✒ ✒✓ ✎ = 15

(vi) x = 2 ✦✙ ✛ ✧✓✓ ✎ ✤★ ❢✎ ✏✎ ✑ ✒, ✛ ✧✓ ✓ ✎✤★ ❢✎ ✏✎ ✑ ✒ ✒✓ ✎ = 2

(vii) x = 0 ✦✙ ✛ ✧✓ ✓ ✎ ✤★ ✔ ✕✖✑ ✒, ✛ ✧✓ ✓✎ ✤★ ✔ ✕✖✑ ✒ ✒✓✎ = 
1

2

(viii)
2

3
x  ✦✙ ✛ ✧✓ ✓ ✎ ✤★ ✔ ✕✖✑ ✒, ✛ ✧✓ ✓ ✎✤★ ✔ ✕✖✑ ✒ ✒✓✎  = 

2 3

9

5. (i) ❢✎ ✙✦✉✮✓ ❢✎ ✏✎ ✑ ✒ ✒✓✎  = – 8, ❢✎ ✙✦✉✮✓ ✔ ✕✖✑ ✒ ✒✓ ✎ = 8

(ii) ❢✎ ✙✦✉✮✓ ❢✎ ✏✎ ✑ ✒ ✒✓ ✎ = – 1, ❢✎ ✙✦✉✮✓ ✔ ✕✖✑ ✒ ✒✓✎  = 2

(iii) ❢✎ ✙✦✉✮✓ ❢✎ ✏✎ ✑ ✒ ✒✓ ✎ = – 10, ❢✎ ✙✦✉✮✓ ✔ ✕✖✑ ✒ ✒✓ ✎ = 8

(iv) ❢✎ ✙✦✉✮✓ ❢✎ ✏✎ ✑ ✒ ✒✓✎  = 3, ❢✎ ✙✦✉✮✓ ✔ ✕✖✑ ✒ ✒✓ ✎ = 19

6. ✗❢✈✚✑ ✒ ✯✓ ✰✓ = 113 ❜✚✓ ❜ ✱
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7. x = 2 ✐☎ ✆✝✞✝✟✠, ✆✝✞✝✟✠ ✠❢✝  = – 39, x = 0 ✐☎ ✡☛☞✟✠✌ ✡☛☞✟✠ ✠❢✝ = 25.

8.
5

4 4
x ✈✍❙❥ ✐☎ 9. ✡☛☞✟✠ ✠❢✝ = 2

10. x = 3 ✐☎ ✡☛☞✟✠✌ ✡☛☞✟✠ ✠❢✝ 89; x = – 2 ✐☎ ✡☛☞✟✠✌ ✡☛☞✟✠ ✠❢✝ = 139

11. a = 120

12. x = 2✎ ✐☎ ✡☛☞✟✠✌ ✡☛☞✟✠ ✠❢✝ = 2✎; x = 0 ✐☎ ✆✝✞✝✟✠, ✆✝✞✝✟✠ ✠❢✝ = 0

13. 12, 12 14. 45, 15 15. 25, 10 16. 8, 8

17. 3 cm 18. x = 5 cm

21. ✆✏❢✑✒❢ = 

1

350✓ ✔
✕ ✖
✗✘ ✙

cm ✚❢✛☎ ✜✢☞❢✣✤ = 

1

350
2
✓ ✔
✕ ✖
✗✘ ✙

cm

22.
112 28

cm, cm
4 4

27.  A 28. D 29. C

✥✦✧★✧ ✩ ✪✫ ✬✭✬✭✮ ✪✯✰✱★✭✲✳

1. (a) 0.677 (b) 0.497

3. 3b  cm2/s 4. x + y – 3 = 0

6. (i) 0 < x < 
2

✴
 ✚❢✛☎ 

3

2

✴
 < x < 2✎ (ii)

3

2 2
x

✴ ✴
✵ ✵

7. (i) x < –1 ✚❢✛☎ x > 1 (ii) – 1 < x < 1

8.
3 3

4
ab 9. Rs 1000

11. ②✶✷❢✣✤ = 
20

4✴ ✸
 m, ☞❢✛♣✹❢✣✤ = 

10

4✴ ✸
 m

13. (i)  x = 2 ✐☎ ✺✻❢❢✝✼✒ ✡☛☞✟✠(ii)
2

7
x ✽ ✐☎ ✺✻❢❢✝✼✒ ✆✝✞✝✟✠

(iii) x = –1 ✐☎ ✝✟ ✐✆☎✾✟✤✝ ✆✷✶✿❀

14. ✆✝☎✐❁❂❢ ✡☛☞✟✠ ✠❢✝ = 
5

4
,     ✆✝☎✐❁❂❢ ✆✝✞✝✟✠ ✠❢✝ = 1

17.

34 R

3 3

❃
19. A 20. B 21. A

22. B 23. A 24. A

—❄—
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✐✄☎✆✝ ✞ ✟✐✠✡☛ ☞✌✍ ✐✎ ✏✑✒✡✑✓✔ ✕✐✄☎✆✝ ✞✖ ✗✆✘ ✙✚✛✜✓✛ ✢✣✤✥

(i) ♣✎✦✑✑✛✑✚✔✒✝ ✐✘✧★  f(x) = ex ✔✑ ✙✗✔✧❞
❀✩✪  f(x) = ex ❣✫, r✬✭

f '(x) =
0

( ) ( )
lim
x

f x x f x

x

=
0

lim
x x x

x

e e

x

=
0

1
lim

x

x

x

e
e

x

= 1x
e  [❉❀✬✭✮✩✯

0

1
lim 1

h

h

e

h
]

❜✰ ✱✲✯✬✳, ( )x xd
e e

dx
❣✫✴

(ii) ✧✦✑②✜✵✑✔✒✝ ✐✘✧★ f(x) = log
e
x ✔✑ ✙✗✔✧❞

❀✩✪ f(x) = log
e
x ❣✫✶ r✬✭

f '(x) =
0

log ( ) log
lim e e

x

x x x

x

=
0

log 1

lim
e

x

x

x

x

= 0

log 1
1

lim
e

x

x

x

xx

x

✷✸✹✺ ✷✻✼✽✾ ✿✻❁❂❃❄
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=
1

x
  [❉☎✆✝✞✟✠ 

0

log (1 )
lim 1e

h

h

h
]

❜✡ ☛☞✠✆✌✍ log
e

d
x

dx
=

1

x
 ❣✎✏


